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Abstract. We analyze when symbolic dynamical systems have intermediate

relative entropies for two symbolic spaces (X,σ1) and (Y, σ2). By this is un-

derstood to study the denseness of relative measure-theoretic entropies in the

interval [0, h(ν, σ1)], where h(ν, σ1) is a relative topological entropy of the shift

σ1 with respect to a σ2-invariant measure ν in Y . We prove that for irre-

ducible shifts with the (strong) specification property as introduced by Bowen,

the set of the relative measure-theoretic entropies is dense in the above men-

tioned sense. To this, we use the decomposition of factor codes of Yoo and a

variational principle for relative entropies given by Barral and Feng.
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1. Introduction

Let (X, f) be a dynamical system with X a compact metric space and f be a

continuous map. Let denote by M(X, f) the set of f -invariant probability measures

on X and by Merg the set of ergodic measures in (X, f). The variational principle

states that the topological entropy of f can be expressed, in a variational way, as
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the supremum over all the measures µ ∈M(X, f) of the measure-theoretic entropy

hµ(f). The measures at which the supremum is attained are called measures of

maximal entropy. Then the problem of “intermediate entropies” can be described

as to analyze the denseness of the set

(1.1) H(X, f) = {hµ(f) : µ ∈M (X, f)}

in the interval [0, h(f)] with h(f) the topological entropy of f .

A first result of this class of problems was obtained by Katok (1980), who proved

that for C1+α diffeomorphisms holds

(1.2) hµ(f) ≤ max(0, lim sup
n−→∞

1

n
log Pn(f))

where Pn(f) is the set of of n-periodic points of f . More precisely it was proved

(Katok, 1980) that such class of maps verify

(1.3) h (f) = lim sup
n−→∞

1

n
log Pn(f).

Therefore, for the class of diffeomorphisms, we have

(1.4) [0, h(f)] ⊂ H(X, f).

Several results about the Katok conjecture on the validity of this kind of results

for intermediate entropies were further obtained. For instance Guan, Sun and Wu

(2017) proved the Katok conjecture, for homogeneous dynamical systems consis-

tent in quotient spaces of a connected semisimple Lie group by a cocompact lattice.

The dynamics are induced by left translation on the quotient space. The result

was obtained under properties of almost weak-specification and asymptotically en-

tropy expansiveness. In its turn, Sun (2020a) proved that USC-systems have the

intermediate entropy property. By USC-systems is understood those for which the

measure-theoretic entropy function is upper semi-continuous. More recently, the

intermediate property for entropies was verified for star vector fields with positive

entropy by Li and coworkers (2020). Sun also considered a more general problem

of denseness of intermediate pressures and proved that the set



ON APPROXIMATION OF ... — JDSGT VOL. 21, NUMBER 1 (2023) 3

(1.5) P(X, f, ϕ) = {hµ(f) +

∫
ϕdµ : µ ∈M (X, f)}

is dense in an interval of the form [A,P (ϕ)] where P (ϕ) is the topological pres-

sure of the potential ϕ (Sun, 2020b). The systems for which the result is valid

are those which have the Climenhaga-Thompson (2016) structure. This property

ensures the existence and uniqueness of equilibrium states under conditions of weak-

specification and almost expansiveness.

The objective of this article is to obtain similar results for intermediate relative

entropies working within the following scheme: let (X,σ1) and (Y, σ2) two Bernoulli

shifts, with finite respective alphabets Ω1, Ω2 , i.e. each space consists of all infinite

sequences in the respective alphabets. The maps σ1 : X −→ X and σ2: Y −→ Y ,

are the Bernoulli maps for shifts. Finite sequences in the symbols of the alphabet

are called words. A map π : X −→ Y is called a factor map, or factor code, if it is

continuous, surjective and π ◦ σ1= σ2 ◦ π. In this case says that (Y, σ2) is a factor

of (X,σ1).

A language on a subshift is the set of words of any length, which are allowed or

accepted A subshift with a regular language is called a sofic subshift. A subshift is

irreducible if given two words in the language of the shift can be connected by a

third word such that the word resulting by the concatenation of the three sequences

is also accepted by the language. We shall consider Bernoulli shifts, i.e. full shifts

so this condition is satisfied since all sequences are allowed. Besides the system

satisfy the property of expansiveness.

Given two Bernoulli shifts (X,σ1), (Y, σ2) and a measure ν ∈ M(Y, σ2), the

relative measure-theoretic entropy of the measure µ ∈ M(X,σ1) with respect to ν,

and the shifts σ1, σ2 is

(1.6) Fν (µ) = Fν (µ, σ1,σ2) = hµ(σ1)− hν (σ2)

where are the respective measure-theoretic entropies of the shifts σ1,σ2. A measure

µεM(X,σ1) is a measure of maximal relative entropy with respect to ν, or over ν ,

if µ maximizes the map Fν (µ) subject to the restriction π?(µ) = ν where π?(µ) is

the push-forward of the measure µ, i.e. π?(µ)(E) = µ(π−1(E)), for any measurable

E.
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There is a variational principle for relative entropies and potentials. A first ver-

sion is due to Leddrappier and Walters (1977). Then Feng (2011) and Barral-Feng

(2012) extended the variational principle for additive potentials in the context of

subshifts. The relative variational principle, relativized to a measure ν ∈M(Y, σ2)

is stated as

(1.7)

sup

{
hµ(σ1)− hν (σ2) +

∫
ϕdµ : µ ∈M (X,σ1,) , π?(µ) = ν

}
= P (ν, σ1, ϕ)

where P (ν, σ1, ϕ) is the relative variational pressure, for the potential ϕ : X −→ R
and the shift σ1 relativized to the measure ν, in the sense of Leddrappier and

Walters (1977). For ϕ ≡0 is obtained the relative topological entropy relativized to

the measure ν. We denote h(ν, σ1) = P (ν, σ1, 0). Thus the relative variational

principle relativised to a measure ν ∈M(Y, σ2) is stated in this case as

(1.8) sup {hµ(σ1)− hν (σ2) : µ ∈M (X,σ1,) , π?(µ) = ν } = h(ν, σ1)

We will consider the case ϕ ≡ 0 and the definition of the relative entropy will be

displayed in the next section.

The measures µ ∈ M(X,σ1), for which the supremum in (1.7) is attained are

the relative equilibrium states for the potential ϕ relative to the measure ν. When

ϕ ≡ 0, as we pointed out, the measures for which the supremum is attained are the

measures of maximal entropy relative to ν.

To ensure the uniqueness of relative equilibrium states can be used the decompo-

sition of factor codes given by Yoo (2018) according to which a factor code map, with

X a finite type irreducible subshift and Y sofic, can be written as the composition

of a finite-to-one code and a code with degree class equal 1.

Our main result reads:

Theorem 1: Let (X,σ1) be an irreducible shift with the specification property,

and let (Y, σ2) be a sofic shift. Let us consider a factor code π : X −→ Y and let

us fix a measure ν ∈M(Y, σ2). Then the set

(1.9) G (ν, σ1,σ2) := {Fν (µ) = hµ(σ1)− hν (σ2) : µ ∈M (X,σ1,) , π?(µ) = ν}
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is dense in the interval [0, h(ν, σ1)].

For the code map π : X −→ Y we introduce the following metric in X:

(1.10) d(x, y) = max[exp(−|x ∧ y|), exp−(|π (x) ∧ π (y) |]

where if x = x1x2... and y = y1y2... then

(1.11) |x ∧ y| := max {n : xi = yi, i = 1, 2, . . . , n}

2. Basic definitions

Let {X,σ1), (Y, σ2)} be a system of finite type subshifts with alphabets Ω1, Ω2,

i.e. each space X,Y , consists in infinite sequences u = u1u2..., with u ∈ Ωi. Let π :

X −→ Y be a factor code map. The Bernoulli shift σ = σi on X,Y is defined as

(2.1) (σu)n = un+1 for any sequence u = u1u2... belonging to X or Y

For any n ∈ N the “dynamical metric” in X

(2.2) dn(x, y) = max
{
d
(
σi1x, σ

i
1y
)
, i = 1, 2.., n

}
.

can be defined.

Let now n ∈ N, ε> 0 and y ∈ Y . Define the number Sep(n, ε, y) by

(2.3) Sep(n, ε, y) = max
{
m : there are m points x1, x2, . . . , xm ∈ π−1(y)

}
with dn (u, v) > ε.

This is the maximal number of points in each fiber π−1(y) which are ε−separated

by the metric dn. In this case we say that the points are separated relative to π−1(y).

Now set

H (n, ε, y, σ1) = Sep(n, ε, y)

and

H (y, ε, σ1) = lim sup
n−→∞

1

n
logH (n, ε, y, σ1) ,

so

H (ε, σ1, ν) =

∫
X2

H (y, ε, σ1) dν (y)
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and the entropy of the shift σ1 relative to the measure ν is defined as

(2.4) h(ν, σ1) = lim
ε→0

H (ε, σ1, ν) .

If E ⊂ X, we call Sep(E,n, ε, y) the maximal number of points in E ∩ π−1(y)

which are ε-separated or, also, the points in E relative to the fiber π−1(y). Thus,

setting

H (E,n, ε, y, σ1) = Sep(E,n, ε, y)

and

H (E, y, ε, σ1) = lim sup
n−→∞

1

n
logH (E,n, ε, y, σ1) ,

we have

H (E, ε, σ1, ν) =

∫
X2

H (E, y, ε, σ1) dν (y) .

The entropy of the set E, relative to the the measure ν, is the defined

(2.5) h(E, ν, σ1) = lim
ε→0

H (E, ε, σ1, ν) .

If β is the constant of expansiveness for the shift σ1 then, by a property of entropy

of shifts, holds

H (E, ε, σ1, ν) = h(E, ν, σ1) for ε ∈ (0, β/2) .

Let u = u1u2. . . be a word of length n in X or Y , the corresponding cylinder of

length n is

C(u1u2...un) = {v : ui = vi : i = 1, 2, .., n}

A word u1u2...un is called admissible when C(u1u2...un) 6= ∅. Let us denote by

Ln (X) the set of admissible words of length n on X. A language on X is the set

L (X) =
⋃
n ≥1

Ln (X) .

In the same way is defined L (Y ) as a language on Y .

A regular language is that which can be recognized by a finite automaton. A

subshift with a regular language is called a sofic subshift.

Definition: The shift space (X, σ1) is irreducible if given two words x1
1x

1
2...x

1
n

and x2
1x

2
2...x

2
m ∈ L (X) there is third word w1w2...wk such that the concatenation

x1
1x

1
2...x

1
nw1w2...wkx

2
1x

2
2...x

2
m ∈ L (X).
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Definition: A shift space (X, σ1) satisfies the weak-specification property if

for some natural p holds the following: given two words x1
1x

1
2...x

1
n and x2

1x
2
2...x

2
m

∈ L (X) there is a word w1w2...wk ∈ ∪pi=0Li (X) such that the concatenation

x1
1x

1
2...x

1
nw1w2...wkx

2
1x

2
2...x

2
m ∈ L (X).

In particular irreducible shifts verify the weak-specification property.

Definition: A dynamical system (X, f), with (X, d) a compact metric space,

satisfies the specification property (introduced by Bowen) if for any δ > 0 there is

an integer m = m(δ) such that for any sequence of integer intervals I1 = [a1, b1],

I2 = [a2, b2], , . . . , Ir = [ar, br], . . .with dist(Ir, Is) > m = m(δ) and for any points

x1, x2, ...xr, ... ∈ X there exits a point z ∈ X such that d (fs+ar (z) , far (xr)) < δ

with s = 0, 1, ..., |Ir| for any r.

A factor code π : X → Y is finite-to-one if cardπ−1(y) < ∞. A point y ∈ Y is

double transitive if both orbits, back and forward, of y are dense in Y .

The degree of π finite-to-one, denoted by deg(π), is the unique number d, such

that cardπ−1(y) = d , for any double transitive point y ∈ Y .

Denote x → x when π(x) = π(x) = y, for some y ∈ Y , and such that for any

natural n there is a x ∈ π−1(y) with xi = xi, for i < n and xj = xj for j > n

. We say that x and x are equivalent, denoted by x ∼ x if x → x and x → x.

The equivalence classes for this relation on X are called the transition classes. This

concept was introduce by Allahbackshi and Quas (2013). The transition classes

over y are the transition classes in π−1(y). Since the number of transition classes

over y is finite for each y, it can be defined the so called class degree of a factor

code π : X → Y by the number

Cπ = min
y∈Y

number of transition classes over y.

By the decomposition theorem of Yoo (2018), for each factor code π : X →
Y with X an irreducible finite type subshift and Y a sofic one, there exists an

irreducible subshift (Y , σ) such that π can be decomposed as π = π1 ◦ π2, with

π1 : X → Y , π2 : Y → Y and where Cπ1 = 1 and π2 a finite-to-one factor code with

Cπ2
= Cπ.

Yoo theorem is a key argument to prove the existence and uniqueness of measures

of maximal entropy relative, as we will see in the next section, outlining the original

proof (Yoo, 2018).
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3. Proof of the theorem 1

LetMrel(X,σ1, ν) be the subset ofM(X,σ1) of the measures of maximal entropy

relative to ν. Since the subshift X is irreducible, the map µ 7→ hµ (σ1) is upper-

semicontinuous and the fiber π?(ν) is compact, we have that Mrel(X,σ1, ν) 6= ∅.
Here we indistinctly denote the metric in X or Y by d. Let π : X → Y be a

finite-to-one factor code, if ν is the unique measure of maximal entropy for (Y, σ2),

then there is an unique measure µ ∈Mrel(X,σ1, ν).

Let also ν̄ = π1?(µ), we have that ν = π?(µ) = π2?(π1?) (µ) = π2?(ν̄). Since

ν̄ projects on ν by π2 and this code is finite-to-one, ν̄ is the unique measure in Y

relative to ν. Therefore

(3.1) µ ∈Mrel(X,σ1, ν) if and only if µ ∈Mrel(X,σ1, ν̄).

The uniqueness is ensured because Cπ1
= 1.

Step 1

The first part of the proof of the theorem consists in showing that: for any α0 > 0

and for any t ∈ (0, h(ν, σ1)) there is a compact invariant set Λ ⊂ X such that

(3.2) H (Λ, γ, σ1, ν)− t > α0 for γ > 0.

We assume that 0 < t − α0 < t + α0 < h(ν, σ1). Let: α = {α0/5, t/5}, δ > 0,

m = m(δ) the integer of the specification property of the shift (X,σ1) and γ > 0

with δ < γ/2 < β/4, where β is the constant of expansiveness for the shift σ1.

By the definition of relative entropy there is a constant C0 and an integer N1

such that

(3.3) C0 exp (H (n, 2γ, y, σ1)) > Sep(n, 2γ, y) for any n > N1 and y ∈ Y.

For a natural number τ let us consider the symbolic space

Sτ = {(rl) : rl ∈ {1, 2, ..., τ}}

We shall assume that the systems considered satisfy specification property with

(rl = |Il|) ∈ Sτ for some natural τ , and where the Il are the intervals given for the

specification definition. Also we may assume that |Il| > N0 , for some integer N0.

Let us choose an integer N > max (N0, N1), and such that be valid

C0 exp (Nα) > 1; C0 exp (2Nα) > 2
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and

N >
tτ

α
> τ ; N (t− α) > (n+ τ) (t− 2α) .

Let F ⊂ X with points which are 2γ-separated, thus for any y ∈ Y holds

(3.4) card
(
F ∩ π−1(y)

)
> C0 exp (N (t+ α0)) > exp (N (t+ α)) .

Then it can be found a set E ⊂ F such that

(3.5) exp (N (t− α)) < card
(
E ∩ π−1(y)

)
< exp (N (t+ α)) .

Now, for a sequence (Il) of integer intervals, take

al = (l + 1)N +

l−1∑
i=1

|Ii| .

Let Z ((xl) , (rl)) be the set formed by all points z = z ((xl) , (rl)) ∈ X given by

the specification property for the points xl and the intervals Il of length rl with

constant of specification δ. Let us consider the symbolic space

SE = {(xl) : xl ∈ E}

and define

Z =
⋃
{Z ((xl) , (rl)) : (rl) ∈ Sτ ; (xl) ∈ SE } .

We need to prove that Z ⊂ X is compact. For this let z ∈ Z ( the closure), then

there is sequence (zj) ⊂ Z such that lim
j→∞

(zj) = z.

The are sequences (rl)j in Sτ and (xl)j in SE with z = z
(

(xl)j , (rl)j

)
. The

spaces Sτ and SE are symbolic spaces in finite alphabets so they are compact in

the product discrete topology, in this way there is a sequence (jm) such that

lim
m→∞

(xl)jm = (xl) and lim
m→∞

(rl)jm = (rl) .

Thus we have, for any l

(3.6) d
(
σs+al1 (z) , σ (xl)

)
= lim
m→∞

d
(
σs+al1 (zjm) , σ

(
(xl)jm

))
< δ.

Hence z ∈ Z and thus Z is closed. Since X is compact Z is compact too. Then set

Λ =

N+τ−1⋃
i=0

σ−i1 (Z)
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Now we consider sequences (xl) and (xl) of points of E with xl 6= xl. We shall see

the associated points z ((xl)) and z ((xl)) are γ - separated in the metric dl(N+τ)

for each l. We have that

al +N ≤ (l − 1) (N + τ) +N < lN + τ

and, by the specification property,

(3.7) dN (σal1 (z ((xl))) , xl) < δ and dN (σal1 (z ((xl))) , xl) < δ.

Recall also that any pair of points xl, xl is 2γ-separated in the metric dN .

Let (y1, y2, ..., yk) ∈ E ∩ π−1(y), (s1, s2, ..., sk) ∈ Zk, si < τ , y ∈ Y and let

C ((y1, y2, ..., yk) , (s1, s2, ..., sk)) = {((xl) , (rl)) : xl = yl, rl = sl}

where l = 1, 2, ..., k. Thus we put

Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))

=
⋃
{Z ((xl) , (rl)) : ((xl) , (rl)) ∈ C ((y1, y2, ..., yk) , (s1, s2, ..., sk)) } .

Let

Yk = {((y1, y2, ..., yk) , (s1, s2, ..., sk)) : Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) 6= ∅} ,

so that

card (Yk) ≥
∫
Y

card
{

(y1, y2, ..., yk) ∈
(
E ∩ π−1(y)

)}
τk−1

dν (y)

≥
∫
Y

card
{(
E ∩ π−1(y)

)}
τk−1

dν (y)

≥ exp

(
k (t− α)

τk−1

)
.(3.8)

Recall that the points z ((xl)) and z ((xl)) are γ - separated in the metric dl(N+τ)

for each l. Thus

H (Z, γ, σ1, ν) =

∫
Y

lim sup
k−→∞

1

k ((N + τ))
logH (Z, k ((N + τ)) , γ, y, σ1) dν (y)

≥ 1

k ((N + τ))
[N (t− α)−Nα− log t]

> t− 2α > t− α0.(3.9)

By the construction of Λ and Z we obtain

(3.10) h(Λ, ν, σ1)− t > α0.
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Step 2

We shall prove that for α0 > 0, δ > 0 and for any t ∈ (0, h (ν, σ1)) holds eq.(3.2):

H (Λ, 2δ, σ1, ν)− t < α0.

Let δ > 0 and let E ⊂ X be a set with points δ-separated in the metric dτ . Since

X is compact, E is finite. Set

(3.11) T (δ, τ, y) = Sep(δ, τ, y)

and

(3.12) T (E, δ, τ, y) = Sep(E, δ, τ, y).

If Bδ,τ (x) is the ball of center x and radius δ in the metric dτ , then we can express

X =
⋃
x∈E

Bδ,τ (x) .

For given (y1, y2, ..., yk) , (s1, s2, ..., sk) let consider a set

Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) and define

Ωi =

{
σi−tl1 (yl) if 0 < i− tl < N for some l

σi−tl−N1 (E) if tl +N < i < tl+1 for some l,

where tl =
∑l−1
i=1 (N + si), and

Ω = {(z1, z2, ..., ztl+N−1) : zi ∈ Ωi, i = 1, 2, ..., tl +N − 1} .

We have i− tl −N < τ since tl+1 = tl +N + sl.

Let F be a set with points 2δ-separated in the metric dtl+N and

F ⊂ Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) .

Since X is covered by balls Bδ,τ , it holds that for any l = 1, 2, ..., k − 1 and for any

w ∈ F there is a νl ∈ F such that d
(
σtl+j1 (w) , νl

)
< δ, for any j = 1, 2, ..., k − 1.

Now define a map g : F → Ω by the condition d
(
σtl+j1 (w) , g (w)

)
< δ, j =

1, 2, ..., tl + N − 1. Since F has points 2δ-separated in the metric dtl+N , this map

is injective. Then F ∩ π−1(y) has points in the metric dtl+N in

Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) for any y ∈ Y . Hence

(3.13) card
(
F ∩ π−1(y)

)
≤ cardΩ ≤ T (δ, τ, y)

k−1
,

for tl +N > lN .
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Thus, the number of points of X in Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) which

are 2δ-separated in the metric dkN for any k-tuples (y1, y2, ..., yk) , (s1, s2, ..., sk) is

at most T (δ, τ, y)
k−1

.

Let Sk =
⌊

(k−4)N
N+τ

⌋
and let F be a set with points which are 2δ-separated in the

metric d(k−3)N+r, r < N , relative to π−1(y) and

F ⊂ σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))), for given k-uples

(y1, y2, ..., yk) , (s1, s2, ..., sk) and s = 1, 2, ..., N + τ − 1. Then σ−s1 (F ) ∩ π−1(y)

contains points 2δ-separated in the metric d(k−3)N+r+s in

σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))). We have (k − 3)N + r + s ≤ kN , thus

(3.14)

T (σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))) , 2δ, (k − 3)N + r, y) ≤ T (δ, τ, y)
k−1

.

Let u ∈ σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))), so there is a point

z ∈ Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk))) such that σs1 (u) = z and since, by the

definition Sk, holds

tSk
+N ≤ (k − 3)N + r and k − Sk ≤ k +

kτ

N
.

Then we have

H (σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))) , (k − 3)N + r, 2δ, y, σ1)

(3.15) ≤ T (δ, τ, y)
k−1

exp (2kNα) .

Therefore

H (Λ, (k − 3)N + r, 2δ, y, σ1)

≤
N+τ−1∑
s=0

∑
H (σs1 (Z (C ((y1, y2, ..., yk) , (s1, s2, ..., sk)))) , (k − 3)N + r, 2δ, y, σ1)

≤ (N + τ) τk−1T (δ, τ, y)
k−1

exp [2kNt+ (k − 2)N (t+ α)] .

(3.16)

where the second sum is over (y1, y2, ..., yk) ∈ E ∩ π−1(y) and (s1, s2, ..., sk) ∈ Zk.

If b > 10N then there is a k > 10 and r ∈ {0, 1, ..., N − 1} such that b can be

expressed as b = k − 3N + r. Thus, since

exp (N (t− α)) < card
(
E ∩ π−1(y)

)
< exp (N (t+ α)) ,
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we get

H (Λ, 2δ, σ1, ν) =

∫
Y

lim sup
b−→∞

1

b
logH (Λ, b, 2δ, y, σ1) dν (y)

≤
∫
Y

lim sup
k−→∞

1

(k − 3N + r)
logH (Λ, (k − 3N + r) , 2δ, y, σ1) dν (y)

≤ log τ

N
+
T (δ, τ, y)

N
+ 2t+ (t+ α) < 3t+ (t+ α) < t+ α0.(3.17)

Finally to demonstrated the theorem we must prove that for any α0 > 0, any t ∈
(0, h (ν, σ1)) and a fixed measure ν ∈ M(Y, σ2), there is a measure µ ∈ M(X,σ1)

with π?(µ) = ν such that |Fν (µ)− t| < α0.

In the steps 1 and 2 we have obtained that for any α0 > 0 and any t ∈ (0, h (ν, σ1))

there is a compact invariant set Λ ⊂ X such that

(3.18) −α0 < H (Λ, 2δ, σ1, ν)− t < α0.

Since 2δ < β
2 we have that

(3.19) H (Λ, 2δ, σ1, ν) = h(Λ, ν, σ1).

Let us consider an interval (t− α0, t+ α0) ⊂ [0, h (ν, σ1)], then we have by eqs.(3.18-

3.19)

(3.20) h(Λ, ν, σ1) ∈ (t− α0, t+ α0) .

By the relative variational principle there is a measure µ ∈M(X,σ1) supported on

Λ and such that

(3.21) Fν (µ) = h(Λ, ν, σ1) ∈ (t− α0, t+ α0) ,

and the theorem is proved �
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