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ABSTRACT. This paper is concerned with the different properties
of Canonical Cosine transform. Such as linearity, Time Reverse,
Shifting Property, differentiation, parity, Modulation theorem is also
proved. Some important result regarding with the Kernel of canoni-

cal cosine transform is also proved.
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1. INTRODUCTION

Among all the integral transform Fourier transform is one of the well
known integral transform. Since its introduction by Fourier in early 1800’s.
The entitites in the characteristic matrix are complex had been discussed
by Torre [13]. He had defined as special case of complex linear canonical
transform are Laplace transform and Bargmann transform.

In 1970 Moshinsky and Quesne [4] introduced a linear canonical trans-

form which is more general integral transform. In 1980 by using eigen value
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and eigen functions Namias [5] introduced the fractional Fourier transform

Almeida [1, 2] had introduced a fractional Fourier transform and proved
many of its properties. Zayed [14] had discussed about convolution and
product concering that transform. Bhosale and Choudhary [3] had studies
it as a number of application of fractional Fourier transform in image pro-
cessing, signal processing filtering and optics, tempered distribution etc are
studied. Ozaktas and Medlovic [6] had explained the Optical implimenta-
tion of that transform. Pie and Ding [8, 9] defined linear canonical trans-

form. canonical cosine transform had defined by S.B.Chavhan [9, 10, 11, 12]

as follows.
1 i(m) o2 ° i( P42
CSTyg(t)(s) = \/ﬁei(7)s / cos (2t>e2(qt )g(t)dt for g #0

= \/ﬁe%TmSQg(m.s) for g =0

Terminology and notations of this paper is same as per Zemanian [15, 16].
The sturcture of this paper is organized as follows section two introduces the
definition of canonical cosine transform on the space of generalized function
and states the property of the kernel of the canonical cosine transform.
Section three represents modulation theorem and section four describes
some properties of canonical cosine transform are proved. Some opration
transform in terms of parameter are discussed in section five. Lastly the

conclusion is described.

2. GENERALIZED CANONICAL COSINE TRANSFORM:

Definition 2.1. : The canonical sine transform of generalized function is

defined as

{CCTg(t)}(S) =< g(t)’ K(P;q,r,m) (t7 S) >

Where kernel

1 i(m 2 4 2
1) K(pyqyr,m)@’s) = 65(7)5 ei(g)t cos <8t>
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Clearly Kernel k{pqrm}(t,s) € E and k{ }(t,s) € E(R™) the

p,q,T,m
kernel (1) satisfies the following properties.

Properties of kernel:
k{P:qw,m} (t’ 8) 7& kP’lI,T’,m(Sa t) if p 7& d
k{p’q,r,m}(t’ s) = kpgrm(s,t) ifp=m
k{P»q,T,m} (t’ 8) = klk—q,—r,m(t, 3)
k{p,q,r,m} (_t’ 8) = kp,q,nm(t, —S)

Proposition 2.2. K, (t,s) € E,where
Ky (t,s) = \/;qu%(%)fe%(g)ﬁcos (g) t
for showing K,.(t,s) € E  we prove vg kK, (t,s) < 00,

i.e.to show sup| D} K, (t,s)] < oo
Proof:- We know that,

Ky (t,s) = \/217(16%(%)526%(5)#608 (gt)

Dy (K, (t,s)) = Dyt [cle%(%wzm (g) t}
Let,
9= 3 (D cos (S) t
q
s [—sin (S) t (8>} + [cos (S> te3 (P (p) t}
q q q q
' = 6%(%)t2 [005 <S> t1 <p) t— sin (S> t <S>}
: 2
g = eé(g)t2 [cos (s) ti <p) — sin (8> t (p) t.1 (S) t — cos <8> t <52>}
S

’ %(%

g =e€

ol

Q
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And so on,
Gn = e (DY {sin (s) tCi(s) + cos <S) tCQ(s)}
q q

Where, C1(s) and C2(s) are funcions of s,
s
cos [ — ) tCsy(s
(2) s

e%(f)ﬁ‘ { sin (;) tC1(s) :|

S ()] < oo and sup | DY KA(t, 8)| < oo, Hence K, (t,s) € E(R™)

gt < +

3. MODULATION THEOREM FOR (CCT) CANONICAL COSINE
TRANSFORM:-

Theorem 3.1. If CCTy(t)(s) is canonical cosine transform of ¢(t),
g(t) € EY(R") then

e%idu2q

{CCTcos(ut)g(t)} (s) = 5 [(CCTf())(s + qu)e s
+{CCTy(t)} (s — qu)e"™™]

Proof. By definition of canonical cosine transform

(COTg(®)}(s) = —— e%(%%z/m cos(st>eé(’3)tzg(t)dt

\V2miq o q
{CTC cos (ut)g(t)}(s) = ﬁe%(%%z /o:o cos (Zt>eé(’;)t2 cos (ut) f(t)dt
_ ﬂ%qe%(w / °; r(;)“t] e (8)7 g(t)dt
- 2\/;76165(%)52 /_O; |:cos (Zt—i—ut) 1 cos (;t - ut)] e (D) g(t)dt
:;{ ;ﬂqes‘(%)sz /_ ‘:cos((s*q uq))te;(g)ﬁf(t)dt}
J% { leqe%‘(%)sz /O; cos ((sqw)te;(]‘;)tzg(t)dt]

—o0 q

N { L 4(2) =) —itmus) / b cos<<8_uq> )teé(’é)tzg(t)dt}}

2Tiq oo

S (du®q) il 0o i
_oer {[ 1 eé(%)(s+uq)26—i(mus)/ cos (s+uq)>teé(5)t29(t)dt:|
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o5 (mu?g) |
{CTC cos (ut)g(t)}(s) = ———— [{CCTg(t)}(s + qu)e™
+{CCTy(t)}(s — qu)e'™*]

Theorem 3.2. If {CCTy(t)}(s) is canonical cosine transform of g(t),
g(t) € (R™) Then
o5 (mu?q)

{CCTsin (ut)g(t)}(s) = — [{CCTg(t)}(s + qu)e™"*
—{CSTy(t)}(s — qu)e™ "]

Proof. Using the of defintion canonical cosine transform

s) = 71 ei(%)sz OOcos id e%(s)tQ
(CCTg()}(s) e / ) (qt) o(t)dt

L y(m)e /_Z cos (st)esu’)t? sin (ut)g(t)dt

|

{CCTsin (ut)g(t)}(s) = \/77&]6 .

2

1 i(m)e /°° [MS’('It)SmUt] e () g(4)at

1 . oo | sin (ﬁt —|—ut) — sin <§t — ut) e
= —— 3(9) 2 (3 g(t)at
— (%) a 5 a (B) 0 (4)d
V2mibq o
1 i(m)s? /°° . [ s+uq . (s—uq i(z)e
— —___p2l7g t— t| ez\a t)dt
5 Tm'qe - |:Sln< . ) sm( . ) } e g(t)
=i (mu?b )
e 2 ( ){ |: 1 %(%)(sfuq)Qei(mus)/

~ sin (W)teé(i’)%(t)dt]

- 2 N . q
- [1 3 () (sua)? —i(mus) / sin <(S — uq))tei’(zq))tzg(t)dt] }
q

V2miq oo

o2 (mu2a)

{CST sin (ut)g(t)}(s) = — [{COTf(t)}(s + qu)e™"
—{CSTg(t)}(s — qu)e™"™]
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4. VARIOUS PROPERTIES FOR CANONICAL COSINE TRANSFORM(CCT):-

4.1. Linearity Property: If A;, As are constant and g1, go are functions

of then

{CCT[A191(t) + A292(t)]}(s) = Ai{CCTg1(t)}(s) + A2{CCTga(t)}(s)

4.2. Time Reverse: If {CCTy(t)} is canonical cosine transform ofg(t),
g(t) € E'(R"™) then

{CCTg(-1)}(s) = {CCTg(t)}(s)

4.3. Shifting Property: If {CCT(g(t + 7))}(s) indicates the generalized

canonical cosine transform of g(¢) and 7 is any real number then,
{CCT (g(t +7)}(5) = €2 () {sin (5) (corg(e )] ()

+ cos <Z> T [CSTg(t)e-i”(%)} (s)}

4.4. Parity: If {CCTg(t)} is canonical cosine transform of g(t),
g(t) € E'(R™) then

{CCTg(—t)}(s) = {CCTy()}(=s)

4.5. Scaling Property: If {CCTg(t)}(s) indicates the generalized canon-

ical cosine transform of g(t),then
1 -1\ s 1_1)i_p 42
{CCTy(kt)}(s) = Ee(l k)3 [CCTg(t)e(k 1)3 5t (s)

4.6. Differential Property: If {CCTyg(t)}(s) indicates the generalized

canonical cosine transform of g(t),then

(CCT O]} (s) = {(2) (CSTg(1)](s) + (5) CSTg(1)](s)}
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5. OPERATION TRANSFORM IN TERMS OF PARAMETER:

In this section we represent the operational formulae for differential
canonical cosine transform with respective s and canonical cosine trans-
form with shifted parameter S. If CCTg(t)(s) indicates the canonical cosine

transform of g(t)in terms of parameter S, then

(COTg(t)} (s + B) = e2 () @sB+57) [(C’OT cos <§t)g(t)} (s)

1 e (%)@shts”) [(CSTsin <§t)g(t)} (8)

Proof. We have,

(CCTg(t)}(s) = J%qe%(%)f /_o; cos (Zt)e%(i’)%(t)dt
(CCTy} s+ M) = et () [~ s EEDLt (007 g
_ \/2177(16%(%)@%)2 / i [ (qt) (§t> sin <t) @)] B2 gyt

1 H(m)()? 5 (m)(258) i(m)(ﬁz)[/“ (s) (6 ) i(2)e
= —e2\q e2\a e2\ cos | —t)cos| —t|ez\d/" g(t)dt
2v/2miq —c0 q q )
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= 27;?_(]6%(%)(s)zei(%)@sﬁ"’ﬁz) /_Z cos <st> cos <§t>ei’(§)t29(t)dt
1 i(m 2 (m 2 > i(2)
_2\/77’(165(?)(5) (%) 2sB+s )[m 5111( ) sin <§t>€2 %) g(t)dt
{CCTg(t)}(s+B) = e3 () @sB+s7) { (CCT cos <§t>g ] s)

4 e3(%3)@sB+s?) {(CSTsm <§t>g ] (B)

6. CONCLUSION

This work described a canonical cosine transform which is generalized
transform from number of other transform. We described several of its
properties like time reverse property, Modulation theorem and linearity
property. The applications of canonical cosine transform may be created
and used to solve partial differential equation with variable coefficients and
ordinary differential equation. This transform is an important tool in signal

processing and many other branches of engineering.
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