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1. Introduction
We consider steady state viscous magnetohydrodynamic (MHD) flow with
nonzero velocity divergence and nonzero boundary velocity, and such a flow is
governed by the equations
—J9Au+u.Vu—B.VB+Vp = f;
—AAB+u.VB—-B.Vu =f,
with nonhomogeneous velocity data
f, = div F,, f, = div F, @)
divu=k,ulsgo=9
and div B=0,B|3q =0
where u, B, p, g k denote velocity field, magnetic field, internal pressure,
g = {gi} = 1,2,3 a vector field, k a scalar field respectively, and f;, f> are the
external forces, ) is the bounded domain in which fluid is moving and 0Q
denotes its boundary, and 9 and A denote kinematic coefficient of viscosity and
magnetic diffusivity respectively.
For mathematical convenience we assume 9 = A = 1. We also assume
that k and g satisfy compatibility condition

Jokdx= [, N.gds )

where N = N(x) is the unit normal at x € 0Q. Since div. B = 0 is one of the
Maxwell equations, we don’t need compatibility condition for magnetic field B,
and we assume B|0Q = 0. Here we assume that f; and f; are of the form f; =div
F;, and 5 = div F, where F; and F, are 2 — tensors, so that their divergence are
vectors.

Usually, the literature on MHD is studied with f, = 0 on right hand side of
second sub-equation of equation (1). However, while studying MHD equations
in plasma physics, if we take into consideration phenomena like Hall effect,
thermoelectricity, polarization etc., then these phenomena contribute to the
right-hand side and f; # 0, so we can assume that f> # 0 and has the form f, =
div.F 2.

In this paper, we prove existence of a special class of solutions called “very
weak solutions” of the system (1) under condition (2). For this, we follow the
methods used by Farwig, Galdi and Sohr [1], Galdi, Simader and Sohr [2] and
Kim [3] in context of Navier - Stokes equations.

The notion of ‘very weak solution’ was introduced by Giga [4] in the
context of Stokes operator. This notion was later investigated by above
mentioned researchers for stationary and non-stationary Navier - Stokes
equations who proved existence, uniqueness and regularity of such solutions.
We define this concept for our system (1) as follows:

We assume that the data F;,F,, k € L1(Q)), a Lebesgue space, and g
belongs to the trace space W aQ)), 1< q < . Under these conditions, we
assume that weak solutions (or distributional solutions) (u, B, p) for system (1)
exist, and such existence can be easily proved by extending the result of Galdi,
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Simader and Sohr [2] to steady state MHD case, and such solutions belong to
the appropriate Sobolev space W"I(Q)xW"(Q)x Lq(Q).

To define “very weak solutions” of (1) we multiply first two sub-equations
of (1) by a test function w and applying integrating by parts, we obtain

{ (U, Aw)q = (g, curl w X N)zq — (uu, Vw)q — (ku, w)q + (BB, Vw)q + (F;, Vw)q
(B,Aw)q = —(uB, Vw)q — (kB,w)q + {Bu, Vw)q + (F;, Vw)q

(3)
We also assume conditions
divu=k, N.u|so=N.g |sa 4)

Then (u, B) € L? () x LIY(Q) is called a “very weak solution” of (1) if the
conditions (3) and (4) are satisfied. Here uu, uB etc. are 2 - tensors u@u, u@B
etc., written as u;u;, u; B; etc, i, j = 1,2, 3.

Here, we note that a “very weak solutions” need not have any
differentiability property. In particular it may not satisfy standard energy
inequality which is satisfied by a weak solution.

On the other hand, it can be proved that a very weak solution is unique,
contrary to general non- uniqueness of a weak solution.

In section 2, we mention preliminary concepts that are required to establish
the main result. In section 3, proof of the main theorem is established and
conclusions are specified in section 4.

2. Preliminaries

We now explain certain notations used for function spaces that appear in
the proof of existence of solution of (1). We assume Trace theorem and other
related results proved/stated in Galdi, Simader and Sohr [2]. For our purpose, we
follow the method adopted by [2, 3, 4].

Let Q c R® be a bounded domain with boundary 6Q of class C*' and let 1<
<, q' = g/(q—1). We denote the usual Lebesgue and Sobolov spaces by LY Q)
and W*? (Q), a > 0, respectively, of scalar - valued function in (Q) [5]. We use
the same symbols in the case of vector - valued functions. Also for a given
Banach space X, we denote the corresponding norm by || . ||x. The L9 - LY duality
in (Q) is defined as follows [5]

(fL.9a=of-9dx, f.g=fig1+ fo92+ f395 (5)
where f = (f;, f,, f3) € LY () with div f € LI(Q), g = (g1, &, &) € LY (Q).
By Co* (Q), CX@Q) and C"0Q), k=12, ........ , and k = o, we denote the

space of smooth vector -valued functions. In particular, we set
Ky () = {0 € c*(Q)/Blaq = 0}
and corresponding spaces of divergence free functions are denoted by
oo () = {peCy(Q);div ¢ = 0}, K5, (Q) = {peXy(Q); div ¢ = 0}

Where div Q= V.(p = Dl(pl + Dz(pz + D3(p3‘ V= (Dl’ Dz,D3)

D; = %_j =1,2,3,x = (x4, x,,%x3) € Q. We also set
j
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” = e g | 7100
W Q) =C; () &L (Q)=C;(Q)
The space L‘z,’ Q)= L3 (Q)]’
is the dual space of LI (2) with the pairing of (5) see [6, 7].
The space W “%Q) is the dual space of W, "? (Q) ,a > 0, it is, the space of
distributions in Q which are continuous in the norm Il . llweq @ >0 = 0 .

Similarly, we define the space LY(0Q) and W*Y(Q) , a = 0 [5]. The pairing
between LY(0Q) and its dual LY (6Q) = [LY(0Q)]' is given by

(f.9oa= [,of-gdS

where fa o+ dS denotes the surface integral on 0€. In this case, W *+(0Q) is

the dual space of W*¥ (6Q) , since the manifold 6Q has no boundary. The space
W %0Q) consists of boundary distributions which are continuous in the norm
of W9 (6Q).

If an integer o > 1/q, then f € W®9(Q) has a well-defined trace
flaa€W* "42Q), and we have the following estimate

I ooy < € I llyace with € = C(@,e6,9) > 0 ©)
w

Since, we assume that the boundary 0Q is regular, the outward unit normal
vector field
N:x € 8Q » N(x) = (Ny(x), No(x), N3 (x)), x € 0Q (7)

belongs to C"' (6Q). Then it is well known that the normal component N.g is
well defined in the sense of distributions on 6Q and N.g € W "*9(5Q).
Moreover, N.g satisfies the estimate [7]

IN.gll 1o SClgll 1,00 WithC=C(@q)>0 ®)
w a? w a?

Then the normal component N.f|yq is well defined as a member of
W~1/49(9Q)) and satisfies the following inequality [7].

IIN-fIIW_%,q(aQ) < (Nfllzacey + lldiv fllacq) (€))
Then the Neumann problem
Ah = divf, N.(Vh—f)|pa =0 (10)
has a unique solution Vh € LY(Q) satisfying the estimate
[IVR]|La@) < ClIf L@ (1)

Let P,: L9(Q) - LL(Q) defined by P,f=f—Vh  be Helmholtz
projection.
It is well known that function F; satisfies the properties

P =Py (Paf.9)y = ([ Py9), 9€L7 @
and moreover
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1Paf Nl aqy = €- 11fLacay

We define Stokes operator A by Aqu = =P, Au,u € D(Aq), with its domain
D(4,) = L1(@) n W, n W24(Q) and range R(4,) = LL(D).
The fractional powers
A% D(A) - LI(Q) with D(4,) € D(AY) € LL(Q),0<a<1
are also well defined, and they satisfy the relation [5]

(A5, v) = <u, Ag,v>ﬂ, u € D(4), veD(A) (12)
Furthermore, we have the inequality
llullwzac < C ||Aqu||Lq(m < Cllullyzacy, u € D(4,) (13)
1 1
and |[ully1a¢q) < Cy [|AZu < Gy [lullyraq)y, v € D (AZ)
L)

1
with constants C & C; = C;(Q, q) > 0. Therefore, D <AZ> =11 n Vl/bl'q Q)

We also have the following embedding property:
lullaqy < CllIAFullz@),u € D(A7) wherel < r < q <o, 0< a <
1, 2a + 3/q = 3/r. (14)

Since L?,’ (£2) is the dual space of L% (2) with pairing (.,.)q, there is well
known result that every continuous linear functional

F:ve F(v), v ELLQ)
can be written in the form
F(v) = (v, F‘)g,ﬁ € LI(Q) (15)

~ !
with some uniquely determined F € L% (Q) For more details about the
properties of Stokes operator and trace theorem, we refer the reader to [6, 7, 8, 9,
10]. We now state our main theorem and give its proof.

3. Statement of Main Theorem and its Proof
"ggleorem 3.1: Let 1 c R3 be a bounded domain with boundary 002 of class
Let3 < g <o,1 < r S% with §+ 52% and assume F|, F, € L' (Q),
k€LY (Q),ge W "YoQ) with [ kdx = [, N.gds
There exist a constant K = K (Q, q) > 0 such that if
1 (Fr F)llirqyxircy + 16, 0)llLaxa + 11 (g, 0)IIW_%,q g SK (16)

Xw
where ||(F;, F,) || etc. is the standard product norm. Then there is a unique

very weak solution (u, B) to problem (1).
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Moreover (u, B) € WH1(Q) x W9(2) and u|y, = g,B|s0 = 0.
Furthermore, there is a pressure field p € W~19(02) such that,
—Au+uVu—-BVB+Vp=divF,
—AB +u.VB — B.Vu = divF,
holds in the sense of distributions. Finally, (u,B,p) satisfy the following
inequality
[, B)||axia + |1, 0)|lw- La(q) (17)

< ClI(FltFZ)”Lr(Q)xLT(Q) + ||(k O)HquLq + ||(9'0)|| _,q
(0Q)xw ‘1 (60)

with C = C(Q,q) > 0.
To prove this theorem, we need the following theorem, which is a linear
version of the problem (1):

—Au+Vp=f;
Cas 27 (%)
with other conditions on u and B as in (1).

Theorem 3.2: Let 2 < R3 be a bounded domain with boundary 00 of class
C?*'. Let3< q<o,1<r< g with §+% 2% and assume that

1
FL,F, € L'(Q),k € 19(2), g € W@ (82) with [ kdx = [, N.gds.

Then there exist a unique very weak solution (u,B) € L1(2) X L1(2) to
problem (18). Moreover (u,B) € WY9(Q) x W*1() and the boundary
condition is assumed. Furthermore, there exist p € W™V (Q) such that
(u, B, p) satisfy

—Au + Vp = divF,, —A4B = div F,

In the sense of distribution. Finally, the following estimates holds.

||(u B)”quLq + ”PfOHW_l'q(Q) <C “(FllFZHLr(Q)XLT(Q) + ”(k. 0)”Lq><Lq +

IOl 2, (19)
(6Q)><w ‘? (6(2)

Here norm on W'4(12) is defined as

lullpray = Nl + 1147 Pdu] |z

This norm is strictly weaker than [|u||y 14y - The Banach space wta(n)
is defined by W'9(Q) = closure of W'4(2) under the norm ||. [lwracg) and it
contains W9(2) .

This theorem is the Stokes - MHD version of Theorem 1. It can be proved
by extending the proof of Theorem 3 from [2], and to avoid repetition, we omit
the proof here.

We now proceed to prove our theorem 3.1

Proof of Theorem 3.1: To establish the proof of existence of solutions
(u,B) to system (1), we first assume that (u,B) € L9 X L7 is a very weak
solution of (1) and prove that it satisfies the integral equations (30) and (31)
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below. After this, by using Banach Fixed Point Theorem, we prove that the
system (30) — (31) has a solution (u, B) under the smallness assumption (16).

To prove this, we begin to prove some estimates with the help of
elementary identities such as

u.Vu = div(uu) — ku
B.VB = div(BB) since div.B =0
u.VB = div(uB) — kB
B.Vu = div (Bu) since div.B =0
For first term u. Vu, we follow proof of Theorem 4 [2]. Thus, we get
(uVu,w)lg < [{diviuu) — ku,w)g| < [{div (uw), w)q + (ku, w)g|

1 1
< ‘( uu, Vw)g + <ku,Ar,2A:,w>
Q

1
<G (||uu||Lr<m||vW||erm) + eul oy 1142 w ||er(m>

1
: 2
Since Az,w ) <C ||Vw||er(m
LT
[(w.Yu, wila < C(1lullfac) + 1kllLalulliac) 1TW] 7 o) ¥ W € Ko(Q)
(20)
For the second term B.VB since div.B = 0, we get
[{(B.VB,w)|q < |{divBB,w)q| < |{BB,VYw),|
{B.VB,w)|q < CIHBH%Q(Q)HVWHL#(Q) (21
Third term (in second equation) u.VB is estimated as
[(u.VB,w)|lg < [{div(uB) —kB,w)q|
< ¢, (Bl 19wl o) + 1Bl IVl ) ) (22)

Thus,
[w.VB,w)lo < Co(llullialIBllacy + Nkl lIBllLa) VWl 47 o)
And for the last term B.Vu, again using div. B = 0, we get
KB.Vu,w)lg = Kdiv(Bw),w)al < [(Bu,Vw)ql

(BYB,W)a < Cy11Bullyra VW]

BB, wH, < C, lIBllacay lullua|IVW] o (23)
We now write
(u.Vu,w) — (B.VB,w) = (div(uu) — div BB — ku,w) = —(uu — BB,Vw) —
(ku,w) .
And similarly,
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(uw.VB — B.Vu,w) = (div (uB) — div (Bu) — kB,w) = —(uB — Bu,Vw) —
(kB,w).

Using functional analytic argument given in [7] p.61-62, we have the
existence of 2-tensors W; (u, B) and W, (u, B) in L"(Q)? such that

(uVu — BVB,w) = (div.W;(u,B),w) = — (W;(u, B), Vw) (24)
and (u.VB — B.Vu,w) = (div.W,(u,B),w) = — (W,(u,B),Vw) (25)

Moreover W, and W, satisfy the inequalities (Comparing (20) - (23) with
(24) -(25)),

{IIW1(u, Bl < C(llullfa + Nkl llulla + IBlIFq)
and |[W,(u, B)ll,r < Co(llull a- 1I1BllLa + Ikl a. |BllLa)

Using (3), (24), (25) and previous equations, we get
(w, Aw)q = (g, curl w X N)yq — (uw,Vw), — (ku,w)q + (BB,Vw)q +
(F1,Vw)q 27)

=(g, curlw X N)yq + (F; — W, (u, B),Vw)q
Also, (B,Aw)q = —(uB,Vw)q — (kB,w)q + (Bu,Vw)q + (F,,Vw)q (28)
= (FZ - Wz(u, B),VW)Q

Comparison of (27) and (28) with (3) shows that (u,B) is a very weak

solution of the linear system
—Au+p=div (F1 - Wi (u, B))
divou=k,ulgo =9

and —AB = div(F, — W,(u, B))

Thus, we can apply Theorem 3 and Lemma 3 in [2] to conclude integral
representation of u and B as follows:

(26)

(29)

u=Vh— F, —G—-W,(u,B) (30)
B= — F,— W;(u,B) (31)
where VA € L7(Q) is the solution to the Neumann Problem

Ah=k, N.Vhljo=N.g (32)
(F,v) = <F1,VA;,1U> , v = Agw, wE Koy W= Al (33)
(Fyv) = <F2,VA;}V> (34)
(G,v) = <g — VhlaQ,N.VAq_,lv> (35)

and W, (u, B) and W, (u, B) are determined by (using (24) and (25)).
(Wy(u,B),v) = —<uu — BB, VA;}v> - <ku, A;h:) (36)
(W, (u,B),v) = —<uB — Bu, VA;}v> (37)

Here, we note that
div.(u—Vh) =div.u—divVh=k—Ah=k—k=0
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and the space KZ,(Q) = {w € C?({Q)}; wls, = 0, div.w = 0 } is the “test"
space.

We shall now treat (30) - (31), a non-linear system in (u, B) and determine
a solution by applying Banach Fixed Point Theorem. For this purpose, we write
i=u—Vh and B=B so that @i and B are divergence free.
Thus, we write (30) - (31) in the form

= F (o B), F(,B)= — F,—G—-W, (L +Vh,B) (38)
and B = F,(2,B), F(2,B)= — F,— Wy(2+Vh,B) (39)
Combining them, we write
(ﬁ,g) = (Tl(ﬁ,g),}"z(ﬁ,ﬁ)) ,F; and F, as above (40)
=F(a,B)

We wish to show that the product operator F satisfies condition of Fixed-
Point Theorem.
We use the following estimates:

||ﬁ1||LgT < CIFlr 1)

”ﬁang < ClIFlr (42)

and lel., <c (ngn R ||k||Lq(m) )
a w @ (a0)

We also note that
(W, (w, B),9) = —(W,(u, B),Vw) = —(W,(u, B), VA_!9)
and (WZ(ui B)"B) = _(Wz(u, B)I VW) = _(WZ(U, B)l VA;’lﬁ)

This resembles <F,VA;,1v> = (F,v) (see 3.10 in [2]) and we conclude

that (41) and (42) remain valid with F, F, F;, F, replaced by W,, W,, W, W,
respectively.
We also use the inequality

IVAllLe < G <||.9|| T "k”Lq(ﬂ)> (44)
w7 (0)

Using above inequalities along with inequalities (26) we get
| Wa(w, B) l,a < Coll Wi, B) |l < €1 (llwlla + Ikl a- lllla + 1IBIZa)
Using u = @ + Vh and (44), this becomes

|' . 2
([ I2llg +Ngll 2, +lkllacey | +1BI
% B, < G v e

+||k i + + ||k
| ”Lq<“ Il ||g||w_%,q(am Ikl Lacay

1
| (45)
|
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and ||W,(u,B)|| < C2(||u||,2ﬂ + ||B||12,Q+||k||Lq' ||B||L‘I)

2
[[W,(u, B)|| < C; [(”ﬁlqu +lgll 2, + ”k”Lq(Q)> +IBlIZq +
’ w a9(a0) a

C; Ilkllza- 1Bl La (46)

where we have used ||ul|.||B]| S% (u])? + [IBII3).
We wish to combine these inequalities using product norm ||(u,B)|| =

1
(ul® + 11Bl1»)z2
We also use the fact that
[lull + 1I1B]| < Cllw,Blland ||(w,B)|| < (l[ull + [IBI])
(i.e. ||(w, B)|| and ||u]| + ||B|| are equivalent).

And estimate ||F (ﬁ, §)|| where F (ﬁ, B’) is defined by (40) through (38)
and (39):
First of all, we use the fact that for a,b > 0, a? + b? < (a + b)?, to bring
[|B]|?q inside the first bracket in (45) and (46) and obtain
_ N o 2
1., B)]l,9 < € [(H1 1 +1B]1+ gl + 11KI])

+ k[l +11gll + IIkII)]

1 (|12, B|l + 119,011 + 11k, 011)°
+11k, 01 (112, BIl + 119, 011 + |1k, 01[)

(since ||ul] £ ||(w,B)|| and ||B|| < ||(w,B)||) using properties of
product norm. Similarly,

W, B)ll,a < C; [(|12,B] + 119,011 + 1K, 01)" + |1k, 01| 1@ BIl|  (48)
Thus, using (41) - (43) and (47), (48), we get finally,
(@ B)Il = 11F(2, B), Fo(@ B)Il <11 F:(B)|I +117,(2 B)|l
< IR ]|+ 1GI] +IWy(& + VA, B)|| + [|Fo]| + [[Wy(2 + VA, B)|
IFy Ell + 1lg, Ol + Ilk, oIl + (||, BI| + llg, Ol + IIk, 0ff)°
+lk, oIl ([l B|| + Ilg, 0ll + llk, oIl

[IW1(w, B0 < C (47)

I|F(a,B)|| <cC

(49)
where C is adjusted as per requirements.

We now observe that the form of inequality (49) is exactly same as
inequality (4.15) in the proof of Theorem 4 [2], with I replaced by (ﬁ, l?), g by
(9,0), k by (k,0) and F by (F,, F,). Thus, the remaining argument to prove that
the mapping

F is a contraction mapping follows as in the proof of Theorem 4 [2]. We
describe only major steps to avoid repetition, we set
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a=C,B=lg0ll + +llk Ol y=C(lIFy, Fylr +B) +B,8 = Cllk, 0]
Then, (49) implies

I1F(@B)lle +B <a(llaBll+ B) +8(IIa, Bl +B) +v (50)
We consider the closed ball of LY ) x LT o :
B={(2,B)€ L} xLE/||a B|lg,,0 + B < 1} 1)
where Y; is the smallest positive root of the equation
Y=aY?+8Y+y (52)
Then, proceeding as in the proof of Theorem 4 [2], and assuming
4ay+286 < 1,

We get unique fixed point (ﬁ, L?) of F (ﬁ, E) satisfying (38)-(40).
Consequently, (u, B) with u = @1 + Vh, B = B, is a solution of (30)-(31), and
hence a very weak solution to the system (1). Thus, existence has been proved.
The smallness condition (53) gets satisfied if we take

1 . .
K = Tcecrp I equation (16) (54)

The estimate (17) then follows as in the proof of Theorem 4 [2].
The proof of Theorem 1 is thus completed.

4. Conclusion

To the best of our knowledge regarding viscous conducting fluid with
nonzero velocity at the boundary has not been treated so far in the literature.
However such results are available for Navier -Stokes equations. By using these
results as in the work of Farwig and Galdi, we have proved the existence of class
of solutions with non - zero velocity at the boundary.

Keeping in view length of the paper, Proof of uniqueness of solution (u, B)
to the system (1) is omitted here. We can obtain this proof by proceeding
similarly along the lines of uniqueness proof as given in Theorem 4 [2].

In Reference [11], the authors have proved stability of solutions of steady
state MHD equations in the whole space R®, with homogeneous data i.e.
div.u = 0 and u = 0 on 0Q. The results in the present paper prove existence
of very weak solutions with non-homogeneous data. In future work, we intend to
prove stability of these solutions under suitable conditions.
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