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ABSTRACT. Some classes of almost contact structures on 5-dimensional nilpotent Lie algebras were inves-
tigated in the literature. On the other hand, there are several generalizations of Lie algebras and their
characterizations. In particular, an effective characterization of all Hom-Lie algebras of sl(2) type and
construction of all the 3-dimensional Hom-Lie algebras for a class of twisting homomorphisms has been
presented. A list of twenty 3-dimensional Hom-Lie algebras has been given. In this paper, we consider some
classes of almost contact metric structure on all those twenty 3-dimensional Hom-Lie algebras separately. We
study semi-cosymplectic, almost cosymplectic and cosymlectic structures. Moreover, we study K-contact

and Sasakian structures on 3-dimensional Hom-Lie algebras.
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1. INTRODUCTION

Contact manifolds are the odd-dimensional counterpart of symplectic manifolds and there isn’t any doubt
about the great importance of symplectic and contact geometry. An almost contact metric structure on an
odd-dimensional differentiable manifold M?"*! is a reduction of the structure group of its tangent bundle
to U(n) x 1. In [7], a classification of almost contact metric manifolds was obtained via the study of the
covariant derivative of the fundamental two-form. For example, if we have V® = 0, we say that the almost
contact metric structure is a cosymplectic structure.

On the other hand, the set of vector felds on a Lie group that are invariant under all left translations
forms a fnite-dimensional vector space, which carries a natural bilinear product making it into an algebraic
structure known as a Lie algebra. Many of the properties of a Lie group are reflected in the algebraic
structure of its Lie algebra [14]. In fact, Lie algebras are related to Lie groups, and both concepts have

important applications to geometry and physics. Also, Hom-algebra structures are given on linear spaces
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by multiplications twisted by linear maps. For example, in [3], [10], [9], [13], [15], [16], [20], [22], [23], Hom-
structures including Hom-Lie algebras, Hom-algebras, Hom-coalgebras, Hom-modules, Hom-Hopf modules,
biHom-associative algebras, biHom-Lie algebras and biHom-bialgebras were studied.

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [11] as part of a
study of deformations of the Witt and the Virasoro algebras. In a Hom-Lie algebra, the Jacobi identity is
twisted by a linear map, called the Hom-Jacobi identity.

In [17], Abdenacer Makhlouf and Sergei D. Silverstrov, presented an effective characterization of all
Hom-Lie algebras of sl(2) type and construct all the 3-dimensional Hom-Lie algebras for a class of twisting
homomorphisms. They provided a list of twenty 3-dimensional Hom-Lie algebras which was very helpful for
us.

Recently, the relationship between Lie group, Lie algebra and their generalizations and contact gometry
has been considered by many geometeres, for example, in [1], [2], [5], [6], [19], [12]. Particularly, in [18],
Nulifer Ozdemir, Mehmet Solgun and Sirin Aktay, by using the classification of five-dimensional nilpotent Lie
algebras given in [8], could determine almost contact metric structures on them ingeniously. All conclusions
in their paper have been gained by very complicated calculations. In fact, we believe that, their paper is in
the category of high quality papers and it motivated us to determine almost contact metric structures on all
the 3-dimensional Hom-Lie algebras.

We consider all Hom-Lie algebras associated to the homomorphism given with respect to the basis eq,
ea, eg of the three-dimensional V' and we study some classes of almost contact metric structure on all those
twenty 3-dimensional Hom-Lie algebras in this research. We consider semi-cosymplectic, almost cosymplectic
and cosymlectic structures. In addition, we investigate K-contact and Sasakian structures on them.

In section 2, we present some definitions and theorems about some classes of almost contact metric
structure, Lie algebra and Hom-Lie algebra. Also, all 3-dimensional Hom-Lie algebras are listed. Section
3 is devoted to gain three systems of equations for each 3-dimensional Hom-Lie algebra which characterize
semi-cosymplectic, almost cosymplectic and cosymplectic structures on them. After each one, we gain a
system of equations for each 3-dimensional Hom-Lie algebra which characterizes a Killing vector field, a

K-contact and a Sasakian structure on them.

2. PRELIMINARIES

M2+ has an almost contact structure or (g, £, n)-structure if it admits a tensor field ¢ of type (1,1), a

vector field £ and a 1-form 7 satisfying

(1) ¢*=-T+n®E nE) =1

Suppose that M?"+1 has an almost contact structure (¢, &,7). Then, ¢ has rank 2n and o€ =0, no ¢ = 0.

If M2+ with a (i, &, n)-structure admits a Riemannian metric g such that

(X, pY) = g(X,Y) — n(X)n(Y),

we say that M2t has an almost contact metric structure and g is called a compatible metric. The

fundamental 2-form ® of an almost contact metric manifold is defined by

(I)(va) = g(X7 (pY),
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for all X, Y € TM. Since ¢ has rank 2n, we have n A ®” # 0. This means that every almost contact metric
manifold is orientable. An almost contact metric structure with ® = dn is a contact metric structure [22], [23].
In theorem 6.8 in [4], it is proved that an almost contact metric structure (¢,&,n,g) is cosymplectic if

and only if ¢ is parallel. It is easy to prove that
(Vx®)(Y, Z) = g(Y, (Vx9)Z).

Therefore, an almost contact metric structure (¢, &,m, g) is cosymplectic if and only if ® is parallel.
According to the classifications in [7], an almost contact metric structure
(p,&,m,g) in M?"*1 is said to be
i) Almost cosymplectic if d® = 0 and dn = 0, where d denotes the exterior derivative of a differential form.
ii) Cosymplectie if it is almost cosymplectic and normal.
iii) Semi cosymplectie if 6@ = 0 and én = 0, where J denotes the coderivative of a differential form.
A vector field X on M is called a Killing vector field if and only if Lxg = 0. A contact metric structure
(¢,€,m,9) is said to be K-contact if £ is a Killing vector field. Moreover, let M be a contact metric manifold.
Then, M is a K-contact manifold if and only if

(2) Vi€ = —pX.
The almost contact structure (¢, &, n) is normal if and only if
[p, Pl(X,Y) + 2dn(X, Y)§ = 0.

A Sasakian manifold is a normal contact metric manifold. Also, an almost contact metric structure (¢, £, 1, g)

is Sasakian if and only if
®3) (Vxe)Y =g(X,Y)§ —n(Y)X.

A Sasakian manifold is K-contact and in dimension three the converse is true. For more details we refer
to [1], [22].
On the other hand, let K be an algebraically closed field of characteristic 0 and V' be a vector space on

K. For a homomorphism « of V, a Hom-Lie algebra is a triple (V,[.,.], @) consisting of a vector space V,
bilinear map [.,.] : V x V — V and a linear space homomorphism « : V — V satisfying
[X7 Y] = 7[Yv XL

[a(X)7 [K Z” + [O‘(Z)v [X7 Y” + [a(Y)7 [Z7 X” =0,

forall X,Y,Z in V.
There is a list of all Hom-Lie algebras associated to the homomorphism given with respect to the basis

e1, ea, ez of the 3-dimensional V' by the martrix

a 0 0
0 b 0
0 0 b

The list is obtained by solving the system of equations for the structure constants equivalent to axioms of

Hom-Lie algebras. This list may be considered as a first partial step towards establishing a classification of



140 MOHAMMAD REZA FARHANGDOOST, REYHANEH BAHRAMI ZIABARI AND ABDOREZA ARMAKAN

3-dimensional Hom-Lie algebras. We will show these Hom-Lie algebras by HLg; and ¢ = 1,...,20. In the
list, ij for i.j,k = 1,2,3 are parameters in K. [17]

HLg; : [e1,e2]; = Clyer + Cyes, le1,e3]; = Ches, ez, esl, = Cazer + a12 €3.
HLgs : [e1,e2], = aiSS e1 — C’fgeg + Cf’Qeg, le1,e3]y = facbgg’el + 0%362 + C’fgeg,

le2, €3]y = Cazer + Cien + Coses.
HLgs : [e1,eal3 =0, [e1,es]5 = Clzer + Claea,  [ea, €3]y = Cgen.
HLgy: [e1,e2, = 0?263, le1,e3], = 012362 + C’fgeg, le2, e3], = 0.
HLgs :  [e1,e2]5 = Ches,  [er,es]s = Clyea,  [ea,es]s = Cgen.
HLgg : [e1,e0] = Clyer + Cf263, le1,e3l =0, [e2, €3] = Cazer.
HLgr : [e1,e3]; = 011261 + 012262 + Cf’263, le1,es]; =0, ez, e3], = 021361 + 05’363.
HLgs : [e1,e2g = —Cf362 + Cf’Qeg, le1,eslg = 012362 + Cf’3e3, lea, e3]g = 021361.
HLgo : [e1,e2]g = —Ciyea + Cihes,  [e1, €3]y = —%61 + Clyea + Cies,

le2, e3]g = 021361 + 022362.
HLgio: le1,e2]; =0, [e1, €3], = Clser + Cises + Cises, [ea, es];y = Cazer + Cagea.
HLg1; :  [e1,e2]y; = C'122@2 + C§2€37 [e1, €3]y, = 012362 + 013363» e2, e3];; = 0.
HLgi2: [e1,e2]15 = —01152023361 +C%ey — %637

23 23
e1, €3]y, = Clzer — C%@C%g e2 + Claes, ez, 3], = Cozer + Czen + Ciges.
23

HLgys:  [e1,e2];5 = C%eg7 le1,e3]i5 = —a022361 + 0123627 le2, €315 = 021361 + 022362~

b
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1 ClC
HLg14 : [61, 62}14 = Cipe1 — 05’362 + o1 35
13
CLCS
[61763]14 = 011361 - 163’1 13 ez + C:fg@s» ez, 63}14 = 021361~
12
aC3, Cc%,C3
HLg15 : [61,62}15 = b 61 + 01262 + 162, 23 €3,
23
a—b)C% —bC3,)C3.
[81,63]15 _ 7(( ) 222 13) 23 e1 + 012362 + 053637
12
aC2,C3
le2, e3]y5 = b2C3’ Be + 02362 + 02363

GC§’3 C’33023
b €1 + Cl €3,

HLg6: [e1, €24 = le1, €3], = Clger + Clzea + Ciyes,

aCl;C3 .

[62763]16 = %el + 05363.

13

C15C3 c3,C
HLgi7:  [e1,e2]y7 = — 163’2 Lo — Cen — 163’2 2 e,
23 23
C3,C3

[e1,€3]17 = Clzer + —2522e5 + Claes,

53
1 2 3
e2, e3],7 = Caze1 + Cazez + Cases.
2
aCyy C'12023

HLgis: [e1, 62}18 = 011261 + C(12252 + sze& le1, 63}18 ==

b €1 — 012 €2,
aCl,C2
le2, e3]ig = %el + C2,e,.
12
bC%, + (b —a)C3,)C3
HLglg : [61, 62}19 = —( 12 (bC3 ) 13) 2361 + 012262 + 05)263,
13
aC? C3.,C2
le1, es]19 = — b23 e+ 163’3 18723 0y + Cyes,
23
aC2,C3.
[e2, €319 = 7%61 + 022362 + C§3e3~
13

—aCPC + b(C1LCY5 + (CFy + CF3)C33) e

bCi; + aC2y ’
bC%2C113 + aC’1220223 - b012023 - b0130§3
bCll2 — aC§’3

HLgso : [e1, 62}20 = 011261 + 012262 +

3
€2 + 01363,

[61,63]20 = 011361 +

[e2, €3]y = a(C1120223 + 011305’3)
TR0 b(CT, + Cs)

2 3
ey + 02362 + 02363.

3. STRUCTURES ON 3-DIMENSIONAL HOM-LIE ALGEBRAS

In this section we consider all 3-dimensional Hom-Lie algebras in twenty subsections and we obtain three
systems of equations for each Hom-Lie algebra which characterize semi-cosymplectic, almost cosymplectic
and cosymplectic structures on them. Moreover, the conditions of a K-contact and a Sasakian structure on

them are investigated.
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3.1. The Hom-Lie algebra HLg,. Let {e1, €2, €3} be a basis on HLg;. By using Koszul’s formula, the

covariant derivatives of the basis elements are as follows:

Vaer = Chert 3(-Ch —Ch+Chles, Veres = 3(Ch = Ch + Ches,
Voer = —5(Cht Ot Oh)es, Veyes = 5(Clat Oy — Cly)er — “Cles
Ve,e1 = %(0213 —C% — Cf)ez, Veyez= %(0213 +CPy + Chy)en,

(4) Veer = —Clyea, Ve,ea=0, Vees= 2011262-

Let (p,&,71,9) be an almost contact metric structure on HLg; and ® is a fundamental 2-form on it. We
notice that it must be ® A5 # 0. Also, suppose that n = Xb;e’ and & = Ebije“. Then,

de! = 70112612 — 0213623, de? = 70123613, de® = 70?2612 — 20112823.
Therefore,
dn = —(b1Cy + b3C35)e'? — byChe® — (b1 Cay + b3gc}2)623,
and dn = 0 if and only if
bi1Cly +b3C3, =0, bC3 =0, bCas+ bggcb =0.
On the other hand,
d® = bipde'? + byzde'® + bozde®,  de'® = (—Cl, + Scfg)em, de'? = de?* =0,

So,
b
d® = bi3(—Ciy + acﬁ)el??’.

We deduce that we have an almost cosymplectic structure on H Lg; if and only if
b . b
bi3(—Ciy + 50112) =0, bClL+b3C3Hh =0, bCis+ bgacll2 =0, bC%h=0.

Now let X = aje; + agez + azez be a vector field on HLg;. Then, from g(V., X, e;) = —g(V¢, X, e;) it
will be a Killing vector field if and only if

b
a2C112 =0, *al(C123 + C?2) + a350112 =0, GS(Cfs + 0213) - alcllz =0,
b
(5) ‘12(0132 - C213) =0, a2ao112 =0.

Let (¢,&,m,9) is an almost contact metric structure on HLg; and £ = aje; + azes + ages be a Killing
vector field. So, by (2) and (5) we have

1 . 1
7(130%262 + §a2012363,

per = 2
1 1

pez = —§a3(0213 +Chs + Cy)er + D (C33 4 Cs + Ciy)es,
1 1

pes = ffangBel — 7(11021362.

2 2
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Therefore, by using (1) for e;, we have

1
*Z(agcng(Cés + Cfs + 0%2) + a5(0123)2) = *(ag + ag),
1
10?2(0213 + 0123 + Cf2)ala3 = aiag,
1
71a1a20f30213 = a1as.

Also, by applying (1) for ez, e5, we obtain the following results:
Cyy=%2, Ch=42, C} =42, C}3+Ci=0, Ci+Ci=0.
Moreover, it is easy to show that the condition ® = dp is satisfied. That is we have
glei, pej) =dn(e;,e;), 1,j7=1,2,3.

Then, the almost contact metric structure (¢, &,7, g) is a contact metric structure. Thus, it is a K-contact

structure and because of dimension three, the structure must be a Sasakian structure.
Example 3.1. The almost contact metric structure (p,&,n,g) where

1
E=e, n=e, e =—e3, e3= ey,

under condition Cl; = Cly = 0 is an almost cosymplectic structure. We notice that in this case ® = e** and
then ® An # 0.

For any vector X = Xa;e; on HLg;, by using (4), we have

on

b
—E(Veﬂl)ei = bQ(acllQ - 0112)7
CN(V.,®)(es, X)

0P(X)
_ 1 b 2 3 1
= x1(023b32 + a012b21) + 22C3b31 + x3(Ciyba1 — Ciabas),
So, there is a semi cosymplectic structure on H Lg; if and only if
b b
bg(ECfQ —Cly) =0, Cizbza+ EC’bem =0, CPboy — Clabas =0, Cigbs = 0.
Example 3.2. The almost contact metric structure (p,&,n,g) where
€ =é€2, N= 627 pey = —eé3z, Pe3 = €1, b= 6137
under condition C2y = Ciy = 0 is a semi cosymplectic structure.
By calculating V® = 0 , we obtain
(sz - 0123 - 0213)b13 =0, (Cf2 + 0123 - Czls)bIB =0,
(CPy + Cfs + Ca3)bor = 0, (CPy + Oy + Ca3)bz2 = 0,
1
Clybiz =0, Clybas — 5(033 — C}y + Cy3)br12 = 0,
b b 1 2 3 1
(6) 5012513 =0, ECIQbIQ + 5(—013 — CYy + Cag)bag = 0.

Thus, an almost contact metric structure is a cosymplectic structure if and only if it satisfies in (6).
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Example 3.3. The almost contact metric structure (¢,&,m,g) where

E=e1, n=¢', pex=—e3, @ez=e3, "=e",
under conditions Cly, = Ci; = 0 and C2; = —C%, is a cosymplectic structure.
Example 3.4. The almost contact metric structure (¢,&,n, g) where
(7) E=ec3, n=c% pei=ey peg=—e, Ci=2 Ch=-2 C%=2,

is a contact metric structure. Also, in this example £ is a Killing vector field. Then, the almost contact

metric structure is a K-contact structure and it must be a Sasakian structure.

3.2. The Hom-Lie algebra HLg,. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:
Veres = 3Cher + 5(~Chy — Chy + Chyes,
Veres = —5Cher + 5(Chy + O — Ch)es,
Veyer = (O + O — Cly)er — Caes,
Ve,er = Cen — %(0213 + Oy + Oty )es,
Veser = %(0213 — Cf3 — Cfa)es — Cises,
Ve,€3 = %(0132 +C% + C3y)er + Clien,
Veer = =3 Ches + 3 Ches,
(8) Ve,ea = —Chey — Ciyez, Ve,ez = Cier + Cagen.

let (¢,&,1m,9) be an almost contact metric structure on HLgs. Also,
n = Sbe’ and ® = Lb;;e’. Then,

dn = (=bi5Cls+baCls = bsCh)e™ + (b5 035 — baCly — baCiy)e’?
—(b1Cg3 + b2C35 + b3C55)e™,
40 = (b12(C3 — £C3) +bia(Cly — S C3y))e'™
We deduce that we have an almost cosymplectic structure on H Lg, if and only if

a a
fblgcgg + byC3y — 0303, =0, blgcz?3 — baCEy — b3C3y = 0,

(9) b1C35 + baC3y + 3035 = 0, bia(Cs — %Cgs) +bi3(C35 — %ng) =0.
Moreover, assume that X = Xz;e; is a vector on HLgy. Then, by (8) we have
on = b2(—%C§3 +C3y) + bS(%Cgs - C3y),
and
6D(X) = w1(—C3gbs1 + Cizban + Cazbsa) + 2?2(%0223532 + Ci3b12 + Cisbsn)

a
+$3(—EC§31)23 — C'iagblg + 0132b21).
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So, there is a semi cosymplectic structure on H Lgs if and only if
ba(— 2, + CB) 4 b — CB) =0, ~Chybur + Ciybar + Cla =0,
(10) = C8ybyz + Clgbus + Chybar = 0, = Cybag — Clgbus + Clybar = 0.

Now let X = aje; + ases + ages be a vector field on HLgy. Then, it will be a Killing vector field if and

only if we have the following equations

a a
GZECSB - a330223 =0, alcio’s + a30223 =0, alcio’s + 02033 =0,

a a
—ax 5033 — a3C%5 + a3(Chs + Cg3) = 0,01 5C223 + agCPs + az(CFy — Cy3) =0,
(11) —a2C% 4+ a3C35 — a1 (C3y + CZ) = 0.

Suppose that (¢, &,7,g) is an almost contact metric structure on HLgs and & = aje; + azes + ases be a

Killing vector field. So, by (2) and (11) we have

1 1
per = *(02053 - 5“3(0213 + 0123 + Cio’2))62 + (a3Cfs - §a2(0213 - 0123 - C§2))63a
1 1
pey = (020?3 - 5“3(0213 +Ch + Cio’z))el + (G2C223 + 5“1(0213 +Ch + Cf’Q))eg,
1 1
pes = —(asCP3+ 5“2(_0213 +Ch 4 Cfy))er — (asC3s + §a1(0213 — Cty = Cfy))ea.

Thus, if the almost contact metric structure (¢, &, n, g) satisfies in g(e;, pe;) = dn(e;, e;),4,5 = 1,2,3, it will

be a K-contact and a Sasakian structure.

Example 3.5. The almost contact metric structure (¢,&,n,g) where
E=e, n= 617 pey = —e3, ez =e3, P= 6237

under condition Ci; = C2; = C3; = 0 satisffies in (9) and (10). So, it is an almost cosymplectic and a semi

cosymplectic structure.

By V® = 0, we conclude that any almost contact metric structure is a cosymplectic structure if and only

if we have the following equations
_%m2 e P S _ a3 1l 2 1 _
b023b32 5 (Ciy — Cf3 — Ca3)b13 = 0, b023b23 2( Ciy + Ciz + Ca3)b12 = 0,
a a 1
*505’3513 + 30223b21 =0, C3bis+ §(Cf2 4+ C% + C33)b3a = 0,
1
~Clgbzs — Cgbiz =0, Clsbis — 5(Cy + C + Cg)ban = 0,
1
Clsbsa + Ci3briz = 0, —Cizb1a — 5(—Cf2 — CP3+ Ca3)bas = 0,
1
—CP3ba1 — 5(05’2 + CFy — Ca3)bi = 0.

Example 3.6. The almost contact metric structure (¢,&,n,g) where

1 23
é-:el: n=e, ey = —e€3, Pe3 =€, b=e )

under conditions Ca2; = C3; = Cy = C3; = 0 and Ci; = —C%, is a cosymplectic structure.
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Example 3.7. The almost contact metric structure (¢,&,1n,g) where

E=e3, n=¢" per=ey peg=—er, Cy+Cl+Ch =2 Cf3=0Ch=C5=0,
is a K -contact structure and so a Sasakian structure.

3.3. The Hom-Lie algebra HLgs. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

Voer = —3(Ch+Chles, Veres = Cher+5(Ch + Ches,
Vaer = 5(Ch—Chler, Vaer=—5(Ch+Che,

Veser = %(0213 —Ch)ea, Vege3= %(0123 +Cy)er,

Veer = —Cles, Ve,ea=0, Vees=0.

Let 7 = Zbie’ and ® = ¥b;;e¥. The almost contact metric structure (p,&,7m,g) on HLgs is an almost

cosymplectic structure if and only if
b1Cay =0, b1Cis +b0:C% =0, b12C5 =0.
Also, for any vector X = Yx;e; on HLgs, we have a semi cosymplectic structure if and only if
b3Cly =0, Cigbaz =0, Clgbog — Cigbis = 0.
We know X = aje; + ases + ages is a Killing vector field on H Lgs if and only if we have
(12) azCi3 =0, a3(Cly+C33) =0, a10f3+axCy3 =0, a;Cfy=0.

Let &€ = ajey + agzes + azes be a Killing vector field and (¢, &, 1, g) is an almost contact metric structure

on HLgs . So, by applying (1), (2) and (12), we obtain
(13) Oy =42, CHL =0, az3=0.

Then, the almost contact metric structure (g, &, 7, g) under conditions (13) is a contact metric structure. So,

it is a K-contact and a Sasakian structure.
Example 3.8. The almost contact metric structure (¢,&,n,g) where

E=e3, n=¢ e =—ey ey=¢e, ®=ecl?
under condition Cly = 0 is a semi and an almost cosymplectic structure.

By calculating V@ = 0 , we obtain
Clsba1 =0, (Cyy —Cf3)ba1 =0, (Ca3— CP3)bay =0,

(14) (Chy+ Cl)bas =0, (Cly+ Cla)biz =0, Clabaa + 3 (Chy + Cla)bg =0,
Thus, any almost contact metric structure which satisfies in (14) is a cosymplectic structure and vice versa.
Example 3.9. The almost contact metric structure (p,&,n,g) where

E=e3, n=¢€" per=—e ez=e;, ®=e",

under conditions Ci3 = 0 and C3y = —C34 is a cosymplectic structure.
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Example 3.10. The almost contact metric structure (¢,&,n,g) where
E=e, n=c¢c'y pe1 =0, pex=e3, @e3=—ey, Cop3=2, O =Cl=0,
is a K-contact structure and so be a Sasakian structure.

3.4. The Hom-Lie algebra HLg,. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

Vaer = 5(Ch—Chles, Vees = 5(Ch—Ches,

Ve,ea = %(0125 +Ch)er, Ve,er = *%(sz + 0123)637

Veor = —2(Cl+Chler— Ches, Veyes = 5(Ch + Cla)en,
Ve,er = 0, Ve,ea=0, Vgesz= C’f3elA

Let n = Ybe! and & = Ebijeij. The almost contact metric structure (¢,&,n,9) on HLg, is an almost

cosymplectic structure if and only if
b3C3y =0, boCly + 03055 =0, by3Ciy = 0.

Moreover, for any vector X = Xx;e; on HLgy, there is an semi cosymplectic structure on it if and only if
biCPy =0, Clhbo =0, CPybia + Cybzy = 0.

Now let X = aje; + agses + ases be a vector field on HLgy. Then, it will be a Killing vector field if and
only if

(15) 030%3 =0, 04(0123 + sz) =0, a30f3 + QQCfQ =0, alcf’S =0.

Suppose that (¢, &,n,g) is an almost contact metric structure on H Lgy while £ = aje; + ages + ases is a

Killing vector field. Then, by using (1), (2) and (15), we obtain
(16) C3h=42, C%4=0, a;=0.

Then, the almost contact metric structure (p, &, 1, ¢g) under conditions (16) is a contact metric structure. So,

it is a K-contact and a Sasakian structure.
Example 3.11. The almost contact metric structure (¢,&,n,g) where
E=e1, n=¢€', pex=—e3, gez=es, D=¢e",
under condition C33 =0 is a semi and an almost cosymplectic structure.
For an almost contact metric structure (o, &,n, g), by calculating V& = 0, we obtain
Cisbas =0, (Cfy = Cia)biz =0, (CP3 + Cy)bas =0,
(17) (Ot +Cl)bia =0, (Ol = Ciy)biz =0, Cisbia + %(sz +Cl3)bs1 =0,

So, (¢,&,1m,g) is a cosymplectic structure if and only if we have (17).
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Example 3.12. The almost contact metric structure (o, &,n,g) where
E=e1, n=¢e', peyx=—es, pe3= e,
under conditions C35 = 0 and C% = —C3, is a cosymplectic structure.
Example 3.13. The almost contact metric structure (¢,&,n,g) where
E=ec3, n=c% wei=ey pea=—e1, @ez=0, C3H=2 C=0C%=0,

is an example of a K-contact structure and in result it is a Sasakian structure.

3.5. The Hom-Lie algebra HLgs;. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

1 1
Ve, €2 = 5(01?2 - 0123 - 0213)637 Ve, €3 = 5(0123 - CiO’Q + 0213)627
1 . 1 .
Vesea = §(Cf2 +Cfy — Cz)er, Veyer = _§(Cf2 + Cf3 4 Coz)es,
1 - 1, .
Veer = 5(_0132 — CP3+ Cyg)ea,  Veyes = 5(0132 + Cl3 + Cy3)en,
(18) vel er. = 0 v€262 =0, v5363 =0.

Let n = Sbe’ and ® = Bb;;e. Also, (¢,&,7, g) be an almost contact metric structure on H Lgs. Then,
dn = —(b3C3ye'? + byC2e!® + b1 CL4e?®) and dnp = 0 if and only if

(19) b3CPy =0, boCP3 =0, biCgy =0.

On the other hand, d® = 0. We deduce that we have an almost cosymplectic structure on H Lgs if and only
if we have (19). We know that X = aje; + ases + azes is a Killing vector field on H Lgs if and only if

(20) al(sz + 0123) =0, a2(0%2 - 0215) =0, 503(0123 + 0215) =0,

Let (¢,€,m,9) is an almost contact metric structure on HLgs and £ = aje; + azes + ages is a Killing
vector field. Then, by (2) and (20) we have

1 1
pep = 5@36%62 + §a2012363,
1 3 1 1
pey = f§a36‘12el + 5(1102363,
1 1
pes = ffagCIQ;;el — fa10213eg,
2 2
and by using (1) we obtain
(21) sz = 12, C%s =2, 0213 =2, C'1230213 = szcfs =—4, Cio’zczla =4

Then, (¢,&,n,g) under conditions (21) is a contact metric structure. Thus, it is a K-contact structure and

a Sasakian structure.
Example 3.14. The almost contact metric structure (¢,&,n,g) where
E=e3, n=¢" e =—ey @ey=ei,

under condition C3y = 0 is an almost cosymplectic structure.
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Assume that X = Xx;e; is a vector on H Lgs. By applying (18), we have dn = 0 and
SO(X) = 21C33b32 + 220%5b31 + 23035 by
Thus, there is a semi cosymplectic structure on H Lgs if and only if
Cisbsa =0, Cigbs =0, Cihbay = 0.
Example 3.15. The almost contact metric structure (p,&,n,g) where
E=e, n= el, pea = —ez, ez =ez, D= e, 0213 =0,

is a semi cosymplectic structure.

By calculating V® = 0 , we deduce that any almost contact metric structure is a cosymplectic structure

if and only if
(Cf2 - 0123 - 0213)613 =0, (_0132 + C’123 + C’213)1712 =0,
(sz + 0123 + 0213)b32 =0, (sz + C'123 - 0213)b13 =0,
(Cfy + Cf3 + Ca3)b1a =0,  (—CPy — Cfs + Cag)bzz = 0.
Example 3.16. The almost contact metric structure (p,&,n,g) where
E=e3, n=¢> e =—ey, pes=¢e, ©=c'?
under conditions C3y = 0 and C% = —Cl, is a cosymplectic structure.

Example 3.17. The almost contact metric structure (p,&,n,g) where

3
5 =e€3, nN=¢, peL = €2, pez = —e1, pes = 07

under conditions (21) is a K-contact structure and so it must be a Sasakian structure.

3.6. The Hom-Lie algebra HLgs. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

Ve,ea = Clyer + %(sz — Ch3)es, Ve,e3= %(—sz + Cg3)ea,
Vese2 = %(0132 —Cyler, Veer = _%(0132 + Ca3)es,

Ve,e1 = %(_0132 + 0213)627 Ve,e3 = %(0132 + 0213)317

Veer = —Clyes, Veyea =0, Veze3 = 0.

Let an almost contact metric structure (¢,€,1,9), n = Xbie’ and ® = Xb;;¢¥ on HLge. So, there is an

almost cosymplectic structure if and only if
510112 -+ 53C132 =0, b10213 =0, 5130112 =0.
In addition, for any vector X = ¥x;e; on H Lgs, there is an semi cosymplectic structure if and only if

Casbaz =0, Clobas + Ciobiz =0, b0y = 0.
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Now suppose that X = aje; + azes + ages is a vector field on H Lgg. Then, it is a Killing vector field if

and only if we have
(22) a2Cly =0, a1C3, =0, az(C}y—Ch3) =0, a3Cs5—a;Cy =0.

Let & = ajeq + agzes + agez be a Killing vector field and (¢, &, 7, g) is an almost contact metric structure
on HLgg. Then, by (1), (2) and (22), we obtain

(23) Ci, =42, C},=0.

Then, (p,&,n,g) under conditions (23) is a contact metric structure. So, it is a K-contact and a Sasakian

structure.

Example 3.18. Let an almost contact metric structure (p,&,n,g) where
E=e, n=¢€, per=—e; ez=e, ®=¢ C},=0.
It is a semi cosymplectic and an almost cosymplectic structure.
By V& =0, we obtain

(Cfa = Ca3)bas =0, (CPy + C3)ba1 =0,  Cipbas — %(—Cf’z +Ca3)biz =0,
(24) (Cfy + C33)bs2 =0, (Cfy — Ca5)biz =0, Ciybiz =0,
Thus, an almost contact metric structure which satisfies in (24) is a cosymplectic structure and vice versa.
Example 3.19. The almost contact metric structure (¢,&,1,g) where

E=e, n=¢€> e =—es3, pez=e, P=e'

under conditions Cly = 0 and C3y = Cis is a cosymplectic structure.
Example 3.20. The almost contact metric structure (o, &,n,g) where

E=es3, n=¢, ge1=e3, @es=—e1, pe3=0, Cjy;=0, Coyy=2,
is an example of a K-contact structure and also a Sasakian structure.

3.7. The Hom-Lie algebra HLg;. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

Vaer = Cheit5(Ch—Chles, Vees = 5(-Ch+Ches,

Ves€2 = %(C?g — C33)er — Cses,  Ve,e1 = —Chhes — %(052 + Ca3)es,
Vaer = 5(-Ch+Chlen Vaes = 5(Ch+Cher,

Veer = —Clyes, Ve,ea =Cher, Ve,ez = Cien.

Let the almost contact metric structure (p,&,7,9), 7 = Xb;e! and & = Ebz‘jeij on HLg7. Then, we have

an almost cosymplectic structure if and only if

b1CLy + byC% 4+ b3C3, =0, b1Ca; +b3C5, =0, bi3(—Chy + C3) — bo3C% = 0.
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Moreover, for a vector X = Xx;e; on HLgy, there is a semi cosymplectic structure if and only if
ba(C35 — Cly) =0,  Cisbay + Cigbso =0, —Clybas + Ciyba1 + Clybis = 0.
Now, X = aje; + ages + ages is a Killing vector field on H Lg; if and only if
a10fy =0, axCly =0, axC35 =0, ax(C},—Ci3) =0,
(25) a3C33 — a1Cly +agC%y =0, —ayC3y + azCiay = 0.

Let (p,&,7,g) is an almost contact metric structure and & = aje; + ages + ages is a Killing vector field.
So, by (1), (2) and (25), we have

(26) C3 =2 Clh=Cy=0, ay=0.

Then, the almost contact metric structure (g, &, 7, g) under conditions (26) is a contact metric structure. So,

it is a K-contact structure and a Sasakian structure.

Example 3.21. The almost contact metric structure (p,&,n,g) where

2 13
5:627 n=e, e = —€3, PYe3=ey, b=e¢ )

under conditions C%, = 0 and Cly = C3; is a semi cosymplectic and an almost cosymplectic structure.

By V® = 0, we conclude that any almost contact metric structure is a cosymplectic structure if and only

if we have

(Chy+ Clylbiz =0, (Cly— Chylbis =0, Clabag = 3(~Cly + Chbuz =0,

~Cabiz — %(Ci?’z +Cg3)bor =0,  —C3zbiz — %(*sz +Ca3)baz = 0,

Cobiz =0, Clybiz =0, Cibes=0.
Example 3.22. The almost contact metric structure (p,&,n,g) where

E=ey, n=¢> per=—es, gez=e, P=e,
under conditions Cly = C?y = C3y = 0 and C3y = Ci5 is a cosymplectic structure.
Example 3.23. The almost contact metric structure (p,&,n,g) where
E=e3, n= e3, pe; = e, pes = —e1, ez =0, 0?2 =2, 0213 = Cllz =0,

is a K-contact and a Sasakian structure.

3.8. The Hom-Lie algebra HLgs. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:

1

2
1 1

Ve €2 = 5(052 - 0213 + 0123)61’ Ve, €3 = i(Cf’z + 0213 + 0123)er

1
Ve, €2 = E(Ciq’z - 0123 - 0213)637 Ve, 3 = (*Ciq’z + 0213 + 0123)627

1 1
Ve,e1 = Cizea — 5(0% +Co3 4+ Chy)es, Veyer = 5(_01%2 + Cg3 — Cy)ea — Clyes,

3 3
Vee1 =0, Veea=—Clser, Veges = Ciser.
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Let n = bse’, @ = Bb;;e™ and (p, €, 7, g) be an almost contact metric structure on H Lgs. Then, d® = 0
and dn = 0 if and only if

boCy — 0303, =0, baChy 4+ 03035 =0, b Coy = 0.
Also, for any vector X = Yz;e; on H Lgg there is a semi cosymplectic structure if and only if
Ca3bza =0, Ciibia + Ciibzr =0, Cihbay — Cisbyiz = 0.

Now let X = aje; + ages + azes be a vector field on HLgs. Then, it is a Killing vector field if and only if

we have
(27) 61105’3 =0, al(cfz + 0123) =0, a2(O§2 - 0213) + a3C§3 =0, a3(0123 + C’213) - 020%‘3 =0,

Suppose that £ = aje; + asea + azes be a Killing vector field on H Lgs and we have an almost contact

metric structure (¢, &,n,g). Then, by (1), (2) and (27), we obtain
(28) Cio’z =2, 0213 ==£2, 0123 ==£2, 02130?2 =4, 02130123 =—4.

Then, (¢, &,n,g) under conditions (28) is a contact metric structure. Thus, it is a K-contact and a Sasakian

structure.
Example 3.24. The almost contact metric structure (p,&,n,g) where
E=e1, n=¢€', pey=—es, pez=ey O=e",
under condition Ci; = 0 is a semi cosymplectic structure and an almost cosymplectic structure.
By calculating V® = 0 , we obtain

(CFy — Cf5 = Cag)biz = 0, (=CP5 + Cf3 4+ Ca3)bi2 = 0,  Cishoz =0,
(CTy + Cl3 + Coa)bz = 0, (=CPy — CFy + Ci3)bas = 0,
(29) C?3b13 - %(Ciob + 0123 + C2ls)b21 =0, 0:133b21 + %(0?2 + C123 - 0213)b13 =0,
Thus, any almost contact metric structure which satisfies in (29) is a cosymplectic structure and vice versa.
Example 3.25. The almost contact metric structure (v, &, n,g) where
E=e1, n=¢e', pey=—es, eg= e,
under conditions C35 = Cd3 = 0 and C3y = —C%; is a cosymplectic structure.
Example 3.26. The almost contact metric structure (¢,&,n,g) where
E=e, n= el, peq =e3, @es = —es3, ey =0, 0123 = -2, 0213 = sz =2,

is an example of a K-contact structure and a Sasakian structure.
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3.9. The Hom-Lie algebra HLgg. By using Koszul’s formula, the covariant derivatives of the basis ele-

ments are as follows:
Ve, €2 = %(0?2 - C’123 - 0213)63: Ve,e1 = 05362 - %(0132 + C’213 + 0123)637
Ve, €3 = *%022361 + %(*052 + Co3+ C)ea, Vegea = %(sz — Co3+ Ciyen,
Vese1 = %(*sz + 0213 - 033)62 - Cio’?,eSv Ve,e3 = %(sz + 0213 + 0123)61 + 0223627
Ve e = %022363, Ve,es = —Cley — Ces, Veye3 = Cier.

Let the almost contact metric structure (¢,€,n,9), n = Sbe! and ® = Tb;;e’ on HLgg. Then, we have

an almost cosymplectic structure if and only if
a
b C2y — b3CY, = 0, blZC§3 — by Cly — b3Ciy = 0,
a
b1Cas + b2C35 = 0, b12(70§3 +C3) = 0.

Moreover, assume that X = Yz;e; is a vector on HLgg. So, (,£,7,9) is a semi cosymplectic structure if

and only if
a .
—C33b31 + Cagbsa = 0, 302231732 + Cisbs1 + Cigbia = 0,
a

C3ybay — Cybiz = 0, bg,(gc;3 —C%)=0.

X = aje1 + ases + ages is a Killing vector field on H Lgg if and only if
ale’3 =0, a30§3 =0, a3%0223 =0, *a1(0§2 + 0123) - a2C§3 =0,
a

(30) az(CFy — Cs3) + ay 30223 +a3Cy =0, a3(Cy3+ Ch3) — a0y = 0.

Let (p,&,1,g) is an almost contact metric structure and £ = aje; + ases + ases is a Killing vector field.
So, by (2) and (30) we have

1 1
pyer = *§a3(c123 - Cio)z + 0213)62 + (GBCig’s + 5“2(*0132 + 0213 - Cfs))e?n
1 1
pe2 = 5(13(0123 - 0?2 + 0213)61 + 5“1(*05)2 + 0213 - 0123)637
1 1
pes = (—azCiy — 5‘12(0123 +CFy — Cy3))er — ial(_c% + Cg3 — Ciy)ea.

Then, if (o, £, 7, g) satisfies in g(e;, pe;) = dn(e;, e;),4,j = 1,2,3, it will be a contact metric structure. Thus,

it is a K-contact and a Sasakian structure.
Example 3.27. The almost contact metric structure (o, &, n,g) where

3
§=e3, n=¢c°, e =—e3, es=cey,

e=e (=035 =Ch=0,

is a semi cosymplectic structure. It is also an example of an almost cosymplectic structure on H Lgg.
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By calculating V® = 0 , we deduce that we have a cosymplectic structure on H Lgg if and only if
%0223532 + %(Cfb - 0123 - 0213)b13 =0, (*Cig’z + 0123 + 053)512 =0,
0223b13 + %(sz + C'123 + C'213)1732 =0, (*Cio’2 - C123 + Czls)b23 =0,

1 1
CPybrs — 5(032 + O3+ C3)ba1 =0, Czbar + 5(0?2 + CFy — Ca3)bi3 = 0,
a

Ciabsa = 0, b

C33bay =0,  Cybag + Caibya = 0.
Example 3.28. The almost contact metric structure (p,&,n,g) where
E=e3, n=¢ pe1=—e, pea=e;, P=e'?
under conditions C35 = C2; = O3, = 0 and C33 = —C%; is a cosymplectic structure.
Example 3.29. The almost contact metric structure (p,&,n,g) where
E=e1, n=¢c', ges=e3, e3=—ey, ey =0,
Cy3=2, Ci3=0C3=0, Ci+Ch=0,

is a contact metric structure. So, it is a K-contact and a Sasakian structure.

3.10. The Hom-Lie algebra HLg;o. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

Ve,e2 = *%(0123 + 0213)937 Ve, €3 = 011361 + %(0215 + 0123)627

Veer = $(-ChtCher, Veer = —3(Ch+ Ches

Veer = %(0213 —Ch3)es — Cfses, Veez = %(0213 +Cfy)er + Cseo,
Ve, €1 = —011363, Ve,€2 = —022363, Ves€3 = C’f’3el.

Let n = Sb;et and ® = ¥b;;e¥. Then, for the almost contact metric structure (p, &, 7, g) on HLgio, there

is an almost cosymplectic structure if and only if
b1Cls + b2Cs + b3Cis =0, b1Cls 4+ b2C35 =0,  b12(Cls + C33) — basCis = 0.

Let X = aje1 + ages + ages be a vector field on H Lgyo. Then, it will be a Killing vector field if and only if

we have the following equations
aleB = 0, (130113 = 07 CL30223 = 0, CL3(0213 + 0123) = 0,
(31) fa10113 + (130?3 - a20213 =0, a20223 + a10123 =0.

Let &€ = aje; + ases + agesz be a Killing vector field on H Lgyp and we have an almost contact metric

structure (¢,&,m,9). So, by (1), (2) and (31) we obtain
(32) (Cfs = C)* =4, az=0.

Then, (¢,&,n, g) under conditions (32) is a contact metric structure. Thus, it is a K-contact and a Sasakian

structure.
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Example 3.30. The almost contact metric structure (¢,&,n,g) where
E=ey, n=¢€% el =—e3, pez=e;, ®=c
under condition C3; = C2; = 0 is an almost cosymplectic structure.

Suppose that X = Xz;e; is a vector on H Lgyo. Therefore, there is a semi cosymplectic structure on H Lqg

if and only if
—b1CF3 — b3(Cls + C33) =0,  Casbzs — Cgbar =0,  Cisbis + Cfsbar — Cizbsa = 0.
Example 3.31. The almost contact metric structure (p,&,n,g) where
E=e3, n=¢ e =—e, pes=e;, &=ce?
under conditions Cly = —C2; and C33 = 0 and is a semi cosymplectic structure.
By calculating V® = 0 , we obtain
Claboa + (O + Cla)bis =0, (G + Cly)biz =0,
Chabns + (O + Cla)bga =0, (~Cly+ Cly)bg =0,
(33) Csbar + %(0123 —C33)bi3 =0, Cigboy =0, C3b1o =0, Cisbgy =0,
So, an almost contact metric structure on H Lgyg is a cosymplectic structure if and only if it satisfies in (33).
Example 3.32. The almost contact metric structure (v, &, n,g) where
E=e, n=¢>, ger=—es, pez=e;, ®=ec',
under condition C3, = C23 = C3 = 0 is a cosymplectic structure.
Example 3.33. The almost contact metric structure (¢,&,n,g) where
=e, n=e', wes=e3 @e3=—e, e =0,
0123 = 0113 = 05)3 =0, 0213 =2,
is an example of a K-contact structure and a Sasakian structure.

3.11. The Hom-Lie algebra HLg;;. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

1 1
veleQ = 5(0f2 - 0123)63, v6163 = 5(70?2 + 0123)627
1 1
Vesea = 5(05’2 +Ch)er,  Ve,er = —Chyep — 5(0123 +CPy)es,
1 1
vEsel = _5(0123 + 052)62 - 013363a v€263 = i(C?Q + C123)€17
Ve,er = 0, Veen= C’erl, Ves€3 = 013361.

Let the almost contact metric structure (¢,&,7,9), n = Sbie’ and ® = Xb;;e¥ on HLgy;. Then, we have

an almost cosymplectic structure if and only if

boC%) +b3C3, =0, baCly 4+ b3C3, =0, boz(CZ +C3) =0.
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Moreover, let X = Yx;e; be a vector on HLgy1. Then, there is a semi cosymplectic structure if and only if
b1(0122 + Cfs) =0, 0123b31 + Cf3bl2 =0, 0?2521 + C122}?13 =0
Now, X = a1e1 + ases + ages is a Killing vector field on H Lgy; if and only if
a1Clh =0, a1C}3 =0, a30% +axChh =0, a3Ciy+a2035 =0, a1(C3h+CEH)=0.

The conditions of being almost contact metric structure of (, &, 71, g) on H Lgy; while £ = aje;+aszes+azes

is a Killing vector field will be
(0123 - 032)2 =4, a1 =0.
Moreover, (¢,&,1,g) is a contact metric structure. So, it is a K-contact and a Sasakian structure.
Example 3.34. The almost contact metric structure (p,&,n,g) where
E=ey n=¢€% per=—e3 pez=e;, ®=c"?
under condition C3y = C%, = 0 is a semi cosymplectic and an almost cosymplectic structure.
By V® =0, we deduce that an almost contact metric structure is a cosymplectic structure if and only if

1
Ciybiz + 5(0123 +CPy)bar =0, Cybas =0,

1
Ciiboy + 5(0123 +C3)b13 =0, Clibys =0,
(0%2 - C123)513 =0, (0123 - CfQ)bm =0, (sz + Clzs)b32 =0.

Example 3.35. The almost contact metric structure (p,&,n,g) where
E=ey, n=ée, pe1 = —e3, wes=¢e;, P= eld
under condition C%, = C2; = C3, = 0 is a cosymplectic structure.
Example 3.36. The almost contact metric structure (p,&,n,g) where
E=e3, nN= 63, per = ey, ey = —e1, ez =70, CfQ =2, C123 =0,

is a K-contact and a Sasakian structure.
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3.12. The Hom-Lie algebra HLg;». By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

CisC3y 1 CHCl OO

Ve, g2 = — cz, e+ 5( 3, ci Ca3)es,

Veer = —Ches+ ;(0103226;23 + 005223 Cas)es,

Ve,e1 = %(C%,gg‘g + 01262,5?23 + C33)e2 — Cises,

Vees = Clyer+ %(f C%ggj + C%,gg‘s + C33)ez,

Ve,3 = %(01262'52223 - C%ggg + 0213)61 + 022362,

Ve,e2 = %(— 0%2223 + 002023 Cys)er — Cises,

Ve, 1 = 0%26'33 ey — 011363, Ve, €2 = 012261 — 022363,
23

Ve,es = Cher + Clien.

Let n = Sb;e?, ® = ¥b;;e¥ and the almost contact metric structure (¢,&,7,g) on HLgi2. Then, there is

an almost cosymplectic structure if and only if

CV13C’23
b 2,

3 3

CVISC'23
2
C'23

— boC2, + b3 =0,

012023

23

+ C33) — by3(Cy + CP3) = 0

b1C3s + b0y +03C5, =0, —b1Cly 4+ by —2272 _ p3C3, = 0,

1 3

013023
2
C23

b12(Cls + C33) + ba(

Also, for any vector X = Yx;e; on HLgi2, we have a semi cosymplectic structure if and only if

ci.cs )
b1 (CTy + CP) + ba ICBQ 2 4+ C35) — b3(C35 + Cs) =0,
23
—C23b31 + Casbza + Cosboy =0, —Clibsg + Cazbz + Ciubip =0,
CLC3. C3,03,  C%C%
cg, bt g~ T, e+ a0

Now let X = aje; + ases + azes be a vector field on H Lgyo. Then, it is a Killing vector field if and only if

1 1 3 2 2 3 3
7(11013 — a2023 + a3013 =0, —a1Ciy+ (13023 =0, falCm — (12023 =0,

CLC3 CLC3
ay 163'2 3 4 a2012 + a3C’23 =0, -—a2 163’2 23 4 30113 =0,
23 23
C3,C3 C32,C2
(34) ay ( 28 4 12723 23) — a20223 + CLgCS3 =0.

2 3
C(23 023
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Let (¢,&,m,9) is an almost contact metric structure on HLgi2 and & = aje; + azes + azes is a Killing

vector field. So, by (2) and (34) we have
CisC35 1 C1C35 | C15C3s

_ (L 1 1
pey (—a Ccz, 2(13( cs, + cz, + Cy3))ez
1 C03, C303
a0l — Lap(C2bs _ CisChs oy
(Ch—guCog™ ~ g ~ )
1 CHhO%  CiCh |
wey = (—agC% — —az(—2228 _ +Cy3))er
(o= ymCog g T W)
1 ,0%C2 C3,C3
+ a202 _7011( 12~'23 + 13~'23 —Cl ) es,
(1 yng * ey, — )
1 C3,C?2 C3,C3
pes = (— azC3y — §a2(_7lc2’3 23 163’2 2 _ 0213))61
23 23
1 C%C2 C3,03
+( — 03033 — 5&1(7162'3 23 + 7163,2 23 + 0213))62.
23 23

Then, if (o, &, 1, g) satisfies in g(e;, pe;) = dn(e;, e;),4,j = 1,2, 3, it will be a contact metric structure. Thus,

it is a K-contact and a Sasakian structure.
Example 3.37. The almost contact metric structure (¢,&,n,g) where
E=e1, n=¢c', pea=—es, pez=e;, O=c",
under conditions C% = —C34 and Cly = Ci; = 0 is a semi and an almost cosymplectic structure.

By calculating V® = 0 , we obtain
1 CHO3  ChCy

Clabsa — 5(0733 T Ca3)b13 =0,
C%bi3 — %(% - ng% + C33)ba1 = 0,
C§3b12 - %(01262,36;23 + 0%225’5 + 0213)1923 =0,
—CPabar — %(—C%,g?’ + %220333 — C33)b13 =0,
—%2233623 - %(— C%,g% + 0%2263133 + 0213)()12 =0,
G — (T S g~

1 3
C’136123

cz bz — Clabor =0, Clbog — Chbiy =0, CPybss + Cigbiz = 0.

(35)
Thus, any almost contact metric structure which satisfies in (35) is a cosymplectic structure and vice versa.
Example 3.38. The almost contact metric structure (¢,&,n,g) where

1 23
E=e1, n=e, e =—e3, pe3=-e P=e7,

under condition Cly = Cd; = C%, = C}; = 0 is a cosymplectic structure.
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Example 3.39. The almost contact metric structure (¢,&,n,g) where
§=e, n= 617 pe2 = €3, PE3 = —E€2, 0213 =2, Ciq)'s = 0113 = 0122 =0,
is a contact metric structure. Then, it is a K-contact and a Sasakian structure.

3.13. The Hom-Lie algebra HLg;3. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:
Ve, e2 = %(0?2 — O = Cy3)es, Veger = %(—0?2 — Cf5 + C3)ea,
Ve, €3 = —%022361 + %(—05)2 +Chs + Cy3)en,
Vese2 = %(052 + C’123 - C’213)@1: Ve,e1 = —%(05)2 + C’123 + 0213)63:
Vests = 5(Chy + Chy + Cly)es + Chaes,
Ve, €1 = %022363, Ve €2 = 70223e3, Ve,e3 =0.

Let the almost contact metric structure (¢,&,7,9), n = Xb;e’ and & = Ebijeij on HLgy3. Then, we have

an almost cosymplectic structure if and only if
b33, = 0, blgcgg —byC% =0, bCly —byCZ =0, bm(—%cgg +C%) =0.
Now, X = a1e1 + ases + aszes is a Killing vector field on H Lgy3 if and only if
a3%0223 =0, agng =0, a3(0123 + 0213) =0
(36) as(CYy — Cgy) + a1%0223 =0, —a1(C}, + CP3) — axC35 =0,

Let (¢,&,m,g) is an almost contact metric structure on HLgi3 and & = aje; + azes + azes is a Killing

vector field. So, by (1), (2) and (36) we have the following equations
Cf2(0213 - 0123 - sz) =4, (0215 - 0123 - 0%2)2 =4, 0213 - 0123 =44, sz =+£2,
Then, (¢,&,1n, g) is contact metric structure. So, it is a K-contact and a Sasakian structure.
Example 3.40. The almost contact metric structure (o, &,1,g) where
E=ey, n=¢> pe1=—es, @eg=e, P=e",
under condition C3y = C2; = 0 is an almost cosymplectic structure.

In addition, assume that X = Xx;e; is a vector on HLgy3. So, there is a semi cosymplectic structure if

and only if
bS(%C223 —C33) =0, —C33bs1 + Cyzbsa =0, Ciabs + %0223532 =0, Cby =0.
Example 3.41. The almost contact metric structure (o, &,n,g) where
E=e3, n= e, pep = —ea, ey =e;, P= el?,

under condition C% = C3y = 0 is a semi cosymplectic structure.
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By calculating V® = 0 , we conclude that an almost contact metric structure is a cosymplectic structure

if and only if we have the following equations
a
(0123 - Cio’2 + C2ls)b12 =0, (0125 + Cigz + 0213)b21 =0, 30223b21 =0,
(=Ct3 = CFy + Ca3)baz = 0,  (CPa3+ CPy — Ca3)biz =0, C33b15 =0,

a 1 1
—302231)32 - 5(_0123 + sz - C’213)[913 =0, C’2231)13 + 5(0123 + CfZ + 0213)1732 =0.

Example 3.42. The almost contact metric structure (o, &,n,g) where

E=e, n=¢€> e =—es, pez=e, P=e'?
under conditions Ciy = C3, and C2; = C% = 0 is a cosymplectic structure.
Example 3.43. The almost contact metric structure (¢,&,1,g) where

E=e3, n=¢", per=ey pes=—e1, pez=0,

0%2 =2, 0223 =0, 0123 + 0213 =0,
18 a K-contact structure. Also, it is a Sasakian structure.

3.14. The Hom-Lie algebra HLgi4. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

Ve, €2 = Ciser + %(025?3 + % - 0213)@3>

Vees = Clyer — %(% % + Cis)ea,

S %(_Cllggf?) C%gf% —CLer,

Ve,e1 = Ches+ %(_%gf?’ %1162’133 — Cs3)es,

Veer = %(Cfgf?* - 011511(’;?3 + Cly)es — Clyes,

Ve,es = %(701151102%3 + 011021103?3 +Chs)en,

Veer = —Clyes —Cizes, Veyea = —Cier, Ve,es = Ciae.

Let n = Sbe?, & = Ebijeij and the almost contact metric structure

(p,€,m,9) on HLg14. Then, we have an almost cosymplectic structure if and only if

ClaCy Ly
Cis Cly

b1Cl3 =0, b12C15 —b13Cf, = 0.

—byCly + by C3, — by =0, —biCls+ b — b3Cf5 =0,

Moreover, for any vector X = Xx;e; on HLg14, there is a semi cosymplectic structure if and only if

1 1 1 C150%;
boCpp +b3C15 =0, —Cigbsa + Ol bis + Cigbiz = 0,
12

Clybaz + O%b13 = 0, Ca3bza = 0.
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By calculating V® = 0 , we obtain

161

Clibsa — %(02553 C%g% — CL)big = 0,
Clabos + %(Cllégi‘ + Cllgf3 + Cla)bia =0,
Cfgbw - %(% - C%gfs + 0213)621 =0,
C3bor + %(01151103%3 - %gi‘ — C33)b13 = 0,
(70116%1163'%3 n 01151162'133 — )by = 0,
(—% + 011031102{’3 + C33)bas = 0,

(37) Clobiz + Clybyy = 0,

C3iboz = 0,

Thus, any almost contact metric structure on H Lgy4 is a cosymplectic structure if and only if it satisfies in

(37) .

Let X = aje; + ases + ases be a vector field on H Lg14. Then, it will be a Killing vector field if and only

if a1, as, a3 satisfies in the following equations

aIC‘fg =0, CL20112 + a30113 =0,

1 3
C'12CV13

(38)
Cis

—a,015 + azCiy + az(—C3s +

)=

CLC3
a10112 + CLQC% + ag% =0,
12
0 al(Cll?)C%B _ C'1126?3) =0
Cly Cl

Let (p,&,m,9) is an almost contact metric structure on HLg14 and £ = aje; + ages + ages is a Killing

vector field. So, by (2) and (38) we have

per = (a10fy+ %as(cllégfg % + Cy3))e2
+(a1C15 — %GQ(% + % — Cy3))es,

pez = (a2C7; — %613(—0121162?3 + 01162’1163'%3 +Cq3))er

pes = (—asCis - %%(* 01163,116;?3 + % — Co3))en
—%al(—% + % + Ca3)ez.

Then, if (p, £, 1, g) satisfies in g(e;, pe;) = dn(e;, e;),4,j = 1,2,3, it will be a contact metric structure. Thus,

it is a K-contact and a Sasakian structure.
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3.15. The Hom-Lie algebra HLg;5. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

Ve, 2 = %03361 + %(C%ggg - ai%ggg — Cs)es,

Voo = (o= b)ozljél% bC%)Chs % (acb*gcggsg _ cfégég +C2)es,
Ve,€2 = %(—acb%’,gg?’ + 0%2233 +C%)ey — Cages,

Ve,er = —Ches — %(01262,226;33 a(;%g%g +Cy)es,

Voo = (OG- e -l

Ve,e3 = %(a(i%ggg + 01262’22253 + Ci3)e1 + Cisea,

Ve 1 = 7%0223362 + (o= b)c%c,l% bCt) Cs €3,

Ve,ea = Chel —Ches, Vezez = Cizeq + Cisen.

Let n = Sbse?, ® = Xb;;¢¥ and the almost contact metric structure (¢, &,n,g). Then, we have an almost

cosymplectic structure on H Lg;5 if and only if

((a - b)C122 - bC§3)0223

a
bi2(— 3 + C33) + bia(— 503 + C33) — bas(Chy + CF3) = 0,
bC%,y b
a 3 2 0%205’3 aC§3C’§’3 2 3
by 5023 + b2012 + b37€2 =0, by 7[)02 + b2023 + b3023 =0.
23 12
((a - b)0122 - bCfg)ng

by

e — byC2y — b3C3y = 0.

Moreover, let a vector X = Xx;e; on HLgi5. So, there is a semi cosymplectic structure if and only if

GC§3C§3
bC%,
((a —b)CF, — bCf3)0223

bC%,
C1C3s
C3;

bsy — C4bsy + Casbyy = 0,

bz + CZbsy + Ciybia = 0,

ba1 + Clzzbls =0,

a -
—gcggb% +

((a - 5)0122 - bcfg)
bC%,

. a C2.
b1(Cy + Cia) + ba(—5 Oy + Cy) + bs( 2 - C) =0,
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By V® =0, we obtain the following equations

1,C%C3 aC2%,Cs
Qb - 12+~23 23%23
Cubt 30" Ty,

2
1 aC’223C§’3 012205’3
C3s

2
b —
Cibi 5 (e,
1, C4LC3,  aC3,C3
3 S Y12¥23 23%23
Cub 5070 Ty,

1,C%C3 aC2,C3
3 1/ 005 aly3Ch; 2 _
Cysbor + 2( 2, bC2, + Ci3)b13 =0,
l(_C122033 + aC33C3y
2, e
((a - 5)0122 - bCf3)C’223
bC%,
Ciyboz — C3b1a =0,  Ciybza + Csbiz =0,
((a —0)Ct, — 50%3)0223 bay — 1 ChC35  aC303,

- — C)biz =0
bC3, 2("¢z, bC?, i3)b1s = 0.

+ C%3)bse = 0,

+ + C33)ba1 =0,

— Cf3)ba3 =0,

+ C%)b1a = 0,

a .-
5033523 -

a .-
_EC§3b13 + b21 = 0,

(39) -

163

Therefore, any almost contact metric structure on H Lg5 is a cosymplectic structure if and only if we have

(39).

Now, X = a1e1 + ases + aszes is a Killing vector field on H Lgy5 if and only if we have
((a - b)0122 - bo§3)0223
bC%,

_ 02 03 _ C’12261233 CZ =0 C3 CS =0
a2C33 + azCys — ai( oz T 13) =0, 1073 +azC33 =0,
23
aC3; 035
bC%,
((a = b)Ch g bCP3) C3 + a2(0122205’3 _ a(]22320§’3) +a3C3, = 0.
bCT, C3s bCTy

Let £ = aje; + azes + ases be a Killing vector field on HLgy5. By (2) and (40) we have

a .-
azgcéi?) —as =0, —a1C% +a3035 =0,

a
—ay ECSS + (120122 + a3( + 0123) = 07

(40) ay

ver = (axCi,+ %ag(ai%g% + 01262,226;33 + Ci3))es
+(asCP5 + %%(*acb%g% + 01262'2233 +Ch))es
(41)
pes = (—aCh— %as(ai%ggg C%g% +Ch))er
ol + qou TR + B 4 e
pes = (— azCiy — %M(—a(g%,ggg + 01262,226;%3 + 0123))@1
e e R

Then, if the almost contact metric structure (¢,&,1, g) satisfies in g(e;, pe;) = dn(e;, e;),4,7 =1,2,3, it will

be a contact metric structure. Thus, it is a K-contact and a Sasakian structure.
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3.16. The Hom-Lie algebra HLg;s. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

a3 1 C%C%; a0113033 2
Ve e2 = 502381+§( 0113 - bCfS *013)6?”
1 aCl,C3 C3.C3
1 13L23 13V23 2
Ve, €3 = 013614‘5( bC3, - L, + Ci3)ez,
1 GC113C§3 Cf30§’3 2 3
Ve362 - 2(_ bCi; + 0113 + 013)61 — 02363,
1 0?3033 aCllacSS 2
Vez €1 = _5( 0113 + bcig‘ + 013)63,
1 ‘10113033 0?3033 2 3
V53€1 = 5( bc,??) - 0113 —013)62—013637
1 CLC’1130§3 0%3033 2
V@eg = 5( b0133 + 0113 +Cl3)61,
a
Velel = —503362 - 0113637 V62€2 = 07
Vees = Chyer + Chgen.

Let the almost contact metric structure (¢, &, 1, g), n = Xbie’ and ® = Lb;;e on HLgy5. Then, there is

an almost cosymplectic structure if and only if

aCi3C%y
bCYs
a - g
b12Cly + bra(—5 Cly + C33) = basCly = 0.

=0, b + 0305, =0, b1Ci5 +byC% + b3C3, =0,

In addition, let X = Xx;e; is a vector on H Lgi6. Then, we have a semi cosymplectic structure if and only if

a01130233 3 1 2 1
Wb:n + Cs3b21 =0, —Cizbza + Ci3b31 + Ci3b12 =0,
13
a C3,C3 a
—30331)23 + 1031 Bhy =0, bCly+ bz(—gc;"3 +C3;) — b3Chy = 0.
13

Also, let X = aje; + ases + ages be a vector field on HLg16. Then, it is a Killing vector field if and only if

a3 1 3 3 C§3C§3 2 3
a25023 + a3013 = 07 a1013 + a2023 = 07 —al( Cl + 013) + CL3023 = 07
13
C3.C3 aCl,C3 a aCl,C3
(42) —a1C13 + asCls + a( 1(:;1 2 bgg 2)=0, -a 3033 + 03(7171(;’3 2 4 CF) =0.
13 13 13
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Suppose that there is an almost contact metric structure (p, &,n, g) on HLg16 while £ = aje; +azes +ases
is a Killing vector field. By (2) and (42), we have
1 aCi;C3;  CF3C3,

per = (al%cé)’zs - 5“3( bC?, - cl, + 0123))62
pea = %as(aillcgg% + C%llcfs + 0123)81
%al(“cb%c‘"’gg?’ + 0%5233 +Chy)es,
pes = (— azCy — %ag(—aigggg + 0%5233 + 0123))61
+(—asC3s — %al(aigggg - C?Cg,ggg —Cf))es.

Then, if (¢,&,7,g) satisfies in g(e;, pe;) = dn(e;, e;),i,7 = 1,2,3, it will be a contact metric structure. So,

it is a K-contact and a Sasakian structure.

Example 3.44. The almost contact metric structure (,&,n,g) where

2 13
6:627 n=e, pey = —es, pes = €1, b=e¢ )

under condition C23 = C35 = 0 is a semi cosymplectic structure. It is also an almost cosymplectic structure.

By calculating V® = 0 , we obtain
1,CY035 _ aCi3C35

Cl3bzz — 5 T, T, Ci3)biz =0, Cibar + %033513 =0,
C3ybi + %(“Cbéig 5 _ Ci?;lf’f?’ — O2)bys =0,  Cybgy + Clybyz = 0,
CBbyy + %(C%fs B aC;%gggS + C2)bys = 0,
%0233523 - %(70%11035’3 aigg% + Cig)bi2 = 0,

(43) (0%110333 + acbllc‘"’g 5 4 02 )bsy =0, (0%03110333 + acbllc"’g 5 4 02 )by =0,

Thus, any almost contact metric structure which satisfies in (43) is a cosymplectic structure and vice versa.
Example 3.45. The almost contact metric structure (¢,&,n,g) where
E=ey, n=¢c e =—e3, pez=e;, P=ce'?
under condition Csy = C33 = 0 is a cosymplectic structure.
Example 3.46. The almost contact metric structure (¢,&,n,g) where
E=cy, n=¢% el =e3, pe3=—e;, Coy=0, Ck=2,

is a contact metric structure. So, it will be a K-contact and a Sasakian structure.
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3.17. The Hom-Lie algebra HLg;7. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

CisC3s 1, ClC3y  ChC3y

Vaer = —ag a3 Ty, P
Vees = Cler+ ;(015223 + %52223 + Cys)ea,
Ve,e2 = %(C%ggs - %2233 — Cy3)e1 — Ciges,
Ve,01 = 0%362 + %(% — %5?23 - 0213)637

L ChCh | ChCh

v€361 = 5( 03 CQ + 0213)62 - C§3637
23 13

1 C303 03 >
v6263 = 5( 033 - 07223 + 023)61 + 023627

cLcs
Veer = 163’2 ey — Clges, Ve,ea = —Ciger — Ciges,

23

V6363 = 05)361 -+ 03362.

Let the almost contact metric structure (o, &7, g), n = Sb;e’ and & = Ebijeij on HLgy7. Then, we have an

almost cosymplectic structure if and only if

cLCs C3,C3 C3,C2
b=+ baCl + by =57 =0, biCiy + b= 5% +bsCly =0,
23 23 23
1 2 3 _ 1 2 C13C35 3\ _
b1C53 4+ 02033 + b3C53 = 0, b12(Ch3 + C33) + bas( +C33) = 0.

Also, for any vector X = Yx;e; on HLg;7, there is a semi cosymplectic structure if and only if

3,02,
—CO33b31 + Cazbsa + Cosbar = 0,  —Clgbss + —2523bgy + Cibia = 0,

C3s
CLC3 C3,C3 Ci,C3
o bay + =S biy — Ofsbiy = 0, ba(— 252 + Cd3) — bs(Ciz + C33) = 0
Cz, Cz, Css

We Know X = aje; + ages + ages is a Killing vector field on H Lg;7 if and only if we have the following

equations

C Cs

— 163' 23 -+ agcu, =0, a1Cf3 -+ GQC§3 =0, a30223 + aleg =0,
23
CLCh  ChCh
C3s C3s 7
C73C35
C3s
C§30223)
C3s

*a20223 + CL30§3 + al(

—alCll3 + a3C’133 - a2(0213 +

):07

CL,C3
(44) al% — GQC% + a3(0213 + =0.
23
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Suppose that £ = aje1 + agzes + azes is a Killing vector field on H Lgy7. By applying (2) and (44) we have

ver = (—a 0115222%3 _ %%(0%32223 n 0%1226;53 +Ch))es
+(a1C13 + %ag(c%,g% + % + Cyg)es,

pea = (a2Cfs — %as(% - % +C3))er
+(axCss — %al(—% + %g% — Ca3)es,

pes = (—asCfs - %GQ(C%S(;% - 0%2263’%3 —Cyp))er
+(—asC3; — %%(—% + 0%2263'5’3 + Cy3)es.

Then, the almost contact metric structure (¢, &, n, g) which satisfies in g(e;, pe;) = dn(e;, e;), 4,5 = 1,2,3,

is contact metric structure. So, it is a K-contact and a Sasakian structure.
Example 3.47. The almost contact metric structure (,&,n,g) where
E=e1, n=el, ey =—e3, pe3=ey &=e>,
under condition Ciy = Ciy = 0 is a semi cosymplectic and an almost cosymplectic structure.

By V® =0, we conclude that an almost contact metric structure is a cosymplectic structure if and only

if we have

1 ChC3y  ChCsy

Cllb32+*( +Cl )613:07
w5 oy T
CL,C3
B2y — Clybar =0, Clybaa + Clbrg = 0,
23

1 CC3  CiyCiy

C3biz + E( 3 C, + C23)baz = 0,
Cybar + %(0%503225 - % — C3)biz =0,
Clsbas + Cibr1a = 0,

Ciha - (Tl - S g~
C3by3 — %(76’%’2263'233 01225/;223 + C23)bay = 0.

Example 3.48. The almost contact metric structure (p,&,n,g) where
52617 77:(317 pey = —e€3, pe3 = €2, ¢:€237

under condition C3; = Cly = Cl3 = 0 is a cosymplectic structure.
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Example 3.49. The almost contact metric structure (¢,&,n,g) where
§=e, n= e, pe2 = €3, Pe3 = —C2, 0113 = Cf:s =0, 0213 =2,
is an example of a K-contact and a Sasakian structure.

3.18. The Hom-Lie algebra HLg;g. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

1, Ch03, _ aC1yC35

Ve, e2 = Cf = C3,)es,
e1 €2 1261 + 2( 0112 bC%z + Cs)es
a 2 1 aC1120223 01220223 3
Ve, e3 = *502361 + 5( b0122 - 0112 — CYy)ea,
1 a01120223 01220223 3
v(5362 = 5(7 b0122 - 0112 + 012)617
1.C%,0C3. aCl,C3.
V.0, = —C2 es+ = 12%23  @ti2%23 43 Jes,
€2 12 2 0112 b0122 12
1 001120223 01220223 3
v€3€1 = 5( bCIQQ + 0112 - 012)62,
1 ‘101120223 01220223 3 2
Ve €3 = 5( oz, Ol + Ciy)er + Cazez,
a
Ve,e1 = —Clyes + ECQ2363, Ve,e0 = Clyer — Coqes,
ve363 =0.

Let n = $b;e?, ® = Xb;;e¥ and the almost contact metric structure (¢,€,7,g). Then, we have an almost

cosymplectic structure on H Lg;g if and only if

001120223
bC%,

b1CLy + by C2 + b5C3, = 0, blgcgg + by -0, b +baC2, =0,

a

bC223 + C33) — bisCly — b3Ciy = 0.

(45) b1a(

Moreover, let a vector X = Xx;e; on HLgys. So, there is a semi cosymplectic structure on if and only if

acll20223 2 a 2 01220223
— 5 b3 — C33b31 =0, +C53b3 + b3 =0,
W%, & pCBhet ey,
a
(46) —Clobos + Cboy + Cybis = 0, b1CZy — byChy + bg(gaﬁ3 —C%)=0.

Let X = aje; + ages + ages be a vector field on HLgs. Then, it is a Killing vector field if and only if

2 12

C’126123
1
Cl2

a ,
—aggng +a207, =0, —a10% +a3Cs5 =0, a( —C3) —axC% =0,

2 2 1 2
CiyC33 | aCi,C5

—alCl + a202 + ag(— ) = 07
' 2 cly bC3,
CLC2
(47) algcgg + ag(— 212728 blc%%;i" +C3) =0.



GEOMETRIC STRUCTURES ON 3-DIMENSIONAL HOM-LIE ALGEBRAS — JDSGT VOL. 20, NUMBER 2 (2022) 169

Let an almost contact metric structure (¢,&,n,9) on HLgig while & = aje; + azes + ases is a Killing
vector field. By using (2) and (47) we have
1 Ch035 | aCl03,

per = (a1Cfy — §a3(— L o Cty))ez
+(azC35 — %al(o%g% - acl;llc%g% — Ciy))es,

per = —paa(- T TR oy,
_%al(cfégzzg N ai%’ggs —C3))es.

Then, if (¢, &, 1, g) satisfies in g(e;, pe;) = dn(e;, e;),1,j = 1,2, 3, it will be a contact metric structure. Thus,

it is a K-contact and a Sasakian structure.
Example 3.50. The almost contact metric structure (p,&,n,g) where

E=e3, n=¢€>, e =—ey, pes=c¢e;, ®=el? 6’223 = CfQ =0,
satisfies in (45) and (46). So, it is a semi cosymplectic and an cosymplectic structure.

By calculating V® = 0 , we obtain
1, C%C:2 aCl,C2
Ol pe — (1223 12023
wha =50 ey,

5 — CH))biz =0,
a
—Clybys + 50223521 =0, Chbyz—Chbz =0,

1 aCllQng 0122 0223

C23b13 — = (— —C)baa =0
23913 2( bC'122 0112 12) 32 )
1, C%03  aClC3 ‘
2y o T “12V23 1223 3 _
012()15 + 2( 0112 + bCIQZ + 012)1721 0,
a 1 .C%,02 aCl,C3
~202.bsy — =( 1223 1223 4 3 Ybis = 0,
b 2" Cf, bC3 12
03,03, aCl,C3 03,03, aCl,C3
(48) ( 12~23 + 12~23 —Cfg)bzzz :07 (_ 12~23 12~23 +C?2)b13 :07

Ciy bCt, Ciy bCt,

Thus, any almost contact metric structure which satisfies in (48) is a cosymplectic structure and vice versa.

Example 3.51. The almost contact metric structure (p,&,n,g) where

E=e3, n=¢€ ger=—e, ez=¢e;, P=e'?
under condition C3y = C25 = 0 is a cosymplectic structure.
Example 3.52. The almost contact metric structure (¢,&,n,g) where

3 2 3
§=e3, n=e’, e =ez, @er=—e1, Cy3=0, C7=2

is a contact metric structure. So, it is a K-contact and a Sasakian structure.
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3.19. The Hom-Lie algebra HLgig. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

(bCE, + (b — a)CF;) C3s 1, CH03  aClO3,

Veea = = bC?, ats-cg bCE, Ciales
Voer = —5Cher+5(- BT b oo,

Vesea = %(ai%ggd + 0%2223 + 0132)61 - 033837

Ve,e1 = 01252 ;(0163,263’23 - ai%§§3 + 052)637

Ve,e1 = %( ai%§§3 - C%ggs — C}))ez — Ciges,

Ve,e3 = %( a%c?’i% + C%‘gigg + Cy)er + Cyes,

Vo - UCREO_ACC oy

Ve,ea = Chep — 022363, Veses = Ciger + Coseo.

Let the almost contact metric structure (p,&,7,g), n = Xbe’ and ® = $b;;e™ on HLgye. Then, we have

an almost cosymplectic structure if and only if

by (bcfz +(b— a)C:lgs)Cio’S

— by C%) — b3C3, = 0,

bCiD’3
a C3,C2 aC2,03
b150223 — by 163’3323 —b3CY5 =0, 51%3323 — baC35 — b3C35 = 0,
a bC? +(b—a C3,)C3
bia(—7C3 + Cd3) + 513(( fa + (0~ 0)CYy) Oy + C33) = ba3(Cy + CP3) = 0

b bC3,

In addition, for any vector X = Xx;e; on HLgg, there is a semi cosymplectic structure if and only if we

have

aC3,C3 C3,C3
- 233 = bz — 0223b31 + C§3b21 =0, 023532 + 53 = ba1 + 013512 =0,
bC3, &
bC%, + C35)C3
( 2+ (b— . a) 13) 23 bys +C’12b21 +C'12513 -0,
bCs

(bCIZZ +(b— a)Cf’g)C§3
bCf’3

a
*0223 - 033) =0

b1(CFy + Cf3) + ba( b

+ C33) + bs(
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By calculating V& = 0 , we deduce that an almost contact metric structure is a cosymplectic structure if

and only if we have

1 C13 023 C102230%3

CZbyz + 5 s b, + C3))bsa = 0,

Cl3b21 + ;(acl;cigzs + C%,ggd +C3))b13 = 0,

Clybiz + ;(0163,523 - ai%gg‘”’ + CPy)ba1 =0,

02331)12 + %(_0%2223 — aigcgg% — C’f2)b23 =0,

%02231732 + %(— C%’,gg‘”’ + acb'%g 2 + C3,)bi3 =0,

%053621 + (bt + (b013)013)023b 3=0,

CFybas — 023b12 =0, Oj3bzz + Czbiz =0,

(b012 bci“>3 )023 bys + ;(01363’;223 . ai%ggs _ Cig’g)bm —0.

One could verify that X = aje; + azes + azes is a Killing vector field on H Lgg if and only if we have

(bCF, + (b—a)CF3)C3y

a
—a2 — a330223 =0, —CL10122 —+ a30223 =0,

bC3,
_ 2 3 CC3 3\ _ 3 3 _
a2023 + a3023 al( CS + 012) = 0, a1013 + (12023 = 0,
23
a aC2,C3.
a17C3 + azCiy + aa(— 233 2 4+0%) =0,
b bCy
(bCF, + (b — a)CF;) C3y CC3  aChC3 2
4 ‘ - —0.
( 9) aiq bc%d a(;( Cgs bC{’d ) + a2012 0
Let £ be a Killing vector field on HLg19. By (2) and (49) we have
1 aC223C§’3 0%30223 3
pe; = (apC?% — —as( - —CYs))ea
( 12 2 bci",s 033 12 )
1 aC§3C§3 0%30223
HeaClst poeTheg” + oy, TR
1 aCQZSng C§30223 3
wes = (—axC% — Zas(— + +CYy))er
(Fothm ey T, W)
1 003305’3 Cf’3C223 3
o+ -Gk St
1 ,aC3,C3 C3.C2 .
ves = —(asCiy+ = 5% as( b203f323 + 163,23323 +Cy))er
1 ,aC3,C3 C3.C2 -
3 23023 13033 3
— (a,3023 2 ( bc%3 + 05'3 + 012))62

Then, the almost contact metric structure (y,&,7, g) which satisfies in g(e;, pe;) = dn(es, e;), 1,7 =1,2,3 is

a contact metric structure. So, it is a K-contact and a Sasakian structure.
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3.20. The Hom-Lie algebra HLgs. By using Koszul’s formula, the covariant derivatives of the basis

elements are as follows:

1 1 —aCPC8 + b(C1,CP + (CF + CF5)C3s)
Vaez = Chert g b0l + aCl
_b01220113 + (a = b)C},C35 — bCHC35 B a(C1,03 + C13C85) e
bCly — GCS?, b(CT, + Ci%s) >
Vees = Clei+ 5( B —aCi3C35 + b({gf?)cjgazéfﬂ +C)C35)
+bC1220113 + (a = b)CHC3 — 003035 | a(ClC35 + C1303;) Jes
bC1y — aCly b(CP, + Cf3) 7
Veer = (*aci?:acé;:a + b(c%fcis + 20122 + C%J)ng)
2 bCis + aCsy
+b01220113 + (a = b)CH 035 — bCPC3 _ a(C1,03; + Ci305’3) )61 — B eq
bC1y — aCyy b(CP, + Cfy) e
_012262 + 7( _ —aC;C35 + b(011120i0’3 + £0122 +C15)C35)
2 bCly +aC3,
_b01220113 + (a —b)CPC35 — bCT5C35 _ a(C15035 + C13C35) )e
bC1y — 0033 b(CT, + Cis) >
Ve — 5( B —aCi;C35 + b(l)c’gfc%s + gc122 +C)C3s)
i3 +aC33
+bC122C113 + (a = b)C},C35 — bCC35 i a(C1,03; + C13C35)
bCly — aC§’3 b(CT, + 0%3)
V.es — (_GC%CS:’, + b(o11120133 + 20122 + C3)C55)
2 bCis + aCsg
+b01220113 +(a— 6)01220223 — bC’f30223 a(01120223 + 0113033)
bC1y — aCyy b(CP, + Cfy)

1 1 2 2 3 3
Velel = 701262 - 01363, Ve262 = 01261 - 02363, V53€3 = 01361 + 02362,

1

L

1

Veg €1

1

3
)62 - 013617

1

)61 + 022362,

Let n = Thie?, @ = Ebije"’j and the almost contact metric structure (¢, &,n,g) on HLgs. Then, we have

an almost cosymplectic structure if and only if

—aC?3C35 + b(C1,CF5 + (CF, + CF)C3y)

bCll3 + a0223
bCC13 + (a — b)CFC35 — bCHC3,
b0112 — aCS’B

b1Cly 4 by CFy + b3

=0,

b1Cly + by +b3C3, =0,

a(ChLC% + C13C3)
b(Ct, + CFs)
b12(Chz + C33) + bi3(Cis — Cly) — bas(Ciz + CTy) = 0.

by =+ b20223 -+ bgCSS = 0,
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Let X = aje; + ages + azes be a vector field on H Lgsg. Then, it is a Killing vector field if and only if

a3C113 + a20112 = 07 —a10122 + a30223 = 0, a10133 + a20§3 = 07
a(01120223 + 01130233) + b01220113 + (a— 5)01220223 - 50?30223

—a1C}y 4 a2C% + a =0,
1Oz +aaCz 4 s b(Cf, + Cf5) bC1y — aCly )
. CH02% 4+ CLC3)  —aC3,03; + b(C1,C3s + (CE + C35)C3s)
—a Ot 3 _ a(C1,C33 13423 13423 12013 i2 13)%93)y _
(6 S T bC -+ aCE, /=0
—a20223 + agCg’P,
ta ( o —aCi3035 + b(C15,CF5 + (CF, + CF5)C35) _ bC7,C15 + (a — 0)CF 035 — bC§3CQ23) —0.

bCi; + aC2, bCiy — aCyy

Suppose that we have an almost contact metric structure (, &, 7, g) on H Lgae which £ be a Killing vector
field and pe;, i = 1,2,3 come from (2). If it satisfies in g(e;, pe;) = dn(e;, e;),4,7 = 1,2, 3, it will be a contact

metric structure. Thus, it is a K-contact and a Sasakian structure.

Example 3.53. The almost contact metric structure (v, &, n,g) where

3 12
£:€37 n=e, per = —eéz, pe2 = €1, ®=c¢ )

under conditions C35 = C3, = 0 and Ci3 = —C%; is an almost cosymplectic structure.

Moreover, let X = Xx;e; is a vector on H Lgsg. Then, there is a semi cosymplectic structure if and only if

a(C1,035 + C13C35)
b(Ct, + CFs)
bC?,01;5 + (a — b)CF,CF5 — bCY
bCly — aCyy
*00?30:233 + b(CllzCig +(CF, + 0?3)033)
bCi; + aC2,
bl(cé + Cfs) + b2(C§3 - 0112) - b3(0113 + ng,) =0.

*0223531 + baa + Cg’gbm =0,

. O2.
—Clybso + 328 sy + Cybiz = 0,

ba1 + Cybiz =0,

—Clybas +

Example 3.54. The almost contact metric structure (v, &, n,g) where

3 12
£:€37 n=e, per = —eéz, pe2 = €1, ®=c¢ )

under conditions C35 = C3, = 0 and Ci3 = —C% is a semi cosymplectic structure.



174 MOHAMMAD REZA FARHANGDOOST, REYHANEH BAHRAMI ZIABARI AND ABDOREZA ARMAKAN

By calculating V& = 0 , we find that there is a cosymplectic structure on H Lgog if and only if we have
the following equations
—aC3C35 + b(C15,CF5 + (CFs + CF5)C35)
bCis + aCis
_DCHO + (a = b)CF,C35 — bCH035  a(C15C035 + C13C35)

1
Cizbs — 5(

— b1z =0
b0112 - aC§’3 b(C122 + C{’s) ) v 7
1 1 —aCP303; + b(C1,CF5 + (CFy + CF4)C35)
Cizbas = 5( = bCl; + aC3y
+bC122C113 + (a—b)CHC3H —bCHCS; | a(ClyCEs + C13C3,) Yo =0
bCllz - aC§’3 b(C122 + C%s) . ’
2 1 —aC%C35 + b(C1yC%5 + (Cy + CF3)C55)
Clsbia + 5 bCly + aC2,

+b01220113 +(a— 6)01220223 - b0§30223 + a(01120223 + C'113033)

b3 =0
bCly — aCsy b(CT, + CFs) Jbsz =0,
C2b1a + 1 (—aC’f’3C§’3 + b(C1,CP5 + (CF, + CF3)C3,)
13+ 5
12 2 bCls + aC3,
+b01220113 + (a = b)CHC3H —bCHCS | a(ClyC3s + C13C3) Yba1 =0
bC’112 - aCS’3 b(0122 + C?g) 2 ’
3 1 —aCP3C35 + b(C1,C75 + (CF,y + CF)C35)
Cabrz +3(= bCL, + aC2,
7bC1220113 + (a = b)CFC35 — bCP3C3y i a(C,C35 + C13C35) Ybas = 0
bCly — aCsy b(CT, + CFs) ’

0%3521 + 1 ( —aC3C35 + 6(0111205’3 + 20122 +C75)C35)

2 bCis + aCyy
_,’_b01220113 +(a — b)C%QQ223 —0CC35 _ a(C1,C035 + Ci3033) )b13 -0
bCiy — aC3y b(Cf, + Cf5) ’

0112b13 =+ 0113621 =0, 01221723 — 0223b12 =0, Cfgbgz + Cg3b13 =0.

4. CONCLUSIONS

In this manuscript, we considered all 3-dimensional Hom-Lie algebras and gained three systems of equa-
tions for each 3-dimensional Hom-Lie algebra which characterized semi-cosymplectic, almost cosymplectic

and cosymplectic structures on them.
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