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ABSTRACT. In this paper, "the concept of T-object” is defined in two dimen-
sional Minkowski space. By this concept, the complete systems of invariants
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the equivalence conditions of two T-objects are given in terms of their global

invariants.

AMS Classification: 141.24, 15A63, 15A72.

Keywords: Minkowski space; Invariant; Object.

© @ Taru PuBLicaTIONS



250 DRS REN, DJAVVAT.KHADJIEV, MER PEKEN, GAYRAT BESHIMOV

1. INTRODUCTION

For a system consisting of points, paths and surfaces, finding the complete system
of invariants is one of the fundamental problems in the invariant theory and it
has many applications in computational geometry, computer vision theory, image
processing, etc. The goal of the applications such as robot motions, point set
registrations, pattern recognition, etc. is the automatic identification of objects.
(see some references [26, 28, 29, 30, 31, 32, 33, 34, 35, 36] and references therein).
For the identification, it is necessary to find the corresponding relationship between
two m-point systems, two paths or two surfaces and obtain the transformation
which transforming one into the other. This problem is known in the mathematics
literature as the equivalence problem of two m-points, two curves and two surfaces.

Up to now, the complete systems of invariants are investigated separately for
m-point and separately for paths in two dimensional Euclidean, pseudo-Euclidean,
projective spaces, etc.

From the points of view of a general theory of m-point invariants, for example,
a generator system of points (or vectors) is given for the orthogonal group in n-
dimensional Euclidean space and similar problem for the Lorentz group is suggested
as a problem in [25].

Later on Berger proved that the orbit of m vectors for the orthogonal groups
in the Euclidean space is characterized by distances between m-vectors. Moreover,
a complete system of relations between the elements of this complete system of
invariants is given in [1]. The orbit of m vectors for the orthogonal groups in the
Euclidean and pseudo-Euclidean spaces is characterized by their Gram matrices and
an additional subspace in [2]. Invariants of m-points for the orthogonal group in the
Lorentz space are given in [3]. In [4], using the methods of invariant theory, gener-
ating systems of invariants of m-point for all the fundamental groups in Lorentzian
geometry are obtained.

Invariants of m-point and equivalence problems for two m-points are also inves-
tigated (see some references [5, 6, 7, 11, 12, 13, 37]).

Meanwhile, there are two main methods to study the theory of curves. The first of
them is the method of Frenet-Serret. It provides the curvature functions of a curve.

But the curvatures give only conditions of local equivalences of curves. Besides,
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the local equivalences can be investigated only for the group of rigid motions (For
detailed informations, see [8, 10, 14, 15, 16, 17] and references therein).

The other method is a global approach to the theory of curves by using invariant
theory. Using this method, the conditions of equivalence for two curves are obtained
not only for this rigid motions but for all fundamental groups in the Euclidean,
pseudo-Euclidean, similarity, affine spaces, etc.(see [14, 16, 17, 19, 20, 21, 22, 23,
24]).

So we address the problem from a perspective that differ in two ways and we
consider the identification problem of two objects under pseudo-Euclidean transfor-
mations as a purely mathematical question.

In this paper, firstly, ”the concept of T-object” is defined similarly to definition
in [10]. By this concept, complete systems of m-point and curves are given as
a single theory. Moreover, this approach will obtain the Lorentz transformation
which transform one into the other.

Moreover, since the concept of a T-object allows us to cover a very wide class
of geometry(a T-object can be a system consisting of points, paths, and surfaces),
the complete system of invariants of a T-object are investigated as globally for
Euclidean, pseudo-Euclidean spaces, etc.

The concept is following;:

Let T be a set such that it has at least two elements. Let M be two dimensional
Minkowski space. Denote by Q(T, M) the set of all mappings of the set T to M.
An element of Q(T, M) will be called a T-object in the space M.

For example, let N be the set of all natural numbers and m € Nym > 1. Put
I={jeN|1<j<m}

Then, a mapping a : T' — M will be called an m-tuple in M. Denote it in the
following form a = (a1, as,...q,). Clearly, if T is a finite set with m elements,
then a T-object is called m-tuple ( m-point or m vectors).

For second example, let T is an interval (a,b) of R. Then a T-object is called a
T-path. A some class of T-paths is called a curve.

For third example, let T is an open subset of M. Then a T- object is called a
vector field in M.

These examples show that the paper defines a very broad concept of T-object.

It contains all the currently known concepts of geometric objects and shapes (see
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some references [8], [18] and [39]). Moreover it contains T-objects, which have not
been defined until now.

The structure of the paper is the following. Some known results on the linear
representation of the algebra of hyperbolic numbers in two-dimensional Minkowski
space are introduced in Section 2. Evident forms of elements of pseudo-orthogonal
groups SO(1,1) and O(1,1) are given in Section 3. In Section 4, a complete systems
of G-invariants of a T-object in M for the group G = O%(1,1) and a complete
system of relations between elements of the obtained complete system of invariants
are given. In the other sections, similar problems in Section 4 are investigated for
the groups O(1,1), MO*(1,1), MO(1,1).

2. SOME PROPERTIES OF A LINEAR REPRESENTATION OF THE ALGEBRA OF

HYPERBOLIC NUMBERS IN TWO-DIMENSIONAL REAL SPACE

Results of this section are known (see [8]).
Denote algebra of hyperbolic numbers by H. Let h = hy + jho € H. Denote by
hi hy
ha h
consider on the set A(H) following matrix operations: the component-wise addition

A}, the matrix of the form < > . Denote by A(H) the set {Ap|h € H}. We

and the multiplication of matrices. Then A(H) is an algebra with respect to these

operations. In it the unit element is the unit matrix.

Proposition 2.1. The mapping A : H — A(H), where A : h — Ay, Vh € H, is an
isomorphism of algebras H and A(H).

Proof. Tt is obvious. O

Let a = aj + jag,b = by + jby € H. Put {(a,b) = a1b; — azbs. Then (a,b) is a

2 — a3 is a quadratic form on R2. For convenience,

bilinear form on R? and (a,a) = a
we denote by Q(a) the quadratic form (a, a).

The following propositions are known.

Proposition 2.2. The following equalities Q(x) = det(A;) and Q(zy) = Q(z)Q(y)
hold for all x = 1 + jxo,y = y1 + jy2 € H.

For © = x1 + jaoo € H, we set A(z) =T = 21 — jxo.
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Proposition 2.3. The mapping x — T is an involution of the algebra H and the
following equalities x + T = 2x1, (w,2) = 2T = Tx = 23 — 23, Q(z) = Q(A(x)) =
Q(T) hold for all x = x1 + jzo € H.

Proposition 2.4. Let x € H. Then the element =1 exists if and only if Q(z) # 0.

. -1 _ z _ A=) -1y _ 1
In the case Q(x) # 0, the equalities x~' = oGy = ot ond Q(z~1) = oy hold.

Put H* = {x e H| Q(z) # 0}. H* is a group with respect to the multiplication
operation in the algebra H. Denote by A(H*) the set of all matrices A,, where
a € H*. Since a € H*, we have Q(a) = a} — a3 # 0 and Q(a) = det(A,) # 0.
Consider elements a = a1 + jas € H* and x = z1 + jxo € H as column vectors

aq T . . .
a = ( >7 x = ( ) Then the equality az = (a1 + jas)(z1 + jx2) =
a9 i)

(a121 + asx2) + j(a1z2 + asx1) has the following form

a1xr1 + asx a a x
(1> ar — 171 2T2 _ 1 2 1 — Ay,
a1T9 + a2 az aj T2

where A,z is the multiplication of matrices A, and x. Hence A, € A(H*) and the
mapping A : H* — A(H*), where A(a) = A,, is a linear representation of the group
H* in R%. A(H*) is a group with respect to the multiplication of matrices.

Put S(H*) = {x € H| Q(x) = 1}. It is a subgroup of the group H*. A(S(H*))
is a subgroup of the group A(H*) and the mapping A : S(H*) — A(H*), where
A(a) = A4, is a linear representation of the group S(H*) in R?.

3. FUNDAMENTAL GROUPS OF TRANSFORMATIONS OF THE 2-DIMENSIONAL
MINKOWSKI SPACE

Let M be two-dimensional Minkowski space with the Lorentz scalar product
{a,b) = a1by — asby, where a = (ay,az),b = (b1,b2) € R%

Definition 3.1. A mapping F : M — M s called pseudo-orthogonal if (Fx, Fy) =
(x,y) for all x,y € M.

Denote the set of all pseudo-orthogonal transformations of M by O(1,1).

The following propositions are well known.

Proposition 3.2. ([8, Proposition 3.4]) Every pseudo-orthogonal transformation
of M is linear.
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Proposition 3.3. O(1,1) is a group with respect to the multiplication operation of

matrices.

Let a = a1 + jas,b = by 4+ jbs € H. Denote the matrix of the bilinear form
(a,b) = a1br — agby by A = ||d;;]| where 617 = 1,000 = —1,012 = 021 = 0.
By Proposition 5, we can consider an element of O(1,1) as a 2 X 2-matrix. Let
C € O(1,1), where C' = |legjll; j_; o- Let CT be the transpose matrix of C. Tt
is known that the equality (Cx,Cy) = (z,y) for all x,y € H is equivalent to the

ij=1,2

equality
(2) CTAC = A.
This equality implies the following
Proposition 3.4. Let C € O(1,1). Then det(C) =1 or det(C) = —1.

We denote by O*(1,1) the set {C' € O(1,1) : det(C) = 1}. O*(1,1) is a subgroup
of O(1,1). O(1,1) =0*(1,1) U{CA | C € O (1,1)}, where CA is the multiplica-

tion of matrices C' and A.
Theorem 3.5. The equality O*(1,1) = A(S(H*)) holds.
Proof. A proof is given in [8, Theorem 3.7] d

Denote by MO(1,1) the group of all transformations of M generated by the
group O(1,1) and all translations of M. Elements of the group M O(1,1) has the
following form F : M — M, where F(x) = g(z)+a, g € O(1,1),a € M. Denote by
MO™(1,1) the group of all transformations of M generated by the group O*(1,1)
and all translations of M. Elements of the group M O™ (1, 1) has the following form
F: M — M, where F(x) = g(z) +a, g€ O(1,1),a € M.

4. COMPLETE SYSTEMS OF G-INVARIANTS OF A T-OBJECT IN M FOR THE
GROUP O (1,1)

Let T be a set such that it has at least two elements. Denote by Q(T', M) the set
of all mappings of the set T' to M. An element of Q(T, M) will be called a T-object
in the space M.

Let G be a subgroup of the group MO(1,1).
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Definition 4.1. Two T-objects a(t) and B(t) in M is called G-equivalent if there
exists g € G such that a(t) = gB(t),Vt € T. In this case, we also write as follows:

a(t) < B(t).
Definition 4.2. A subset A C Q(T, M) is called G-invariant if g(a(t)) € A,Va(t) €
A,Vg € G.

Definition 4.3. Let A be a G-invariant subset of (T, M) and K be a set such
that it has at least two elements . A function f : A — K is called G-invariant on
Aifaec A e A andaft) £ B(t) implies f(a) = f(5).

The set of all G-invariant functions f : A — K on the set A denote by Map(A, K)&.

Example 4.4. By the definitions of the groups G = O(1,1),07(1,1) we obtain

that the quadratic form Q(z) = (x,x) and the bilinear form (x,y) are G-invariant

f()y
T2

( n ) € M. Using the equality det(g) = 1,Vg € OT(1,1), we obtain [(9z) (gy)] =
Y2
det(g)[zy] = [zy],Yg € OT(1,1). This means that [zy] is an OT(1,1)-invariant

function on the set M2.

functions on the set M.

1 Y

T2 Y2

Example 4.5. Denote by [xy] the determinant

Example 4.6. By definitions of the groups G = MO(1,1), MO™(1,1) we obtain

that function f(x,y) = (x —y,x —y) is an G-invariant function on the set M?2.

Definition 4.7. (see [38, 1.1])Let A be a G-invariant subset of (T, M). A system
{fili € J}, where f; € Map(A, K)¥,Vj € J, will be called a complete system of G-
invariant functions on A if a(t), B(t) € A and equalities f;(a(t)) = f;(B(t)),Vj € J,
‘ G

imply a(t) ~ B(t).

Denote by 6 the vector (0,0) € M.Let a(t) be a T-object. Denote by Z[Q(«(t))]
the set {t € T|Q(a(t)) =< «a(t),a(t) >=0}. Denote by 6r(t) the T-object such
that 67 (t) = 0,Vt € T. Denote by P(T') the set of all subsets of the set T

Proposition 4.8. Let G be a subgroup of O(1,1). Assume that «(t), 5(t) € Q(T, M)
such that () g B(t). Then Z[Q(«a(t))] = Z|Q(B(t))]. That is the function
Z QT , M)— P(T) is a G-invariant function on Q(T, M).
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Proof. Tt is obvious. O

Proposition 4.9. Let H be the algebra of hyperbolic numbers and x,y € H such
that Q(x) # 0. Then

1 Yy

exists, the equality yz ="' = g(gi +3 o) and the following

(1) The element yz~
equality hold

(zy) [z y]
(3) Ay = Q(x) ( i
Q@) Q)

[z y
(2) det(Ay,-1) # 0 if and only if Q(y) # 0.

~
8
e ®

Proof. Tt is given Proposition 4.3 in [8]. d

Now we consider the G-equivalence problem of T-objects for the group O (1,1).

Let a(t) and SB(t) be T-objects such that a(t) = B(t) = 6 = (0,0),Vt € T. that is
Z[Q(a(t)] = Z[Q(B(t))] = T. Then a(t) = B(t) = 6r(t). In this case, it is obvious
that a(t) < B(t).

Theorem 4.10. Let a(t) be a T-object in M such that Z[Q(«(t))] # T and ty €
T\ Z[Q(a(t))]-

+
(i) Suppose that a T-object B(t) in M such that o(t) o

B(t),¥t € T. Then
the following equalities hold:

Z[Q(a(t))] = Z[Q(B(1))]
(4) (alto), a(t)) = (B(to), B(1))
[a(to)a(t)] = [B(to) B(H)],
forallt € T\ Z[Q(«(t))].
(i1) Conversely, assume that a T-object 5(t) in M such that the equalities (4)
hold. Then there exists a single matriz C € OT(1,1) such that B(t) =
Ca(t),vt € T. In this case, C has the following form

(a(t).B(t))  [ax(to) B(to)]
5) O = [ @oat) Tato)ato) |

[a(to) B(to)]  (a(t0),B(t0))
(a(to),a(to))  (alto)a(to))

where det(C) = 1.

+
Proof. Assume that «o(t) o gy B(t),Vt € T. Then, by Proposition 4.8, Z[Q(«(t))] =

Z[Q(B(t))]. This equality and the inequality Z[Q(a(t))] # T imply inequality
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Z|Q(B(t))] # T. Since functions (a(tg), a(t)) and [a(to)a(t)] are O (1, 1)-invariant,
the O™ (1, 1)-equivalence «(t) 0T B(t),Vt € T implies equalities (4).
Conversely, assume that a T-object 5(¢) in M such that equalities (4) hold. Put
z = aty) and y = «(t) in Proposition 4.9. Since to € T\ Z[Q(«(t))], we have
< afty),a(ty) ># 0. Then (a(tg)) ! exists as an element of H. By Proposition 4.9,
we obtain following equality (a(tg)) ta(t) = <°g?;)(’g(;)> +3J [(22(20)(2)(;))] vteT.
Using the above equality Z[Q(«a(t))] = Z[Q(8(¢))] and to € T\ Z[Q(«(t))], we
obtain that to € T\ Z[Q(B(t))]. Put x = B(to) and y = S(¢) in Proposition 4.9.
Since tg € T\ Z[Q(B(t))], we have < B(to), B(to) >7# 0. Then (B(tp)) ' exists as

an element of H. By Proposition 4.9, we obtain following equality (3(tp)) *8(t) =
(B(to),B(1)) +j[5(to)ﬂ(t)] Vi e T.

Q(B(to)) Q(B(to)) (altoral®) . - lalte) alt)]
- e e 1 (e ,Q a [}

Using equalities (4), equalities (a(to)) ta(t) = Q(?l(to)) +7 Q(«Ox(to)) WVt e T,
and equalities (B(to))~'B(t) = Qi%)(f)()t)» +J [G?(E%)(tﬁ)) ,Vt € T, we obtain following
equalities
(6) (alto))"talt) = (B(to))"'B(t), vt € T.

Consider element g = B(to)(a(to)) ! € H*. Since B(to) = B(to)((a(to) ta(to)) =

(B(to)(a(ty)) Hal(ty), we have B(tg) = ga(to). Using this equality and (1), we
obtain that §(tg) = Aga(ty). Using the equality (a(to),a(to)) = (B(to), B(to)) in
(4), equalities Q(a(tg) = (a(to), alto)) = (B(to), B(to)) = Q(B(to)) and Propositions
2.2, 2.4, we obtain det(Ay) = Q(g) = Q(B(to) (0(t0) ) = QB(10)Q((0(to)) ™) =
Q(B(t0))Q(a(to))~! = 1. Hence g € S(H*). By Theorem 3.5, A, € OT(1,1). By
g = B(to)(a(to)) ™" and Proposition 5.1, A, has the form (5) By det(A,) = 1 and
Proposition 4.9, we obtain the equality det(A,) = ( <agfi(f$§)> )= [aq()t(oozggc)))] )2 =1
Consider the element g = B(tg)(a(to)) ™! € H*.

Since B(to) = B(to)(((to) ' au(to)) = (B(to)(a(to)) " )eu(to), we have 5(to) = ga(to)-
Using equalities (6), we obtain following equalities:

B(to)((alto)) La(t)) = Blto)((B(to))1B(t)), Vt € T. These equalities and the above
equality g = B(to) (a(to)) ™ mply B() = (B(to)(B(t0))~)B(t) = Blto)(Blto) (1)) =
B(to)(a(to)) "ta(t)) = (B(to)(a(to))"H)a(t) = ga(t), ¥t € T. Thus we have 3(t) =
ga(t),vt € T, where g = B(to)(a(tp))~t € H*. Then by (1), we obtain that
B(t) = Aga(t),Vt € T, where A, € A(H*). As above we obtain that det(Ay) = 1.
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+
Since det(A,) = 1, by Theorem 3.5, A, € O*(1,1). Hence we obtain a(t) o

B(t),vteT.

Prove the uniqueness of C' € O (1, 1) satisfying the conditions 3(t) = Ca(t),Vt €
T. Assume that D € O (1,1) such that 8(¢t) = Da(t),Vt € T. Then by (1) and
Theorem 3.5, there exists a single b € S(H*) such that D = A,. Hence we have
B(t) = Apa(t),Vt € T. By (1), we obtain 3(t) = ba(t),Vt € T. Since Q(«(to)) # 0,
the equality B(ty) = ba(ty) implies that b = B(to)(a(to))™! = g € S(H*). The
uniqueness of C' is proved.

Let us obtain the evident form of A,;. By Proposition 4.9, the element g =
B(to)(aulto)) ! is equal to {&lel:Blo)) 4 ;lalto) SCG)l - Hepce the matrix A, has the

Q(a(to)) Q(a(to))
form (5). Since g € S(H*), we have det(A;) = 1 by Theorem 3.5. O

Remark 4.11. Assume that T be a set such that it has at least two elements. By

Theorem 2, the system

(7) {Z[Q(a(t))], (alto), a(t)) , [a(to) ()]}

is a complete system of O (1, 1)-invariant functions on the set of all T-objects a(t)
such that Z[Q(a(t))] # T, and to € T\ Z[Q(a(t))].

Now let us find a complete system of relations between elements of this complete

system.

Theorem 4.12. Let (7) be the complete system of OF (1, 1)-invariants of a T-object
a(t) in M. Here a T-object a(t) has following properties:

(1.1) Z[Q(«(t))] be a subset of T such that Z[Q(a(t))] # T,

(1.2) to € T\ Z[Q(a(t))],

(1.3) {a(to), a(to)) # 0 and [a(to) a(ts)] =0 .

Assume that:

(2.1) U is a subset of T such that U # T,
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(22) to ET\U,
(2.3) r be a real number such that r # 0,

(2.4) a(t) = (a1(t), az2(t)) be a mapping a : T — M such that following two prop-

erties hold:
(2.4.1) a2(t) = a3(t) Vt€ U
(2.4.2) a1(to) =7 and az(to) =0 forto € T\ U .
Then there exists a T-object a(t) in M such that following equalities hold:
(3.1) Z[Q(a(t))] =1,
(3.2) {a(ty),a(t)) =ay1(t),Vt €T,
(3.3) [a(to) a(t)] = az(t),Vt € T.

Proof. (1.1)-(1.3). Assume that «(t) is a T-object in M such that Z[Q(«(t))] # T
and tg € T \ Z[Q(«(t))]. Then properties (1.1)-(1.4) are obvious.

(3.1) — (3.3). We choose a T-object «(t) as follows. Put a(to) = (4/r,0). Then
we obtain (a(tp), a(tg)) = r. Hence {a(to), a(ty)) = a1(ty) = r. We choose «a(t) on
the set U as follows: We put a(t) = (a1(t), az(t)) such that a?(t) = a3(t) Vt € U.
This equality implies («(t), a(t)) = a(t) = 0,Vt € U.

For fixed ¢t € T, we consider a(t) and «(t) as elements of the algebra H of
hyperbolic numbers: a(t) = ai(t) + jaz(t), a(t) = ai(t) + jas(t). We put a(t) =
%,Vt € T\(UU{to}). For a(te) = (r,0) # 0, (a(ty)) ! exists. Then the equal-
ities a(t) = %,Vt €T\ (UU{to}) imply equalities (a(tg)) ta(t) = ag),Vt €
T\ (U U {to}). By Proposition 9, (a(to)) "ta(t) = {55kt 4 jlotraldl v e 7.
The equality Q(a(to)) = {(a(to),a(ty)) = 72, the last two systems of equalities
(a(to);a(t» +Z~[a(tola(t)] —

and equalities (a(t),a(t)) = 0,Vt € U imply equalities
) vt € T. These equalities imply Z[Q(a(t))] = U, (a(to),a(t)) = ai(t),Vt € T
and [a(to) a(t)] = aa(t), Vt € T. The statements (3.1)-(3.3) are proved. O
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5. COMPLETE SYSTEMS OF (G-INVARIANTS OF A T-OBJECT IN M FOR THE
GROUP G = 0(1,1)

By Proposition 3.4 the following equality holds:
O(1,1) = O (1,1) U{CA | C € O (1,1)}, where CA is the multiplication of ma-
trices C' and A. For shortness, denote the set
{CA|CeO*(1,1)} by OT(1,1) - A. We note that O*(1,1)NO*(1,1) - A =.
Let a(t) and S(t) be T-objects in M. Assume that «(t) oLy B(t). Then there
exists F € O(1,1) such that 8(¢t) = Fa(t),Vt € T. Denote by Eq(a(t), 8(t)) the set
of all F' € O(1,1) such that §(t) = Fa(t),vt € T.

Proposition 5.1. Let «(t) and (t) be T-objects in M such that o(t) o B(t).
Then there exist only following three possibilities for the set Eq(a(t), B(t)):

(I) Eq(a(t),B(t)) has only one element. In the case, Eq(a(t),5(t)) = {F},
where F € O (1,1).

(IT) Eq(a(t),B(t)) has only one element. In the case, Eq(a(t),5(t)) = {F},
where F € OT(1,1) - A.

(II1) Eq(a(t),B(t)) has only two elements. In the case, Eq(a(t), (t)) = {F1, Fa},
where Fy € OT(1,1), F, € OT(1,1) - A.

Proof. Assume that «(t) oY B(t). Then there exists F € O(1,1) such that

F € Eq(a(t),B(t)). Since F € O(1,1) and F € O(1,1), then F € O%(1,1) or
FeO™(1,1)-A.

(I) Let F € Eq(a(t),B(t)), where F € O7(1,1). By Theorem 4.10, in this
case there exists a single F' € O7(1,1) such that following equalities 3(t) =
Fa(t),Vt € T, hold. Hence, the set Eq(a(t), 5(t)) has a single element of
O7%(1,1). Assume that the set Eq(a(t), 3(t)) has not elements of O (1,1) -
A. Then, the set Eq(a(t), 8(t)) has only a single element F' € O(1,1) such
that F € O1(1,1).

(II) Let F € Eq(a(t),B(t)), where F € O*(1,1) - A. Then following equality
B(t) = Fa(t),Vt € T holds. Since F € {CA|C € O*(1,1)}, there exists
C € O*(1,1) such that F = CA. Then we have following equality 8(t) =
CAa(t),Vt € T. By Theorem 4.10, there exists a single C € O*(1,1)
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such that following equalities 5(t) = CAa«(t),Vt € T, hold. Hence, the set
Eq(a(t),B(t)) has a single element of O (1,1) - A. Assume that the set
Eq(a(t),5(t)) has not elements of O (1,1). Then, the set Eq(a(t),(t))
has a single element of O7(1,1) - A such that Eq(a(t), 3(t)) = {F}, where
FeoOt(1,1)-A.

(ITI) Let Eq(a(t),B(t)) be such that for F; € OT(1,1) and F, € OF(1,1) - A
following equalities hold: B(t) = Fia(t),Vt € T, and B(t) = Faa(t) =
CAa(t),Vt € T, where C € O (1,1). By Theorem 4.10, there exists a single
Fy, € O7(1,1) such that following equalities 3(t) = Fia(t),Vt € T, hold.
Hence, the set Fq(a(t), 5(t)) has a single element of O (1,1). By Theorem
4.10, there exists a single element F5 € O%(1,1) - A such that following
equalities 8(t) = Fra(t) = CA«(t),Vt € T hold, where C € O*(1,1).
Then, the set Eq(a(t),3(t)) have only two elements, where these are a
single element of O"(1,1) and a single element of O (1,1) - A.

O

Theorem 5.2. Let a(t) be a T-object in M such that Z[Q(a(t))] # T and to €
T\ Z[Q(a(t))]-
(i) Suppose that a T-object B(t) in M such that the following equalities 3(t) =

CAa(t),Vt € T, hold for some C € OT(1,1). Then following equalities
hold:

Z[Q(a()] = Z[Q(5(1))]
(®) {a(to), a(t)) = (B(t0), B(1))
= la(to)a(t)] = [B(to) B1)]

forallt € T\ Z[Q(«(t))].

(i1) Conversely, assume that a T-object 5(t) in M such that the equalities (8)
hold. Then there exists a single matric U € OT(1,1) such that B(t) =
UAa«(t),Vt € T. In this case, U has the following form

(Aa(to),B(to))  [Aa(to) B(to)]
(9) U= ( (a(to),a(to)) (a(to),a(to)) ) ,

[Aa(te) B(to)]  {Aa(to),B(to))
(a(to),a(to)) {a(to),a(to))

where det(U) = 1.
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Proof. Suppose that a T-object B(t) in M such that the following equalities 3(t) =
CAa(t),Vt € T hold for some C' € OT(1,1). This means T-objects Aa(t) and S(t)
are OT (1, 1)-equivalent. Then, by Theorem 4.10, we obtain following equalities:

Z1Q(Aa(t))] = Z[Q(B(1))]
(10) (Aafto), Aa(t)) = (B(to), 5(t))
[Aa(to) Aa(t)] = [B(to) B(1)],
for allt € T\ Z[Q(«(t))]. These equalities and equalities Z[Q(Aa(t))] = Z[Q(a(t))],
(Aa(ty), Aa(t)) = {(alty),a(t)), [Aalty) Aa(t)] = — |alto) a(t)] imply equalities
(8).

Conversely, assume that a T-object 8(t) in M such that the equalities (8) hold.
Then equalities (8) and equalities Z[Q(Aa(t))] = Z[Q(«a(t))], (Aa(ts), Aa(t)) =
(a(to), a(t)), [Aa(ty) Aa(t)] = — [alty) a(t)] imply equalities (10). By Theorem
4.10, equalities (10) imply an existence U € O (1,1) such that following equalities
B(t) = UAa(t),Vt € T, hold. By Theorem 4.10, the matrix U has the form (9). O

Remark 5.3. Assume that T be a set such that it has at least two elements. By
Theorem 5.2, the system {Z[Q(a(t))], (a(to), a(t)) , [Aa(to) Aca(t)]} is a complete
system of OV (1,1)-invariant functions on the set of all T-objects Aa(t) such that
ZIQ(a(t)] # T, and tg € T\ Z[Q(«a(t))]. Complete systems of relations between

elements of this system as in Theorem 4.12.

Theorem 5.4. Let a(t) and 5(t) be T-objects in M. Assume that Z[Q(«(t))] # T
and tg € T\ Z[Q(«(t))].

(i) Suppose that matrices Fy, Fy € OT(1,1) exist such that 3(t) = Fia(t),Vt €
T, and B(t) = FoAa(t),Yt € T. Then following equalities hold:

Z[Q(a(t))] = Z[Q(B(2))
(11) (a (tO)va(t» = <5(t0)»5 t))
rank(a(t)) = rank(B(t)) = 1.
forallt € T\ Z[Q(«(t))].
(i) Conversely, assume that the equalities (11) hold. Then only two matrices
C1,Cy € OF(1,1) exist such that following equalities 3(t) = Cra(t),Vt € T,
B(t) = CaAa(t),Vt € T, hold. Here the matrices C1 and Cy have the

—~



(12)

(13)

Proof.

(15)

(16)
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following forms:

(a(to),B(to))  [e(to) B(to)]
Cy = (a(to),a(to))  (a(to),a(to))
[a(to) B(to)]  (e(to),B(t0))
(a(to),a(to))  (alto),a(to))

and

[Aa(to) B(to)]  (Aa(to).B(to))
(a(to),a(to)) (a(to),a(to))

where det(C1) = det(Cy) = 1, respectively.

(Aa(to),B(to))  [Aa(to) B(to)]
Cy = ( (a(to),a(to)) (a(to),(to)) ) ,

(i) Suppose that there exist C; € O"(1,1) such that 8(t) = Cra(t),Vt €
T. Then, by Theorem 4.10, the following equalities hold:

Z[Q(a(t)) = Z[Q(B(1))]
(a(to), a(t)) = (B(to), B(¢))
[a(to)a(t)] = [B(to) B(H)],

for all t € T'\ Z[Q(«(t))]. Suppose that there exist Co € O (1, 1) such that
B(t) = C2Aa(t),vt € T. Then, by Theorem 5.2, the following equalities
hold:

{ Z[Qa(1)] = Z[Q(A(1))]
(a(to), a(t)) = (B(to), B(1)),
for all t € T\ Z[Q(a(t))]. (14) implies the following equalities:
[alto)a(t)] = [B(to) B(1)],VE € T\ Z[Q(a(t))].
(15) implies the following equalities:
[a(to)a(t)] = = [B(to) B(1)], ¥t € T\ Z[Q(a(t))].

Equalities (17) and (18) imply following equalities:

[6(t0) B(1)] = = [B(to) B(1)],VE € T\ Z[Q(a(t))].



264

DRS REN, DJAVVAT.KHADJIEV, MER PEKEN, GAYRAT BESHIMOV
These equalities imply following equalities:
[B(t0) ()] = 0, € T\ Z[Q((t))]-
These equalities and the equalities (17) imply following equalities
[alto)a(t)] = 0,V € T'\ Z[Q(a(1))]-

The equalities (21) imply that there exists a real function a(¢) on T such
that a(t) = 0 for all t € Z[Q(«(t))] and a(t) # 0 for all t € T'\ Z[Q(«(t))].
In this case,a(t) = a(t)a(ty),Vt € T hold.

Similarly, equalities (20) imply that there exists a real function b(t) on
T such that b(t) = 0 for all t € Z[Q(«a(t))] and b(t) # 0 for all t € T\
Z[Q(a(t))]. In this case, B(t) = b(t)B(ty),Vt € T hold. Then, the above
equalities a(t) = a(t)a(ty),Vt € T and B(t) = b(t)B(to),Vt € T imply the
equality rank(a(t)) = rank(B(t)) = 1 in the equalities (11) This equality
and the equalities (14) imply the equalities (11) .

Conversely, assume that the equalities (11) hold. Then the equality
rank(a(t)) = 1in (11) implies an existence of a real function a(t) on T such
that a(t) =0 for all t € Z[Q(«(¢))] and a(t) # 0 for all ¢t € T'\ Z[Q(«(?))].
In this case, a(t) = a(t)a(ty) for all t € T'.

Similarly, the equality rank(8(t)) = 1 in (11) implies an existence of a
real function b(¢) on T such that b(t) = 0 for all t € Z[Q(«(t))] and b(¢t) # 0
for all t € T\ Z[Q(«(t))]. In this case, S(t) = b(t)B(to),Vt € T

The equalities Z[Q(a(t))] = ZIQ(8(2))] and {a(to), a(t)) = (B(to), B(t)), ¥t €
T\ Z[Q(«(t))] imply following equality a(t) = b(t),Vt € T. Hence we obtain
following equalities a(t) = a(t)a(to),Vt € T and S(t) = a(t)B(to),Vt € T.

Since tg € T\Z[Q(«(t))], we have a(ty) # 0. By the equality Z[Q(a(t))] =
Z[Q(B(t))], we obtain S(tg) # 0. By Theorem 5.2 in [8], only two matri-
ces C1 € OF(1,1) and Cy € OF(1,1) exist such that 8(tg) = Cra(ty) and
B(to) = CoAaf(ty). By Theorem 5.1 in [8], Cy has the form (12) and Cs has
the form (13).

The above equalities 5(t) = a(t)B(to),Vt € T, B(to) = Crafto), B(to) =
CyAa(tp) imply following equalities: S(t) = Chraf(t),Vt € T and B(t) =
CrAaf(t),

VteT.



GLOBAL INVARIANTS OF ... — JDSGT VOL. 20, NUMBER 2 (2022) 265

O

Remark 5.5. Assume that T be a set such that it has at least two elements.
By Theorem 5.4, the system {Z[Q(«a(t))], (a(to), a(t)), rank(a(t))} is a complete
system of OT(1,1)-invariant functions on the set of all T-objects a(t) such that
Z[Q(a(t)] # T, rank(a(t)) =1 and to € T\ Z[Q(«(t))]. Complete systems of

relations between elements of this system follows easy from Theorem 4.12.

Corollary 5.5.1. Let a(t) and 8 be a T-objects in M such that Z[Q(«(t))] #
T,Z[Q(5(t))]) #T. Assume that Fy € O(1,1) and F» € O(1,1) such that:

(1) F1 7& F27
(2) B(t) = Fia(t),Vt € T,

(3) B(t) = Fha(t),Vt € T.
Then rank(a(t)) = rank(B(t)) = 1.

Conversely, assume that o(t) oy B(t),Vt € T and rank(a(t)) = rank(B(t)) =
1. Then there exist only two matrices Fy € O(1,1) and Fy € O(1,1) satisfying

above the conditions (1),(2) and (3).
Proof. Tt follows from Theorem 5.4. O

Corollary 5.5.2. Let a(t) and § be a T-objects in M such that Z[Q(a(t))] # T,
Z[Q(B(t))] # T. Assume that there exists a single matriz F € O(1,1) such that
B(t) = Fa(t),Vt € T. Then rank(a(t)) = rank(8(t)) = 2.

Conversely, assume that «(t) oL B(t),vt € T, and rank(a(t)) = rank(B(t)) =

2. Then there exists a single matriz F € O(1,1) such that B(t) = Fa(t),Vt € T.

Proof. 1t follows from Corollary 5.5.1. O

6. COMPLETE SYSTEMS OF INVARIANTS OF A T-OBJECT IN M FOR THE GROUP
MO*(1,1)
Let G = O(1,1) or G = O"(1,1). Denote by G x Tr(2) the group of all transfor-

mations of M generated by elements of G and all translations of M. In particularly,
MO(1,1) =0(1,1) x Tr(2) and MO™(1,1) = O7(1,1) x Tr(2).
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Assume that the set T has only one element. Let «(t) and §(t) be T-objects.
Then they are Tr(2)-equivalent. Hence they are G x Tr(2)-equivalent. Below we

assume that T has at last two elements.

Proposition 6.1. Let G = O(1,1) or G = 07 (1,1) and T be a set such that it has

at last two elements.

(1) Assume that a(t) o B(t),Vt € T and to is an arbitrary fived element

of T. Then (a(t) — alte)) < (B(t) — Blto)), ¥t € T.

(2) Assume that (a(t)—a(to)) g (B(t)—PB(to)),Yt € T, for some element ty € T.
Then a(t) X (), vt e T.

Proof. = Assume that «(t) ax e B(t),Vt € T. Then there exists F € G and a €

M such that §(t) = Fa(t) + a,Vt € T. In particularly, for t = o, we have 5(t9) =
Fa(tg) + a. This equality implies a = S(tg) — Fa(tp). This equality and equalities
B(t) = Fa(t) + a,Vt € T imply equalities 3(t) = Fa(t) + S(to) — Fa(ty),Vt € T.
These equalities imply equalities 5(t) — B(tg) = F(a(t) — alty)),Vt € T, that is
(a(t) — alta)) < (B(t) — Blto)), vt € T.

< Assume that (a(t) — a(to)) < (B(t) — B(to)),Vt € T. Then there exists F € G
such that B(t) — B(to) = F(a(t) — alty)),Vt € T. Put a = B(tg) — Fa(tyg). This
equality implies 8(t9) = Fa(tg)+a. The equality a = S(tg) — Fa(to), B(t) —B(te) =
F(a(t)—a(to)), vt € T and B(ty) = Fa(to)+a imply equalities 5(t) = Fa(t)+a,Vt €
T. Hence «(t) G Bt),YteT. O

Proposition 6.2. Let G = O7(1,1) or G = O(1,1). Assume that a(t) and B(t)
are T-objects such that a(t) @ B(t) and tg € T. Then Z[Q(a(t) — a(ty))] =
Z1Q(B(t) — B(to))]-

Proof. This statement follows from Propositions 4.8 and 6.1 ]

Theorem 6.3. Let a(t) be a T-object in M and to € T such that Z[Q(a(t) —
a(to))] #T and t1 € T\ Z[Q(a(t) — alto))] be fived.
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+ ks
(i) Suppose that a T-object B(t) in M such that a(t) OTXTr(2)

Then following equalities hold:

B(t),vteT.

Z[Q(a(t) — alty))] = Z[Q(B(t) — B(t0))]
(22) {a(t1) = ato), a(t) — a(to)) = (B(t1) = B(to), B(t) — B(to))
[(a(t1) = alto)) (a(t) — a(to))] = [(B(t1) — B(t)) (B(E) — B(to)],

forallt € T\ Z(a(t) — alto)).

(73) Conversely, assume that a T-object 5(t) in M such that the equalities (22)
hold. Then there exists only element F € MO™(1,1) such that B(t) =
Fa(t),Vt € T. The evident form of F as follows:Fa(t) = Ca(t)+a,Vt € T,
where C € O%(1,1), a € M. Here evident form of C as follows

st

_ a(ty)—a(ty),x(t1)—al(t

(23) C= < [(ox(ia)—ar(to)) (B(t1)—B(to)]
(a(tr)—a(to),a(tr)—a(to))

[(o
[
( a(to), B(t1)—B(to))
( a(to),a(t)—a(to))

t1)—a(to)) (B(t1)—B(to))]
tl)) a(to),a(tr)—a(to))) >’
t1)—

QQ

where det(C) = 1.
The element a has the form such that a = B(tg) — Ca(ty).

Proof. 1t follows from Theorem 4.10 and Proposition 6.1. (]

Remark 6.4. Let tg € T. By Theorem 6.3, the system

[Z1Q(a(t) — alto))], (a(tr) — alte), a(t) — alto)), [(a(ts) — alt)) (alt) — alto))]}
is a complete system of MO™(1,1)-invariant functions on the set of all T-objects
a(t) in M such that Z[Q(a(t) — a(ty))] # T, where t; € T\ Z[Q(a(t) — a(ty))] be
fizxed. A complete system of relations between elements of this complete system as
in Theorem 4.12.

7. COMPLETE SYSTEMS OF INVARIANTS OF A T-OBJECT IN M FOR THE GROUP
MO(1,1)

Let a(t) and B(t) be T-objects in M. Assume that a(t) and ¢ € T such that
Z[Q(a(t) — a(ty))] # T. Then, by Proposition 6.1, a(t) """ 4(1) if and only if
o (B(t) — B(to),Vt € T. In this case, by Proposition 5.1, there

(aft) — alto))

exist only three following possibilities for the set Eq(a(t) — a(to), 8(t) — B(to)):

1

A

(I) Eq(a(t)—alty), B(t) — B(to)) has only one element. In this case, Eq(a(t) —
alto), B(t) — B(to)) = {F}, where F € OT(1,1).
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(IT) Eq(a(t) —alty), B(t) — B(to)) has only one element. In this case, Eq(a(t) —
alty), B(t) — B(te)) = {F}, where F € O (1,1) - A.
(II1) Eq(a(t)—alte), B(t)—B(to)) has only two elements. In this case, Eq(a(t) —
alty), B(t) — B(to)) = {F1, Fa}, where F} € O1(1,1), F, € OT(1,1) - A.
A description of the set Fq(a(t) — a(to), B(t) — B(tp)) and a complete
system of invariants of a T-object in M in the case (I) are given in Section
9.

Consider the case (I7). This case is introduced in the following theorem.

Theorem 7.1. Let a(t) be a T-object in M such that Z|Q(a(t) — a(to))] # T for
some tg €T and t; € T\ Z[Q(a(t) — a(to))] be fixed.
(i) Suppose that a T-object 3(t) such that the following equalities 5(t) = HAa(t)+
a,¥t € T, hold for some C € O%(1,1) and some a € M. Then following
equalities hold:

)
(24) (a(t1) — alto), a(t) — a(te)) = (B(t1) — B(to), B(t) — B(t0))

forallt € T\ Z(a(t) — alty))-

(17) Conversely, assume that a T-object B(t) in M such that the equalities (24)
hold. Then a single matriz U € O7(1,1) and a single a € M exist such
that B(t) = UA«(t) + a,Vt € T. In this case, U has following form

( (Ala(tr)—a(to)),(B(t)=B(te)))  [Ala(t)—alte)) (B(t)—B(to))] )

((a(ti)—a(to)),(a(tr)—a(to))) ((a(t1)—a(to)),(a(tr) —a(to)))
[Ala(t)=alto)) (Bt)=B(to))]  {Ala(ti)=a(te)),(B(t1)=B(te)))
((a(ti)—a(to)),(a(tr)—alto))) ((a(ti)—a(to)),(a(tr)—alto)))
where det(U) = 1.

The element a has the form such that a = B(to) — UAa(to).

(25) U =

Proof. Tt follows easy from Proposition 6.1 and Theorem 5.2. O

Corollary 7.1.1. Let a(t) and S(t) be T-objects in M. Assume that a(t) and
to € T are such that Z[Q(a(t) — a(to))] # T. Assume that Fy € O1(1,1), a; € M,
F, € 0t (1,1), a, € M such that:
1) B(t) = FAAa(t) + aq,Vt € T,
2)B(t) = FiAa(t) + as, ¥t € T.

Then F1 = F5, and a1 = as.
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Proof. Tt follows easy from Theorem 7.1. O
Consider the case (IIT). This case is given in the following corollary.

Corollary 7.1.2. Let «a(t) and [(t) be T-objects in M. Assume that a(t) and
to € T are such that Z[Q(a(t) — a(ty))] # T. Assume that Fy € O(1,1), a1 € M,
F, € O(1,1), as such that:
1) Fy # Fy,
2)B(t) = Fra(t) + a1,Vt € T,
3)B(t) = Foa(t) + a2, Vi € T.

Then F1 € OF(1,1), F, € OY(1,1) - A or F, € OF(1,1), F; € OT(1,1) - A.

Proof. Tt follows easy from Theorems 4.10 and 5.2. O

Theorem 7.2. Let a(t) be a T-object in M such that Z|Q(a(t) — a(to))] # T for
sometyg €T and ty € T\ Z[Q(a(t) — alty))] be fized.

(i) Suppose that matrices Fy, Fo € O%(1,1) and vectors ay,as € M exist such
that B(t) = Fra(t) + a1,Vt € T and (t) = FoAa(t) + az,Vt € T. Then
following equalities hold:

ZQ(a(t) — afto))] = Z[Q(A(t) — B(to))]
(26) (a(t) — a(to), a(t) — alte)) = (B(t1) — B(to), B(t) — B(to))
rank(a(t) — a(ty)) = rank(8(t) — B(ty)) = 1.
forallt € T\ Z(a(t) — alto)).
(79) Conversely, assume that the equalities (26) hold. Then only two matrices
C1,Cs € OF(1,1) and only two vectors ay,as € M exist such that following
equalities B(t) = Cra(t)+a1,Vt € T and S(t) = CoAa(t)+aq, Vt € T, hold.

Here the matrices C, and Cy have following forms:

(a(tr)—a(to), a(ti)—a(to))  (a(ti)—a(to), a(ti)—a(to))
[a(t1)—a(to) B(t1)—F(to)] (a(t1)—a(to), B(t1)—B(to))
(a(ti)—a(to), a(ti)—a(to))  (a(ti)—alto), a(ti)—a(to))

(a(ti)—a(to), B(t1)=B(to)) [a(t)—a(to) B(t1)—B(to)]
(27) Cl = )

and

(Aa(ti)—Aa(to), B(t1)=B(to))  [Aa(ti)—Aa(to) B(t1)—B(to)]
(28) Cy = (a(ti)—a(to),a(ti)—a(to)) (a(ti)—a(to),a(t)—a(to))
2 [Aa(ti)—Aa(to) B(t1)—B(to)] (Aa(ti)—Aa(to), B(t1)—B(to)) ’
(a(tr)—a(to),a(t1)—a(to)) (a(tr)—a(to),a(t1)—a(to))
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where det(Ch) = det(Cy) = 1., respectively.
Vectors a1 and as have the forms ay = B(to) — Cra(to) and ag = B(to) —
Cya(ty), respectively.

Proof. Tt follows easy from Proposition 6.1 and Theorem 5.4. O

8. CONCLUSION

This paper propose a global approach for the complete systems of invariants of
a T-object and the solutions of the equivalence problem between two T-objects in
respect to the two dimensional Minkowski space. The main contributions of the
approach are delivered as follows:

1. It achieves the solution of the equivalence problem between two m-point
systems, two paths or two vector fields in terms of their global invariants and they
are investigated as a single concept.

2. For given two objects with the global invariants, this approach finds the
transformation between two T-objects, and this transformation maps one into the
other in terms of their common global invariants.

The results of this paper may be useful in many areas of pure and applied math-
ematics, physic, mechanics, image processing, computer vision theory, etc.

In classical mechanics, the global invariants of paths under similarity transforma-
tions in the two dimensional Euclidean space and their applications to theoretical
Newtonian mechanics are given in [21]. In pattern recognition, for given two paths
are related by means of an orthogonal transformation, we find the transformation
between two paths, and the transformation transform one into the other in terms
of their common global invariants of two paths. For this, in [19], we use examples
in [31]. In areas such as image processing and point set registration plays an im-
portant role. In the identification problems of two m-point systems or two paths,
important results are obtained(see [5, 7, 26, 28, 29, 31, 32, 34, 36] and references
therein). Therefore, we consider that the results obtained in this paper can also be

useful for similar application problems in two dimensional Minkowski space.
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