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1. Introduction

For a system consisting of points, paths and surfaces, finding the complete system

of invariants is one of the fundamental problems in the invariant theory and it

has many applications in computational geometry, computer vision theory, image

processing, etc. The goal of the applications such as robot motions, point set

registrations, pattern recognition, etc. is the automatic identification of objects.

(see some references [26, 28, 29, 30, 31, 32, 33, 34, 35, 36] and references therein).

For the identification, it is necessary to find the corresponding relationship between

two m-point systems, two paths or two surfaces and obtain the transformation

which transforming one into the other. This problem is known in the mathematics

literature as the equivalence problem of two m-points, two curves and two surfaces.

Up to now, the complete systems of invariants are investigated separately for

m-point and separately for paths in two dimensional Euclidean, pseudo-Euclidean,

projective spaces, etc.

From the points of view of a general theory of m-point invariants, for example,

a generator system of points (or vectors) is given for the orthogonal group in n-

dimensional Euclidean space and similar problem for the Lorentz group is suggested

as a problem in [25].

Later on Berger proved that the orbit of m vectors for the orthogonal groups

in the Euclidean space is characterized by distances between m-vectors. Moreover,

a complete system of relations between the elements of this complete system of

invariants is given in [1]. The orbit of m vectors for the orthogonal groups in the

Euclidean and pseudo-Euclidean spaces is characterized by their Gram matrices and

an additional subspace in [2]. Invariants of m-points for the orthogonal group in the

Lorentz space are given in [3]. In [4], using the methods of invariant theory, gener-

ating systems of invariants of m-point for all the fundamental groups in Lorentzian

geometry are obtained.

Invariants of m-point and equivalence problems for two m-points are also inves-

tigated (see some references [5, 6, 7, 11, 12, 13, 37]).

Meanwhile, there are two main methods to study the theory of curves. The first of

them is the method of Frenet-Serret. It provides the curvature functions of a curve.

But the curvatures give only conditions of local equivalences of curves. Besides,
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the local equivalences can be investigated only for the group of rigid motions (For

detailed informations, see [8, 10, 14, 15, 16, 17] and references therein).

The other method is a global approach to the theory of curves by using invariant

theory. Using this method, the conditions of equivalence for two curves are obtained

not only for this rigid motions but for all fundamental groups in the Euclidean,

pseudo-Euclidean, similarity, affine spaces, etc.(see [14, 16, 17, 19, 20, 21, 22, 23,

24]).

So we address the problem from a perspective that differ in two ways and we

consider the identification problem of two objects under pseudo-Euclidean transfor-

mations as a purely mathematical question.

In this paper, firstly, ”the concept of T-object” is defined similarly to definition

in [10]. By this concept, complete systems of m-point and curves are given as

a single theory. Moreover, this approach will obtain the Lorentz transformation

which transform one into the other.

Moreover, since the concept of a T-object allows us to cover a very wide class

of geometry(a T-object can be a system consisting of points, paths, and surfaces),

the complete system of invariants of a T-object are investigated as globally for

Euclidean, pseudo-Euclidean spaces, etc.

The concept is following:

Let T be a set such that it has at least two elements. LetM be two dimensional

Minkowski space. Denote by Ω(T,M) the set of all mappings of the set T to M.

An element of Ω(T,M) will be called a T -object in the space M.

For example, let N be the set of all natural numbers and m ∈ N,m ≥ 1. Put

T = {j ∈ N | 1 ≤ j ≤ m}.
Then, a mapping α : T →M will be called an m-tuple in M. Denote it in the

following form α = (α1, α2, . . . αm). Clearly, if T is a finite set with m elements,

then a T-object is called m-tuple ( m-point or m vectors).

For second example, let T is an interval (a, b) of R. Then a T-object is called a

T-path. A some class of T-paths is called a curve.

For third example, let T is an open subset of M. Then a T- object is called a

vector field in M.

These examples show that the paper defines a very broad concept of T-object.

It contains all the currently known concepts of geometric objects and shapes (see



252 DRS REN, DJAVVAT.KHADJIEV, MER PEKEN, GAYRAT BESHIMOV

some references [8], [18] and [39]). Moreover it contains T-objects, which have not

been defined until now.

The structure of the paper is the following. Some known results on the linear

representation of the algebra of hyperbolic numbers in two-dimensional Minkowski

space are introduced in Section 2. Evident forms of elements of pseudo-orthogonal

groups SO(1, 1) and O(1, 1) are given in Section 3. In Section 4, a complete systems

of G-invariants of a T-object in M for the group G = O+(1, 1) and a complete

system of relations between elements of the obtained complete system of invariants

are given. In the other sections, similar problems in Section 4 are investigated for

the groups O(1, 1),MO+(1, 1),MO(1, 1).

2. Some properties of a linear representation of the algebra of

hyperbolic numbers in two-dimensional real space

Results of this section are known (see [8]).

Denote algebra of hyperbolic numbers by H. Let h = h1 + jh2 ∈ H. Denote by

Λh the matrix of the form

(
h1 h2

h2 h1

)
. Denote by Λ(H) the set {Λh|h ∈ H}. We

consider on the set Λ(H) following matrix operations: the component-wise addition

and the multiplication of matrices. Then Λ(H) is an algebra with respect to these

operations. In it the unit element is the unit matrix.

Proposition 2.1. The mapping Λ : H → Λ(H), where Λ : h → Λh,∀h ∈ H, is an

isomorphism of algebras H and Λ(H).

Proof. It is obvious. �

Let a = a1 + ja2, b = b1 + jb2 ∈ H. Put 〈a, b〉 = a1b1 − a2b2. Then 〈a, b〉 is a

bilinear form on R2 and 〈a, a〉 = a2
1−a2

2 is a quadratic form on R2. For convenience,

we denote by Q(a) the quadratic form 〈a, a〉.
The following propositions are known.

Proposition 2.2. The following equalities Q(x) = det(Λx) and Q(xy) = Q(x)Q(y)

hold for all x = x1 + jx2, y = y1 + jy2 ∈ H.

For x = x1 + jx2 ∈ H, we set ∆(x) = x = x1 − jx2.
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Proposition 2.3. The mapping x → x is an involution of the algebra H and the

following equalities x + x = 2x1, 〈x, x〉 = xx = xx = x2
1 − x2

2, Q(x) = Q(∆(x)) =

Q(x) hold for all x = x1 + jx2 ∈ H.

Proposition 2.4. Let x ∈ H. Then the element x−1 exists if and only if Q(x) 6= 0.

In the case Q(x) 6= 0, the equalities x−1 = x
Q(x) = ∆(x)

Q(x) and Q(x−1) = 1
Q(x) hold.

Put H∗ = {x ∈ H | Q(x) 6= 0}. H∗ is a group with respect to the multiplication

operation in the algebra H. Denote by Λ(H∗) the set of all matrices Λa, where

a ∈ H∗. Since a ∈ H∗, we have Q(a) = a2
1 − a2

2 6= 0 and Q(a) = det(Λa) 6= 0.

Consider elements a = a1 + ja2 ∈ H∗ and x = x1 + jx2 ∈ H as column vectors

a =

(
a1

a2

)
, x =

(
x1

x2

)
. Then the equality ax = (a1 + ja2)(x1 + jx2) =

(a1x1 + a2x2) + j(a1x2 + a2x1) has the following form

ax =

(
a1x1 + a2x2

a1x2 + a2x1

)
=

(
a1 a2

a2 a1

)(
x1

x2

)
= Λax,(1)

where Λax is the multiplication of matrices Λa and x. Hence Λa ∈ Λ(H∗) and the

mapping Λ : H∗ → Λ(H∗), where Λ(a) = Λa, is a linear representation of the group

H∗ in R2. Λ(H∗) is a group with respect to the multiplication of matrices.

Put S(H∗) = {x ∈ H | Q(x) = 1}. It is a subgroup of the group H∗. Λ(S(H∗))
is a subgroup of the group Λ(H∗) and the mapping Λ : S(H∗) → Λ(H∗), where

Λ(a) = Λa, is a linear representation of the group S(H∗) in R2.

3. Fundamental groups of transformations of the 2-dimensional

Minkowski space

Let M be two-dimensional Minkowski space with the Lorentz scalar product

〈a, b〉 = a1b1 − a2b2, where a = (a1, a2), b = (b1, b2) ∈ R2.

Definition 3.1. A mapping F :M→M is called pseudo-orthogonal if 〈Fx, Fy〉 =

〈x, y〉 for all x, y ∈M.

Denote the set of all pseudo-orthogonal transformations of M by O(1, 1).

The following propositions are well known.

Proposition 3.2. ([8, Proposition 3.4]) Every pseudo-orthogonal transformation

of M is linear.
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Proposition 3.3. O(1, 1) is a group with respect to the multiplication operation of

matrices.

Let a = a1 + ja2, b = b1 + jb2 ∈ H. Denote the matrix of the bilinear form

〈a, b〉 = a1b1 − a2b2 by ∆ = ‖δij‖i,j=1,2, where δ11 = 1, δ22 = −1, δ12 = δ21 = 0.

By Proposition 5, we can consider an element of O(1, 1) as a 2 × 2-matrix. Let

C ∈ O(1, 1), where C = ‖cij‖i,j=1,2. Let CT be the transpose matrix of C. It

is known that the equality 〈Cx,Cy〉 = 〈x, y〉 for all x, y ∈ H is equivalent to the

equality

CT∆C = ∆.(2)

This equality implies the following

Proposition 3.4. Let C ∈ O(1, 1). Then det(C) = 1 or det(C) = −1.

We denote by O+(1, 1) the set {C ∈ O(1, 1) : det(C) = 1}. O+(1, 1) is a subgroup

of O(1, 1). O(1, 1) = O+(1, 1) ∪ {C∆ | C ∈ O+(1, 1)}, where C∆ is the multiplica-

tion of matrices C and ∆.

Theorem 3.5. The equality O+(1, 1) = Λ(S(H∗)) holds.

Proof. A proof is given in [8, Theorem 3.7] �

Denote by MO(1, 1) the group of all transformations of M generated by the

group O(1, 1) and all translations of M. Elements of the group MO(1, 1) has the

following form F :M→M, where F (x) = g(x)+a, g ∈ O(1, 1), a ∈M. Denote by

MO+(1, 1) the group of all transformations of M generated by the group O+(1, 1)

and all translations ofM. Elements of the group MO+(1, 1) has the following form

F :M→M, where F (x) = g(x) + a, g ∈ O+(1, 1), a ∈M.

4. Complete systems of G-invariants of a T -object in M for the

group O+(1, 1)

Let T be a set such that it has at least two elements. Denote by Ω(T,M) the set

of all mappings of the set T toM. An element of Ω(T,M) will be called a T -object

in the space M.

Let G be a subgroup of the group MO(1, 1).
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Definition 4.1. Two T -objects α(t) and β(t) in M is called G-equivalent if there

exists g ∈ G such that α(t) = gβ(t),∀t ∈ T . In this case, we also write as follows:

α(t)
G∼ β(t).

Definition 4.2. A subset A ⊆ Ω(T,M) is called G-invariant if g(α(t)) ∈ A,∀α(t) ∈
A,∀g ∈ G.

Definition 4.3. Let A be a G-invariant subset of Ω(T,M) and K be a set such

that it has at least two elements . A function f : A → K is called G-invariant on

A if α ∈ A, β ∈ A and α(t)
G∼ β(t) implies f(α) = f(β).

The set of allG-invariant functions f : A→ K on the setA denote byMap(A,K)G.

Example 4.4. By the definitions of the groups G = O(1, 1), O+(1, 1) we obtain

that the quadratic form Q(x) = 〈x, x〉 and the bilinear form 〈x, y〉 are G-invariant

functions on the set M.

Example 4.5. Denote by [x y] the determinant

∣∣∣∣∣ x1 y1

x2 y2

∣∣∣∣∣ of x =

(
x1

x2

)
, y =(

y1

y2

)
∈M. Using the equality det(g) = 1,∀g ∈ O+(1, 1), we obtain [(gx) (gy)] =

det(g)[x y] = [x y],∀g ∈ O+(1, 1). This means that [x y] is an O+(1, 1)-invariant

function on the set M2.

Example 4.6. By definitions of the groups G = MO(1, 1),MO+(1, 1) we obtain

that function f(x, y) = 〈x− y, x− y〉 is an G-invariant function on the set M2.

Definition 4.7. (see [38, 1.1])Let A be a G-invariant subset of Ω(T,M). A system

{fj |j ∈ J}, where fj ∈Map(A,K)G,∀j ∈ J , will be called a complete system of G-

invariant functions on A if α(t), β(t) ∈ A and equalities fj(α(t)) = fj(β(t)),∀j ∈ J ,

imply α(t)
G∼ β(t).

Denote by θ the vector (0, 0) ∈M.Let α(t) be a T -object. Denote by Z[Q(α(t))]

the set {t ∈ T |Q(α(t)) =< α(t), α(t) >= 0}. Denote by θT (t) the T -object such

that θT (t) = θ,∀t ∈ T . Denote by P (T ) the set of all subsets of the set T .

Proposition 4.8. Let G be a subgroup of O(1, 1). Assume that α(t), β(t) ∈ Ω(T,M)

such that α(t)
G∼ β(t). Then Z[Q(α(t))] = Z[Q(β(t))]. That is the function

Z : Ω(T,M)→ P (T ) is a G-invariant function on Ω(T,M).
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Proof. It is obvious. �

Proposition 4.9. Let H be the algebra of hyperbolic numbers and x, y ∈ H such

that Q(x) 6= 0. Then

(1) The element yx−1 exists, the equality yx−1 = 〈x,y〉
Q(x) +j [x y]

Q(x) and the following

equality hold

Λyx−1 =

( 〈x,y〉
Q(x)

[x y]
Q(x)

[x y]
Q(x)

〈x,y〉
Q(x)

)
.(3)

(2) det(Λyx−1) 6= 0 if and only if Q(y) 6= 0.

Proof. It is given Proposition 4.3 in [8]. �

Now we consider the G-equivalence problem of T -objects for the group O+(1, 1).

Let α(t) and β(t) be T -objects such that α(t) = β(t) = θ = (0, 0),∀t ∈ T . that is

Z[Q(α(t))] = Z[Q(β(t))] = T . Then α(t) = β(t) = θT (t). In this case, it is obvious

that α(t)
G∼ β(t).

Theorem 4.10. Let α(t) be a T -object in M such that Z[Q(α(t))] 6= T and t0 ∈
T \ Z[Q(α(t))].

(i) Suppose that a T -object β(t) inM such that α(t)
O+(1,1)∼ β(t),∀t ∈ T . Then

the following equalities hold:
Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉
[α(t0)α(t)] = [β(t0)β(t)] ,

(4)

for all t ∈ T \ Z[Q(α(t))].

(ii) Conversely, assume that a T -object β(t) in M such that the equalities (4)

hold. Then there exists a single matrix C ∈ O+(1, 1) such that β(t) =

Cα(t),∀t ∈ T . In this case, C has the following form

C =

( 〈α(t0),β(t0)〉
〈α(t0),α(t0)〉

[α(t0) β(t0)]
〈α(t0),α(t0)〉

[α(t0) β(t0)]
〈α(t0),α(t0)〉

〈α(t0),β(t0)〉
〈α(t0),α(t0)〉

)
,(5)

where det(C) = 1.

Proof. Assume that α(t)
O+(1,1)∼ β(t),∀t ∈ T . Then, by Proposition 4.8, Z[Q(α(t))] =

Z[Q(β(t))]. This equality and the inequality Z[Q(α(t))] 6= T imply inequality
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Z[Q(β(t))] 6= T . Since functions 〈α(t0), α(t)〉 and [α(t0)α(t)] are O+(1, 1)-invariant,

the O+(1, 1)-equivalence α(t)
O+(1,1)∼ β(t),∀t ∈ T implies equalities (4).

Conversely, assume that a T -object β(t) inM such that equalities (4) hold. Put

x = α(t0) and y = α(t) in Proposition 4.9. Since t0 ∈ T \ Z[Q(α(t))], we have

< α(t0), α(t0) > 6= 0. Then (α(t0))−1 exists as an element of H. By Proposition 4.9,

we obtain following equality (α(t0))−1α(t) = 〈α(t0),α(t)〉
Q(α(t0)) + j [α(t0)α(t)]

Q(α(t0)) ,∀t ∈ T .

Using the above equality Z[Q(α(t))] = Z[Q(β(t))] and t0 ∈ T \ Z[Q(α(t))], we

obtain that t0 ∈ T \ Z[Q(β(t))]. Put x = β(t0) and y = β(t) in Proposition 4.9.

Since t0 ∈ T \ Z[Q(β(t))], we have < β(t0), β(t0) > 6= 0. Then (β(t0))−1 exists as

an element of H. By Proposition 4.9, we obtain following equality (β(t0))−1β(t) =
〈β(t0),β(t)〉
Q(β(t0)) + j [β(t0) β(t)]

Q(β(t0)) ,∀t ∈ T .

Using equalities (4), equalities (α(t0))−1α(t) = 〈α(t0),α(t)〉
Q(α(t0)) + j [α(t0)α(t)]

Q(α(t0)) ,∀t ∈ T ,

and equalities (β(t0))−1β(t) = 〈β(t0),β(t)〉
Q(β(t0)) + j [β(t0) β(t)]

Q(β(t0)) ,∀t ∈ T , we obtain following

equalities

(α(t0))−1α(t) = (β(t0))−1β(t),∀t ∈ T.(6)

Consider element g = β(t0)(α(t0))−1 ∈ H∗. Since β(t0) = β(t0)((α(t0)−1α(t0)) =

(β(t0)(α(t0))−1)α(t0), we have β(t0) = gα(t0). Using this equality and (1), we

obtain that β(t0) = Λgα(t0). Using the equality 〈α(t0), α(t0)〉 = 〈β(t0), β(t0)〉 in

(4), equalitiesQ(α(t0) = 〈α(t0), α(t0)〉 = 〈β(t0), β(t0)〉 = Q(β(t0)) and Propositions

2.2, 2.4, we obtain det(Λg) = Q(g) = Q(β(t0)(α(t0))−1) = Q(β(t0))Q((α(t0))−1) =

Q(β(t0))Q(α(t0))−1 = 1. Hence g ∈ S(H∗). By Theorem 3.5, Λg ∈ O+(1, 1). By

g = β(t0)(α(t0))−1 and Proposition 5.1, Λg has the form (5) By det(Λg) = 1 and

Proposition 4.9, we obtain the equality det(Λg) = ( 〈α(t0),β(t0)〉
Q(α(t0)) )2−( [α(t0) β(t0)]

Q(α(t0)) )2 = 1.

Consider the element g = β(t0)(α(t0))−1 ∈ H∗.
Since β(t0) = β(t0)((α(t0)−1α(t0)) = (β(t0)(α(t0))−1)α(t0), we have β(t0) = gα(t0).

Using equalities (6), we obtain following equalities:

β(t0)((α(t0))−1α(t)) = β(t0)((β(t0))−1β(t)),∀t ∈ T . These equalities and the above

equality g = β(t0)(α(t0))−1 imply β(t) = (β(t0)(β(t0))−1)β(t) = β(t0)((β(t0)−1β(t)) =

β(t0)(α(t0))−1α(t)) = (β(t0)(α(t0))−1)α(t) = gα(t),∀t ∈ T . Thus we have β(t) =

gα(t),∀t ∈ T , where g = β(t0)(α(t0))−1 ∈ H∗. Then by (1), we obtain that

β(t) = Λgα(t),∀t ∈ T , where Λg ∈ Λ(H∗). As above we obtain that det(Λg) = 1.
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Since det(Λg) = 1, by Theorem 3.5, Λg ∈ O+(1, 1). Hence we obtain α(t)
O+(1,1)∼

β(t),∀t ∈ T .

Prove the uniqueness of C ∈ O+(1, 1) satisfying the conditions β(t) = Cα(t),∀t ∈
T . Assume that D ∈ O+(1, 1) such that β(t) = Dα(t),∀t ∈ T . Then by (1) and

Theorem 3.5, there exists a single b ∈ S(H∗) such that D = Λb. Hence we have

β(t) = Λbα(t),∀t ∈ T . By (1), we obtain β(t) = bα(t),∀t ∈ T . Since Q(α(t0)) 6= 0,

the equality β(t0) = bα(t0) implies that b = β(t0)(α(t0))−1 = g ∈ S(H∗). The

uniqueness of C is proved.

Let us obtain the evident form of Λg. By Proposition 4.9, the element g =

β(t0)(α(t0))−1 is equal to 〈α(t0),β(t0)〉
Q(α(t0)) + j [α(t0) β(t0)]

Q(α(t0)) . Hence the matrix Λg has the

form (5). Since g ∈ S(H∗), we have det(Λg) = 1 by Theorem 3.5. �

Remark 4.11. Assume that T be a set such that it has at least two elements. By

Theorem 2, the system

{Z[Q(α(t))], 〈α(t0), α(t)〉 , [α(t0)α(t)]}(7)

is a complete system of O+(1, 1)-invariant functions on the set of all T -objects α(t)

such that Z[Q(α(t))] 6= T , and t0 ∈ T \ Z[Q(α(t))].

Now let us find a complete system of relations between elements of this complete

system.

Theorem 4.12. Let (7) be the complete system of O+(1, 1)-invariants of a T -object

α(t) in M. Here a T -object α(t) has following properties:

(1.1) Z[Q(α(t))] be a subset of T such that Z[Q(α(t))] 6= T ,

(1.2) t0 ∈ T \ Z[Q(α(t))],

(1.3) 〈α(t0), α(t0)〉 6= 0 and [α(t0)α(t0)] = 0 .

Assume that:

(2.1) U is a subset of T such that U 6= T ,
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(2.2) t0 ∈ T \ U ,

(2.3) r be a real number such that r 6= 0,

(2.4) a(t) = (a1(t), a2(t)) be a mapping a : T →M such that following two prop-

erties hold:

(2.4.1) a2
1(t) = a2

2(t) ∀t ∈ U

(2.4.2) a1(t0) = r and a2(t0) = 0 for t0 ∈ T \ U .

Then there exists a T -object α(t) inM such that following equalities hold:

(3.1) Z[Q(α(t))] = U ,

(3.2) 〈α(t0), α(t)〉 = a1(t),∀t ∈ T ,

(3.3) [α(t0)α(t)] = a2(t),∀t ∈ T .

Proof. (1.1)-(1.3). Assume that α(t) is a T -object in M such that Z[Q(α(t))] 6= T

and t0 ∈ T \ Z[Q(α(t))]. Then properties (1.1)-(1.4) are obvious.

(3.1) − (3.3). We choose a T -object α(t) as follows. Put α(t0) = (
√
r, 0). Then

we obtain 〈α(t0), α(t0)〉 = r. Hence 〈α(t0), α(t0)〉 = a1(t0) = r. We choose α(t) on

the set U as follows: We put α(t) = (a1(t), a2(t)) such that a2
1(t) = a2

2(t) ∀t ∈ U .

This equality implies 〈α(t), α(t)〉 = a(t) = 0,∀t ∈ U .

For fixed t ∈ T , we consider a(t) and α(t) as elements of the algebra H of

hyperbolic numbers: a(t) = a1(t) + ja2(t), α(t) = α1(t) + jα2(t). We put α(t) =
a(t)α(t0)

r2 ,∀t ∈ T \(U∪{t0}). For α(t0) = (r, 0) 6= 0, (α(t0))−1 exists. Then the equal-

ities α(t) = a(t)α(t0)
r2 ,∀t ∈ T \ (U ∪ {t0}) imply equalities (α(t0))−1α(t) = a(t)

r2 ,∀t ∈
T \ (U ∪ {t0}). By Proposition 9, (α(t0))−1α(t) = 〈α(t0),α(t)〉

Q(α(t0)) + i [α(t0)α(t)]
Q(α(t0)) ,∀t ∈ T .

The equality Q(α(t0)) = 〈α(t0), α(t0)〉 = r2, the last two systems of equalities

and equalities 〈α(t), α(t)〉 = 0,∀t ∈ U imply equalities 〈α(t0),α(t)〉
r + i [α(t0)α(t)]

r =
a(t)
r ,∀t ∈ T . These equalities imply Z[Q(α(t))] = U , 〈α(t0), α(t)〉 = a1(t),∀t ∈ T

and [α(t0)α(t)] = a2(t), ∀t ∈ T . The statements (3.1)-(3.3) are proved. �
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5. Complete systems of G-invariants of a T -object in M for the

group G = O(1, 1)

By Proposition 3.4 the following equality holds:

O(1, 1) = O+(1, 1) ∪ {C∆ | C ∈ O+(1, 1)}, where C∆ is the multiplication of ma-

trices C and ∆. For shortness, denote the set

{C∆ | C ∈ O+(1, 1)} by O+(1, 1) ·∆. We note that O+(1, 1) ∩O+(1, 1) ·∆ = ∅.
Let α(t) and β(t) be T -objects in M. Assume that α(t)

O(1,1)∼ β(t). Then there

exists F ∈ O(1, 1) such that β(t) = Fα(t),∀t ∈ T . Denote by Eq(α(t), β(t)) the set

of all F ∈ O(1, 1) such that β(t) = Fα(t),∀t ∈ T .

Proposition 5.1. Let α(t) and β(t) be T -objects in M such that α(t)
O(1,1)∼ β(t).

Then there exist only following three possibilities for the set Eq(α(t), β(t)):

(I) Eq(α(t), β(t)) has only one element. In the case, Eq(α(t), β(t)) = {F},
where F ∈ O+(1, 1).

(II) Eq(α(t), β(t)) has only one element. In the case, Eq(α(t), β(t)) = {F},
where F ∈ O+(1, 1) ·∆.

(III) Eq(α(t), β(t)) has only two elements. In the case, Eq(α(t), β(t)) = {F1, F2},
where F1 ∈ O+(1, 1), F2 ∈ O+(1, 1) ·∆.

Proof. Assume that α(t)
O(1,1)∼ β(t). Then there exists F ∈ O(1, 1) such that

F ∈ Eq(α(t), β(t)). Since F ∈ O(1, 1) and F ∈ O(1, 1), then F ∈ O+(1, 1) or

F ∈ O+(1, 1) ·∆.

(I) Let F ∈ Eq(α(t), β(t)), where F ∈ O+(1, 1). By Theorem 4.10, in this

case there exists a single F ∈ O+(1, 1) such that following equalities β(t) =

Fα(t),∀t ∈ T , hold. Hence, the set Eq(α(t), β(t)) has a single element of

O+(1, 1). Assume that the set Eq(α(t), β(t)) has not elements of O+(1, 1) ·
∆. Then, the set Eq(α(t), β(t)) has only a single element F ∈ O(1, 1) such

that F ∈ O+(1, 1).

(II) Let F ∈ Eq(α(t), β(t)), where F ∈ O+(1, 1) · ∆. Then following equality

β(t) = Fα(t),∀t ∈ T holds. Since F ∈ {C∆ | C ∈ O+(1, 1)}, there exists

C ∈ O+(1, 1) such that F = C∆. Then we have following equality β(t) =

C∆α(t),∀t ∈ T . By Theorem 4.10, there exists a single C ∈ O+(1, 1)
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such that following equalities β(t) = C∆α(t),∀t ∈ T , hold. Hence, the set

Eq(α(t), β(t)) has a single element of O+(1, 1) · ∆. Assume that the set

Eq(α(t), β(t)) has not elements of O+(1, 1). Then, the set Eq(α(t), β(t))

has a single element of O+(1, 1) ·∆ such that Eq(α(t), β(t)) = {F}, where

F ∈ O+(1, 1) ·∆.

(III) Let Eq(α(t), β(t)) be such that for F1 ∈ O+(1, 1) and F2 ∈ O+(1, 1) · ∆
following equalities hold: β(t) = F1α(t),∀t ∈ T , and β(t) = F2α(t) =

C∆α(t),∀t ∈ T , where C ∈ O+(1, 1). By Theorem 4.10, there exists a single

F1 ∈ O+(1, 1) such that following equalities β(t) = F1α(t),∀t ∈ T , hold.

Hence, the set Eq(α(t), β(t)) has a single element of O+(1, 1). By Theorem

4.10, there exists a single element F2 ∈ O+(1, 1) · ∆ such that following

equalities β(t) = F2α(t) = C∆α(t),∀t ∈ T hold, where C ∈ O+(1, 1).

Then, the set Eq(α(t), β(t)) have only two elements, where these are a

single element of O+(1, 1) and a single element of O+(1, 1) ·∆.

�

Theorem 5.2. Let α(t) be a T -object in M such that Z[Q(α(t))] 6= T and t0 ∈
T \ Z[Q(α(t))].

(i) Suppose that a T -object β(t) in M such that the following equalities β(t) =

C∆α(t),∀t ∈ T , hold for some C ∈ O+(1, 1). Then following equalities

hold: 
Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉
− [α(t0)α(t)] = [β(t0)β(t)] ,

(8)

for all t ∈ T \ Z[Q(α(t))].

(ii) Conversely, assume that a T -object β(t) in M such that the equalities (8)

hold. Then there exists a single matrix U ∈ O+(1, 1) such that β(t) =

U∆α(t),∀t ∈ T . In this case, U has the following form

U =

( 〈∆α(t0),β(t0)〉
〈α(t0),α(t0)〉

[∆α(t0) β(t0)]
〈α(t0),α(t0)〉

[∆α(t0) β(t0)]
〈α(t0),α(t0)〉

〈∆α(t0),β(t0)〉
〈α(t0),α(t0)〉

)
,(9)

where det(U) = 1.
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Proof. Suppose that a T -object β(t) inM such that the following equalities β(t) =

C∆α(t),∀t ∈ T hold for some C ∈ O+(1, 1). This means T -objects ∆α(t) and β(t)

are O+(1, 1)-equivalent. Then, by Theorem 4.10, we obtain following equalities:


Z[Q(∆α(t))] = Z[Q(β(t))]

〈∆α(t0),∆α(t)〉 = 〈β(t0), β(t)〉
[∆α(t0) ∆α(t)] = [β(t0) β(t)] ,

(10)

for all t ∈ T \Z[Q(α(t))]. These equalities and equalities Z[Q(∆α(t))] = Z[Q(α(t))],

〈∆α(t0),∆α(t)〉 = 〈α(t0), α(t)〉, [∆α(t0) ∆α(t)] = − [α(t0) α(t)] imply equalities

(8).

Conversely, assume that a T -object β(t) in M such that the equalities (8) hold.

Then equalities (8) and equalities Z[Q(∆α(t))] = Z[Q(α(t))], 〈∆α(t0),∆α(t)〉 =

〈α(t0), α(t)〉, [∆α(t0) ∆α(t)] = − [α(t0) α(t)] imply equalities (10). By Theorem

4.10, equalities (10) imply an existence U ∈ O+(1, 1) such that following equalities

β(t) = U∆α(t),∀t ∈ T , hold. By Theorem 4.10, the matrix U has the form (9). �

Remark 5.3. Assume that T be a set such that it has at least two elements. By

Theorem 5.2, the system {Z[Q(α(t))], 〈α(t0), α(t)〉 , [∆α(t0) ∆α(t)]} is a complete

system of O+(1, 1)-invariant functions on the set of all T -objects ∆α(t) such that

Z[Q(α(t))] 6= T , and t0 ∈ T \ Z[Q(α(t))]. Complete systems of relations between

elements of this system as in Theorem 4.12.

Theorem 5.4. Let α(t) and β(t) be T -objects in M. Assume that Z[Q(α(t))] 6= T

and t0 ∈ T \ Z[Q(α(t))].

(i) Suppose that matrices F1, F2 ∈ O+(1, 1) exist such that β(t) = F1α(t),∀t ∈
T , and β(t) = F2∆α(t),∀t ∈ T . Then following equalities hold:

Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉
rank(α(t)) = rank(β(t)) = 1.

(11)

for all t ∈ T \ Z[Q(α(t))].

(ii) Conversely, assume that the equalities (11) hold. Then only two matrices

C1, C2 ∈ O+(1, 1) exist such that following equalities β(t) = C1α(t),∀t ∈ T ,

β(t) = C2∆α(t),∀t ∈ T , hold. Here the matrices C1 and C2 have the
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following forms:

C1 =

( 〈α(t0),β(t0)〉
〈α(t0),α(t0)〉

[α(t0) β(t0)]
〈α(t0),α(t0)〉

[α(t0) β(t0)]
〈α(t0),α(t0)〉

〈α(t0),β(t0)〉
〈α(t0),α(t0)〉

)
(12)

and

C2 =

( 〈∆α(t0),β(t0)〉
〈α(t0),α(t0)〉

[∆α(t0) β(t0)]
〈α(t0),α(t0)〉

[∆α(t0) β(t0)]
〈α(t0),α(t0)〉

〈∆α(t0),β(t0)〉
〈α(t0),α(t0)〉

)
,(13)

where det(C1) = det(C2) = 1, respectively.

Proof. (i) Suppose that there exist C1 ∈ O+(1, 1) such that β(t) = C1α(t),∀t ∈
T . Then, by Theorem 4.10, the following equalities hold:

Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉
[α(t0)α(t)] = [β(t0)β(t)] ,

(14)

for all t ∈ T \Z[Q(α(t))]. Suppose that there exist C2 ∈ O+(1, 1) such that

β(t) = C2∆α(t),∀t ∈ T . Then, by Theorem 5.2, the following equalities

hold: 
Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉
[α(t0)α(t)] = − [β(t0)β(t)] ,

(15)

for all t ∈ T \ Z[Q(α(t))]. (14) and (15) imply the following equalities:{
Z[Q(α(t))] = Z[Q(β(t))]

〈α(t0), α(t)〉 = 〈β(t0), β(t)〉,
(16)

for all t ∈ T \ Z[Q(α(t))]. (14) implies the following equalities:

[α(t0)α(t)] = [β(t0)β(t)] ,∀t ∈ T \ Z[Q(α(t))].(17)

(15) implies the following equalities:

[α(t0)α(t)] = − [β(t0)β(t)] ,∀t ∈ T \ Z[Q(α(t))].(18)

Equalities (17) and (18) imply following equalities:

[β(t0)β(t)] = − [β(t0)β(t)] ,∀t ∈ T \ Z[Q(α(t))].(19)
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These equalities imply following equalities:

[β(t0)β(t)] = 0,∀t ∈ T \ Z[Q(α(t))].(20)

These equalities and the equalities (17) imply following equalities

[α(t0)α(t)] = 0,∀t ∈ T \ Z[Q(α(t))].(21)

The equalities (21) imply that there exists a real function a(t) on T such

that a(t) = 0 for all t ∈ Z[Q(α(t))] and a(t) 6= 0 for all t ∈ T \ Z[Q(α(t))].

In this case,α(t) = a(t)α(t0),∀t ∈ T hold.

Similarly, equalities (20) imply that there exists a real function b(t) on

T such that b(t) = 0 for all t ∈ Z[Q(α(t))] and b(t) 6= 0 for all t ∈ T \
Z[Q(α(t))]. In this case, β(t) = b(t)β(t0),∀t ∈ T hold. Then, the above

equalities α(t) = a(t)α(t0),∀t ∈ T and β(t) = b(t)β(t0),∀t ∈ T imply the

equality rank(α(t)) = rank(β(t)) = 1 in the equalities (11) This equality

and the equalities (14) imply the equalities (11) .

Conversely, assume that the equalities (11) hold. Then the equality

rank(α(t)) = 1 in (11) implies an existence of a real function a(t) on T such

that a(t) = 0 for all t ∈ Z[Q(α(t))] and a(t) 6= 0 for all t ∈ T \ Z[Q(α(t))].

In this case, α(t) = a(t)α(t0) for all t ∈ T .

Similarly, the equality rank(β(t)) = 1 in (11) implies an existence of a

real function b(t) on T such that b(t) = 0 for all t ∈ Z[Q(α(t))] and b(t) 6= 0

for all t ∈ T \ Z[Q(α(t))]. In this case, β(t) = b(t)β(t0),∀t ∈ T .

The equalities Z[Q(α(t))] = Z[Q(β(t))] and 〈α(t0), α(t)〉 = 〈β(t0), β(t)〉,∀t ∈
T \Z[Q(α(t))] imply following equality a(t) = b(t),∀t ∈ T . Hence we obtain

following equalities α(t) = a(t)α(t0),∀t ∈ T and β(t) = a(t)β(t0),∀t ∈ T .

Since t0 ∈ T\Z[Q(α(t))], we have a(t0) 6= 0. By the equality Z[Q(α(t))] =

Z[Q(β(t))], we obtain β(t0) 6= 0. By Theorem 5.2 in [8], only two matri-

ces C1 ∈ O+(1, 1) and C2 ∈ O+(1, 1) exist such that β(t0) = C1α(t0) and

β(t0) = C2∆α(t0). By Theorem 5.1 in [8], C1 has the form (12) and C2 has

the form (13).

The above equalities β(t) = a(t)β(t0),∀t ∈ T , β(t0) = C1α(t0), β(t0) =

C2∆α(t0) imply following equalities: β(t) = C1α(t),∀t ∈ T and β(t) =

C2∆α(t),

∀t ∈ T .
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�

Remark 5.5. Assume that T be a set such that it has at least two elements.

By Theorem 5.4, the system {Z[Q(α(t))], 〈α(t0), α(t)〉 , rank(α(t))} is a complete

system of O+(1, 1)-invariant functions on the set of all T -objects α(t) such that

Z[Q(α(t))] 6= T , rank(α(t)) = 1 and t0 ∈ T \ Z[Q(α(t))]. Complete systems of

relations between elements of this system follows easy from Theorem 4.12.

Corollary 5.5.1. Let α(t) and β be a T -objects in M such that Z[Q(α(t))] 6=
T ,Z[Q(β(t))] 6= T . Assume that F1 ∈ O(1, 1) and F2 ∈ O(1, 1) such that:

(1) F1 6= F2,

(2) β(t) = F1α(t),∀t ∈ T ,

(3) β(t) = F2α(t),∀t ∈ T .

Then rank(α(t)) = rank(β(t)) = 1.

Conversely, assume that α(t)
O(1,1)∼ β(t),∀t ∈ T and rank(α(t)) = rank(β(t)) =

1. Then there exist only two matrices F1 ∈ O(1, 1) and F2 ∈ O(1, 1) satisfying

above the conditions (1),(2) and (3).

Proof. It follows from Theorem 5.4. �

Corollary 5.5.2. Let α(t) and β be a T -objects in M such that Z[Q(α(t))] 6= T ,

Z[Q(β(t))] 6= T . Assume that there exists a single matrix F ∈ O(1, 1) such that

β(t) = Fα(t),∀t ∈ T . Then rank(α(t)) = rank(β(t)) = 2.

Conversely, assume that α(t)
O(1,1)∼ β(t),∀t ∈ T , and rank(α(t)) = rank(β(t)) =

2. Then there exists a single matrix F ∈ O(1, 1) such that β(t) = Fα(t),∀t ∈ T .

Proof. It follows from Corollary 5.5.1. �

6. Complete systems of invariants of a T -object in M for the group

MO+(1, 1)

Let G = O(1, 1) or G = O+(1, 1). Denote by GnTr(2) the group of all transfor-

mations ofM generated by elements of G and all translations ofM. In particularly,

MO(1, 1) = O(1, 1) n Tr(2) and MO+(1, 1) = O+(1, 1) n Tr(2).
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Assume that the set T has only one element. Let α(t) and β(t) be T -objects.

Then they are Tr(2)-equivalent. Hence they are G n Tr(2)-equivalent. Below we

assume that T has at last two elements.

Proposition 6.1. Let G = O(1, 1) or G = O+(1, 1) and T be a set such that it has

at last two elements.

(1) Assume that α(t)
GnTr(2)∼ β(t),∀t ∈ T and t0 is an arbitrary fixed element

of T . Then (α(t)− α(t0))
G∼ (β(t)− β(t0)),∀t ∈ T .

(2) Assume that (α(t)−α(t0))
G∼ (β(t)−β(t0)),∀t ∈ T , for some element t0 ∈ T .

Then α(t)
GnTr(2)∼ β(t),∀t ∈ T .

Proof. ⇒ Assume that α(t)
GnTr(2)∼ β(t),∀t ∈ T . Then there exists F ∈ G and a ∈

M such that β(t) = Fα(t) + a,∀t ∈ T . In particularly, for t = t0, we have β(t0) =

Fα(t0) + a. This equality implies a = β(t0)− Fα(t0). This equality and equalities

β(t) = Fα(t) + a,∀t ∈ T imply equalities β(t) = Fα(t) + β(t0) − Fα(t0),∀t ∈ T .

These equalities imply equalities β(t) − β(t0) = F (α(t) − α(t0)),∀t ∈ T , that is

(α(t)− α(t0))
G∼ (β(t)− β(t0)),∀t ∈ T .

⇐ Assume that (α(t)−α(t0))
G∼ (β(t)− β(t0)),∀t ∈ T . Then there exists F ∈ G

such that β(t) − β(t0) = F (α(t) − α(t0)),∀t ∈ T . Put a = β(t0) − Fα(t0). This

equality implies β(t0) = Fα(t0)+a. The equality a = β(t0)−Fα(t0), β(t)−β(t0) =

F (α(t)−α(t0)),∀t ∈ T and β(t0) = Fα(t0)+a imply equalities β(t) = Fα(t)+a,∀t ∈
T . Hence α(t)

GnTr(2)∼ β(t),∀t ∈ T . �

Proposition 6.2. Let G = O+(1, 1) or G = O(1, 1). Assume that α(t) and β(t)

are T -objects such that α(t)
GnTr(2)∼ β(t) and t0 ∈ T . Then Z[Q(α(t) − α(t0))] =

Z[Q(β(t)− β(t0))].

Proof. This statement follows from Propositions 4.8 and 6.1 �

Theorem 6.3. Let α(t) be a T -object in M and t0 ∈ T such that Z[Q(α(t) −
α(t0))] 6= T and t1 ∈ T \ Z[Q(α(t)− α(t0))] be fixed.
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(i) Suppose that a T -object β(t) in M such that α(t)
O+(1,1)nTr(2)∼ β(t),∀t ∈ T .

Then following equalities hold:
Z[Q(α(t)− α(t0))] = Z[Q(β(t)− β(t0))]

〈α(t1)− α(t0), α(t)− α(t0)〉 = 〈β(t1)− β(t0), β(t)− β(t0)〉
[(α(t1)− α(t0)) (α(t)− α(t0))] = [(β(t1)− β(t0)) (β(t)− β(t0)] ,

(22)

for all t ∈ T \ Z(α(t)− α(t0)).

(ii) Conversely, assume that a T -object β(t) in M such that the equalities (22)

hold. Then there exists only element F ∈ MO+(1, 1) such that β(t) =

Fα(t),∀t ∈ T . The evident form of F as follows:Fα(t) = Cα(t)+a,∀t ∈ T ,

where C ∈ O+(1, 1), a ∈M. Here evident form of C as follows

C =

( 〈α(t1)−α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0),α(t1)−α(t0)〉

[(α(t1)−α(t0)) (β(t1)−β(t0))]
〈α(t1)−α(t0),α(t1)−α(t0))〉

[(α(t1)−α(t0)) (β(t1)−β(t0))]
〈α(t1)−α(t0),α(t1)−α(t0)〉

〈α(t1)−α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0),α(t1)−α(t0)〉

)
,(23)

where det(C) = 1.

The element a has the form such that a = β(t0)− Cα(t0).

Proof. It follows from Theorem 4.10 and Proposition 6.1. �

Remark 6.4. Let t0 ∈ T . By Theorem 6.3, the system

{Z[Q(α(t)− α(t0))], 〈α(t1)− α(t0), α(t)− α(t0)〉, [(α(t1)− α(t0)) (α(t)− α(t0))]}
is a complete system of MO+(1, 1)-invariant functions on the set of all T -objects

α(t) in M such that Z[Q(α(t)− α(t0))] 6= T , where t1 ∈ T \ Z[Q(α(t)− α(t0))] be

fixed. A complete system of relations between elements of this complete system as

in Theorem 4.12.

7. Complete systems of invariants of a T -object in M for the group

MO(1, 1)

Let α(t) and β(t) be T -objects in M. Assume that α(t) and t0 ∈ T such that

Z[Q(α(t) − α(t0))] 6= T . Then, by Proposition 6.1, α(t)
MO(1,1)∼ β(t) if and only if

(α(t) − α(t0))
O(1,1)∼ (β(t) − β(t0),∀t ∈ T . In this case, by Proposition 5.1, there

exist only three following possibilities for the set Eq(α(t)− α(t0), β(t)− β(t0)):

(I) Eq(α(t)−α(t0), β(t)−β(t0)) has only one element. In this case, Eq(α(t)−
α(t0), β(t)− β(t0)) = {F}, where F ∈ O+(1, 1).
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(II) Eq(α(t)−α(t0), β(t)−β(t0)) has only one element. In this case, Eq(α(t)−
α(t0), β(t)− β(t0)) = {F}, where F ∈ O+(1, 1) ·∆.

(III) Eq(α(t)−α(t0), β(t)−β(t0)) has only two elements. In this case, Eq(α(t)−
α(t0), β(t)− β(t0)) = {F1, F2}, where F1 ∈ O+(1, 1), F2 ∈ O+(1, 1) ·∆.

A description of the set Eq(α(t) − α(t0), β(t) − β(t0)) and a complete

system of invariants of a T -object inM in the case (I) are given in Section

5.

Consider the case (II). This case is introduced in the following theorem.

Theorem 7.1. Let α(t) be a T -object in M such that Z[Q(α(t)− α(t0))] 6= T for

some t0 ∈ T and t1 ∈ T \ Z[Q(α(t)− α(t0))] be fixed.

(i) Suppose that a T -object β(t) such that the following equalities β(t) = H∆α(t)+

a,∀t ∈ T , hold for some C ∈ O+(1, 1) and some a ∈ M. Then following

equalities hold:
Z[Q(α(t)− α(t0))] = Z[Q(β(t)− β(t0))]

〈α(t1)− α(t0), α(t)− α(t0)〉 = 〈β(t1)− β(t0), β(t)− β(t0)〉
− [α(t1)− α(t0)α(t)− α(t0)] = [β(t1)− β(t0)β(t)− β(t0)] ,

(24)

for all t ∈ T \ Z(α(t)− α(t0)).

(ii) Conversely, assume that a T -object β(t) in M such that the equalities (24)

hold. Then a single matrix U ∈ O+(1, 1) and a single a ∈ M exist such

that β(t) = U∆α(t) + a,∀t ∈ T . In this case, U has following form

U =

( 〈∆(α(t1)−α(t0)),(β(t1)−β(t0))〉
〈(α(t1)−α(t0)),(α(t1)−α(t0))〉

[∆(α(t1)−α(t0)) (β(t1)−β(t0))]
〈(α(t1)−α(t0)),(α(t1)−α(t0))〉

[∆(α(t1)−α(t0)) (β(t1)−β(t0))]
〈(α(t1)−α(t0)),(α(t1)−α(t0))〉

〈∆(α(t1)−α(t0)),(β(t1)−β(t0))〉
〈(α(t1)−α(t0)),(α(t1)−α(t0))〉

)
,(25)

where det(U) = 1.

The element a has the form such that a = β(t0)− U∆α(t0).

Proof. It follows easy from Proposition 6.1 and Theorem 5.2. �

Corollary 7.1.1. Let α(t) and β(t) be T -objects in M. Assume that α(t) and

t0 ∈ T are such that Z[Q(α(t)− α(t0))] 6= T . Assume that F1 ∈ O+(1, 1), a1 ∈M,

F2 ∈ O+(1, 1), a
2
∈M such that:

1) β(t) = F1∆α(t) + a1,∀t ∈ T ,

2)β(t) = F1∆α(t) + a2,∀t ∈ T .

Then F1 = F2, and a1 = a2.
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Proof. It follows easy from Theorem 7.1. �

Consider the case (III). This case is given in the following corollary.

Corollary 7.1.2. Let α(t) and β(t) be T -objects in M. Assume that α(t) and

t0 ∈ T are such that Z[Q(α(t) − α(t0))] 6= T . Assume that F1 ∈ O(1, 1), a1 ∈ M,

F2 ∈ O(1, 1), a2 such that:

1) F1 6= F2,

2)β(t) = F1α(t) + a1,∀t ∈ T ,

3)β(t) = F2α(t) + a2,∀t ∈ T .

Then F1 ∈ O+(1, 1), F2 ∈ O+(1, 1) ·∆ or F2 ∈ O+(1, 1), F1 ∈ O+(1, 1) ·∆.

Proof. It follows easy from Theorems 4.10 and 5.2. �

Theorem 7.2. Let α(t) be a T -object in M such that Z[Q(α(t)− α(t0))] 6= T for

some t0 ∈ T and t1 ∈ T \ Z[Q(α(t)− α(t0))] be fixed.

(i) Suppose that matrices F1, F2 ∈ O+(1, 1) and vectors a1, a2 ∈ M exist such

that β(t) = F1α(t) + a1,∀t ∈ T and β(t) = F2∆α(t) + a2,∀t ∈ T . Then

following equalities hold:
Z[Q(α(t)− α(t0))] = Z[Q(β(t)− β(t0))]

〈α(t1)− α(t0), α(t)− α(t0)〉 = 〈β(t1)− β(t0), β(t)− β(t0)〉
rank(α(t)− α(t0)) = rank(β(t)− β(t0)) = 1.

(26)

for all t ∈ T \ Z(α(t)− α(t0)).

(ii) Conversely, assume that the equalities (26) hold. Then only two matrices

C1, C2 ∈ O+(1, 1) and only two vectors a1, a2 ∈M exist such that following

equalities β(t) = C1α(t)+a1,∀t ∈ T and β(t) = C2∆α(t)+a2,∀t ∈ T , hold.

Here the matrices C1 and C2 have following forms:

C1 =

( 〈α(t1)−α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0), α(t1)−α(t0)〉

[α(t1)−α(t0) β(t1)−β(t0)]
〈α(t1)−α(t0), α(t1)−α(t0)〉

[α(t1)−α(t0) β(t1)−β(t0)]
〈α(t1)−α(t0), α(t1)−α(t0)〉

〈α(t1)−α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0), α(t1)−α(t0)〉

)
,(27)

and

C2 =

( 〈∆α(t1)−∆α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0),α(t1)−α(t0)〉

[∆α(t1)−∆α(t0) β(t1)−β(t0)]
〈α(t1)−α(t0),α(t1)−α(t0)〉

[∆α(t1)−∆α(t0) β(t1)−β(t0)]
〈α(t1)−α(t0),α(t1)−α(t0)〉

〈∆α(t1)−∆α(t0), β(t1)−β(t0)〉
〈α(t1)−α(t0),α(t1)−α(t0)〉

)
,(28)
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where det(C1) = det(C2) = 1., respectively.

Vectors a1 and a2 have the forms a1 = β(t0) − C1α(t0) and a2 = β(t0) −
C2α(t0), respectively.

Proof. It follows easy from Proposition 6.1 and Theorem 5.4. �

8. Conclusion

This paper propose a global approach for the complete systems of invariants of

a T-object and the solutions of the equivalence problem between two T-objects in

respect to the two dimensional Minkowski space. The main contributions of the

approach are delivered as follows:

1. It achieves the solution of the equivalence problem between two m-point

systems, two paths or two vector fields in terms of their global invariants and they

are investigated as a single concept.

2. For given two objects with the global invariants, this approach finds the

transformation between two T-objects, and this transformation maps one into the

other in terms of their common global invariants.

The results of this paper may be useful in many areas of pure and applied math-

ematics, physic, mechanics, image processing, computer vision theory, etc.

In classical mechanics, the global invariants of paths under similarity transforma-

tions in the two dimensional Euclidean space and their applications to theoretical

Newtonian mechanics are given in [21]. In pattern recognition, for given two paths

are related by means of an orthogonal transformation, we find the transformation

between two paths, and the transformation transform one into the other in terms

of their common global invariants of two paths. For this, in [19], we use examples

in [31]. In areas such as image processing and point set registration plays an im-

portant role. In the identification problems of two m-point systems or two paths,

important results are obtained(see [5, 7, 26, 28, 29, 31, 32, 34, 36] and references

therein). Therefore, we consider that the results obtained in this paper can also be

useful for similar application problems in two dimensional Minkowski space.
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[2] R. Hőfer, m-point invariants of real geometries, Beitrage Algebra Geom., Vol. 40, 261-266

(1999).

[3] E. Stasiak, Scalar concomitants of a system of vectors in pseudo-Euclidean geometry of index

1, Publ.Math. Debrecen, Vol.57, Number 1-2,55-69 (2000).
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[15] D. Khadjiev, . Őren, Ő. Peken, Generating systems of differential invariants and the theorem

on existence for curves in the pseudo-Euclidean geometry, Turkish Journal of Mathematics,

Vol. 37, 80-94 (2013).
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