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group H of split-quaternions) we find 6 independent unit Killing vector fields
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respect to quasi-slope, curvature and torsion or pseudo-torsion (depending on
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1. INTRODUCTION

Let us consider the study involving the motion of varying charged particles in
magnetic fields and their trajectories in semi-Riemannian manifolds. Such study
may be treated as a significant overlapping domain of Differential Geometry and
Physics. In Physics, the branch Magnetostatics is concerned with the study of mag-
netic fields and associated Lorentz forces (or magnetic forces). In a magnetostatic
phenomenon, a charged particle varies in a magnetic field with constant speed under
the effect of Lorentz force that is orthogonal to the velocity of the particle as well
as the magnetic field [13, 25, 24]. In language of Differential Geometry, the motion
of such charged particles may be expounded as follows [4, 23]:

Let (M, g) denote a semi-Riemannian manifold (of dimension at least 2) and
D denote its Levi-Civita connection. A closed 2-form B on M is referred to as a

magnetic field and an endomorphism field F on M satisfying
9(FX,Y)=B(X,Y)

for all X,Y € X(M) is the associated Lorentz force. Such a magnetic field B
gives rise to a magnetic flow composed of trajectories in M admitting the Lorentz
equation

Dy’ = Fa!.

With this outset in mind, magnetic trajectories in a magnetic field B are considered
as smooth curves a in M pleasing the associated Lorentz equation. The skew-

symmetry nature of F yields
g (Do 0y =0

which shows that g (a/,a’) is constant on «. As a result, magnetic trajectories
possess constant speed. In particular, unit-speed magnetic trajectories are called
normal magnetic trajectories. On the other hand, any geodesic a of M satisfies the
geodesic equation

Da/()é/ =0

which is nothing but the Lorentz equation when B is trivial (i.e., when B = 0).
Thus, geodesics are regarded as trivial magnetic trajectories.
Now, if M is three-dimensional, there is a bijection between 2-forms and smooth

vector fields on M by means of volume form €}y, and Hodge star operator % on
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M. Thus, 2-forms and smooth vector fields on M are identified objects. For any
X € X(M), one finds

LxQy = d(1xQy) = (divX) Q.

where Lx and tx denote respectively the Lie derivative with respect to X and the
interior contraction with X. The 2-form xX” =, x§25 becomes closed iff divX =
0. Consequently, magnetic fields may be viewed as vector fields with vanishing
divergence (cf. [1] or [2]). The Lorentz force Fx of a magnetic field Bx may be

expressed as

FxY =XAY

for all Y € X(M), where A stands for the cross product on M. Then the associated

Lorentz equation reduces to
Da/a’ =XA Oé/.

As a matter of fact, any Killing vector field on M has vanishing divergence and
therefore describes a particular kind of magnetic field, known as Killing magnetic
field, that produces a magnetic flow made up of trajectories, referred to as Killing
magnetic trajectories (cf. [1] or [2]). Such trajectories are intensively studied in as-
sorted ambient spaces, e.g., Fuclidean 3-space [10], 2D and 3D sphere [5], Minkowski
3-space 9], 3D warped product [18], de Sitter 3-space [17], etc.

In [6], the authors studied Hopf magnetic curves in anti-de Sitter 3-space H3
using the technique of hyperbolic Hopf fibration. Predominantly, they investigated
magnetic curves of the hyperbolic Hopf vector field which is appeared as a Killing
vector field on H3. In this article, we consider more general features of the motion
of charged particles in magnetic and Killing magnetic fields and their trajectories
in H3. The article is structured into the following main sections: In section 2, we
discourse some basic framework on H3. Section 3 is dedicated to recall some funda-
mental notions of curves in H$ including their unit-speed (arc length or pseudo-arc
length) parametrizations, Frenet apparatus and the Frenet formulae for regular
curves in H$ in different causality situations. In section 4, we first describe the
motion in magnetic fields and then characterize normal magnetic trajectories of
non-trivial magnetic fields on H in respect of their Frenet apparatus. Section 5 is
devoted to obtain Killing vector fields on H} and characterize the same on regular

curves. In section 6, we describe the motion in Killing magnetic fields on H3. Here,
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our main focus is to distinguish Killing magnetic trajectories in H$ with respect to

quasi-slope, curvature and torsion or pseudo-torsion.

2. BASIC FRAMEWORK

Let E4 denote a four-dimensional semi-Euclidean space with index 2, i.e., a 4-
dimensional smooth manifold R* endowed with a semi-Euclidean metric with sig-
nature (—, —,+,+) or (+,+, —, —). Throughout this article, we prefer to deal with
[E5 possessing the first signature. In this regard, the semi-Euclidean metric g on R*

with signature (—, —,+,+) is defined by

2 4
g= —dei®dxi+2da;j ® da?
i=1 j=3

2. 2% and z* denote the natural coordinates in R*. Since the metric

where 2!, 2
g is indefinite everywhere on E3, a tangent vector x to E5 may have one among
three causal characters [21]: x is spacelike iff g(z,z) > 0 or = 0; z is null iff
g(z,z) = 0 and = # 0; x is timelike iff g(x,z) < 0. This terminology is adopted
from the Theory of Relativity. For a tangent vector z to E3, its norm is denoted

and defined by
[#]| := /sign(z) g(x, ),

where sign(z) stands for the signature of x defined by

1 if x is spacelike,
sign(x) :=< 0 if z is null,
—1 if x is timelike.

It is trivial to mention that x is a wunit vector iff ||z|| = 1, i.e., iff g(z, z) = sign(z).
As usual, tangent vectors z and y are orthogonal iff g(z,y) = 0. Causality of tangent
vectors to E4 can be generalized to the same of vector fields on E5. An orthonormal
frame field on E3 is an ordered set consisting of four mutually orthogonal unit vector
fields on E3 [21]. For an orthonormal frame field on E3, it necessarily includes two
timelike together with two spacelike unit vector fields on E3. However, there are
other combinations of vector fields if someone wishes to deal with non-orthonormal
frame field on E3. For example, it is possible to construct a frame field consisting

some or entirely of null vector fields referred to as a pseudo-orthonormal or null
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frame field on E3. The standard orthonormal frame field on E} is the orthonormal
frame field {0,1, 042, 0y3, Opa } consisting of coordinate vector fields given by
0
Oy = —, 1€{1,2,3,4
xr axlﬁ ? G { ) ) K }7

such that

g (51;17311) =-1, g(azzaaaﬂ) = -1,

g(aw3aaa:3):1 9(614,8;34):1-

The anti-de Sitter 3-space, denoted by H3, is a semi-Riemannian hypersurface

[21] of E} defined by

H} := {z € Ej : g(z,2) = —1}

which is the unit pseudo-hyperbolic space with centre at the origin of E3. It is the
standard model for a 3D non-flat Lorentzian space form with negative constant
sectional curvature, where H3 is equipped with the Lorentzian metric g originated
from the semi-Euclidean metric g on E3, that is, g = g|H§. Causality in [E§ generates
the same in H$ as: Given p € H$, a tangent vector v € T,H} C E3 is spacelike iff
g(v,v) > 0 or v = 0; null (popularly known as lightlike for Lorentzian case) iff
g(v,v) =0 and v # 0; timelike iff g(v,v) < 0. The same may be extended to vector
fields on H3.

2.1. Gauss formula for Hj. Let D and D denote respectively the Levi-Civita

connections on E3 and H3. Then they are related by the Gauss formula:
(1) DxY =DxY - h(X,Y)¢

for all vector fields X,Y € X(H3?). Here h is the scalar-valued second fundamental
form of H3 in E3 and ¢ is the unit normal to H$ (cf. [21]). As a matter of fact,
¢ = P, where P : H} — Ej is the position vector field of H} in Ej given by
P = Zle 210y, —Z?:l(xi)z + 2?23(xj)2 = —1 [21]. Let Sp denote the shape
operator on H3 derived from P. Then one can obtain the Weingarten formula as

follows:
) Dy P = —Sp(X)
for all X € X(H3) (cf. [21]). On the other hand, we have

hX,Y) =7 (S¢(X),Y)
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for all X,Y € X(H3). Moreover, totally umbilic nature of H gives Sp = —Ixm3),
where Iy ) stands for the identity transformation. Hence, the Gauss formula (1)

becomes
(3) DxY =DxY +g§(X,Y)P

for all X,Y € X(H3). Because of this formula one may exhibit the geometry of H$

in connection with the same of E3.

2.2. Cross product on H3. The cross product on E3, x : X(E3) x X(E3) x X(E3) —
X(E3), is defined as follows: For X,Y,Z € X(IE3), their cross product is the unique
vector field X x Y x Z € X(E3) determined by

g(X xY xZV)=Q,X,Y,Z,V)

for any V € X(E3), where Q, denotes the volume form on E3. Relative to the
orthonormal frame field {9,1,80,2,,3,0,4} on E3, one can define the following:

811 X 812 X 8$3 = 8304, 8952 X axa X 8;1:4 = —8301,

8903 X 6934 X 8I1 = —0y2, 8$4 X 8I1 X 8,02 = 3933.
Now, the cross product x on Ej induces another cross product on H3, which we
denote by A : X(H3) x X(H3) — X(H3), as follows: Given X,Y € X(H3) C X(E3),
the cross product X NY € X(H3) satisfies

g(X/\KZ) = QE(X7Y7Z) = Qg(PaX7KZ)7

for all Z € X(H3), where Qj stands for the volume form on H}. Therefore, we have

(4) XANY=PxXxY.

Thus, the standard orientation on Ej induces an orientation on H$ in such a way
that a frame field {U, V, W} on H} is positively oriented iff Q,(P,U,V,W) > 0, i.e.,
{P,U,V,W} is a positively oriented frame of Ej.

3. FUNDAMENTALS OF CURVES IN H3

Let I and J be two non-trivial intervals in R (i.e., connected subsets of R con-
sisting of more than one point). Let a : J — H3 be an arbitrary curve in H$ and
o’ denote its velocity vector field. Then a may globally or locally have one among

three causalities which is determined by the same of its velocities o/(t) [21]: for all
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possible ¢, « is spacelike iff o/ (t) are spacelike; « is lightlike iff o/ (t) are lightlike; a
is timelike iff /() are timelike. Thus, « is globally spacelike, lightlike or timelike
in H$ iff its velocity field o’ is respectively spacelike, null or timelike on a. If o
vanishes nowhere, then « is a regular curve in H$ and the Gauss formula on « is

obtained from (3) by
(5) Do Xo = Do Xo +7(, X0)

for all vector field X, € X(a(J)) C X(H$). Moreover, o reduces to a geodesic of
H3 iff o' € X(a(J)) is parallel on o, i.e., Dy’ =0, i.e., Dy’ = g (a/, ') .
If « is non-lightlike (spacelike or timelike) and we change parameter ¢ by arc

length function s : J — I based at some point ty € I given by

s(t) = / /g0 (@ () § (o (w), & (u)) du,

then we have g (a/(s),a’(s)) = 6 for all s € I, where § can take two values: § = 1
if « is spacelike and § = —1 if « is timelike. In this case, a : I — H$ is said to be
parametrized by arc length s or unit-speed in H3. On the other hand, if « is lightlike,
then its velocity vector field o' is also lightlike and hence cannot be normalized in
the usual way as arc length function vanishes everywhere. To overcome this, one
requires to introduce another parameter, referred to as pseudo-arc length function,
that normalizes the acceleration vector field Dy’ (which is spacelike) unless it
vanishes nowhere. If we change an arbitrary parameter ¢ by pseudo-arc length

function s : J — I based at some point ty € I given by

s(t) = /tt </§ (Dorc! (1), Do (u)) du,

then we have g (Do/(s), Dar(s)) = 1 for all s € I. In this case, a : I — HY is

said to be pseudo-arc length parametrized or unit-speed in HS.

3.1. Frenet apparatus on non-lightlike curves possessing non-lightlike ac-
celeration. Let a : I — H$ be a unit-speed non-lightlike curves possessing non-
lightlike acceleration (i.e., a be either spacelike possessing non-lightlike accelera-
tion or timelike). If o is not a geodesic of H, we consider the Frenet apparatus
{Tw, Nu, Ba, ko, Ta} on « defined as follows: T, = o' is the unit tangent field of «;
N, is the unit principal normal field of a which is determined by normalizing the

acceleration field Dy Ty; Be is the unit binormal field of o which is orthogonal to
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T, as well as N, so that {T,, Ny, Ba} forms the dynamic Frenet frame (preserving
the same orientation as that of H$) on a; ko > 0 is the curvature and 7, is the

torsion of a. Frenet formulae (cf. [3, 15]) for o are

DoTo =Dyl — 0100 = G950 Ny,
(6) Do No = DorNo = —6166Ta + 6370 Ba,
Do By = Do By = —057o Na,
where 01 = sign(T,,), do = sign(N,) and d3 = sign(B,) such that §;d203 = —1. It

is to be noted that for positive orientation of the Frenet frame {T,,, N,, Bo} on «,
we have Q5(Tw, Na, Ba) = Qg(a, T, No, Ba) = 1 for which we must have

T ANy = 838, NuABy=0Tn, BaATy=0N,.

3.2. Frenet apparatus on spacelike curves possessing lightlike accelera-
tion. Let o : I — H$ be a unit-speed spacelike curve possessing lightlike accelera-
tion. If «r is not a geodesic of H?, we take the Frenet apparatus {To, N, By Ko, Ta
for « described as follows: T, = o' is the unit tangent field of «; N, is the prin-
cipal normal field of o obtained by N, = D,/T,, and it is lightlike on a; B, is the
binormal field of o determined by g(N,, B,) = 1 and it is orthogonal to T, such
that {74, N, Ba} structures the moving pseudo-orthonormal frame (also known as
the Cartan frame) on a; ko = 1 is the curvature and 7, is the pseudo-torsion of a.

Frenet formulae for a are given by

DaToy = DoTa — = Ng,
(7) DNy = Do Ny = 7o Na,
Do'By = Do By = —T,, — 7o Ba.
In this case, we must have

To NNy =No, NouAB,=T,, DByNT,=DB,.

Moreover, if Q5(Ty, No, Ba) = Q4(a, To, No, Ba) = 1, then {Ty,, Ny, B, } is posi-

tively oriented.

3.3. Frenet apparatus on lightlike curves. Let o : I — Hf be a unit-speed
lightlike curve. If a is not a lightlike geodesic of H, we consider the Frenet apparatus
{Tw, Na, Ba, Kas Ta} o0 « which is defined as follows: T, = o' is the tangent field

of o which is a lightlike vector field on «; N, is the unit principal normal field of
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o which is a unit spacelike vector field on « such that N, = DoTn; Bg is the
binormal field of o which is the unique lightlike vector field on « determined by
§(Tw, By) = —1 and orthogonal to N, so that {T,,, Ny, B, } is the dynamic pseudo-
orthonormal frame, referred to as the Cartan frame, on «; ko = 1 is the curvature

and 7, is the pseudo-torsion of . Frenet formulae (cf. [11, 12]) are given by

DoyTy =DyTy = Ny,
(8) Da'Ny = Doy Ny = —74To + Ba,
Dy By =Dy By — a = —T4N,.
In this case, we must have

To NNy =—-T,, NouAB,=-By, DByANT,=N,.

Moreover, if Q5(Ty, Noy, Ba) = 1 = Q4(a, Ty, No, Ba), then {Ty,, Ny, B} is posi-

tively oriented.

4. MOTION IN MAGNETIC FIELDS: MAGNETIC TRAJECTORIES IN H}

According to the general theory, a closed 2-form B on HS is a magnetic field and
a skew-symmetric tensor field F of type (1, 1) which satisfies § (FX,Y) = B(X,Y)
for all X, Y € X(H3) is its Lorentz force. The magnetic trajectory in a magnetic field

B with Lorentz force F is a smooth curve o in H$ admitting the Lorentz equation
(9) Dy = Fa!.
Now, the skew-symmetry nature of F gives

d _

%g (o/,0a) =2g (Dad,a') =29 (Fo/, o) = 0.

This indicates g (a’,a’) = a constant. Therefore, magnetic trajectories in H$ are
smooth curves of constant speed. Specifically, unit-speed magnetic trajectories (i.e.,
parametrized by arc length or pseudo-arc length) are known as normal magnetic

trajectories. Using Gauss formula (5), (9) can be written in connection with the

Levi-Civita connection D on E3 as
(10) Dya’ —sign(a)) | ||? a = Fa'.
Now, when « is lightlike, (10) reduces to

Dy =Fd
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which yields magnetic trajectories in E5. Therefore, the following result holds:

Theorem 4.1. Lightlike magnetic trajectories in a magnetic field B in H3 are
lightlike magnetic trajectories in the magnetic extension F (i.e., push forward B =
P.B) of B in Ej.

As H3 is a three-dimensional, there is a bijection between 2-forms and smooth
vector fields on H} via volume form Qg and Hodge star operator on H? as: If one
selects X € X(H3) with its g-equivalent 1-form X°, then it accords with a 2-form

on H3 as
b
*X —LXQ@,

where tx denotes the contraction with X. On the converse, if one picks a 2-form
B on H3, then it accords with a 1-form xB and therefore g-equivalent vector field
(xF)# € X(H$). In this aspect, 2-forms and smooth vector fields on H3 are identified

objects. Again, we have
[’XQE = d(LXQg) = le(X)Qg

for all X € X(H$). The 2-form xX* = 1xQ; on H becomes closed iff div(X) = 0. In
this regard, vector fields on H? with vanishing divergence are considers as magnetic
fields on H3.

Let X € X(H3) with div(X) = 0. Then it corresponds to a magnetic field

Bx = 1x€g with Lorentz force Fx such that
9(FxY,2) = Bx(Y, 2) = (1xQ3) (Y, 2) = Q3(X,Y, Z) = g (X \Y, Z).
for all Y, Z € X(H?). Therefore, we have
FxY=XANY=PxXxY

for all Y € X(H3?), where A and x are cross products respectively on Hf and [Ej
and P : H? — E} stands for the position field. Hence, (10) becomes

(11) Dy —sign(a’) [|d/[|Pa=Px X x .
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4.1. Trivial magnetic trajectories in H3: Geodesics of H3. If a magnetic field
B is trivial on H3 (i.e., F = 0), then its Lorentz force F vanishes and the associated
Lorentz equation becomes D, o’ = 0. In this case, magnetic trajectories are nothing

but the geodesics of S3. A regular curve a in S} is a geodesic iff it pleases
Dy — sign(a’)||d/||?a = 0.
The geodesics of H? can be found in [21].

4.2. Non-trivial magnetic trajectories in H;. We describe the motion of charged
particles in non-trivial magnetic fields on H$ and characterize geometrically their

associated magnetic trajectories in H3.

4.2.1. Non-lightlike magnetic trajectories possessing non-lightlike acceleration. Let
a: I — H be a unit-speed (arc length parametrized) non-lightlike curve possessing
non-lightlike acceleration and Bx be a non-trivial magnetic field associated to X €
X(H3) with div(X) = 0. If « is a normal magnetic trajectory in (H$, g, Bx), then

(11) is expressed in connection with its tangent field T, as follows:
(12) DoyTy, —01a=FxT, =P x X xT,.
The next result exhibits the action of Fx on the Frenet frame {T,, Ny, By}

Proposition 4.2. If o : I — H} is a unit-speed non-lightlike curve possessing

non-lightlike acceleration, then Fx satisfies

]:XTa = 62/4/01Na7
(13) fXN = 761K:OLTOL + 53,UozBa7
-FXBa = _52,UlaNa»

where o 2 I — R is smooth given by po = §(FxNa, Ba) = —g(Na, Fx Bg).
Proof. Applying (12) and (6), we get
(14) FxTo = DoToy — 610 = Gotiq Ny

which gives the first one of (13). Now, there exist functions fi, fa, f3 : I — R, not

all vanishing simultaneously, such that we can express

(15) fXNa:flTa+f2Na+f3Ba~
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Then using (15), skew-symmetry of Fx and (14), we find
f1 =013 (FxNa,To) = =615 (No, FxTa) = —0102607 (Noy, No) = —61Kaq.-
Again, skew-symmetry nature of Fy yields g(Fx N4, No) = 0 and hence (15) gives
fo =029 (FxNqa,Ny) =0.

We define pig : I = R by pg = §(FxNa, Ba) = =g (No, Fx Ba). Evidently, u,, is
smooth and using (15), we get

f3 =039 (FxNqo,Ba) = =039 (No, FxBa) = —03/ta-

Substitution of f1, fo and f5 in (15) gives the second one of (13). On the other
hand, there exist functions hi, ho, hg : I — R, not all vanishing simultaneously, such

that we can express
(16) FxBay = hiTy + hoNg + h3B,.
Then using (16), skew-symmetry of Fx and (14), we find
h1 =019 (FxBa,To) = =019 (Ba, FxTw) = —0102k0g (Ba, No) = 0.

Again, using (16), we get hy = 02 § (FxBa, No) = —02/4a. Also, skew-symmetry of
Fx implies that g(Fx Ba, Ba) = 0, and hence we obtain hs = 03 § (Fx Ba, Ba) = 0.
Substituting the values of hy, hy and hg in (16), we find the last equation of (13). O

Now, we obtain the next result characterizing spacelike magnetic trajectories
possessing non-lightlike acceleration or timelike magnetic trajectories in magnetic

background (H$, g, Bx) in respect of their Frenet apparatus.

Theorem 4.3. A unit-speed non-lightlike curve possessing non-lightlike acceleration
a: I — H3 is a normal magnetic trajectory in (H3, g, Bx) iff the restriction of X
to a, X, € X(a(I)), takes the form

(17) Xao = 52,uaTa + 0ok Ba.

Proof. Let a be a normal magnetic trajectory in (H3, g, Bx). Then for the restric-
tion of X to a, i.e., Xo € X(a(])), there exist three functions mq,mg, mg : I — R,

not all vanishing simultaneously, such that we can express

(18) Xa = mlTQ + mgNa —+ mgBa.
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Now, Proposition 4.2 gives the action of Fx on the Frenet frame {T,,, Ny, Bo}. On
the other hand, we have Fx X, = P x X x X, = 0. Therefore, using (13) and (18),

we obtain
0= _51m2ﬁaTa + 62 (mlﬁa - m?nu/oc) No + 63m2MaBa

which implies mo = 0 and m1Kkq — mape = 0. Therefore, we find m; = dap, and
m3 = 02kq. Substituting the values of mq, mg and ms in (18), we find (17).
Conversely, let X, € X(a(I)) be given by (17). Using (17), we find

FxTho=Px X xTy=ax X, XT, =03kaNg.
Then applying (6), we obtain
fxTa = DO/TQ — 510(

which is the respective Lorentz equation. Consequently, « is a normal magnetic

trajectory in (H3, g, Bx). O

Remark 4.4. For a non-lightlike magnetic trajectory in (H3, g, Bx) possessing non-

lightlike acceleration, X, € X(a(I)) always resides in rectifying planes of «.

Remark 4.5. The function p, obtained by po = G(FxNa, Ba) = —§(No, Fx Ba)

is called the “quasi-slope” [2] of a with respect to the non-trivial magnetic field Bx .

4.2.2. Spacelike magnetic trajectories possessing lightlike acceleration. Let o : I —
H? be a unit-speed (arc length parametrized) spacelike curve possessing lightlike
acceleration and By be a non-trivial magnetic field corresponding to X € X(H3)
with div(X) = 0. If « is a normal magnetic trajectory in (H3, g, Bx), then the

associated Lorentz equation (11) may be written as
(19) DoyTy — = FxToy =P x X x T,

We obtain the following result that expresses how Fx acts on the pseudo-orthonormal
frame {Ty, No, Bo} on a:
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Proposition 4.6. If o : I — H$ is a unit-speed spacelike curve possessing lightlike

acceleration, then Fx satisfies
FxT, = Ng,
(20) FxNa = praNa,
Fx By =—Ts — phaBa,
where o : I — R is smooth given by po = §(FxNa), Ba = —§(Na, Fx Ba)-
Proof. Applying (19) and (7), we find
(21) FxTyn=DoyTy —a=N,.

which is the first equation of (20). Now, there exist functions fi, fo, f3 : I — R,

not all vanishing simultaneously, such that we can express
(22) FxNo = fiTo + faNo + f3B,.
Then using (22), skew-symmetry of Fx and (21), we find
fi =9 (FxNa,To) = =g (Na, FxTa) = = (Na, Na) = 0.
We define a function p, : I — R by
tia = §(FxNa,Ba) = =g (Na, FxBa) -
Then p, is smooth and since g(No, Bo) = 1, using (22), we get
fo=9(FxNa, Ba) = pa-

Again, skew-symmetry of Fx implies g(Fx Ny, N,) = 0, and since §(B,, No) = 1,
using (22), we obtain

f3 :g(-/rXNqua) =0.

Substituting the values of f1, f2 and f3 in (22), we find the second equation of (20).
Moreover, there exist functions hy, ko, hg : I — R, not all vanishing simultaneously,

such that we can express
(23) FxBa = h1To + haNy + h3By,.
Since §(Ba, No) = 1, using (23), skew-symmetry of Fx and (21), we find

hi = Q(FXBOMTQ) =—g (Bav-FXToz) =—g (BaaNa) = -1
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Again, skew-symmetry of Fx implies §(Fx B, B,) = 0 and since (N, B,) = 1,
using (23) we obtain
he = g(]:XBa;Ba) = 0.
Since §(Ba, No) = 1, using (23) we get
h3 - g(fXBouNa) = —Ua-

Substituting the values of hy, he and hg in (23), we find the last equation of (20). O

The next result characterizes spacelike normal trajectories in (H3, g, Bx) pos-

sessing lightlike acceleration in connection with their Frenet apparatus.

Theorem 4.7. A unit-speed spacelike curve possessing lightlike acceleration a :
I — H3 is a normal magnetic trajectory in (H3, g, Bx) iff the restriction of X to

a, Xo € X(a(l)), has expression
(24) Xao = paTo — Ng.
Proof. Let a be a normal magnetic trajectory in (H3, g, Bx). Then for the restric-

tion of X to a, i.e., X4 € X(a(])), there exist three functions mq,ms,m3 : [ — R,

not all vanishing simultaneously, such that we can express
(25) Xa = mlTa + mQNa + m3Ba.

Proposition 4.6 gives the action of Fx on the pseudo-orthonormal frame {T,, Ny, Ba }.
Again, we have Fx X, = Px X x X, = 0. Therefore, using (20) and (25), we obtain

0= —m3T, + (m1 + mapia) No — m3jiaBa

which implies m; 4+ mopu, = 0 and msg = 0. Again, since FxT, = P x X x T, =
aXXogXTy,axTyxTy,=0,ax Ny, xT, =—N, and a X B, x T, = B, using
(20) and (25), we find mg = —1 and hence m; = p,. Substituting the values of mq,
ms and mg in (25), we find (24).

Conversely, let X, € X(a(I)) be given by (24). Since o x T, x T, = 0 and
a X Ny x T, = — N, using (24), we find

FxTo, =PxXxT,=ax X, xT, =N,.
Then applying (7), we obtain

.FxTa = Da/Ta —
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which is the associated Lorentz equation. Hence, « is a normal magnetic trajectory
in (HigaBU) U

Remark 4.8. For a spacelike magnetic trajectory o in (H3, g, Bx) possessing light-

like acceleration, X, € X(a(I)) always resides in osculating planes of a.

4.2.3. Lightlike magnetic trajectories. Let o : I — H$ be a unit-speed (pseudo-
arc length parametrized) lightlike curve and Bx be a non-trivial magnetic field
corresponding to X € X(H3) with div(X) = 0. If a is a normal magnetic trajectory
in (H3, g, Bx), then the associated Lorentz equation (11) can be written in terms

of its tangent vector field T, as follows:
(26) DyTy =FxTy =P x X xT,,

where Fx is the Lorentz force of Bx. We determine the following result that
manifests how Fx acts on the vector fields in the dynamic pseudo-orthonormal
frame {T, N,, Bo} on «:

Proposition 4.9. If a: [ — H3 is a unit-speed lightlike curve, then Fx satisfies
FxTo = Ng,
(27) FxNao = —piaTa + Ba,
FxBa = —ftaNa,
where po 2 I — R is smooth such that po, = G(FxNa, Ba) = —g(Ng, Fx Ba).-
Proof. Using (26) and (8), we find
(28) FxTo =DyTy = Ny

which is the first equation of (27). Now, there exist functions fi, fo, f3 : I — R,

not all vanishing simultaneously, such that we can express
(29) FxNao = fiTa + f2Na + f3Ba.
We define a function p,, : I — R by
fra =g (FxNa,Ba) = =g (Na, Fx Ba) -
Then (i, is smooth and since §(Ty,, Bo) = —1, using (29) we obtain

fl =-g (‘FXNavBa) = —Ha-
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Again, skew-symmetry of Fx implies §(Fx Ny, No) = 0, and therefore using (15)
we get

f2 :g<]:XNayNa) =0.

Since §(Ba, Ta) = —1, using (29), skew-symmetry of Fx and (28), we find

[

—g (FXNavToz) = g(Nom-FXTa) = Q(NaaNa) =1

Substituting the values of fi1, fa, f3 in (29), we find the second equation of (27).
On the other hand, there exist functions hi,ho,hs : I — R, not all vanishing

simultaneously, such that we can express
(30) FxBo =h1Ty + hoN, + h3Bg.

Then skew-symmetry of Fx implies §(Fx Ba, Bo) = 0 and since g (T,, By) = —1,
using (30) we obtain
hi=—g (‘FXBOHBCY) =0.

Again, using (30), we get

he = g (FxBa, Na) = —fla-
Since §(Ba,Tn) = —1, using (30), skew-symmetry of Fx and (28), we find
hs = =g (FxBa,Ta) = § (Ba, FxTo) = §(Ba, Na) = 0.
Substituting the values of hy, hg and hg in (30), we find the last equation of (27). O

Next, we obtain the following result characterizing normal lightlike trajectories
possessing lightlike acceleration in magnetic background (H$,g, Bx) in respect of

their Frenet apparatus:

Theorem 4.10. A unit-speed lightlike curve o : I — H3 a normal magnetic trajec-
tory in (H3, g, Bx) iff the restriction of X to a, Xo € X(a(I)), takes the form

(31) Xo = ptaTn + Ba.

Proof. Let a be a normal magnetic trajectory in (H3, g, Bx). Then for the restric-
tion of X to a, i.e., X4 € X(a(])), there exist three functions my,ms,m3 : [ — R,

not all vanishing simultaneously, such that we can express

(32) Xa = mlTQ + mgNa + mgBa.
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Proposition 4.9 informs the action of the associated Lorentz force Fx in the dynamic
pseudo-orthonormal frame {7, Ny, By} on a. On the other hand, we have Fx X, =
P x X x X, =0. Hence, applying (27) and (32), we obtain

0=—mopaTe + (M1 — M3pia) N + maBg,
which implies m; — mgpuo = 0 and mo = 0. Again, since FxT, = P x X x T, =
aX Xy X Ty, axTyxTy=0,ax Ny xT, =T, and a X By, x Ty, = N,, using (27)
and (32), we find m3 = 1 and hence my = p,. Substituting these values of my, mo
and m3 in (32), we find (31).
Conversely, let X, € X(a(I)) be given by (31). Since o x T,, x T,, = 0 and
a X B, x T, = N, using (31), we find

FxTo, =PxXxT,=ax X, xT,=N,.
Then applying (8), we obtain
FxTo = DoTa

which is the associated Lorentz equation. Hence, « is a normal magnetic trajectory
in (HigaBU) U

Remark 4.11. For a lightlike magnetic trajectory o in (H3, g, Bx), Xo € X(a(I))

always resides in rectifying planes of a.

5. KILLING VECTOR FIELDS ON H3

Asitis, X € X(H3) is Killing iff the Lie derivative of g with respect to X vanishes
identically, i.e., £xg = 0. In connection with the Levi-Civita connection D on H?,
a Killing vector field X € X(H?) satisfies the following equation (referred to as the
Killing equation):

(33) §(DyX,Z2)+g (Y, DzX) =0

for all Y, Z € X(H3). We know that linear combinations of Killing vector fields on
H3 are again Killing. Also, if X1, X> € X(H3) are Killing, then their Lie bracket
[X1, X2] € X(H3) is also Killing. Hence, the set i(H3) of all Killing vector fields on
H? constitutes a Lie algebra of dimension < w =6 (cf. [21]). Now, maximally
symmetry nature of H3 asserts that i(H3) is six dimensional. Moreover, i(H?) is

isomorphic to I(H3), group of isometries of H3, which coincides with the Lorentz
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group O(1,3). We compute a basis for this Lie algebra i(H3) with the assistance of

a geometrical model of split-quaternions for H3 as follows:

5.1. A geometrical model of split-quaternions for H;. Semi-Euclidean space
E5 may be regarded as the collection of split-quaternions (introduced by James
Cockle in 1849 under the name of “co-quaternions” [7]; also referred to as anti-
quaternions or pseudo-quaternions [22]) as follows: A split-quaternion is an expres-
sion of the form

q= at + x2e1 + x3e2 + ;104e37
where 2!, 22,23, 2* € R and e;, ez, ez are split-quaternionic units satisfying the

following non-commutative multiplication rules (cf. [8]):

e12 = _17

e’ =eg? =1,

€i1€e2 = €z = —€ez€,,
€z2€e3 = —€; = —egey,
€3e] — e = —ejeg3.

A split-quaternion q is composed of a real part 2! and an imaginary part z2e; +
z3eq + zte3. The collection of split-quaternions, denoted by H, constitutes a 4D

1 2 3

real linear space with {1,e1,ez,e3} as a basis. If @ = 2! — 2%e; — 23ex — z'es is

the conjugate of q = 2! + 2%e1 + 2%e5 + x*e3, then the product
—_ (.12 2)2 3)2 4\2
qd = (') + («7)" = (2%)" = («7)
gives the quadratic form on Ej according to the semi-Euclidean metric with signa-
ture (+,+,—, —). Consequently, —qq becomes the quadratic form on E3 accord-

ing to the semi-Euclidean metric g with signature (—, —,+,+). Again, the map
¥ : H — E} such that

2(1) = (9117 E(el) = 81,2, Z(ez) = 8137 E(eg) = (r“)x4

is a vector space isomorphism. Hence, E3 may be regarded as the Lie group H
equipped with the semi-Riemannian metric ¥*g which we simply denote by g (cf.
[20]). In this regard, anti-de Sitter 3-space H3 is identified with a subspace of H as

follows:

H}={q€e€H:qq=—g(q,q) =1}.
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Rotation of q = x! + 22e; + x%es + zes € H, where

2

— Z (ﬂci(s))2 + 24: (arj(s))2 =1,

i=1 j=

yields the following set of six vectors:

ejq= —z2 4+ xlel - x4e2 + x?’eg,

e2q = 22 — 2te; + zles — 2%eg,

esq = 2zt + z8eq + z%e + zleg,

ge; = —z2 4+ xlel + x4e2 — (E3€3,

_ .3 4 1 2
qes = z° +x°e; +x eq + xes,

ges = z* — z3e1 — z%eq + zleg.

Under the map ¥, the above set accords with the following set of six vector fields

on E3:
X1 = —2%0,1 + 20,2 — 20,5 + 130,4,
X9 = 1‘38331 - I4ax2 + $1ax3 — I26x4,
X3 = 1’48951 + $3812 + 1'2({913 + (Elam4,
(34)

Xy = —220,1 + 2102 + 20,5 — 30,4,

X5 = 230,10 + 2%0,2 + 21045 + 20,4,

Xo =240, — 30,2 — 2203 + x10,4.

All of X1, X5, X3, X4, X5, Xg are unit smooth vector fields on Ej orthogonal
to the position vector field P = S7 28, of H} in E}, where — Y7 (z’(s))2 +
Zj:?, (avf(s))2 = —1. Therefore, it is evident that X1, X, X3, X4, X5, X € X(H3).
Moreover, we observe that X; and X4 are timelike whereas X5, X3, X5 and X are
spacelike. Consequently, {X7, X2, X3} forms a global right-invariant orthonormal
frame field on H$ whereas {X4, X5, X} forms a global left-invariant orthonormal
frame field on H3. Now, on direct computations, for each o € {1,...,6} and for

any Ogi, 0,55 1,7 € {1,2,3,4}, we find

g (Dax, Xavamj) +g (axivpazj Xa) =0.
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Therefore, for any two vector fields X = 2411 X0,:,Y = 2411 Y0, € X(H3), we

obtain
g (DXX(17Y) + g(X, DYXa) =0

and using the Gauss formula (3), we get
g (bXXaa Y) +9g (Xa @YXQ) = 0.

Thus, each X, € X(H3) satisfies the Killing equation (33). Hence, we obtain the

following result:

Proposition 5.1. The unit vector fields X1, Xa, X3, X4, X5, X € X(H3) obtained
by (34) are Killing vector fields on H;.

Remark 5.2. Here, we obtain siz linearly independent Killing vector fields Xi,
Xo, X3, X4, X5, X¢ on H} among which X1, X2, X3 are right-invariant whereas
X4, X5, Xg are left-invariant. It can be easily checked that any linear combination
of the right-invariant Killing vector fields X1, Xo, X3 (resp. left-invariant Killing
vector fields X4, X5, Xg) is again a right-invariant (resp. left-invariant) Killing
vector field on H3. Thus, these Killing vector fields spans the Lie algebra i(H3).
Consequently, { X1, X2, X3, X4, X5, X6} forms a basis for i(H3).

Now, the following result which can be proved easily provides us a account for all
spacelike, timelike or lightlike right-invariant or left-invariant Killing vector fields

of constant length on HS.

Proposition 5.3. Any right-invariant (resp. left-invariant) Killing vector field
X € X(H3) of constant length is characterized by one of the following categories:

(1) X is spacelike iff X is a scalar multiple of Xo or X3 (resp. X5 or Xg).

(2) X is timelike iff X is a scalar multiple of X1 (resp. X4).

(8) X is lightlike iff X is a scalar multiple of X1+Xo or X1£ X3 (resp. X4£+X5
or X4+ Xs).

5.2. Killing vector fields on regular curves in H3. Let us consider a regular
curve « : I — H3 possessing speed v, (t) = ||/ (t)|| and scalar acceleration a,(t) =
|Darc(t)]|. Let € > 0 and B : (—¢,€) x I — H? be a variation of o such that
£(0,t) = a(t) and causality of t-curves ¢, obtained by «y,(t) = S(p,t) be the same
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as that of c. Then there exist Xg,Ys € X(5) defined by

O _8£

Xﬁ(p, t) = ?p(pa t)a Yﬁ(pa t) - 8t

Here Xg stands for the velocity field of p-curves oy and Yz the velocity field of
t-curves ay,. As a matter of fact, X, € X(a(I)) given by X, (t) = X;3(0,t) is the
variation vector field and Y,, € X(a(I)) given by Y, (¢) = Y3(0,t) is the velocity field
of a. Again, t-curves oy, have speed v = v(p,t) = ||Ys(p, t)|| and scalar acceleration

a=a(p,t) = ||Dy,Ys(p, t)|| such that

(p;1).

v(0,t) = va(t) = [’ )], a(0,t) = aa(t) = [Darc’(t)].

5.2.1. Killing vector fields on non-lightlike curves with non-lightlike acceleration.
Let a be unit-speed and spacelike with non-lightlike acceleration or timelike. Then
s-curves o, of the variation § have speed v = v(p, s), curvature k = k(p, s) and

torsion 7 = 7(p, s) satisfying
v(0,8) = va(s) =1, k(0,8) = kal(s), 7(0,5) = Ta(s).

A straightforward calculation yields (cf. [19] or [3])

[Xa,Ta] =0,

ov =

%(05 S) = 619(Da’Xou Ta) v,
OK?

87(0, $) = 202G(D2% X, Do To)— 461 62§ (Do X T ) + 2629 (R( X, Ta) Tor, D T ),

2 1 _ I 1 _ /
or” (0,5) = 202 g (— D3, X0~ 22D2, X, + 61 (6ak0— — | Do Xuo + 0122 Xy, 7o Ba)
Ko K2 K K2

Jp o

The vector field X, is Killing on « iff it maintains extremely small arc length of «

(o3

and « develops along X, without altering its curvature and torsion (i.e., shape of

a stays unaltered). In this regard, X, is Killing on « iff

Z—Z(O,s) = 0. 88,;2(0,3) =0, %7:(0,3) =0,
ie., iff
(35)
G (Do Xa.To) =0, §(D2Xa —01Xa,Na) =0,
g (I{abi,Xa — kL, D?, Xy + 81Ka (52113 — 1) Do Xo + 016, X, TaBa) =0.

On solving (35), one can find a 6D vector space and obtain
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Proposition 5.4 ([19, 3]). A vector field X, € X(a(I)) is Killing on « iff it is the
restriction of a Killing vector field X € X(H3) to .

5.2.2. Killing vector fields on spacelike curves possessing lightlike acceleration. Let
o be unit-speed and spacelike possessing lightlike acceleration. Then s-curves ay, of
the variation § have speed v = v(p, s), scalar acceleration a = a(p, s) and pseudo-

torsion 7 = 7(p, s) satisfying
v(0,8) = v,(s) =1, a(0,8) =aq(s) =0, 7(0,s) =74(s).

In this setting, X, is a Killing on « iff

v da or
aﬁp(O,S) =0. %(0, S) = 0, 8—p(0,8) = O7
ie., iff
7] Zja’XaaTa =0, g @?,/Xa_Xa»Na :07
(36) g( ) 9 (D2 )

g (@z/Xa - TQ@Z/XQ - Z_)a’Xa + TOzXOn Ba) - g (XOUTQ) = 0

Solutions of (36) yields a 6D vector space. Accordingly, we find

Proposition 5.5. A vector field X, € X(«(I)) is Killing on « iff it is the restriction
of a Killing vector field X € X(H3) to a.

5.2.3. Killing vector fields on lightlike curves. Let a be unit-speed and lightlike.
Then s-curves «, of the variation 8 have speed v = v(p,s), scalar acceleration

a = a(p, s) and pseudo-torsion 7 = 7(p, s) satisfying
U(Oa 3) = UQ(S) =0, CL(O, 5) = aa(s), Ta(oa 3) = Ta(3)~

In this setting, X, is a Killing vector field on « iff
v da or
—(0,s) =0, —(0,5)=0, ——(0,5)=0
09 =0, 0.5 =0. FL0.5=0,
i.e., iff (cf. [16] or [14])
@) 7(Du X T) =0, 9D X Na) =0,
9 (D3, Xy +7aDarXa,Ba) =25 (Xa, No) =0.

By solving (37), one can constitute a 6D vector space and obtain

Proposition 5.6 ([16, 14]). A wvector field X, € X(a(I)) is Killing on o iff it is
the restriction of a Killing vector field X € X(H3) to a.
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6. MOTION IN KILLING MAGNETIC FIELDS: KILLING MAGNETIC TRAJECTORIES

N 3

Let us consider a Killing vector field X € X(H3) generated by X1, Xa, X3, Xy,
X5, X6 € X(H3) given by (34). Evidently, X has vanishing divergence and therefore
corresponds to a Killing magnetic field Bx = 1xQ5 on H}. Hence, its Lorentz force
Fx is given by

FxY=XANY=PxXxY

for all Y € X(H3). In this setting, the Lorentz equation is
Dy —sign(a’) [|o/[|Pa=Px X x o

that defines a magnetic flow composed of Killing magnetic trajectories in Killing

magnetic background (H?, g, By).

6.1. Non-lightlike Killing magnetic trajectories possessing non-lightlike
acceleration. We characterize spacelike magnetic trajectories possessing non-lightlike
acceleration or timelike magnetic trajectories corresponding to Killing magnetic

fields in terms of their quasi-slope, curvature and torsion.

Theorem 6.1. Let o : I — H3 be a unit-speed non-lightlike curve with non-lightlike
acceleration and Bx be the Killing magnetic field corresponding to a Killing vector
field X € X(H3). If o is a normal KMT" in (H3,g, Bx), then it possesses constant

quasi-slope pg and one characterization among the following:

(1) « resides in a totally geodesic surface in H3.
(2) « possesses curvature ko, and torsion T, which are connected as follows:

K2 — 27,) = ¢y,
(38) (1o )=c

" 1 3 _
Oakiy, + 03KaTa (Mo — Ta) + 5 01K, = C2Ka,
where ¢1 and co are undetermined constants.

Conversely, if a is a unit-speed non-lightlike curve possessing non-lightlike ac-
celeration having one of two characterizations mentioned as above, then there is a
Killing vector field X € X(H3) so that o is a normal KMT in (H3, g, Bx) possessing

constant quasi-slope L.

LKMT stands for Killing magnetic trajectory.
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Proof. Let a be a normal KMT in (H3, g, Bx). Then Theorem 4.3 gives the follow-
ing expression for X,, € X¥(a([)):

(39) Xo = 52,uaTa + d9kaBa,

where p,, is the quasi-slope of « obtained by po = §(Fx Na, Ba) = —§(No, Fx Ba),
Fx being the associated Lorentz force. Again, Proposition 5.4 asserts X, € X(a([))
is Killing on « and hence (35) is satisfied. Now, (39) and (6) yields

Do X = 024l Toy + Ko (o — Tar) N + G2k, By

Then the first one of (35) gives u/, = 0 and hence p is a constant, say pg. Conse-
quently, (39) and the last equation become

(40) Xo = 02p0Ty + 0256 Ba,
(41) Do Xoo = Ko (10 — Ta) No + 02k, Ba.
Using (41) and (6), we compute
(42) DivXa = [~ 0167 (1o — 7a)] Ta + [0, (o — 27a) — KaTs] Na
+ [02K" + 03k0Ta (0 — Ta )] Ba-
Again, applying (40) and (42) in the second one of (35), we find
Ko (Ho = 27a) = KaTy =0
which gives
(13) K2 (o — 27a) = 1,
where ¢ is an undetermined constant. Also, (42) reduces to
(44) = [~ 8152 (o — Ta)| Ta + [02 + 03K Ta (1o — Ta)] Ba-
Moreover, using (44) and (6), we compute
D3, X, = [— 01 (Iii (o — Ta))/} Ty + [ Tk + Ko ((55& + 017 ) (1o — Ta)] N,
+ (021 + Gakiaa (10 = 7))’ Ba

Then applying it including (40), (41) and (44) in the third one of (35), after some

steps, we obtain
!

1 1
(45) Tey [/@ (52K + 03kaTa (o — Ta)) + 3 S1k2| =0.
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If 7, = 0, then from (43) we find k,, is a constant and hence « resides in a totally

geodesic surface in H$. On the other hand, if 7, # 0, then (45) yields
1
(46) doky + 03KaTa (o — Ta) + 3 0163 = Cakia,

co being an undetermined constant, and consequently k. and 7, are connected by
(43) and (46).

Conversely, let « reside in a totally geodesic surface in H3. Then &, is a constant,
say Ko, and 7, = 0. We define X, € X(a(I)) by

Xo = 02p10To + d2k0Bq,

where 19 is a constant. Using (6) and computing Dy X, f)i,Xa and ﬁi,Xa, it can
be easily examine that the conditions of (35) is satisfied. Hence, X, € X(«(I)) is
Killing on « and therefore according to Proposition 5.4, X, is extended to a Killing
field X € X(H3). Also, using (6), we find

FxTo, =PxXxTy,=ax X, xXT, =0k Ny =DyT, — .

This indicates « is a normal KMT in (H?}, g, By).
On the other hand, let x, and torsion 7, be connected by (38). We define
Xa € X(a(])) by
Xo = 0204010 + 9260 Ba,
where 119 is a constant. Then using (6), we compute Do X, @i,Xa and ﬁi,Xa and
see, on a long but simple calculation, (35) holds. Hence, X, € X(«([)) is Killing
on a. Therefore, Proposition 5.4 ensures X, is extended to a Killing vector field

X € X(H3). Moreover, using (6), we get
FxToy =PxXxTy,=ax X, xT, =0ka,Ny =DuyT, — 010x.

This implies « is a normal KMT in (H3, g, Bx). O

Remark 6.2. According to Theorem 6.1, if a unit-speed non-lightlike curve pos-
sessing non-lightlike acceleration o : I — H3 is a normal KMT in (H3, g, Bx), then
it has constant quasi-slope o and the Killing vector field X, € X(a(I)) rewritten
as

Xo = 62/140Ta + 52KaBa

resides in rectifying planes of . Now, if N, is timelike, then rectifying planes of

a are spacelike and therefore X, is spacelike and so is X. On the other hand, if
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N, is spacelike, then rectifying planes of o are timelike (and hence Lorentzian) and

therefore X, is spacelike or timelike or lightlike and so is X .
Now, if X € X(H3) is a unit Killing vector field with sign(X) = 4, then we have
§(Xa, Xo) = 011 + O3k =0

and hence a has constant curvature kg given by ko = /|d30 + d2u2|. Moreover, if
X = X; (when timelike), X5, X3 (when spacelike), X7 + X or X7 + X3 (when
lightlike), then X,, is right-invariant on « and hence, by applying Lemma 2 in [20],

we have

Do Xo=ax Xq X Ty,

After some computations, we find that a has either everywhere vanishing torsion
or constant torsion 7y given by 79 = po — d2. On the other hand, if X = X, (when
timelike), X5, Xg (when spacelike), Xy + X5 or X4 + X (when lightlike), then X,

is left-invariant on « and hence, by applying Lemma 2 in [20], we have

Dy Xo=axT,xX,.
After some computations, we find that a has either everywhere vanishing torsion

or constant torsion 7 given by 79 = pg + 2. Hence, we find the following result:

Theorem 6.3. Let : I — H3 be a unit-speed non-lightlike curve possessing non-
lightlike acceleration and Bx be the Killing magnetic field corresponding to a right-
invariant (resp. left-invariant) unit Killing vector field X € X(H3) with sign(X) =
5. Then « is a normal KMT in (H3,g, Bx) iff

(1) « possesses constant quasi-slope pg ,

(2) « possesses constant curvature ko = \/|030 + dapd| |

(8) « possesses either zero torsion or non-zero constant torsion 7o = o — 02

(resp. To = po +02) -

Now, a curve « in H3 is a general heliz [3] iff there is a Killing vector field
X, € X(a(I)) of constant length admitting g (Dara’, Xo) = 0 (i.e., X4 and the
acceleration field of « are orthogonal). Here X, is called an axis of the general helix.

Obviously, a curve with everywhere vanishing torsion is a non-degenerate general
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helix as its unit binormal vector field is regarded as an axis which is obviously non-
lightlike. Now, for a curve « possessing constant curvature and constant torsion, it

is evident that the vector field X, on « given by
Xo=aTl, +bB,

for some constants a and b is always Killing and it resides in rectifying planes of «.
If N, is timelike, then rectifying planes of « are spacelike and therefore all Killing
vector fields on « are non-lightlike. In this case, « is a non-degenerate general helix.
On the other hand, if N, is spacelike, then rectifying planes of « are timelike (and
hence Lorentzian) and therefore Killing vector fields on o may be non-lightlike or
lightlike. Therefore, we cannot conclude whether « is a degenerate general helix or
not. Nevertheless, we can find out a unique Killing vector field X, on « by forcibly
making it parallel on «. In this case, « is called a non-degenerate or degenerate
general helix if X, is respectively non-lightlike or lightlike (cf. [3]).

Also, it happens that a non-lightlike curve « possessing non-lightlike acceleration
is a general heliz in H iff it has any one among the following characterizations (cf.
[3]):

e « possesses zero torsion and resides in a totally geodesic surface in H3.
In this case, « is a non-degenerate general helix admitting a unique non-
lightlike axis.

e « has constant curvature kg as well as constant torsion g, i.e., a is a helix
in H3. In this case, « is a general helix admitting a plane (rectifying plane)
of axes among which one is parallel on «, and it is degenerate iff N, is
spacelike and 179 = + Ko, otherwise it is non-degenerate.

e « has curvature k., and torsion 7, related by 7, = coro £ 1 for some
undetermined constant c¢y. In this case, o is a general helix admitting a
unique axis that cannot be parallel on «, and it is degenerate iff N, is

spacelike and ¢y = +1, otherwise it is non-degenerate.

Accordingly, we obtain the following consequence of Theorems 6.1 and 6.3:

Theorem 6.4. Let o : I — H3 be a unit-speed non-lightlike curve possessing non-
lightlike acceleration and Bx be the Killing magnetic field corresponding to a right-
invariant (resp. left-invariant) unit Killing vector field X € X(H3). Then « is a
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normal KMT in (H3,g, Bx) iff it has constant quasi-slope g, and it belongs to one

among the following families:

(1)

(2)

(3)

If X is spacelike, then « is a mon-degenerate general heliz admitting ei-
ther the support of X as axis or a plane (rectifying plane) of axes which
includes X. In this case, o has constant curvature ko = /|1 — p2| and
either everywhere vanishing torsion or constant torsion 19 = pg + 1 (resp.
0= o — 1).

If X s timelike, then « is a non-degenerate general heliz admitting either
the support of X as axis or a plane (rectifying plane) of axes which includes
X. In this case, a has constant curvature kg = m and either
everywhere vanishing torsion or constant torsion 19 = po — 1 (resp. 179 =
to + 1).

If X is lightlike, then « is a degenerate general helix admitting either the
support of X as axis or a plane (rectifying plane) of axes which includes
X. In this case, pg is non-zero (otherwise X becomes non-lightlike), and «

has constant curvature kg = |uo| and constant torsion 19 = pg — 1 (resp.

T0 = pio +1).

6.2. Spacelike Killing magnetic trajectories possessing lightlike acceler-

ation. We characterize spacelike magnetic trajectories possessing lightlike accel-

eration corresponding to Killing magnetic fields in terms of their quasi-slope and

pseudo-torsion.

Theorem 6.5. Let o : I — H3 be a unit-speed spacelike curve possessing lightlike

acceleration and Bx be the Killing magnetic field corresponding to a Killing vector
field X € X(H3). If o is a normal KMT in (H3, g, Bx), then quasi-slope of o is a

constant, say o, and pseudo-torsion T, of a agrees

(47) Tz; - (/U'O - Ta) Ta + 2008 = ¢,

for some undetermined constant c.

Conversely, if T, agrees (47), then there is a Killing vector field X € X(H3) so

that o is a normal KMT in (H3, g, Bx) possessing constant quasi-slope jig.
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Proof. Let a be anormal KMT in (H3, g, Bx ). Then by Theorem 4.7, the restriction
of X to a, X, € X(a(I)), can be expressed as

(48) Xo = paTo — Na,

where p,, is the quasi-slope of « obtained by o = §(Fx N, Ba) = —§(Nu, Fx Ba),
where Fx is the associated Lorentz force. Again, according to Proposition 5.5,
Xo € X(a(])) is a Killing vector field on o and hence the conditions (36) are
satisfied. Now, using (48) and (7), we compute

Z_)a’Xa = :u/aTOt + (/1’01 - TO‘) Na

and substituting it in the first condition of (36), we find p/, = 0 and therefore p,,
is a constant, say po. Hence, o has constant quasi-slope po. Then (48) and the

previous equation reduce to

(49) on:,U/OToz_Na7 Da’Xa:(MO_Ta)Now
Moreover, using (7) and (47), we find

D2 Xo = [T, + (o — Ta) Ta] Na,
D3, X, = [—Tg + (po — 37a) 74, + (o — Ta) Tg] N,
and hence the third one of (36) yields (47).
Conversely, let 7, satisfies (47). We define X, € X(a(I)) by

Xo = ol — Na,

where g is a constant. Then using (7), we compute Do Xos ’Zji,Xa and ﬁz,Xa
and observe (36) is satisfied. Hence, X, € X(a([)) is a Killing vector field on «.
Consequently, by Proposition 5.5, there exists a Killing vector field X € X(H?3)

whose restriction to « is X,. Applying (7), we obtain
FxTo=PxXxTy,=axXyxTy,=Ny=DyT, —«

which is the associated Lorentz equation. Hence, « is a normal KMT in (H$, g, Bx).

d

Remark 6.6. According to Theorem 6.5, if a unit-speed spacelike curve o : I — H3
possessing lightlike acceleration is a normal KMT in (H3, g, Bx), then it has con-
stant quasi-slope po and the restriction of the Killing vector field X € X(H3) to a,
Xo € X(a(l)), can be expressed as Xo = poTn — No which resides in osculating
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planes of a. Since By, is lightlike, osculating planes of o are lightlike (i.e., degen-
erate). Now, it is well-known that a lightlike subspace contains a lightlike vector
but not a timelike one, and its intersection with the lightlike cone together with the
zero-vector forms a one-dimensional subspace ([21], p. 142). Hence, it follows that

X, is either spacelike or lightlike and so is X .

Now, if X € X(H3) is a unit Killing vector field with sign(X) = §, where § = 1
or 0, then we have §(X,, Xo) = p3 = 6 and hence « has constant quasi-slope
given by pp = = 4. Moreover, if X = Xo, X5 (when spacelike), X7 + X5 or X; + X3
(when lightlike), then X, is right-invariant on « and hence, by applying Lemma 2
in [20], we have Dy X, = a x X, X T,,. After some computations, we find that a has
constant pseudo-torsion 7y given by 79 = -4 — 1. On the other hand, if X = Xj,
X (when spacelike), Xy + X5 or X4+ X (when lightlike), then X,, is left-invariant
on « and hence, by applying Lemma 2 in [20], we have Dy X, = a x T, x X,.
After some computations, we find that o has constant pseudo-torsion 7y given by

To = £ + 1. Accordingly, we find the following result:

Theorem 6.7. Let o : I — H3 be a unit-speed spacelike curve possessing lightlike
acceleration and Bx be the Killing magnetic field corresponding to a right-invariant
(resp. left-invariant) spacelike or lightlike unit Killing vector field X € X(H3) with
sign(X) = & (where § = 1 or 0). Then « is a normal KMT in (H3,g, Bx) iff it
has constant quasi-slope po = +0, and it is a spacelike heliz possessing constant

pseudo-torsion 1o = £ — 1 (resp. 1o = £ + 1) with axis X.
6.3. Lightlike Killing magnetic trajectories.

Theorem 6.8. Let o : I — H3 be a unit-speed lightlike curve and Bx be the Killing
magnetic field corresponding to a Killing vector field X € X(H3). If a is a normal
KMT in (H3, g, Bx), then its pseudo-torsion T, and quasi-slope o satisfy

2o — Ta = C1,
(50) H 1

" 2 2 _
Ma_ua+Ta_627

for some undetermined constants c¢1 and cs.
Conversely, if T, satisfies (50) for some smooth function p, then there is a
Killing vector field X € X(H3) so that « is a normal KMT in (H3, g, Bx) with jiq

as quasi-slope.
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Proof. Let us assume that « is a normal KMT in (H$, g, Bx). Then by Theorem
4.10, the restriction of X to a, X, € X(a(I)), can be written as

(51) KXo = paTo + Ba,

where i, is the quasi-slope of « obtained by pq = §(FxNa, Ba) = —3(Na, Fx Ba),
where Fx is the associated Lorentz force. Again, according to Proposition 5.6,
Xo € X(a(l)) is a Killing vector field on « and hence the conditions (37) are
satisfied. Apllying (51) and (8), we find

(52) Do Xo = N;Ta + (fa — Ta) Na
and hence
bi/Xa = [po = (fta = Ta) Ta] Ta + (2015, — 7o) No + [pta — Ta] Ba.

Substituting it in the second condition of (37), we find 2y, — 7/, = 0 which gives

first equation of (50). Therefore, the previous equation reduces to
(53) Do Xa = [y — (Ho = Ta) Ta] Ta + [t — Ta] B
Also, apllying (53) and (8), we obtain
(54) Dl Xa = (1) = (= 74) Ta = (1 = Ta) 74 Ta

/

+ [M:)Iz -2 (,U/oz - Ta) Ta] Noz + [M:x - Ta] BOé'

Substituting (51), (52) and (54) in the third condition of (37), some computation
gives second equation of (50).
For converse, let 7, satisfies (50). We define X,, € X(a([I)) by

Xo = ptaTo + Ba.

Then using (8) and (50), it is easy to compute Dy X,, D2, X, and D3, X, and
check that the conditions of (37) are easily satisfied. Hence, X, € X(a(])) is a
Killing vector field on «. Consequently, by Proposition 5.6, there exists a Killing
vector field X € X(H3) whose restriction to a is X,,. Using first one of (8), we find

FxTo,=PxXxT,=axX,xTy, =N, =DyT,

which is the associated Lorentz equation. Hence, « is a normal KMT in (H3, g, Bx)

possessing quasi-slope g . O
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Remark 6.9. According to Theorem 6.8, if a unit-speed lightlike curve o : I — H3
is a normal KMT in (H3,g, Bx), then X, € X(a(I)) can be expressed as X, =
taTo + Bo which resides in rectifying planes of a. Since Ny is spacelike, rectifying
planes of a are timelike (and hence Lorentzian). Therefore, it follows that X, may

be spacelike, timelike or lightlike and so is X .

Now, if X € X(H3) is a unit Killing vector field with sign(X) = 4, then we have
§(Xa, Xa) = —2pa = 6 and hence « has constant quasi-slope pg given by pg = fg.
Again, if X = X; (when timelike), X2, X3 (when spacelike), X1 + X5 or X; + X3
(when lightlike), then X, is right-invariant on « and hence, by applying Lemma 2
in [20], we have Dy X, = a x X, x T,. On some computation, we find that « has
constant pseudo-torsion 7y given by 19 = 7% — 1. On the other hand, if X = X4
(when timelike), X5, Xg (when spacelike), X4 + X5 or X4 + X4 (when lightlike),
then X, is left-invariant on a and hence, by applying Lemma 2 in [20], we have

Do Xo = a x T, x X,. After some computation, we find that o has constant

pseudo-torsion 1y given by 1 = 7% + 1. In this regard, we find the following result:

Theorem 6.10. Let«: I — H be a unit-speed lightlike curve and Bx be the Killing
magnetic field corresponding to a right-invariant (resp. left-invariant) unit Killing
vector field X € X(H3) with sign(X) = 6. Then « is a normal KMT in (H3, g, Bx)

iff it has constant quasi-slope g = —%, and it is a lightlike helix possessing constant

[
27
pseudo-torsion 1o = —% —1 (resp. 10 = —g + 1) with azis X.

7. LAST REMARK

If we express a curve « : I — H$ in terms of coordinate functions as

for all s € I, then we have

2

(55) ST (@) D (@) = -1

i=1 j
Now, if « is non-lightlike and unit-speed, then we have

W R )

Jj=3
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where § can take two values: § = 1 if « is spacelike and § = —1 if « is timelike. On

the other hand, if « is lightlike and unit-speed, then we have

o (%) -2(E) (@) (%) -

i=1 =3 i=1 =3

Let us assume, WOLOG, that 0 € I C R and « begins from «(0) = (x}, 23, 23, x¢)

having initial velocity o/(0) = (ud,u3,ud,us). That is, a has the following initial

conditions:
(58) ' (0) =z5,  2(0)=a3,  2*(0) =23,  2%(0) ==zf,
58 1 2 3 4
dx ,  dx dx dx
Pt — - (0) = 2 = (0) = 3 = (0) = 4
ds (0) 0 s (0) Up, ds (0) U, ds (0) Up,
where
2 2 1 2
(59) = (b)) + D (=) =1
i=1 j=3

If « is non-lightlike and unit-speed, then we have
2 4 9
(60) —Z@M+Z@@=a
i=1 j=3
where § can take two values: § = 1 if « is spacelike and 6 = —1 if « is timelike.
Again, if « is lightlike and unit-speed, then we have
2 4 2 5 2 4 ; 2
o S =X (@) -3 (o) 3 (450) -t
i=1 j=3 i=1 j=3
Let us pick any one of the basis Killing vector fields , say X;, on H} obtained
by (34) and consider its corresponding magnetic field Bx,. Then the associated
Lorentz equation gives rise to the following nonlinear system of ODEs:
(62)
d?z' 5 da?! +

ds? ds

d?a? 5 da? E

ds? ds

do? (z'a* — 2”2%) % — (z'2® + 2”2%) d;:,

da! + (mlmS +m2x4) dzi::s + (wlx4 _ mes) d;s47

ds

)
)

% =0 df: + (2°2° — z'2?) d{f; — (z'2® 4+ 2”2%) % + ((m1)2 + (IQ)Q) da’
VB4 (o200 atat) 22 ()4 (0)°) 42,

2.4 4
d“x :éld;cs +(I1.CL‘3+.CL‘2SL‘4

ds? s
where §; = 1,—1 or 0. Now, one can find explicit parametrization of the non-
lightlike normal KMT « in (H$,g, Bx,) starting at a(0) = (z§, 23,23, 23) with

initial velocity o/(0) = (u,u?,ug,ug) by solving the nonlinear system (62) with

initial conditions (58) satisfying (59) and (60), where §; = 1 if o is spacelike and §; =
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—1 if « is timelike. On the other hand, one can determine explicit parametrization

of the lightlike normal KMT « in (H3,g, Bx,) starting at a(0) = (xf, 23,23, 28)
with initial velocity o/(0) = (u},u?, ud,u3) by solving the nonlinear system (62)
with initial conditions (58) satisfying (59) and (61), where d; = 0. Analogously, one
can obtain parametrizations of Killing magnetic trajectories corresponding to any

Killing magnetic field on H3.
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