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ABSTRACT. We analyze when symbolic dynamical systems have intermediate
relative entropies for two symbolic spaces (X, 01) and (Y, 02). By this is un-
derstood to study the denseness of relative measure-theoretic entropies in the
interval [0, h(v, o1)], where h(v,o1) is a relative topological entropy of the shift
o1 with respect to a og-invariant measure v in Y. We prove that for irre-
ducible shifts with the (strong) specification property as introduced by Bowen,
the set of the relative measure-theoretic entropies is dense in the above men-
tioned sense. To this, we use the decomposition of factor codes of Yoo and a

variational principle for relative entropies given by Barral and Feng.

AMS Classification: 37A35, 37B10.

Keywords: Relative entropies; Measures of maximal entropy; Specification
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1. INTRODUCTION

Let (X, f) be a dynamical system with X a compact metric space and f be a
continuous map. Let denote by M(X, f) the set of f-invariant probability measures
on X and by M., the set of ergodic measures in (X, f). The variational principle

states that the topological entropy of f can be expressed, in a variational way, as
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2 ALEJANDRO MESON AND FERNANDO VERICAT

the supremum over all the measures y € M(X, f) of the measure-theoretic entropy
hu(f). The measures at which the supremum is attained are called measures of
maximal entropy. Then the problem of “intermediate entropies” can be described

as to analyze the denseness of the set

(L.1) HX, ) ={hu(f) : e M(X, 1)}

in the interval [0, h(f)] with h(f) the topological entropy of f.
A first result of this class of problems was obtained by Katok (1980), who proved
that for C1*® diffeomorphisms holds

(1.2) hu(f) < Irlam((),lilrls,upl log P,(f))

n—-=o0

where P, (f) is the set of of n-periodic points of f. More precisely it was proved
(Katok, 1980) that such class of maps verify

(1.3) h(f)= limsup%log P.(f).

n—-oQ

Therefore, for the class of diffeomorphisms, we have

(1.4) [0, h(f)] € H(X, ).

Several results about the Katok conjecture on the validity of this kind of results
for intermediate entropies were further obtained. For instance Guan, Sun and Wu
(2017) proved the Katok conjecture, for homogeneous dynamical systems consis-
tent in quotient spaces of a connected semisimple Lie group by a cocompact lattice.
The dynamics are induced by left translation on the quotient space. The result
was obtained under properties of almost weak-specification and asymptotically en-
tropy expansiveness. In its turn, Sun (2020a) proved that USC-systems have the
intermediate entropy property. By USC-systems is understood those for which the
measure-theoretic entropy function is upper semi-continuous. More recently, the
intermediate property for entropies was verified for star vector fields with positive
entropy by Li and coworkers (2020). Sun also considered a more general problem

of denseness of intermediate pressures and proved that the set
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(1.5) P(X. f.0) = {hu(f) + / pdpi: p e M(X, [}

is dense in an interval of the form [A, P(¢)] where P(y) is the topological pres-
sure of the potential ¢ (Sun, 2020b). The systems for which the result is valid
are those which have the Climenhaga-Thompson (2016) structure. This property
ensures the existence and uniqueness of equilibrium states under conditions of weak-
specification and almost expansiveness.

The objective of this article is to obtain similar results for intermediate relative
entropies working within the following scheme: let (X, 01) and (Y, 03) two Bernoulli
shifts, with finite respective alphabets 21, 25, i.e. each space consists of all infinite
sequences in the respective alphabets. The maps o1 : X — X and 09: Y — Y,
are the Bernoulli maps for shifts. Finite sequences in the symbols of the alphabet
are called words. A map w: X — Y is called a factor map, or factor code, if it is
continuous, surjective and 7 o 1= 09 o 7. In this case says that (Y, 03) is a factor
of (X,01).

A language on a subshift is the set of words of any length, which are allowed or
accepted A subshift with a regular language is called a sofic subshift. A subshift is
irreducible if given two words in the language of the shift can be connected by a
third word such that the word resulting by the concatenation of the three sequences
is also accepted by the language. We shall consider Bernoulli shifts, i.e. full shifts
so this condition is satisfied since all sequences are allowed. Besides the system
satisfy the property of expansiveness.

Given two Bernoulli shifts (X,01), (Y,02) and a measure v € M(Y,02), the
relative measure-theoretic entropy of the measure p € M(X,01) with respect to v,

and the shifts o1, o2 is

(1.6) Fu (1) = Fu (1, 01,02) = hy(o1) — by (02)

where are the respective measure-theoretic entropies of the shifts o1 02. A measure
ueM(X, o1) is a measure of maximal relative entropy with respect to v, or over v ,
if ;1 maximizes the map F, (i) subject to the restriction 7, () = v where m,(u) is
the push-forward of the measure p, i.e. 7, (1u)(E) = u(r~(E)), for any measurable
E.
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There is a variational principle for relative entropies and potentials. A first ver-
sion is due to Leddrappier and Walters (1977). Then Feng (2011) and Barral-Feng
(2012) extended the variational principle for additive potentials in the context of
subshifts. The relative variational principle, relativized to a measure v € M(Y, 03)

is stated as

(1.7)
sup {hu(al) —hy (02) + /cpdu pEM(X,01), m(p) = y} =P (v,01,9)

where P (v, 071, ) is the relative variational pressure, for the potential ¢ : X — R
and the shift oy relativized to the measure v, in the sense of Leddrappier and
Walters (1977). For ¢ =0 is obtained the relative topological entropy relativized to
the measure v. We denote h(v,01) = P (v,01,0). Thus the relative variational

principle relativised to a measure v € M(Y, 02) is stated in this case as

(1) sup{hu(o1) —hy (02) : p € M(X,01), mlp) =v } = h(v,00)

We will consider the case ¢ = 0 and the definition of the relative entropy will be
displayed in the next section.

The measures p € M(X,01), for which the supremum in (1.7) is attained are
the relative equilibrium states for the potential  relative to the measure v. When
o = 0, as we pointed out, the measures for which the supremum is attained are the
measures of mazimal entropy relative to v.

To ensure the uniqueness of relative equilibrium states can be used the decompo-
sition of factor codes given by Yoo (2018) according to which a factor code map, with
X a finite type irreducible subshift and Y sofic, can be written as the composition
of a finite-to-one code and a code with degree class equal 1.

Our main result reads:

Theorem 1: Let (X, 01) be an irreducible shift with the specification property,
and let (Y, 09) be a sofic shift. Let us consider a factor code 7 : X — Y and let

us fix a measure v € M(Y, 03). Then the set

(L9) G (r,01,02) = {Fy (1) = hulo1) — hy (02) s p € M (X,0), malp) = v}
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is dense in the interval [0, h(v, 01)].

For the code map 7 : X — Y we introduce the following metric in X:

(1.10) d(x,y) = max[exp(—|z A yl), exp —(|7 (z) A7 (y) ]

where if £ = z125... and y = y1y2... then

(1.11) |z Ayl :=max{n:x; =y;, i=1,2,...,n}
2. BASIC DEFINITIONS

Let {X,01),(Y,02)} be a system of finite type subshifts with alphabets 4, 9,
i.e. each space X, Y, consists in infinite sequences u = ujus..., with v € €;. Let 7 :

X — Y be a factor code map. The Bernoulli shift 0 = 0; on X, Y is defined as

(2.1) (o), = Uny1 for any sequence v = ujus... belonging to X or Y

For any n € N the “dynamical metric” in X

(2.2) dy(z,y) = max {d (aix,aiy) , 0= 1,2..,n} .

can be defined.
Let now n € N, e> 0 and y € Y. Define the number Sep(n,e,y) by

(2.3) Sep(n,e,y) = max {m . there are m points 1, Ta,..., Ty € 7 ' (y) }

with d, (u,v) > e.
This is the maximal number of points in each fiber 7—1(y) which are e —separated

by the metric d,,. In this case we say that the points are separated relative to 7~ (y).

Now set
H(n787y701) = Sep(n,g,y)
and
1
H (y,e,01) = limsup—log H (n,e,y,01),

n—soo N

SO
H (g,01,v) = H (y,e,01)dy (y)

X2
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and the entropy of the shift o1 relative to the measure v is defined as

(2.4) h(v,01) = lim H (g,01,v).
e—0

If E C X, we call Sep(E,n,¢e,y) the maximal number of points in E N 71 (y)

which are e-separated or, also, the points in E relative to the fiber 7=1(y). Thus,

setting
H(E n,e,y,01) = Sep(E,n,e,y)
and
H (E,y,e,01) = lliﬁilip%logH(E,n,&y,ol)7
we have
H(E,e,o01,v) = N H(E,y,e,01)d, (y).
2

The entropy of the set E, relative to the the measure v, is the defined
(2.5) hE,v,01) = 1in(1)H (E,e,01,v).
e—

If 3 is the constant of expansiveness for the shift oy then, by a property of entropy
of shifts, holds

H (E,e,01,v) =h(E,v,01) foree(0,5/2).

Let u = ujus... be a word of length n in X or Y, the corresponding cylinder of

length n is
Clurug..up) ={v:u; =v;: 1 =1,2,..,n}

A word ujus...u, is called admissible when C(ujus...u,) # . Let us denote by

L, (X) the set of admissible words of length n on X. A language on X is the set
LX)=J Ln(X).
n>1

In the same way is defined £ (V') as a language on Y.

A regular language is that which can be recognized by a finite automaton. A
subshift with a regular language is called a sofic subshift.

Definition: The shift space (X, o1) is irreducible if given two words ziz}...z}
and z323...22, € L (X) there is third word wjws...wy such that the concatenation

1,1 o1 2,2 .2
LT3 TpWiWe... WX T5... x5, € L(X).
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Definition: A shift space (X, o1) satisfies the weak-specification property if
for some natural p holds the following: given two words zizl..zl and 2223..22,
€ L(X) there is a word wyws..w,, € UY_L; (X) such that the concatenation

1.1 .1
T{T... Ty,

wiws..wprir3... 22, € L(X).

In particular irreducible shifts verify the weak-specification property.

Definition: A dynamical system (X, f), with (X,d) a compact metric space,
satisfies the specification property (introduced by Bowen) if for any § > 0 there is
an integer m = m(d) such that for any sequence of integer intervals Iy = [ag, b1],
I = [ag,b2],, ..., I, = [ar, by, ... .with dist(I.,I;) > m = m(J) and for any points
T1,%2, .- Tp,... € X there exits a point z € X such that d (f57% (2), fo (z,)) < &
with s =0,1,...,|I,| for any r.

A factor code 7 : X — Y is finite-to-one if cardr~!(y) < co. A point y € Y is
double transitive if both orbits, back and forward, of y are dense in Y.

The degree of 7 finite-to-one, denoted by deg(7), is the unique number d, such
that cardm~!(y) = d , for any double transitive point y € Y.

Denote © — T when n(x) = 7(T) = y, for some y € Y, and such that for any
natural n there is a T € 7 !(y) with 7; = 2;, for i < nand T; = z; for j > n

We say that x and T are equivalent, denoted by ¢ ~ T if + — T and T — =.
The equivalence classes for this relation on X are called the transition classes. This
concept was introduce by Allahbackshi and Quas (2013). The transition classes
over y are the transition classes in 7=1(y). Since the number of transition classes
over y is finite for each y, it can be defined the so called class degree of a factor

code 7 : X — Y by the number

Cr = g{lc_l}l/l number of transition classes over y.

By the decomposition theorem of Yoo (2018), for each factor code 7 : X —
Y with X an irreducible finite type subshift and Y a sofic one, there exists an
irreducible subshift (Y,7) such that 7 can be decomposed as © = 7 o T2, with
m:X =Y, m:Y =Y and where C, = 1 and my a finite-to-one factor code with
Cr, =Cr.

Yoo theorem is a key argument to prove the existence and uniqueness of measures
of maximal entropy relative, as we will see in the next section, outlining the original
proof (Yoo, 2018).



8 ALEJANDRO MESON AND FERNANDO VERICAT

3. PROOF OF THE THEOREM 1

Let M,.;(X, 01, V) be the subset of M(X, 1) of the measures of maximal entropy
relative to v. Since the subshift X is irreducible, the map p — h, (01) is upper-
semicontinuous and the fiber 7, (v) is compact, we have that M,..;(X,o1,v) # 0.

Here we indistinctly denote the metric in X or Y by d. Let 7 : X — Y be a
finite-to-one factor code, if v is the unique measure of maximal entropy for (Y, o3),
then there is an unique measure p € M,..;(X, 01,V).

Let also 7 = m1,(p), we have that v = m () = o, (71x) (1) = 72, (7). Since
U projects on v by mo and this code is finite-to-one, ¥ is the unique measure in Y’

relative to v. Therefore
(3.1) 1€ Mo (X,01,v) if and only if u € M, (X, 01, 7).

The uniqueness is ensured because Cr, = 1.
Step 1
The first part of the proof of the theorem consists in showing that: for any ag > 0

and for any t € (0, h(v,01)) there is a compact invariant set A C X such that
(3.2) H (A,7v,01,v) —t > ag for v > 0.

We assume that 0 < t —ap < t + ap < h(v,01). Let: a = {ap/5,t/5}, § > 0,
m = m(d) the integer of the specification property of the shift (X,o7) and v > 0
with § < /2 < /4, where § is the constant of expansiveness for the shift o;.

By the definition of relative entropy there is a constant Cy and an integer Ny

such that
(3.3) Coexp (H (n,2vy,y,01)) > Sep(n, 2v,y) for any n > Ny and y € Y.
For a natural number 7 let us consider the symbolic space
Sr=A{(r):me{l,2,..,7}}

We shall assume that the systems considered satisfy specification property with
(ri =1I]) € S- for some natural 7, and where the I; are the intervals given for the
specification definition. Also we may assume that |I;| > Ny , for some integer Njp.

Let us choose an integer N > max (Np, N1), and such that be valid

Coexp (Na) > 1; Coexp (2Na) > 2
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and
tT
N>—>7 N{—a)>n+71)t—2a).
«a
Let F C X with points which are 2vy-separated, thus for any y € Y holds

(3.4) card (FNw~'(y)) > Coexp (N (t + ag)) > exp (N (t + ).
Then it can be found a set F C F' such that
(3.5) exp(N (t—a)) <card (ENn~'(y)) <exp (N (t+a)).

Now, for a sequence (I;) of integer intervals, take
-1
a=(1+1)N+Y |L].
i=1

Let Z ((x1), (7)) be the set formed by all points z = z ((x;), (r;)) € X given by
the specification property for the points x; and the intervals I; of length r; with

constant of specification §. Let us consider the symbolic space
Sg = {(.231) S E}

and define
Z = J{Z (@), (r)) : (r1) € Sy (w) € g }

We need to prove that Z C X is compact. For this let z € Z ( the closure), then

there is sequence (z;) C Z such that lim (z;) = z.
j—o0

The are sequences (r;); in Sr and (z;); in Sg with z = 2z ((xl)j , (rl)j). The
spaces S; and Sg are symbolic spaces in finite alphabets so they are compact in

the product discrete topology, in this way there is a sequence (j,,) such that

’H’}E}}x} (ml)jm = (Tl) and 'n}gnoo (rl)jm = (Fl) '

Thus we have, for any [

(3.6) d (07" (2),0 (z)) = lim d (Uf“’ (2 ) 0 ((Tl)jm)) <0

m—r o0

Hence z € Z and thus Z is closed. Since X is compact Z is compact too. Then set

N+7—-1

A= U o' @)

=0
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Now we consider sequences (x;) and (77) of points of E with x; # Z;. We shall see
the associated points z ((x;)) and z ((Z7)) are v - separated in the metric dinr)
for each {. We have that

aq+N<(I-1)(N+7)+ N<IN+T1
and, by the specification property,
(3.7 dn (o' (2((x)),m) <6 and dn (o} (2 ((T1))), 1) <.

Recall also that any pair of points x;, Z; is 2y-separated in the metric dy.

Let (y1,Y2, -, yx) € ENTY(y), (s1,82,...,5) € ZF, s; <1,y € Y and let
C(y1,y2s -+ Uk) 5 (51,82, 00 88)) = {((20) , (1)) 20 = yo, 70 = s}
where [ = 1,2, ..., k. Thus we put
Z(C((Y1,Y2y -y Yk) 5 (S15 82, oo, SK)))
= J{Z (@), (n)) = ((x1) (1)) € C((y1, 92, 9k) » (51,52, 58)) T
Let

Yie = {((y1,92, - k) » (81,52, -y 5)) : Z (C((y1, Y25 - Yk ) » (51,82, -, 5k))) # 0},

so that

card (Yy) > /Y card{(yl,yz,...,z;:zle (Emﬂil(y))}du (y)
car 71
 [emlEnro,
(3.8) > exp (W) .

Recall that the points z ((z;)) and z ((Z7)) are 7 - separated in the metric dyy )
for each [. Thus

H(Z,~,01,v) :/ lim sup
Y

1
i sup -~ log H (Zk (N +7)),7,9,00) db (1)

EW[N(t—a)—Na—logt]
(3.9) >t—2a>t— .

By the construction of A and Z we obtain

(310) h(A,I/, 01) —t> ap.
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Step 2
We shall prove that for ag > 0, § > 0 and for any ¢ € (0, h (v, 01)) holds eq.(3.2):

H(A,25,01,V) — 1t < ap.

Let 6 > 0 and let E C X be a set with points §-separated in the metric d-. Since
X is compact, F is finite. Set

(3.11) T (6,7,y) = Sep(6,7,y)
and
(3'12) T(E’ 63 T’ y) = Sep(E3 57 T? y)'

If Bsr (x) is the ball of center = and radius § in the metric d,, then we can express

X = U Bs.. ().

el
For given (y1,v2, ..., Yk) » (51, S2, ..., k) let consider a set
Z(C((y1,Y25 -, Yk) , (81, 82, ..., Sg))) and define

0 — ot (y) if 0<i—t; <N for some [
z ol N(E) ift;+ N <i< ty, for some l,

where ¢, = Zi: (N +s;), and
0= {(21,2,’2, -~-aztl+N—1) 12 € Qi,i =1,2,...,t; + N — 1} .

We have ¢t —t; — N < 7 since t;1 =t + N + s;.

Let F' be a set with points 26-separated in the metric dy, 4y and

F CZ(O((y1,y2, - Yx) 5 (5158255 81))) -

Since X is covered by balls B;s ;, it holds that for any [ = 1,2, ...,k — 1 and for any
w € F there is a v; € F such that d (J?H (w),ul) <d,forany j=1,2,....k— 1.

Now define a map g : F© — Q by the condition d (O‘?—H (w),g (w)) <9, j=
1,2,...,ty + N — 1. Since F' has points 2¢-separated in the metric dy,4n, this map
is injective. Then F' N7~ 1(y) has points in the metric d;, 4 x in

Z (C((ylvaa "'7yk) ) (515 52, 7Sk))) for any y € Y. Hence
(3.13) card (FNw~'(y)) < cardQ < T (6, T, y)

for t; + N > IN.
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Thus, the number of points of X in Z (C((y1,vy2,---,Yk), (51, S2, ..., Sx))) which
are 24-separated in the metric dyy for any k-tuples (y1,y2, ..., yk) , (81, S2, .., Sk 1S
at most 1" (6, 7, y)kfl.

Let Sy = {(kj\?jﬁ)TNJ and let F' be a set with points which are 2d-separated in the

metric d(y_3)n4r, 7 < N, relative to 7~ (y) and
F C o5 (Z(C(y1,Y2s -, Yk) , (81, 82, ..., Sk)))), for given k-uples
(Y1, Y25 - Uk) 5 (51,82, .y 8) and s = 1,2,..., N + 7 — 1. Then o7 °*(F) N7 1(y)
contains points 2J-separated in the metric d(,_g)n4r4s 0
i (Z(C((y1,Y2, - Yk) 5 (81,82, -, 8%)))). We have (k—3) N +r+ s < kN, thus
(3.14)

T (05 (Z (C((Y1, Y2y oo U » (51, 52, -y 58)))) 5 20, (k — 3) N +1,9) < T (6,7,9)" "

Let w € 0§ (Z (C((y1,Y2, -, Yk) , (S1, S2, ..., Sk)))), so there is a point
z € Z(C((y1,y2, -, Yk), (81, 82, ..., 8))) such that of (u) = 2z and since, by the
definition Sy, holds
ts, + N<(k=3)N+r and k-5 Sk—i—%—.

Then we have

H (o7 (Z (C((y1,Y2, -, Yk) 5 (81, 825 -y 5k)))) , (K = 3) N + 1,28, y,01)

(3.15) < T (6,7,y)" ' exp (2kNa) .
Therefore

H(A7 (k*g)N+T‘,25’y,O’1)

< Y0 Y H©@(Z(C((W1,y2s k) 5 (51552, -, 8%)))) , (k = B) N +7,28,y,01)

(3.16)
< (N+7) 71T (6, 7,9) L exp [2kNt + (k — 2) N (t + )] .

where the second sum is over (y1,v2,...,yx) € EN7~(y) and (s1, 82, ..., s1,) € ZF.
If b > 10N then there is a k > 10 and r € {0,1,..., N — 1} such that b can be
expressed as b = k — 3N + r. Thus, since

exp(N (t—a)) < card (EN7'(y)) < exp (N (t+a)),



ON APPROXIMATION OF ... — JDSGT VOL. 21, NUMBER 1 (2023) 13
we get

1
H (A, 26,01,v) = / limsupg log H (A, 0,26, y,01) dv (y)
Y

b—> 00

) 1
S /Yv lim Supm 10gH (A7 (k —3N + T) s 26, Y, 0'1) dv (y)

k— 00

log T n T (8, 7,9)
N N

Finally to demonstrated the theorem we must prove that for any ag > 0, any t €

(3.17)

IN

+2t4 (t+a) <3t+ (t+a) <t+ag.

(0,h (v,01)) and a fixed measure v € M(Y,02), there is a measure y € M(X,01)
with 7, (1) = v such that |F, (u) —t| < ap.
In the steps 1 and 2 we have obtained that for any g > 0 and any ¢ € (0, h (v,01))

there is a compact invariant set A C X such that

(3.18) —ap < H(A,20,01,v) —t < ap.
Since 2 < g we have that

(3.19) H (A, 26,01,v) = h(A,v,01).

Let us consider an interval (¢ — ag,t + ag) C [0, b (v, 01)], then we have by egs.(3.18-
3.19)

(3.20) h(A,v,01) € (t — ap, t + ap)

By the relative variational principle there is a measure p € M(X, o1) supported on
A and such that

(321) Fu (:u‘) = h(Aa v, 01) € (t —ap,t+ Oé()) 5

and the theorem is proved g
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