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ABSTRACT. In this paper we deal with the equations a(z)dy/dx = A(x)y? +
B(x)y3, where a(z), A(z) and B(xz) are complex polynomials with a(x)B(z) #
0 and a(x) non-constant. First we show that the unique rational limit cycles
that these equations can have are of the form y = 1/p(z) being p(x) some
polynomial. Second we provide an upper bound on the number of these rational
limit cycles. Moreover, we prove that if deg(B(z)) — deg(a(z)) + 1 is odd, or
deg(A) > (deg(B(z)) + deg(a(x)) — 1)/2, then these Abel equations have at
most two rational limit cycles and we provide examples of these Abel equations

with three nontrivial rational periodic solutions.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

We study the generalized Abel equations of the form

1) a(e) L = Al@)y? + Bla)y,
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where x,y are complex variables and a(z), A(z) and B(z) are polynomials in C[z]
(we recall that C[z] denotes the set of all real polynomials in the variable x). More-
over a(x)B(z) # 0 and a(x) non constant. The periodic solutions of these equations
have been intensively investigated mainly when a(z) is constant and the functions
A(z) and B(x) are periodic, specially when they are real polynomials (see for in-
stance [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24,
26, 27, 28, 29]). In this paper we are interested in the rational periodic solutions of
equation (1) when a(x), A(x), B(x) € Clz] with a(z)B(x) # 0.

A periodic solution of equation (1) is a solution y(x) defined in the closed interval
[0,1] such that y(0) = y(1) (without loss of generality we are assuming that the
period is 1).

The periodic solution is called a polynomial periodic solution if y(z) is a polyno-
mial in the variable . In particular the authors of [15] proved that any polynomial
periodic solution of system (1) when a(z) =1 is of the form y = ¢ with ¢ € C, and
that if a polynomial periodic solution exists with ¢ # 0, then no other polynomial
periodic solutions can exist.

In this paper we want to consider the existence of rational periodic solutions for
system (1), i.e. we want to consider periodic solutions of the form y(z) = ¢(z)/p(x)
where p, ¢ € C[z] and (p(z),q(z)) = 1. Here we will study only the rational periodic
solutions that are not polynomial periodic solutions.

When a(z) is constant (that without loss of generality we can take a(z) = 1) this
equation was studied in [19, 9]. In [9] the authors, following some ideas in [19], they
obtain an upper bound on the number of rational solutions that an Abel equation
of the form (1) with a(z) € C can have, and show that in some cases this upper
bound is two. In [19] the authors provide many classes of Abel equations (with
a(xz) € C) in which the maximum number of rational isolated periodic solutions
is two providing examples of these systems. However although in [19] the authors
state that all Abel equations with a(xz) € C have at most two rational isolated
periodic solutions, this is not correct since there is a mistake in the proof causing
that in fact the authors do not study all the possible situations.

In the present paper we restrict to the case in which a(z) € C[z] \ C and we
follow closely the ideas in [19] and [9)].

Our main theorem is the following one.
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Theorem 1.1. The following holds for system (1) with a(z) € C[z] \ C.
(i) All rational limit cycles are of the form y = 1/p(x) with p € Clz] \ C;
(i) If deg(B(x))—deg(a(x))+1 is odd, or deg(A) > (deg(B(x))+deg(a(z))—1)/2
it has at most two rational limit cycles;

(iii) Otherwise, the mazimum number of rational limit cycles that can have is

deg(B(z))
deg(B(x)) + deg(a(x)) +1 | T 1.
2

The proof of Theorem 1.1 is given in section 2. Similar results and proofs to The-
orem 1.1 can be done for other equations such as generalized Bernouilli polynomial
equations and Abel trigonometric polynomial equations (see [24, 25], respectively).

Now we provide a generalized Abel polynomial equation (1) with three rational

periodic solutions taking
a(z) =18 — 8z + 92” — 22° + 2%,

and
A(z) = —2(—1 4 22)(3806 — 5874x 4+ 90152 — 69972 + 53462
—23852° + 107525 — 24027 + 602°),
B(z) =4(—1+22)(1 — 2+ 2% (4 — 2 4+ 2*)(7 — 8z + 82%)(26 — 182
+212% — 62% + 32%)(100 — 71z + 8322 — 242° 4 122%).
It is straightforward to check that equation (1) has the three rational periodic
solutions y;(z) = 1/p;(x) for i = 1,2,3 with
pi(x) = (7 — 8z + 827)(26 — 18z + 212% — 62> + 3z*),
po(z) =2(1 —x + 2%)(4 — x + 2%)(7 — 8z + 8z?),
p3(z) = 2(1 — x + 2%)(100 — 71z + 8322 — 242° 4 122%).

Note that p;(0) = p;(1) and p;(x) # 0 for z € [0,1]. The generalized Abel polyno-

mial system that we have constructed has three rational periodic solutions.

2. PROOF OF THEOREM 1.1

We start with three auxiliary results that will be used through the proof.
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Proposition 2.1. The rational function y = q(z)/p(x) with p(x) non-constant is a
periodic solution of system (1) if and only if ¢(x) = ¢, with ¢ € C\ {0}, p(0) = p(1)
and p(x) has no zero in [0,1] and

B(z)

plz) b

(2) a(z)p'(x) + A(z) + ¢

Proof. For the reverse implication we note that if ¢(z) = ¢ with ¢ € C\ {0},
p(0) = p(1), p(x) has no zero in [0, 1] and equality (2) holds then it is clear that the
rational function y = 1/p(z) is a periodic solution of system (1).

For the direct implication we note that if y(x) = ¢(z)/p(x) is a periodic solution
of system (1) then p(z) # 0 for z € [0,1]. Let g(z,y) = p(z)y — ¢(z) and h(z,y) =
a(z)g(z,y). Then

= dhiia;’ y) |g(:r,y):0 = a(x)p'(q:)y + a(x)p(x)% _ a(m)q/($>

= a(zx)p' (x)y + p(z)(A(x)y® + B(z)y®) — a(z)q (z).

0

Note that g(z,y) is irreducible, so there exists a polynomial k(z,y) so that
(3)  al@)p (@)y+p@)(Al2)y® + B(2)y®) — a(2)q'(z) = k(z.y)g(z. y).

Since the highest degree in y in the left-hand side is 3 and the highest degree in y
in g(z,y) is 1 we get that the highest degree in y in k(x,y) is 2 and so it can be
written as k(z,y) = ko(x) + k1 (x)y + ka2 (z)y?, where ko, k1, k2 € CR[z]. Comparing
the coefficients of 3°, y!, y? and ¥ in (3) we get

a(x)q'(z) = ko(x)q(x),

@ a(z)p'(z) = ko(x)p(z) — k1 (2)q(),
p(@)A(z) = ki (2)p(x) — ka(z)q(2),
p(z)B(z) = ka(z)p(2)

From the first relation in (4) we get that

o(2) = Kexp ( / ’ZJ((;”)) dx) where € C.

If deg(ko(x)) > deg(a(x)), then we make the Euclidean division and we get

ko(z) = a(z)a(z) + S(z)
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where deg(8(x)) < deg(a(x)). Therefore we have

ko(x) — alz B(z)
ale) O Gy

Hence
(5) a@nmmwmmm(/ﬁgdﬂ.

The first factor in (5) cannot cancel with the second factor of (5) and this gives a
contradiction because ¢(x) is a polynomial. So, deg(ko(z)) < deg(a(x)). Now we
write H(z) = (ko(z),a(x)). Then

ko(x) _ H(x)ko(z) _ ko(x)

a(z)  H(z)a(x)  a(x)’

Assume first that a(z) is not-square free. Using the affine transformation z — z+a«
with o € C (if necessary) we can write a(z) = x*r(z) where p > 1 and r(0) # 0.
Moreover, ky(0) # 0 because ko(x) and a(x) are coprime. If we develop ko(x)/a(x)
in simple fractions of « we obtain
a(x)
r(z)
where a(x) is a polynomial with deg(a(z)) < deg(r(z)) and ¢; € Cfori=1,..., p.
Note that ¢, = ko(0)/a(0) # 0. Integrating we get

q(z) = Kgiexp ( 1 )

a(x) 1—parl

xexp(/(;‘;_11+~~+c;+f((g) d:c).

The first exponential factor cannot cancel with any part of the second exponential

ko(x c Cp— c
70():7/"4_ “_11_|_..._|_71+
a(x) xt oz x

factor and we get to a contradiction with the fact that ¢(z) is a polynomial. So,

a(x) is square-free. Then we have that

/ IZJ(S)) ds =logh(x), h(z)e Clz]\ {0}.

Therefore,

for some polynomial h(x). Write
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for some f;(z) being coprime and irreducible polynomials and m; non-negative

integers. In this case we have

W)  iamifi(@) 1. fi(x)

h(z) [z fil=)

and so . N
a@) = [[ @), Fole) =S mifi@) [] (@)
i=1 i=1 j#i
implying that

a(w) = H@) [ o),

ko(w) = H(z) > mifl(@) [] fi(x),
i=1 G#i

aw) = whia) = & ][ ()™

Note that since a(x) is square-free, no f; can divide H(z) and since H(z) =
(a(x), ko(x) we also have that no f; divides >3;_, m; fi(z) [, f(x).
From the fourth relation we obtain ko = B(z) and from the third relation we get

pa)Ae) = b (@ple) ~ B[, k(o) =A@ + ST o

i=1

Finally, the second relation becomes

H(@)p' (@) [[ fi = H@)p(e) d_mifi@) [ ] fi()

j#i
—<A+p(z)’fi1:[1fi($) )zl:Il:fj( )"

Now we claim that
(7) q(z) =ceC.

In order to prove the claim (7) we must show that m; = 0 for i = 1,...,n. As-
sume that there exists i € {1,...,n} for which m; # 0. Then f; divides then
it follows from (6) that f; must divide H(z)p(x)> ., mif!(z) [, fi(x). But
we have already seen that f; does not divide H(z) and it also does not divide
> i1 mif{(x) [T fi(2) and so it must divide p(z) but this is a contradiction with
the fact that (g,p) = 1 since f; would divide both ¢(z) and p(z). So, m; = 0. In
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short we have proved the claim (7) and so g(z) = ¢ € C\ {0}. Moreover (6) becomes
equation (2) and y(z) = q(x)/p(x) = ¢/p(x) is a periodic solution which implies
that p(0) = p(1) and p(z) has no zero in [0, 1]. So, the direct inclusion is proved.
This concludes the proof of the proposition. (I

In short all the rational limit cycles of (1) are of the form y(z) = ¢/p(z) and
without loss of generality we can assume that ¢ = 1 and so all solutions are of the
form y(z) = 1/p(x) (that in the paper we write as 1 — p(z)y = 0 and they satisfy
p(0) = p(1), p(z) # 0 for = € [0,1] and (2) becomes
B(x)
p(x)

(8) a(z)p'(z) + A(z) + =0.

From (8) we must have that B(z) is multiple of p(z) and so B(z) = p(z)r(z) for
some polynomial r(z). Therefore, (2) becomes
A(s) +r(s)
a(s)
Assume that equation (1) has two rational limit cycles, y(xz) = 1/pi(x) and

y(x) = 1/pa(x) with py(z),p2(z) € Clz] \ C. Denote by ¢q(z) = (p1(x), p2(x)), i.e.

the maximum common divisor of the polynomials p; (x) and p2(x), and consequently

(9) r(x) +a(z)p'(z) + A(x) =0 andso p(z) =k — / ds, xeC.

(10) pi(e) = q(x)si(x),  pa(x) = q(x)sa(x)

with ¢(z),s;(z) € Clz] and (s1(x),s2(x)) = 1. Note that in view of the above

observation we must have that

(11) B(z) = q(x)s1(x)s2(x)ss(x)

for some s3(x) € C[z].
We take the notation Q(z) = a(x)g(x) and write Q(z) = [[I_, Q:(x)% the

decomposition of Q(z) into irreducible monic polynomials.
Proposition 2.2. The following equalities hold
n
(12) s1(x) — sa(x) = ko [ [ Qi)™
i=1
for some constant ko € C\ {0} and non-negative integers m;, fori=1,...,n and

(13) s3(z) = a(2)q' (x) + [[ Qi) > miQi(x) [ Qs(=).
=1 1=1

J#i
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Proof. Note that in view of (9) we have

qmam:@—/

dla)sale) =1~ |
with kg, k1 € C. Hence,
a(z)q (z)s1(x) + a(z)q(x)s) () = —A(z) — s2(x)s3(2),
a(z)q'(z)s2(x) + a(z)q(z)sh(x) = —A(x) — s1(x)s3(2),
and so
a(z)q'(z)s1(x) + a(z)q(z)s) (x) — a(z)q (x)s2(2) + a(z)q(x)s5(x))
= —sa(x)s3(x) + s1(z)s3(x) = (s1(z) — s2(2))ss(),
which gives
a(z)q (z)(s1(z) — s2(2)) + a(z)q(x)(s1(x) — s2(2))" = (s1(x) — s2(@))s3(2),
that is
a(z)q(z)(s1(x) — s2(x))" = (s1(x) = s2(x))(s3(2) — a(z)q (x)).
We write Q(z) = a(x)g(x) and so
(14) Q(x)(s1(x) — s2(x))" = (s1(x) — s2(2)) (s3(2) — a(x)q'(z))

!

In particular s1(x) — so(z) divides Q(x)(s1(x) — sa(x))’.
s9(z) = Q(x)h(z) where

One can write s;(z) —

Q@) = [] @ila)™
i=1

for some Q;(x) coprime irreducible monic factors of Q(z) and m; non-negative
integers. Note that in particular none of the irreducible factors of h(z) divides Q(z)
and so h(x) divides s} (z) — sh(x).

Since s} (x)—sh(z) = Q' (z)h(z)+Q(z)h/ (), we have that h/(x) divides Q(x)h/ ().
As none of the irreducible factors of h(x) divides Q(z) and Q(x) is a product of
some (possibly repeated) factors of Q(z) we have that h(z) divides h'(z) which is
only possible if h(x) = ¢ € C. Then

n

s1(z) = sa(@) + ¢ [ [ Qila)™

=1
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for some non-negative integers m; for ¢ = 1,...,l. Moreover as s;(x) # s2(x) we
must have that ¢ € C\ {0}.
Write Q(z) = [[;—, Qi(z)% as being the decomposition of Q(z) into irreducible

monic polynomials. Substituting in (14) and solving in s3(x) we get

e mi@i(@) Qi)™ [T @ ()™
sa(o) = ate)d @) + [ @ste) T O
= a(z)q'(z) + [ [ Qu(@)* > miQi(2) [[ @s(2).
i=1 i=1 i
The proof of the proposition is complete. O

Proposition 2.3. Equation (1) has at most two invariant curves whose coefficients

i the variable y are proportional.

Proof. Assume that equation (1) has two invariant curves 1 + p(z)y = 0 and 1 +
kp(x)y = 0 with k € C\ {1}. We first show that in this case

(15) A(z) = (k+ 1a(z)p’(z) and B(z) = ka(z)p' ().

Indeed, it follows from (9) that the cure 1 + p(x)y = 0 is invariant if and only if
there exists r € C[z] such that

(16) B(z) = p(z)r(z) and A(x) = —r(z) — a(z)p'(v).
If 1 4+ kp(x) = 0 is invariant then there exists #(x) € C[z] such that
(17) B(z) = kp(x)f(z) and A(z) = —F(x) — a(z)rp (z).

Equating the first identity in (16) and (17) we get r = x# and introducing this in
the second identities in (16) and (17) and equating them we get that # = a(z)p’(z)
and so r(z) = ka(x)p' (x).

Conversely, if

then taking r(z) = ka(x)p’(z) one has B(x) = r(z)p(z) and A(z) = —r(z) —
a(z)p’(x) and in view of Proposition 2.1 we get that 1 + p(z)y = 0. On the
other hand, taking r(z) = ap’(x) one has B(x) = xr(z)p(x) and A(z) = —r(z) —

ka(z)p'(x) and so again in view of Proposition 2.1 we get that 1 + kp(x)y = 0 is
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also an invariant curve. This completes the proof of (15) and it follows from (15)
that there is no & ¢ {1, x} such that 1+ &p(z)y = 0.
Furthermore, if kK # —1 it follows from (15) that
(st DA@)
Therefore, if 1+ p(z)y = 0 and 1 + kp(z)y = 0 are two invariant curves of equation

(1) then
o 7(/<;+1)A(m) _ (k+ 1)k .
ple) = kB(x) ((/% + 1)m>p( )

1 m(R+1)

K+l R(r+1)
which yields & = k or & = 1/k and consequently either p(z) = p(z) or p(z) = kp(x).
On the other hand, if K = —1 then A(z) = 0 and B(z) = —a(z)p’(x)p(z) and

equation (1) becomes

Hence

a(z)y = a(z)p(x)p' (x)y® thatis v = p(x)p'(z)y>

which has the rational first integral

% +p(z)? = (gl/ +p(x)> <; P(l’))»

and so the unique invariant curves are % + p(x) = 0 (that is 1 + p(z)y = 0) and
%—p(x) = 0 (that is 1—p(x)y = 0). This completes the proof of the proposition. [

1. Proof of Theorem 1.1. Statement (i) of the theorem follows directly from
Proposition 2.1.

To prove statements (ii) and (iii) we first claim that equation (1) has more than
two invariant curves if and only if the coefficients of y have degree (deg(B(x)) —
deg(a(z)) +1)/2.

Now we prove the claim. Assume that (1) has two rational solutions 1+p; (z)y =
0 and 1+p2(z)y = 0. Then as it follows from (11) that if we write p;(x) = q(z)s1(x)
and po(z) = q(z)s2(z), we get B(z) = q(x)s1(x)s2(x)ss(x). Therefore,

e
deg(B(x)) = deg(q(x)) + deg(s1(x)) + deg(s2(x)) + deg(ss(x))
= deg(q(r)) + deg(p1(x)) — deg(q(x)) + deg(pa(z))
— deg(q(x)) + deg(s3(x))
= deg(p1(x)) + deg(p2(z)) — deg(q(z)) + deg(s3(x)).
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It follows from (12), that Q(z) = a(x)q(z) and the fact that m; are non-negative
integers, we get that deg(ss(z)) = deg(a(z)) + deg(q(z)) — 1 and so,

deg(B(z)) = deg(p1(x)) + deg(p2(x)) + deg(a(z)) — 1

yielding
(18) deg(B(z)) — deg(a(x)) + 1 = deg(p1(x)) + deg(p2(x))-
Assume now that equation (1) has three invariant curves 1 + p;(z)y = 0 with

i =1,2,3. Then it follows from (18) that

deg(p1(z)) + deg(pa(z)) = deg(p1(x)) + deg(ps(x)) = deg(pa(r)) + deg(ps(z))

yielding

deg(p1(x)) = deg(pz2(z)) = deg(ps(z)) = (deg(B(z)) — deg(a(z)) +1)/2.

Thus, the claim is proved. It follows readily from the claim that if deg(B(x)) —
deg(a(z)) + 1 is odd then equation (1) has at most two invariant curves.

Note that deg(p(z)) # (deg(B(x)) — deg(a(z)) + 1)/2 is equivalent to either
deg(p'(x)) > (deg(B(x)) —deg(a(x))+1)/2 or deg(B(x)) —deg(p(z)) > (deg(B(x)) -
deg(a(z)) +1)/2 and in view of (9) this is equivalent to

deg(A(x)) > (deg(B(x)) + deg(a(z)) —1)/2.

This fact together with the claim yields that if deg(A(z)) > (deg(B(x))+deg(a(z))—
1)/2 then the degree of the polynomial coefficient of y of no invariant curve of
equation (1) can be (deg(B(x)) — deg(a(z)) + 1)/2 yielding that equation (1) has
at most two invariant curves. This completes the proof of statement (ii) in the
theorem.

Assume now that deg(A(x)) < (deg(B(x)) 4+ deg(a(x)) — 1)/2 and deg(B(x)) —
deg(a(x))+1 is odd. In this case it follows from the explanation above that for any
rational solution 1+ p(x)y = 0 we have deg(p(z)) = (deg(B(x)) — deg(a(z)) +1)/2.
Moreover, in view of (9) we have that p(z) must divide B(z) and so the maximum
number of possible rational solutions 1+ p(z)y = 0 are the possible divisors of B(x)
and so there are at most

( deg(B(x))
deg(B(z)) + deg(a(z)) +1 | T 1.
2
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up to proportionality. It follows from Proposition 2.3 that there is at most one
invariant curve that has a proportional polynomial coefficient of y. Taking this into
account and that p(z) is determined in terms of A(z), B(z) and a(x), the proof of
the statement (iii) in the theorem is complete. So, the proof of the theorem is also

complete.
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