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1. INTRODUCTION

Tychonov’s fixed point theorem is applied for the method of successive approxi-
mations, and the comparison method, S. Sugiyama [18] explored the existence and

uniqueness of solutions of the problem.

(1) B — (x50 - 1),

for 0 < n <, with the conditions

(2) x(n=1) =¢@m) (0<n<l),
(3) x(0) = xo,

where, x and F represent n-dimensional vectors (see [18] for details) and Stokes
[14] has discussed the same problems as above for nonlinear differential equations.
This method can be also be valid for difference-differential equations. Here, it is to
be noted that it is essential to obtain the solutions of (1) for 0 < n < 7, where
m > 1. However, if 77 < 1, the problem has been simplified to that of the theory

of differential equations, that is, it is enough to consider the of differential equation

dx(n)

= F(n,x(n), d(n)),

for 0 < n <y, along with initial condition x(0) = x¢. In [16], S. Sugiyama proved
the existence, stability, and boundedness of solutions of the difference-differential
problem (1)—(3) by making use of Tychonov’s fixed point theorem with additional
condition on F.

The aim of this paper is to prove the existence, uniqueness and continuous de-

pendence of solutions of the difference-integrodifferential of the form:

(@ X (0) = Flx(o)s [ Ko ) 500 = 1),
0

for n € R4y = [0,00) under the conditions

() x(n=1)=o(n) (O<n<1),

(6) x(0) + g(x) = x7,

where , Fe C(J x X x X x X, X), ke C(Ry xRy x X, X), g€ C(CR4, X), X)
and ¢(n) is a continuous function for 0 < n < 1, lim,_,1_¢ ¢(n) exists, for which we

denote by ¢(1 — 0) = ¢o.
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The problems of existence, uniqueness and other properties of solutions of various
special forms of (4)—(6) by using different techniques, see [2, 6, 11, 12, 8, 18, 17, 16,
15, 19] and the references cited therein. Furthermore, we cite various articles and
monographs. [11, 18], [2, p. 342], [5, p.308], [7, p. 18]. Recently, in the exciting
paper [12], B. G. Pachpatte has studied the existence, uniqueness and continuous
dependence of solutions (1)—(3) with an infinite interval of 5, by the well known
Banach fixed point theorem and the Gronwall-Bellman integral inequality. Here
our approach to extends the results of [12, 13, 14, 18, 17, 20, 21, 22] and the results
are obtained by using inequality founded by B. G. Pachpatte. We are motivated
by the work of S. Sugiyama [18, 17] and influenced by the work of B. G. Pachpatte
[12].

The paper is organized as follows. In section 2, we present the preliminaries and
hypotheses. Section 3, deals with existence through approximation and deals with
condition about atmost one solution. In Section 4, we discuss results on continuous
dependence of solutions, closeness of two solutions and convergence of solutions. In

final Section 5, we summarizes the discussion.

2. PRELIMINARIES AND HYPOTHESES

Some introductions and related hypotheses were utilised in the discussion that
occurred.
Let X be the Banach space with norm | - ||. Let S be the space of all continuous

functions from J into X and fulfill the condition
(7) [zl = Ofexp(An)),
for some positive constant A > 0. In this space we define the norm (see [1, 10])
(8) 1[5 = sup(l|z(n)[| exp(=An)].
neJ

It is much clear to observe that S with the above norm is a Banach space. Note
that condition (7) implies the existence of a nonnegative constant N such that

lz(n)|| < N exp(An) for n € Ry. Using this fact in (8) we observe that

(9) lzlls < N.
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Remark 2.1. We note that the norm defined in (8) was first used by Bielecki [1]
for proving the existence and uniqueness of global solutions for ordinary differential

equations. For the changes associated with Bielecki’s method, see [3].
We required the following Lemma :

Lemma 2.2 ([10],p. 152). Let u(n),e(n), b(n) € C(R4,R,) and
s < n,a(n,w), c(n,w) € C(RL2RL).If e(n) and a(n,w) be nondecreasing n € R

and
u(n) <e(n) + /077 a(n,w) [b(w)u(w) + /OW c(w, a)u(o*)da] dw,
holds for n € Ry , then
) < et exp ([ atn) o) + [ et )do]as).
forneR,.

We list the following hypotheses:
(H1) The function F in (4) satisfies the condition

IF (0% 5,2) = F(0,%,5,2) || < pr()llx = Xl + ly = ¥l + [z = 2l],

for (n,x,y,2),(n,%,5,2z) € Ry x X x X x X, where p; € C(R4+,R;) and
increasing.

(Hz2) The function k in (4) satisfies the condition

[[k(n, w, x) = k(1 w, )| < py(n, w)l|x = X]I],

for (n,w,x), (n,w,X) € Ry x Ry x X, where p, € C(R?;,R}).
(Hs3) There exist constants G such that

l9(x) =g < Gllx = x|, forevery xx€C(Ry,X)

3. e— APPROXIMATION SOLUTION

3.1. e— Approximation Solution: Let x;(n) (i = 1,2) be functions which are

continuous on R, differentiable in 0 < 1 < oo and satisfy the inequalities

(10) I (n) — F(n,xi(n), /On k(n, w, xi(w))dw, xi(n = 1))|| < e,
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for given constants ¢; > 0 (i = 1,2), where it is supposed that the initial conditions
(11) xi(n—1)=¢i(n) (0<n<1) x(0)+g(x)=x"

for i = 1,2 are fulfilled and ¢;(n) are continuous functions for which lim, 1o ¢(n)
exists. Then we call x;(n)(: = 1,2) the ¢; approximate solutions with respect to the
equation (4) with the initial conditions (11). The next theorem tackles to estimate
on the difference between the two approximate solutions of equation (4) with (11).

We first prove the main conclusion. .

Theorem 3.1. Assume that hypotheses (H1) — (Hs) hold. Let x;(n)(i = 1,2) be
respectively e; -approximate solutions of equation (1) on Ry with (11) such that
(12) [x17 = x"[| <6,

where § > 0 is a constant. Then

139 i) - xl < g el [ 20 [ i)

for0<n<1 and

(14)
1x1(n) = xa(n)]| < (f/l_(”g)) eXp(/O (P2 (w) Yflg(wﬂ))[H/o py (w0, 0)do]dw)
for1 <n < oo, where
1
(15) M(n) = ((e1 +e2)n +6) + /0 Py (W)[lP1(w) — da(w)||dw,

and G < 1

Proof. Since x;(n)(i = 1,2) for n € R are respectively e;-approximate solutions of
equation (4) with (11), we have (10). By taking n = ¢ in (10) and integrating both

sides from 0 to 7, we have
/ |xi (o) — F(o,x;(0), /00 ko, w, x;(w))dw, x; (0 — 1)) ||do
> ||/ {X;(c) — F(o,xi(0), /U k(o, w, x;(w))dw, x;(c — 1)) }do]|

= ||I[x:(n / F(o,x;(0 / k(o,w, x;(w))dw, x;,(c — 1))do||
(16)
= () — (55" — g(x1)) — / Flovxi(o), / K(0,w, x4(w))dw, %3 (0 — 1))do|
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for ¢ = 1,2. From above and using the elementary inequalities ||[v — z|| < [jv] +

1zl |v]] = ||zl < |Jv — z||, We notice that

(€1 +€2)n

> x(n) — (a* — g(x)) - / " Flo.x (o), / " k(0w 31 (w))dw, 310 — 1))do]
T lan) — (2 — gl2)) — / ! Flo.xa(0), / " k(o w, 32())dw, x2(0 — 1))do]

> () - (a1 — g(x1)) — / " Flo,x (o), / " k(o w, 31 (@))dw, 310 — 1))do
o) + (2" — g(s)) + Fonalo). [ " k(0w 32(w))dw, x2(0 — 1))do]
> [l () — x2(n)) — (0" —x*) — (g(x2) — 9(x1))
—/0 []:(a,xl(a),-/o k(o,w, x1(w))dw, x1 (0 — 1))

— Fl(o,x2(0), /OU k(o,w, x2(w))dw, x2 (0 — 1))]do]||
> [|x1(n) — x2()[| — [[x1" — x27[| — [[g(x2) — g(x1) |

-1 [ Fexno). | ke (w)dvxn e - 1)

— F(o, XQ(U),/ k(o,w, x2(w))dw, x2 (0 — 1))]||do.

0
(17)

Let u(n) = |x1(1) — x2(1)|,n € Ry. From (3.1),We notice that
u() < (61 + e2n + [x1” — 27| + lg(x) — g
+l [ Fe xl<:>7 | Koz @)dw (o~ 1)
= Floxlo). | ko xaw)do xa(o = 1)ldo]|
< (e +en+ lx — "+ lg0e) — (x|

+ / |F (0,3 (0), / K(0,w, 31 ())dw, 31 (0 — 1))

— F(o, XQ(O'),/O k(o,w, x2(w))dw, x2 (0 — 1))]||do
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< (e1+e€2)n+ 6+ G| (x2) — (1)
+ /077 [F (o, x1(0), /OU k(o,w, x1(w))dw, x1 (0 — 1))

- f(o,xz(o),/o k(0 w, %0())dw, x2(0r — 1))] | do

< (e1 + )1+ 5+ Gll(2) — (1)
+ [T 0@l =)l + [ Mo x(0) - kow.ma(w)do
+ e - 1) - 5l — 1)do
< (e + e2)n+ 6+ Gll(x2) — (1)
+ [ 2@l - @I+ [ el - x@)ld
+ e — 1)) = 5o — 1) ldo
< (e1+ €2)n+ 6 + Gu(n)
1)+ [(m@luo)+ [ powut)s + e - 1) - xalo - 1)]lde

We take into account the next two possibilities..

Case I: For 0 <7 < 1. From (18) and hypotheses, we observe that

u(n) < ((e1 + €2)n + 6 + Gu(n)) + /(:7 pi(0)[[xi(0 = 1)) = xa(0 = 1))||do

+ / py(0)[u(o) + / pa (0, ) u(w)dw]do

< ((e1 + e2)n+ 0+ Gu(n))

4 / P (@] (@) — b2(w) dew + / oy () [u(w) + / pa(w, 0)u(0)do]dw.

0

Therefore, we have

(1=G)uln) < ((e1 +ex)n+0

(19) + [ n@lo - sl | b1 (6)[u(w)

+ /Ow po(w, o)u(o)do]dw.
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Let M(n) = (e1 +e2)n+0 + fol p;(w)]|¢1(w) — ¢2(w)||dw. Then in equation (19)

becomes

(1= G)utr) < (M) + | () [uw) + / b (w. 0)u(o)do]d

0

M(n) " py(w) ¢
(20) = u(n) < i-0 +/0 i _g[u(w) —|—/0 ps(w, o)u(o)doldw.
M(n)

Clearly =0 is nondecreasing in 7 € R;. Now an application of Lemma 2.2 to

(20) yields

(21) u(n) < (/1\/1(72) exp(/()?7 }1)17(Wg) 1+ Aw Py (w, 0)do]dw).

Case II: For 1 <7 < oo. From (18) and hypotheses, we observe that

u(n)
< ((e1 +e2)n+ 0+ Gu(n))

+ /077 P1(9)llx(o = 1)) = xo(0 = 1))|[ldo + /On Py (0)[u(o)

o

+ ps (0, w)u(w)dw]do

S—

< ((e1 +e2)n+6+Gu(n))
+/0 P1(w)[[¢1(w) — d2(w)|dw + /177 P1(W)[[[x1(w — 1)) = x2(w — 1))[Jdw
+ /077 py(o)[ulo) + /0" py (0, w)u(w)dw]do

A Py (W)llIx1(w = 1)) = x2(w — 1)) [[ldw+

i@ + / P (0, ) u(w)dwldo

< M(n) + Gu(n)) + / "1 (0)u(o) + / " pa(o.w)u(w)duldo + I,
(22)

where I = [["p; (w)||x1(w— 1)) — x2(w — 1))||]dw by making change of variable, we

obtain

(23) L < /077 p;(w+ 1u(w)dw.
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Using (23) equation (22) becomes

u(a) < M(a) + Gu) + | 1 () [u(w) + / " pa(w, 0)u(o)do]du+
< [ e+ Du)d

w

< MO+ Gutn) + [ "1(e) +pa(ot D) + [ pe)ulo)dold

0
This gives

M(n) "pi(w) +py(w+1) v
4 um < g2+ [BEERE D) + [ gy o)uto)dolae)
Using Lemma 2.2, we get

@) < S exp( [ BEREE D [T ) dole).

O

Remark : We note that the estimate obtained in (13)—(14) yields the bound on the
difference between the two approximate solutions of equation (4)—(6). If x1(n) is a
solution of equation (4)—(6) with xp = x7 , then we have ¢; = 0 and from (13)—(14),
we see that xa(n) — x1(n) as e — 0 and 6 — 0. Moreover, if we put (i)e; = €3 =0
and x; = x2 in (13)—(14), then the uniqueness of solutions of equation (4)—(6) is
established and (ii) €; = €5 = 0, then we get the bound which shows the dependency

of solutions of equation (4)—(6) on given initial values

3.2. Uniqueness without existence: Uniqueness without existence is discussed

by suitable theorem.

Theorem 3.2. Assume that hypotheses (H1) — (Hs) hold. Then the problem (4)—(6)

has at most one solution on R .

Proof. Since x;(n)(i = 1,2) for n € R4 are respectively. Let u(n) = |x1(n) —
x2(n)||,n € Ry. From (3 1), we observe that

u(n) < o) — gGx) + | / (0,30 / K(0,w, %1 (w))dw, x1 (0 — 1))

0

— Flo,x2(0), / k(o, w, x2(w))dw, x2(c — 1))]do]|

<|lg(x2) — g(x1)|| —|—/ [[F (o, x1 (o / k(o,w, x1(w))dw, x1 (0 — 1))
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o

— F(o, XQ(O'),/O k(o,w, x3(w))dw, x2(0 — 1))]||do

< G|[(x2) = (x1)[| + /On ||[}'(0,X1(U)7/OU k(o,w, x1(w))dw, x1(0 — 1))

— F(o, XQ(O'),/U k(o,w, x3(w))dw, x2(0 — 1))]||do

0

§g||(X2)*(X1)||+/O p1(0)[[[x1(0) — x2(0)]|

+ /a [k(o,w, x1(w)) = k(o,w, x2(w))|dw + [|x1(0 — 1)) — x2(0 — 1))|]do

0

§g||(X2)*(X1)||+/O Pl(U)[Hxl(U)*Xz(U)HvL/O Pa(0, w)||x1 (w) — xo(w)||dw

+ [[x1(0 = 1)) = x2(0 — 1)) |[Jdo

< Gu(n) + / "o (0)ulo) + / " pa(o,@)u()ds + (o — 1)) — xa(o — 1))][Jdo.

(26)

We consider the following two cases.

Case I: 0 < 5 < 1. From (26) and hypotheses, we observe that
u(n) < Gu(n) + /Onp1(U)X1(U —1)) = x2(0 — 1))|l]do + /Onp1(0)[u(0)
+ /O pz(la,w)u(w)dw]da
< Quw(ﬂ) +/0 P (W)[[é1(w) — ¢>2(W)Hdw+/0 Py (w)[u(w)+
< /O b (w, o) () dor]dos.

Hence, we have

n

(1 - Gyu(n) < / P (@)|6(w) — $(w)dw + / Py (@) [u(w) + / " b, 0)u(o)doldu

<0+ /O77 p; (w)[u(w) + /W ps(w, o)u(o)doldw.

(27)

=u(n) <0+ /077 %[u(u}) + /Ow ps(w, o)u(o)do]dw.
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Clearly e(n) = 0. Now an application of Lemma 2.2 to (27) in equation, yields

u(n) < Oexp(/o77 Il)%ug[l + /O‘*’ ps(w, 0)do]dw)

= u(n) <0

(28) = [x1(n) — x2(n)|| < 0.

Case II: For 1 <7 < co. From (26) and hypotheses, we observe that

u(n) < Gu(n) + / b1 (@) x1(0 — 1)) — xa(0 — 1)ldo + / ' p1(0)u(o)

0
+/0<7 P, (0, w)u(w)dw]do
< Gu(n) + / P (@) [6(w) — (w)l|dw + / o1 (@)1 — 1)) = xo(w0 — 1)) o
n / ' p(@)lu(o) + / " pa(.w)u(w)dldo
<0+ Gutn) + | o @)l (w — 1) — xa(w — 1))lde + / o1 (0)[ulo)
Jr/o Py (0, w)u(w)dw]do
(20)

<0+ Gu(n) + / pa (0, w)u(w)dwldo + I,
0

where I; = [’ p;(w)||x1(w — 1)) — x2(w — 1))[Jdw by making change of variable, we

obtained
(30) h< [ o+ Dute)d
Using (30) equation (29) becomes
) .
u<n><o+guin>+ | el + [ piw ool
+/O p;(w + 1)u(w)dw
<0+Guln) + [ (01(0) 4 pr o+ D)fuGe) + / pa(w, ) (o) dorld

31) ;\u(n)<0+/0"p1( )+p1g(w+1 +/0pr ool
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Using Lemma 2.2, we get

utn) < 0exp( [ PRI 4 [T 0ol

(32) = [lxi(n) —x(m)] <0.

So, we have x1(n) = xa(n) for n € Ry. Thus there is atmost one solution to (4)-(6)
on R, . g

4. CONTINUOUS DEPENDENCE

In this section we study the continuous dependence of solutions to (4) on the
given initial data, and on the function F. Also we show the continuous dependence
of solutions of equations of the form (4) on certain parameters. First, we shall give
the following theorem concerning the continuous dependence of solutions to (4) on
the given initial data.

Continuous dependence of solutions is discussed by suitable theorem.

Theorem 4.1. Suppose that the hypotheses (H1)-(Hs) hold and let x1(n), x2(n) be

the solutions of (4) with the initial conditions

(33) xin—=1)=¢1(n) (0<n<1), x1(0)+g(x1)=x1",

(34) xe(n—1)=¢2(n) (0<n<1), x(0)+g(x)=x",

respectively, where x1*,x2* are elements of X. Then

(35) [[x1(n) = x2(n)|| < lc(j)g exp (/On (‘fl(wg)) {1 + /Ow pz(w,o*)do} dw)

for0<n<1 and

(36)

llx1(n) = x2(n)|| < 1687)g exp (/On (pl(w)a_flg((; +1) {1 —I—/O Py (w, a)do] dw)
for 1 <n < oo, where
(37) ) = Ioa” =2’ + [ py@)llor(w) = da(e)

and G <1



SOME THEOREMS ON APPROXIMATION ... — JDSGT VOL. 21, NUMBER 2 (2023) 139

Proof. Let u(n) = ||x1(n) — x2(n)|| for n € R;. We consider the following two cases.
Case 1: For 0 <7 < 1. From (3.1) and hypotheses, we observe that

u(n) < " - xo"|| + Gu(n) + / o1 (@) — 1) — xa(o — 1)[}do
+ / py(0)[u(o) + / P (0,w)1(w)dec]do
1
< lx* - x2"|| + Gu(n) + / Py (@) 61(w) — $2(w) de

n / o (@)lu(w) + /  pa(w, 0)u(o)doldw.

Therefore, we obtain
1
(I=G)u(n) < [x1" — x| +/O p; (W)|[[¢1(w) — ¢2(w)||dw

(38) +f 1 (@)[u(w) + / " b (w, 0)u(o)dode.

Let ¢(n) = [|x1* — x2*|| + fol P (W)]]|¢1(w) — P2(w)]|dw, in equation (38) becomes

w

(1= 0)uln) < (el + [ @)+ [ pyleno)uto)dolds

0

(39) u(n) < (f%) + /0 ' Il’lf‘”g) [uw) + /0 " pa(w, o) u(o)do]d.

Clearly (‘fﬁg) is nondecreasing in n € Ry. Now an application of Lemma 2.2 to

(39), yields

(40) u(n) < (ICT)g) exp(/(:7 }1)1502 1+ /OW py(w,0)do]dw).

Case II: For 1 <7 < oco. From (3.1) and hypotheses, we observe that

) < [ = x2*] + Gulo) + [ (o)1l — 1) ~ o~ 1)
+ ["o@lue) + [ pa(owpue)dsldo
<t =460 + [ Byl ) — du(w)d
+ [ pi@llate - 1) - xate ~ D)l
+ [Moi@lue) + [ pa(owpute)dslio
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n
< ¢(n) +Gu(n) +/1 p1(W)lx1(w = 1)) = x2(w — 1))[]dw

+ / py(0)[u(0) + / pa (0, w) u(w)dw]do

(41) <ec(n) + Gu(n) + / Py (o, w)u(w)dwldo + I,
0
where I = [["py (w)|[|x1(w — 1)) — x2(w — 1))||]dw by making change of variable, we
obtain
7
(42) L < / p;(w+ 1)u(w)dw.
0

Using (42) equation (41) becomes

u(n) < cn) + Guln)) + / o (@) [u(w) + / Py (w, o) u(0)dodw+

" byl + 1ufw)ds

S—

< )+ Guln) + [ (pr(@) + py(w + D) u(w) + / " pa(w, 0)u(0)dold

= u(n) < (16(_77)g) + /0’7 Pi() Y_plg(w 1) [u(w) + /0“’ po(w, o)u(o)do]dw).

Using Lemma 2.2, we get

u(n) < (1687)@ exp(/O17 () ;’_flg(w 1) 1+ /Ow P (w, 0)doldw).

O

4.1. Closeness of Solution: The initial value problem (4)-(6) along difference-
integrodifferential is considered and discussed. Suitable theorems with different

cases also discussed.

n

(43) ¥ () = F(n,y(n), / (1, w, (@) dw, y( — 1)),

for n € Ry = [0, 00) under the conditions

(44) yn—1)=vn (0<n<1),
(45) y(0) +1(y) =",

where , F e CRL x X x X x X, X), ke CRy xRy x X, X),l € C(C(Ry4, X), X)
and 1 (n) is a continuous function for 0 < n < 1, lim, 1o ¢(n) exists, for which we

denote by ¥ (1 — 0) = ¢o.
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The next theorem deals with the nearness of solutions of initial value problem

(4)-(6) and solutions of initial value problem (43)-(45) .

Theorem 4.2. Suppose that the functions F, k,g in (4)-(6) satisfy the hypotheses

(H1) - (H3) hold and there exist nonnegative constants €1, ez, dsuch that

(46) ||]:(777 u,v, Z) - F(n’ u, v, Z)” <€
(47) lg(w) = ()| <&
(48) Ix* =y <9

where x*, g, F and y*,1, F are as in (4)-(6) and (43)-(45) respectively. Let x(n) and
v(n) be respectively, solutions of (4)- (6) an ( ) (45) on Ry. Then
I sl < % exp ([ 20004 [ gy 0)aoli)

0
for0<n <1 and

(o) = 300 < 1L exp ([ PUDERLED 1y [T 01010
for 1 <n < oo, where
B 1
(49) d(n) = [ +&mn + & +/0 P (W)llo(w) — ¥ (w)]|dw.
and G < 1.

Proof. Let u(n) = ||x1(n) — x2(n)||,n € Ry. From the hypotheses, it follows that
u(n) < [Ix* =yl + lg(x) = 1) + e+
n o
|| / [F(o,x(0), / k(0,0 x())dw, x(0 — 1))

— F(o,y(c /0 k(o,w, y(w))dw, y(c — 1))]do]|

<0+ g(x) —g(y) +9(y) — 1)+

/|| (o,x(0 /Okowx )dw, x(o0 — 1))

/0 k(o,w, y(w))dw, y(o — 1))]||do

<0+ g(x) =gl + llg(y) — Il + /On 17 (o, X(U)a/oa k(o, w, x(w))dw, x( — 1))
/0 k(o,w, y(w))dw, y(o — 1))]||do
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<6+ Glx—y| + &+

/0 ||[.7-"(0,X(0),/0 k(o, w, x(w))dw, x(c — 1))

g

~ Flo.y(0), / K(o,w, 7(@))dw, y(o — 1))]|do

/ " F . 510), / " k(0w y(w))dw, y(o — 1))
0 0
~ F(o,3(0), / K(o,w, y(w))dw, y(o — 1))]|do
<0+ Glx—yll+&+en
+ [T oi@lixto) = 3@l + [ o xtw) Ko,y s

+[|x(0 = 1)) — y(o — 1))[l]do
<[ +Glx—y| +& +em]

+/0n P (0)[u(o) + /OU Py (0, w)u(w)dw + [|Ix1(0 — 1)) — xa(0 — 1)) ldo

We consider the following two cases:

Case 1: For 0 <n < 1.
(1=G)u(n) < [0 +& +&m] + /On py(0)llx(0 — 1)) — y(o — 1))l[]do
+ [T e [ue)+ [ paloute)asao

<[ +&+emn)

" / b (@)6() -

)
p2 (Ja w)u

(
d(n)+/o (o >[ @+ [ b,

Now an application of Lemma 2.2 by taking e(n) = %, in equation (50) becomes

(51) u(n) < %exp </0n (1131£wg)) [1 + /Ow pz(wm)do} dw).

(w)|]dw+
[, 7o
<

w)dw] do
o

(50) ( ,w)u(w)dw} do.
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Case 2: For 1 <7 < co. By following a similar arguments as in Case 1 of the proof

of Theorem 4.1 and from the hypotheses, it follows that
(1= Gyu(n) < B+ @+l + [ pi(o)lxto - 1) = ylo = 1)lldo
+ /0 "pi(0) [u(o) + /O el w)u(w)duw| dor
<Bra s+ [ po)lxo - 1) - (o - 1)lldo
+ [ pi@)lsto — 1) - ¥t~ D)l
+ /0 p, () [u(a) + /O P, (0, w)u(w)dw] do

<(G+atan+ / P (@) [ $(w) — $(w)|dw

/
/ @)1 (= 1)) = xa(w — 1))}
/ (0)[u(o) + / (0, w)u(w)dwldo

(52) dw do + Il

\

where I = [["p; (w)[||x1(w — 1)) — x2(w — 1))|[Jdw, by making change of variable,

we obtain
(53) I < /O ! Py (w + 1) u(w)dw.
Using (53) in equation (52) becomes
(1=G)utn) < dn) + [ ilue) + [ pa(wro)ulo)doldes
| e+ ey

0 u < s [TREEREE D) 4 [ e ulo)dola)
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Using Lemma 2.2,and put u(n) = ||x(n) — y(n)|| in (54) ,we get

I =)l < 10 exp ([ BRIy [ 0)dola)

From this inequality and (51), it follows that solutions of (4)—(6) depends continu-

ously on the functions involved therein. O

Remark 4.3. The result given in Theorem 4.2 related to solutions of IVP (4)—(6)
and of IVP (43)-(45) in the sense that if F is close to F, x* is close to y*, ¢ is
close to ¢ and g is close to l, then the solutions of IVPs (4)—(6) and (43)-(45) are

also close together.

4.2. Convergence of Solutions: We consider the IVP (4)—(6) together with

(55) Y ) = Fulnsto. [ " K., (@) y( — 1)),

(56) yn—=1) =), y0)+1.(y) =cn",

for n = 1,2,---, where F,, € C(Ry x X x X x X,X), I, € C(C(R;,X),X),
K € C(R% x X,X), R) and for each n = 1,2,---, ¢3(n) is a continuous function

for which the limit lim 4, (n) exists.
n—1-0
As a direct result of the theorem 4.2, we have the following corollary.

Corollary 4.3.1. Suppose that the hypotheses (H1) — (Hs) hold and there exist

nonnegative constants €y, €%, 6, (n=1,2,---) such that
(57) H]:(nv u, v, W) - ?n(nv u, v, W)H < €n,
(58) lg(uw) = L(W] < €*, [Ix" —en"|| < s

with &, — 0 and €,%, 8, — 0 as n — oo, where x*, g, ¢, F and c,*, Ly, Un, Fn
are as in (4)—(6) and (55)—(56). If y,(n) (n = 1,2,--+) and x(n) are respectively
the solutions of (55)—(56) and (4)—(6) on Ry, then y,(n) — x(n) as n — oo on
R,.

Proof. Forn =1,2,---, the conditions of of Theorem 4.2 fulfilled. As an application
of Theorem 4.2 and Lemma 2.2 yields

69 ) = sl < g ew ([ BEE 4 [T pyn0)ao] )
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for 0 <7 <1 and

Iratn) = x| < o2 g e ([ BRI [ b0, 0)dola)

for 1 < n < oo, where

1
o = max {5, + &7 + &l + | 2y (@)]6(0) — dn(w)|dv}
0
The necessary results derived from Theorem 4.2. It follows that (4)—(6) depends

continuously on the functions involved therein. O

Remark 4.4. The result obtained in above Corollary provide sufficient conditions
that ensure solutions of IVPs (55)—(56) will converge to the solution of IVP (43)-
(45) .

4.3. Dependency on parameters: Next, we consider difference-differential equa-

tions
(60) ¥ (n) = F(m.x(n), / "k, w0, (@)oo, x( — 1), ),
(61) ¥ (n) = F(n, x(n). / " k0, x(0)) o, x( — 1), ),

for n € Ry, where F € O(R; x X x X x X xR, X), and with the initial conditions
given by (5)—(6).

The following theorem states the continuous dependence of solutions to (60) and

(61) with initial conditions given by (5)—(6) on parameters.

Theorem 4.5. Assume that hypotheses (H1) — (Hs) hold and there exists an in-
creasing function Ly € C(R4,Ry) such that

1F 0,2 11) = F 0, %5, 7 o) | < La[llx = 5l + ly = 7+ 12 20+ a = o] .

Let x1(n) and x2(n) be solutions of (60) with (5)—(6) and (61) with (5)—(6) respec-
tively. Then

I sl < (P oxp ([* B (14 [ patenanin] ).

for0<n <1 and

I sl < (P =Ly o ([* 2214 [ py(enodo] ).
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forl<n<oo. and G <1
Proof. Let u(n) = ||x1(n) — x2(n)|| for n € Ry. We have
u(n) < llg(x) =gl
n_ o
[ Floxo), [ Ko xtw)dw, xto -~ 1))
0 0

~ F(o.x0), / K(0,w, y(w))dw, 3o — 1), j2))do|

<Glx—yl
+ [ i) 3@l + [ o) - vl

+ lx(o = 1) = y(o = D)l + |1 = pal | do

< Gu(n)

+ [Mmfute) + [ mmlopuds + o 1)) = sl = 1)l + s = pal]do

< Gu(n)
+f "(Lalx(o — 1)) = (o — 1)) ldo + Lilyus — paly
+ /0’7 Li[u(o) + /OU pg(a,w)u(w)dw} do.

Think about each of the following two cases..

Case 1: For 0 <7 < 1 From the hypotheses, we have

1
(1-Guly) < / Li6(0) — 6(0)ldo + Ll — po|
+/077 La[u(o) +Aap2(g7w)u(w)dw} do
< Lyl — paln + /07’ Ly[u(o) + /OUpQ(a?w)u(w)dw} do.
(62) = u(n) < (W) + (/077 (1L_1g> {u(w) + /O‘” p2(w,a)u(0)da] dw).

Using Lemma 2.2 in equation (62) becomes

u(n) < (W) exp(/O” (1L_19) [1+/0wp2(w,g)do}dW).
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So ,we get

It sl < (2= e (7B [1 [ pyfenolao]as)

Case 2: For 1 <7 < 0.

u(n) < Guln) + / "[Lallx(o — 1) — y(o — 1) do

Ll =l + [ Lifulo) + [ py(oohute)as] do

< Gu(n) + Li|p1 — p2ln
1
+/0 (L1 || 6(o Hdo—i—/ (w — 1) — y(w — 1)]dow
n
[Nl / P2 (0, ) u(w)deo| do.

= u(n) < Gu(n) + 0+ I + L1 — Mz77+/0nL1[u(0)+/ng2(a,w)u(w)dw do.

where I; = [/ L1||x(w — 1) — y(w — 1)||dw. By changing the variable, we get

(63) L=1 /077 u(w)dw.

Using this in above inequality, we get

u(n) < Gu(n) + Ly|p — peln + /077 Li[u(w) + /OW p2(w,a)u(a)da] dw+

/0 ! Lu(w)d,

(1= 0)uln) < Lalps = el + [ 2Lalu) + [ perhulo)do]

Lilpy —poln (71 ¢
(64) = u(n) < 1-0) +/O (1_g)2L1[u(w)+/O pﬂw,a)u(a)da}dw.

Using Lemma 2.2, in equation (64) becomes

u(y) < (L1|(li1_—glg277) exp (/O" (12519) {1 + /Ow p2(w,0)da} dw),
= lxt) — sl < (P exp ([* 22 (14 [ gyt o)),

From above, it follows that the solutions (60) with (5)—(6) and (61) with (5)—(6)

depend continuously on the parameters p1, ps. O
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Remark 4.6. the result touching the property of a solution called ”dependence
of solutions on parameters” . Here parameters are scalars. Notice that initial
conditions are detached from parameters . The dependence on parameters are an

important aspect in various physical problems.

A small change of Theorem 4.2 is given in the following theorem

Theorem 4.7. Suppose that

171, ,2) = F %3, 2)| < pn)[Ilx = 51 + ly = 7 + 12— ],
lo(w) = 1] < Gillwv)l,

Ix* =yl <6,

where an increasing function p € C(Ry,Ry) and hypotheses (Hi), (Hs) — (Hs) -
Let x(n) and y(n) be respectively, solutions of (4)—(6) and (43)-(45) on Ry. Then

I sl < (=g )exo ([ 0 [1+ [ patenorao] ).

for0<n <1 and

[x(n) = y(n)| < ((1:%1)) exp (/077 (p(w)(l—&—p(gci)—&— L) [1 + /Ow pz(w70)d0} dw)7

for 1 < n < oo, where
1
o=3+ | pw)loe) - viw)|de.
0
and G1 < 1
Proof. Let u(n) = ||x(n) — y(n)|| for n € R;. We have

o
0

Ix(n) — ¥l < 3+ l9(2) — g3 + | / "[Flo.x0), / k(0,w, x(w))dw, x(o — 1))
- Flo.yto). | " K(o,w, y(w))dw, y(o — 1))do]
0

<3+ Gllx— 1+ [ 50)[Ix(e) - y(o)]

+ [ palo @) = sl + xto = 1)) - y(o ~ )] do

<6+ Giu(n)
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+ ["s@) o)+ [ patowput)s + Ixto - 1) = st = )] do
<54 Guuln) + [ Bl — 1)~ o = 1)d
+ [Ms@) o)+ [ patowute)s]ds
<54 Guuln) + [ Bt — 1)~ o — 1)d
+ /On p(w) | u(w) + /Ow Pa(w, 0)u(0)do | .

Consider the following two cases.

Case 1: For 0 <n < 1. From the hypotheses, we have

(-Gt <5+ [ bl 1) sl ~ 1)l
+ " p(e) [ule) + / by (w.0)ulo)do s
<[5+ [ o) —vela)
4 /0 " p(e) [ule) + /0 by (w.0)ulo)do]
gc+/0”p<w>[u<w>+/o P (,0)ulo >do}d

(65) ﬁu(n)él_gl /01 9’1 +/0

Using Lemma 2.2, in equation ( 65) becomes

(66) u(n) < (1 _Egl) exp (/0" 1pﬁcug)1 [1 + /Ow pQ(w,J)do} dw),

= llx(m) — ¥l < (=5

Case 2: For 1 <7 < oco.
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n w
+ / p(w) [u(w) + / ps(w, a)u(a)da} dw
0 0
n w
<e+ +/ p(w) [u(w) +/ pz(w,a)u(a)da] dw.
0 0

where I; = [[" p(w)||x(w — 1)) — y(w — 1)) | dw. By making the change of variable,we

obtain
n
L = / plw + 1 u(w)dw.
0

Using this equation above inequality becomes

0

(1 G)uln) <o+ / 1 (@) [u(w) + / b (w, 0)u(o)dolduw + / 1w+ Du(w)d

(67)

IN

c+/0n(P1(w)+P1(W+1))[U(w)+/O“p2(w,a)u(a)da]dw,

Using Lemma 2.2 in equation (67) becomes

u(n) < <(1:%Q) exp (/0” (P(w)(l—i—_p(goi)—f— D) [1 + /0‘*’ pz(w,a)da] dw).
)
(

= lxtn) ~ ¥ < (g ) o ([ EEEEEED 14 [7p, 0,0)a0] )

O

5. CONCLUSION:

We have studied the first result regarding e—approximate solutions as fundamental
result and secondly, we established uniqueness of solution without existence part.
In the succession, we have discussed some qualitative properties such as continuous
dependence, closeness and convergence of solutions of a certain integro- differen-
tial equation with finite delay with nonlocal condition in Banach Space with the

contribution of integral inequality founded by B. G. Pachpatte.

Acknowledgement: All authors take an opportunity to thanks the referees for

their comments and remarks towards the improvement of the results.
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