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field are given in Q2 C E3. The surfaces generated by the Killing magnetic field
of the y—magnetic curve are expressed according to asymptotic orthonormal
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being geodesic on these surfaces of rotation are given. Also, the curvatures and
the kinetic energy and angular momentum of the surfaces of rotation formed

by y—magnetic curve are examined.
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1. INTRODUCTION

The geometry of rotational surfaces in Euclidean 3-space has been studied widely.
The surfaces of rotation in 3D Euclidean space are generated by rotating an arbi-
trary axis. If the geodesic curvature of the curve is zero it is said to be geodesic.
Physically, the geodesic equations are expressed by constant of motion due to en-
ergy. Moreover, the equation of action for the energy and the angular momentum
is a natural topic using by many applications. Though the mathematicians study
very much concerning the submanifolds of the pseudo-Riemannian space forms,
there are a few studies on submanifolds of the pseudo-Riemannian lightlike cone.
In [1], the authors expressed the magnetic curves in the 2D lightlike cone consider-
ing the Killing magnetic field. [2], the authors characterized the magnetic fields on
the moving particle trajectories using the magnetic flow associated with the Killing
magnetic field in Q2. [3], the magnetic field on the setting out particle orbit was
investigated in Q2. Clearly, dealing with the Killing magnetic field of a-magnetic
curve, the rotational surface generated by a-magnetic is expressed in 3D null cone
and the variant kinds of axes of rotation in lightlike cone was given. Furthermore,
the specific kinetic energy, the specific angular momentum and conditions being
geodesic on rotational surface were expressed with the help of Clairaut’s theorem.
Studying on the degenerate submanifolds of Lorentzian manifolds generated by de-
generate metric supplies to the mathematicians significant appropriateness between
null submanifolds and spacetime [4]. In [5], the author classified the magnetic curves
(also N—magnetic curves that its curvature is constant) in a Galilean 3—space as-
sociated to a Killing vector field. In [6, 7], Barros and Romeo proved the magnetic
curves on a Riemannian manifold (L, d) expressed trajectories. Also, each trajec-
tory n was found by calculating the equation V1’ = ®(7), where ® is the Lorentz
force, [7]. In [8], the magnetic flow associated with the Killing magnetic field was
examined in orientated Riemannian manifold (L?,d) by Bozkurt and et al. In [9],
the magnetic curves in respect of the Killing magnetic field W were investigated in
E3 by the authors. In [11], the first kind and second kind osculating curves were
given in the lightlike cone by authors. Furthermore, they characterized osculating
curves in terms of their curvature functions. In [15], the cone curves were stud-
ied and the some characterizations for the cone curvature function were given, also

some samples of cone curves were given in E3. In [16], for the curves in Q? and
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Q3, the expressions of formulas were given. In the reference [21] was given some
knowledge about F' on L being a closed 2—form on (L, d), where it is related to F
with a (1,1)—tensor field. It is written as d(®(A), B) = F(A, B), VA, B € L.

To understand the comparison with Newton’s theory or the transition to quantum
theory, those physical terms as energy and momentum can be replaced by the
specific quantities obtained by partitioning out the mass. Therefore, specific energy
of the particle is constant due to references [22, 23]. Also, it is perpendicular to
the velocity of the particle its the energy, the speed and specific energy E must be
constant.

In this paper, we expressed the specific energy and specific angular momentum
on surfaces of rotation using by y—magnetic curves in Q? C E$ and with the help

of Clairaut’s theorem we obtained along a geodesic, the speed is constant .

2. PRELIMINARIES

Let E$ be the pseudo-Euclidean space by
d(A,B) = <A,B> = a1b1 + agby — agbs,

for VA = (ay,az,a3), B = (b1,ba,b3) € E}. Let L be a submanifold of E and if
the pseudo-Riemannian metric d of E§ reduces metric E(respectively, a Riemannian
metric) on L, then L is called as a time-like (respectively, space-like, degenerate) of
E3, [11].

The null cone is expressed as follows

Q* = {ne B} :d(n,n) =0},
and a vector D # 0 in E} is said to be space-like, time-like, null, if (D, D) > 0,

(D,D) < 0, (D, D) = 0, respectively [15]. A frame field {n, 3,y} on E} is said to

be as asymptotic orthonormal frame field given as

(mm =y, y) =, B) =(y,m =0,(n,y) = (8,6) =1,
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and that curve n : I — Q? C E?} is a regular curve in Q% V ¢ € I, taking 7/ () =
B(9). Then, the cone Frenet formulas of n(¢) are given as

(2.1 B'(9)

where the function x(¥) is the cone curvature function of 7(¢9), [15].
Let n: I — Q? C E} be a space-like curve that it has arc length parameter s in
Q2. Hence, n(s) = (n1,72,73) is given as

_ gt

5 (9° —1,29,9° + 1),

n(s)

for g(s) #constant, g, = ¢, [16].

The Lorentzian cross—product x : E} x E} — E$ is written as

i 7 —k
AxB=|a1 ay a3,
b1 by b3

where A = (a1, az,a3), B = (b1,b2,b3) € E}. Thus, it is antisymmetric and A x B
is orthogonal on A and B, [11].

The Lorentz force ® of F on Q? is written as follows
d(®(A),B) = F(A,B),Ve€ A,B € Q,

[11, 21]. The curves n on Q?are the 3—magnetic trajectories of F' that supplies the

equation
V' =@().
Also, for A, B,C € Q? the mixed product is given as follows

d(A x B,C) = dva(A, B, C),

where denotes a volume on Q? is pointed out as dvg, [11, 21].
Let W be a Killing vector in Q? and for the equation Fyy = 2yvoly, here the

inner product is determined by . Therefore, the Lorentz force of Fy, is written as

D(A) =W x A,



ON CHARACTERIZATIONS ... — JDSGT VOL. 21, NUMBER 2 (2023) 167

for VA € Q2. Hence, the Lorentz equation is taken down as
V' =®(n') =W x1,
taking into account the Killing vector field W = 510, + 52035 + 530y; 51, 52,53 € Rg
and the solutions are obtained as
n' =W xn
that is the magnetic trajectories  : I — Q? C E3 indicated by W, [21].

Definition 2.1. Let v be a curve written as

which is an arc length parametrized geodesic on a rotational surface. The La-

grangian:
(2.2) L=uw+ p*°,
the Fuler-Lagrange equations are given as
0 (0L oL 0 (0L oL .. 2 d [/ .2
2.3 ol =555 | = =pp ,—( )=0,
(2:3) Os (%’;’) ow 85(2@’) gu T PP s \PY
that is a constant of the motion, [11, 20].

Theorem 2.2. (Clairaut’s Theorem)Let v be a geodesic on a surface of revolution
S, let p be the distance function of a point of S from the axis of rotation, and let
0 be the angle between vy and the meridians of S. The psin@ is constant along .
Conwversely, if psinf is constant along some curve v in the surface, and if no part

of v is part of some parallel of S, then v is a geodesic, [20].

Definition 2.3. A one-parameter group of diffeomorphism of a manifold L is a
map ®: L xR — L, &,(9) = (Y, t), where

(1) @y : L — L is a diffeomorphism,

(2) &y =id.

(8) ®syt = Ds0P;.

This group is attached generated by a vector field W expressed as %(I)t(ﬂ) =
W (), and the group of diffeomorphisms is said to be as the flow of W.

If a one-parameter group of isometries is originated by W, then W is said to be
as a Killing vector field, [12].
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3. THE CHARACTERIZATIONS OF y—MAGNETIC CURVES IN Q? C E}

In this part, y—magnetic curves in Q? C E} are defined and some characteriza-

tions according to y—magnetic curves are given.

Definition 3.1. Let n: 1 — Q? C E} be a space-like curve in Q? and Fy be a
magnetic field on Q? C E$. The curve 0 is said to be y—magnetic curve if its W,

vector field satisfies the Lorentz force equations
Vgy =Y (y) =W, xy.
Theorem 3.2. Let n(9) be a space-like y—magnetic curve in Q* C E} given as

the asymptotic orthonormal frame {n, 8,y}. The Lorentz force in the Frenet frame

is expressed by

0 w2 0
(31) QY = K 0 —wz2 |
0 —k 0

where we is a function defined by wy = d(®¥(n), 5), k = —wa.

Proof. Let n be a space-like y—magnetic curve in the Q* C E} and let {n,3,y}
be asymptotic orthonormal frame. By using the definition of the y—magnetic curve

and equation (2.1), we can write
Vay = ®'(y) = k5,

since ®¥(n) € Span{n, B,y}, we can write

V(n) =177 + 62? +esY.
Then, by using the following equalities,
a1 =d(@%(n),y) = =d(®(y),n) = —d(=rf,1) = 0;¢2 = d(®¥(n), B) = wy;

c3 = d(®¥(n),n) =0,

we obtain

() = ws B

Similarly, we can get that

DY) =K1 —wa Y.
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Theorem 3.3. Let 1 be a space-like curve in the Q%> C E and let the curve n be
a y—magnetic trajectory of a magnetic field Wy, if and only if the vector field W, is

written as
where K = d(PY(a),n).

Proof. Let n be a space-like y—magnetic curve trajectory of a magnetic field W,,.

Taking up theorem 2 and definition 2, we get

Wy = :F“(ﬁ + 7)

On the contrary, that the equation (3.2) holds is supposed. Hence, ®¥(y) =

W, x y is obtained and ¢ is a y—magnetic curve. (]

Theorem 3.4. Let 1 be a y—magnetic trajectory as to the killing vector field W, =
:1:/1(7 + 7) in Q? C E}. Then the y—magnetic trajectory of curve n is given by

1y (9) = n(0) + 262 (ca¥ + 2¢3 cosh ) " (0)

(3.3) + (c¥? + 2 (1 — 9 — 2cosh 9) (Wy, 1" (0))) Wy + 2¢3(9 — sinh 9)W,, x 5" (0),
where ¢, cg,co € Rar.

Proof. We try to prove the theorem as to the W,,. Since W, and 7" (0) are linearly
independent, we can write (W,,n"(0)) # 0. We consider (W,,W,) > 0 and we

write
7 = 262" (0) — (Wy, " (0))Wy.
Hence, Wy, W, x ""(0) and Z are linearly independent and supply
(Wy, Z) = 0,(Wy x"(0), Z >= 0, (W, x 1" (0), W) = 0,
so, we can write
() = n(0) + Ay (W + 1y ()W, x 11"(0) + py (9) Z,

where A\, (), 1y (9), py (9) are functions and for ¢ = 0, we have
(3.4)
/\y(O) =0, ,uy(O) = 07py(0) = O7M;(O) =0, p;(O) = C2, )‘;(0> = CQ<Wy777H(O)>7
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the equation "' (¥) = Wy, x n"(¥) is given by
Ay (YW + ) ()W x 0" (0) + py () Z = — iy (9) Z — piy (9) Wy, x "' (0),

Y

which is equivalent to
Ay (9) =0, py (0) = —pgy (9), 1y (9) = —piy (D),

by using the initial conditions (3.4), solving the previous differential equations, we

get
Ay (9) = c9? + co(Wy, 0" (0)); gy, (9) = 2¢3(0 — sinh 9); p, (9) = ca + 2¢3 cosh I,

where ¢, c3, ¢y € Rar. Hence the theorem is proved. O

4. THE ROTATIONAL SURFACES GENERATED BY THE Yy—MAGNETIC CURVE IN Q2
C E}

In this part, surface of rotation generated by y—magnetic curve is examined in

Q? C E$ and the some characterizations are given.

Theorem 4.1. Let n be a y—magnetic trajectory as to the killing vector field W, =
Th(T + ) in Q2 C E3. Then the rotated surface AY(9,t) consisted by the Y is
given as follows

i) for ca = c3 and 0y (t) = 4bcak (1,0,1),

AY (t,9) = dbeak (cos (\[2&19) , KU, coS (\/5/@19)) .
ii) for —co = cs and ny(t) = dbear® (2t —1,0,2t — 1),
(4.1) AY (t,9) = dbcak® (2t — 1) (cos (\/5&19) , k9, cos (\/5519)) :

ii1) The surface AY with n,(t) is a minimal surface.

where the curvature of the curve n(t) = (at® + bt?,0, at® + bt?) is k.

Proof. We have to research a one-parameter group of Lorentz of transformation
which unchangeable all points on the ny—plane. This necessitates the Killing vector
field satisfying W, (¢) = £x (n(ﬁ —l—y(ﬂ;) . Thus, if 3 x 3 matrix ®Y is used, we

can write one-parameter group of homomorphism ®4(n, 8,y) given by ®(n) =
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dYdy(n). So, we find ®y(n) = e’®?n and calculating the matrix exponential, we

get
r — sin(ﬂﬁﬁ) cos( V2KV
(Cos(\/irﬂ?)-&-l) 72\5 7( 3 )
2 ) _1
2 2
K9 K9
2 2
(42) v (19) = sin(\/§m9) —cos (\@K/ﬁ) sin(ﬁﬁﬁ)
R
cos(V2Kk9 —sin(V2k9
5 Ve (cos(\/ﬁnﬁ)Jrl)
_1 _rd 2
L 2 2 J

Here, we are rotating a curve taking the rotation matrix (3.1), the plane of

rotation is written by W, (9) = £ (W + WS) .

Let 7 be as n(t) = (at®+bt?, 0, at® + bt?), and using the curve 1, (), we can give
some statements:

i) for ¢ = c3, ny(t) = 4beak (1,0,1),

ii) for —cy = c3, ny(t) = 4bear? (2t — 1,0,2t — 1).

i) Barely, an arbitrary point in Q2 can be thought to be on the ny—plane using
some notation, so we suppose that the 7, () curve lies in ny—plane. Thus, we can

write one of its parametrizations as
ny(t) = 4bcak (1,0,1) ,b,¢2 € Rg.
Hence, the rotational surface A?{/Vy round W, can be parametrized by

4bcok
AV (8 0) =T(@) x | 0 |,
4bcok
AY(t,9) = dbcak (cos (\@/{19) , kY, cos (\@fﬂ?)) .
i1) Let n be a curve as
1y (t) = dbeak? (2t — 1,0,2t — 1) ,b, ¢ € Ry.
Thus, the rotated surface v, AY around W, can be parametrized by

4bcak? (2t — 1)
AY (1,9) = T (9) 0
4bcok? (2t — 1)
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FIGURE 1. The graphics of surfaces AY and AY

AY (t,9) = dbcgk® (2t — 1) (cos (ﬁnﬁ) , k10, cos (\@/{19)) ,
where ¢ € I. For the first and the second fundamental forms, we get
E (t,9) = 4?6136 (0) 9 + 1 (9))% (2t — 1)7,
F (9) = 8bcar®I(3k" (9) U + K (9)),
G (9) = 8bcak®¥; L= M = N = 0.

So, since K, H = 0, the surface A{ with 7, (¢) is a minimal surface. O

4.1. The Clairaut’s theorem on rotational surface formed by y—magnetic
curve in Q? C E}. We expressed Clairaut’s theorem on rotational surface by using
y—magnetic curve in Q? C E}. Moreover, we gave the general equations of geodesic

in Q2.

Theorem 4.2. Let AY(9,t) be the rotational surface formed by y—magnetic curve
in Q2. Then, one holds:

v

(1) For the parameters ¥ = v;t = ue™" satisfying the following equation
E (u,v)ue™? = 2F (u,v),

then the Lagrange equation on AY(t,9) is written as follows

E (u,v) e 20 + G (v) o’ = L.
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(2) The curve n(s) = AY(u(s),v(s)) is a geodesic on AY(u,v) if and only if the

following equations supply

2 / G (v)dv = c198 + c11; E(u,v) = c13€2?;

/sin 0ds + ci¢,

/7du = C148 + C15;0 =
\/m 14 153

where ¢;, € Ry,1 € I.

Proof. Let AY (t,7) be the surface formed by y—magnetic curve given as
AY (t,9) = dbcark? (2t — 1) (cos (\/5/{15‘) , kU, cos <\/§Iﬂ9)> .
Thus, the fundamental forms are written as
E(t,9) F(©
(4.3) 1= (t,9) () I =0
F@)  G@)
and, we get K = H = 0. Thus, the surface is a minimal surface which defined by a
zero mean curvature. Since 7 # 0 the first fundamental form is two variable parame-
ter. Moreover, it is considerable to note that, the coordinates of parametrization are

orthogonal, since the first fundamental form is diagonal. So, Lagrangian equation

is written as
E (t,9) d*t + 2F (9) dddt + G (9) d*9 = L or
. . .2
(4.4) E(t,0)i +2F (@) di+G @) 9 =L

and from Euler Lagrangian equations and using following equation
o oL\ _oL
ds \ ot | o’

OE (,0) .2 . OF .2 -
gt 2B (L0) T+ 2550 + 2F (9)9 =0,

which gives

and
OF (t,9)

.. .2
g G @)Y Ao,

B il U o ol Sl i 2
s\ | "9~ a0 T
oL
29
[z}

s

0 <6L> _OL _0E(19) 2

Hence, we say that is not constant. Now, to solve this problem we can change

the coordinate of this equation into (u,v), therefore this coordinate can be chosen

as

(4.5) 9 =uv;t =ue ".
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Also, we can write previous equations taking derivatives according to s parameter

as follows
V=1tvt=e" (u—ui)),

and using following equations
(4.6) E (u,v)ue™" = 2F (u,v).

Lagrangian equation can be written as
(4.7) E (u,v) e 2 + G (v) o> = L.

For the following equations
(4.8) Q/G (v) dv = c108 + c11,
(4.9) E(u,v) = c13¢*",

(4.10)

/diu—c s+c
\/m 14 155

which is a constant along the geodesic given by

o (oL _or_op . o (or) _on_,
0s % Tou out Y M s % T ov

which means

is constant along the geodesic.

Furthermore, for following the equation

/ du N
——— =14 + C15,
onehas%(%):%zw#ol

Os

For the following equation

E(u,v) = c13€2?,

by using equations % (aL) = ‘Z—ﬁ = 0, one has % (2G (v) 1}) = 0, which means

v
ds

2/G(v) dv = c108 + c11

is constant along the geodesic. Let 7, be a geodesic on the surface of AY (u,v), so

it is written as (u(s),v(s)). Then, let 6 be the angle between 7, and a meridian; n,,
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=AY (u,v) is the vector along parallel of A{, and n,, = AY (u,v) is the vector along
meridians of AY. Then, using orthonormal basis {n,,n,} a unit vector tangent &

on AY(u,v) can be written
i) = Ny o8 0 +ny sinf = ul{ +0AY = dn, + on,.
Then, since v = sin §, we can write
2G (v) v = 2G (v) sind

and this equations is constant along n. Conversely, 7 is a y—magnetic curve providing

the equation 2G (v) v = 2G (v) sin @ =constant. Hence, we have
(4.11) v= /sin@ds + c16-

0

Theorem 4.3. The general equation of geodesics on the surfaces formed by the

y—magnetic curves in Q? is written as

(4.12) ZZTZ = cy7€" \/EG(q(va;) (4eG (v) — c18),

where ¢; € Ry.

Proof. By consider the Euler-Lagrange equations for (4.7),

9 (‘3—5) = g—ﬁ = %Z’v) = 0, the general equation of geodesics can be find. Then,

ds

Js

9 (0L _ OL

solving of the differential equations in 7 (@) = 35, we get
ds

Q/G(v)dv:0105+011,v:/sin0ds+016,

and by using equation % (6L) = %’ we have % (2G (v) i}) = 0, which means

Do
ds
dv o

ds  2G (v)

;c10 € R

If we put the value of v at the equation F (u,v) e (v) o = ¢, we get

du dv\? dv\?
E —2v G _
(u,v) € (dv ds) TG (ds) ©

and then this equation can be written as follow

du \/ G (v) (4G (v) — c18)

dv E (u,v)
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5. THE PHYSICAL APPROACH ON SURFACE GENERATED BY THE Yy—MAGNETIC

CURVE IN Q?

Let AY (t(s),9(s)) be a parametrized curve on the rotational surface given by
AY (t(s),0(s)) = dbcar® (2t — 1) (cos (ﬁnﬁ) , k0, cos (\/5&19)) .

Also, to solve this problem, according to the parameters ¥ = v;t = ue™?, the

Lagrange equation on the surface AY(t,9) can be written as follows
—2p -2 -2
E (u,v)e *"u" + G (v)v” = L.

By using the chain rule, we can write the tangent vector of this curve as

iy = dAY(u(s),v(s)) _ du (s) dv (s)
ds ds ds

= Ny €080 + 1y sin @ = uny, +vn, = ulh{ +0A]

AZ{U + Ag{ﬂ

Furthermore, one gets

(5.1) 7 = Wi, () (CZ) W) _pupy 4oy

and we might write two component vector notation as to the basis vectors A?{i and
we say that the speed is called by its magnitude 7' = <?, ?> 1/2 and we can write

this magnitude as follows

[ dzt dzI
2 T = i —— —— .
(5.2) 9is ds ds

T =./E (u,v)e~"T" = T cos 6 being along the first axis is the radial velocity
and T is the horizontal angular velocity; TV = /G (v)T? = T'sin 6 is the vertical
component of the velocity vector, and one writes following equation using 7% and
T

<T“*,T”*> =T (cos,sind) .

Here, according to the direction Ayu* the direction of the velocity is given the
angle 6 in this plane. Hence, the speed is constant along the geodesic. Also, from

the references [22, 23], the specific quantities found by partitioning out the mass
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will be used instead the some physical properties as energy and momentum. Hence,

we write the specific kinetic energy as follows

(5.3) E= %TZ = % (T? cos® 0 + T? sin” )
1 du\? 1 dv\?
4 =—_F —2v (22 —
(5.4) 5 E (u,v)e (ds) +2G(v)<ds) ;

where this equations is called as specific kinetic energy. Hence, speed T = v2F

have to be constant along a geodesic.

Theorem 5.1. Let AY (u,v) be the surface AY (u,v) generated by a y—magnetic
curve, the specific kinetic energy and the specific angular momentum are constant

due to its motion in Q% under some conditions and the following statements hold:
(1) For the parameter v = [sinfds + c16 and the equations 2 [ G (v)dv =
cio8+ 11, [ \/% = c148+c15 and E(u,v) = c13€2?, the specific angular

momentum £ is given by

(5.5) ¢=+/G(v)Tsind.

(2) The specific kinetic energy E is given by

1 _op [ du 2 2
(5.6) E= 5 (E(u,v)e 2 (ds) + G(U)) ,

where T is the tangent vector of the geodesic curve.

Proof. Previously, for the following equations

/diu = c145 + c15; E(u,v) = c13¢%%;2 / G (v)dv = c1o5 + cu1,

v E(u,v)

we write 2G (v)v = 2G (v)sin being constant along 7. Also, we may express

’ = /G (v). Hence, TV =
G )TV = Tsind = /G (v)% is the angular direction where /G (v) is radius

of the circle. Therefore, the specific angular momentum ¢ may be expressed by

0= (1_% X 7) — /G (0)Tsiné,

since 7" =T'sinf = /G (v)%, \/G (v)T'sinf = G (v) % is constant along 7, and

with respect to motion around an axis with radius Hﬁ

we say that the specific angular momentum ¢ is constant along a geodesic and one

has
dv dv Y4
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This expression may be taken to rewrite as dv/ds in (5.6). Then, the specific

energy F is written as

1 du\? 12
E=-|E —20 (2
5 (B (5) +

6. COROLLARY

In this study, the new type surface of rotation formed by y—magnetic curves is

given, and the some results of the geodesics on this surface is expressed. Then,

the specific energy and specific angular momentum obtained on this surface are

expressed in Q2. Also, we have explored the conditions of being geodesic using the

Clairaut’s theorem in Q2.

[6]

[7]
B
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