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1. Introduction

The past two decades have witnessed that there has been a big interest in

(2 + 1)−dimensional gravity, particularly after the illustration of the fact that it’s

quantum version is solvable by Witten [64] and contains black-hole solutions by

Bañados [1]. The study of gravitational theories in dimensions other than four

has recently received a lot of attention. The explanations for this are numerous

and varied; however, string theory, grand unified theory, and quantum gravity pro-

vide the primary inspiration. Factually, that Einstein’s field equations exist in two

space dimensions and other is one time dimension which considered as the primary

explanation for focusing on the (2 + 1)−dimensions principle of gravitation with

no gravitational waves and black holes in the absence of a negative cosmological

constant, the Weyl curvature is identically zero, and the theory’s weak field limit

does not correspond to Newtonian gravity in 2−space aspects, according to general

relativity (GR) in (2 + 1)−dimensions. The innovation of the (2 + 1)−dimension

stationary circularly symmetric black hole solution by [2, 8], which has some char-

acteristics intrinsic in black holes (3 + 1), sparked interest in the 1990s. While the

majority of research in (2 + 1)−gravity is focused on black hole physics, cosmol-

ogy has received some attention. Giddings & Barrow [19, 3, 4],investigated some

Friedmann-Robertson-Walker (FRW) models in (2 + 1)− dimensional spacetime.

Cornish and Frankel [13] for k = −1, 0, 1 constructed solutions for isotropic dust-

filled and radiation-dominated universes in (2 + 1)−dimensional Einstein gravity.

Suppose our universe went through a spatially two-dimensional stage, determined by

a (2 + 1)−dimensional dust-filled model, the feasibility to account its current large-

scale homogeneity, according to Saslaw [53]. While Garca et al. [18] expand the re-

lationship between (2+1) and (3+1)−FriedmannRobertsonWalker cosmologies; lin-

ear, non-linear, and polytropic state equations and on the (2+1)−dimensional Fried-

mannRobertsonWalker universes: an Ermakov-Pinney equation approach studied

by Williams & Kevrekids [65].

Cruz and Martinez [12] derived a flat FRW model in (2 + 1)−dimensions a field

which is homogeneous scalar field in nature that is minimally coupled to gravity.

Wang and Abdalla [62] investigated the cosmic holographic theory using (2 + 1)

FRW models. Khadekar [22] discovered holography in a (2 + 1)-dimensional cosmo-

logical model with a generalised equation of state, while Khadekar and Gharad [23]



TWO FLUIDS COSMOLOGICAL ... — JDSGT VOL. 20, NUMBER 1 (2022) 93

looked into (2+1)-dimensional cosmological viscous models with G and Λ variables.

In the FRW, Khadekar et al. [24] investigated modified Chaplygin gas with bulk

viscous cosmology in(2+1)−dimensional spacetime and (2+1)−dimensional cosmo-

logical models in f(R, T ) gravity with Λ(R, T ) were investigated by Islam et al. [20].

Many new theories of gravitation have been established over the past few decades

which are called alternative theory of gravitation. These gravitational theories

include scalar tensor theories suggested by Brans and Dicke [7], Nordvedt [30],

Wagoner [63], Rose [52], Dun [17], Saez and Ballester [54], Barber [5], Lau and

Prokhovnik [25].

Gravitational theories are categorized under two types namely involving the clas-

sic scalar field φ which has the inverse dimension of the gravitational constant G

with has the scalar field φ as the first type. Part of the first stage is the Brans-

Decke theory [7] is of paramount importance and the function of the scalar field

φ is limited to its impact on gravitational field equations. Brans and Decke have

developed a scalar-tensor gravitational theory that includes an added scalar field φ

in addition to the metric tensor gij and a dimensionless coupling constant ω. The

theory is further extended to a general relativity for large values of the constant

coupling ω > 500. The second type of theories concerns a dimensionless scalar field.

Saez and Ballester [54] have developed a scalar-tensor theory that combines the

metric with a dimensionless scalar field in a simple way. This coupling offers a clear

description of the weak fields. In spite of the dimensionless existence of the scalar

field, an anti-gravity regime exists. This theory suggests a potential way to solve

the problem of missing matter in non-flat FRW cosmologies. The Scalar-tensor

gravitation theory plays an important role in removing the graceful exit problem in

the inflation period [40].

In the earlier literature, cosmological models within the framework of Saez-

Ballester scalar-tensor theory of gravitation, have been studied by Singh and Agrawal

[56, 57], Ram and Tiwari [43] , Singh and Ram [58]. Mohanty and Sahu [28, 29]

have studied Bianchi type-VI0 and Bianchi type-I models in Saez-Ballester theory.

In recent years, Tripathi et al. [61], Reddy et al.[49, 50, 51], Reddy and Naidu

[48], Rao et al. [44, 45, 46], Sahu [55], Singh [59], Pradhan et al. [41, 42], Socorro
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and Sabido [60] and Jamil et al. [21] have obtained the solutions in Saez-Ballester

scalar-tensor theory of gravitation in different context.

Most of the researchers have studied the Friedmann-Robertson-Walker models

with two fluids source [9, 32, 31, 14, 26, 10, 11]. Reddy and Kumar [47], have studied

two fluid scenarios for dark energy model in a scalar-tensor theory of gravitation.

Two fluids tilted cosmological model in general relativity obtained by Pawar and

Dagwal [33]. Axially Bianchi type-I Mesonic cosmological models with two fluid

sources in Lyra Geometry formulated by Pawar et al. [34]. According to the scalar-

tensor theory of gravitation proposed by Saez and Ballester, Pawar and Dagwal

[38, 36, 39] constructed tilted two fluid cosmological models with variable G and Λ

in general relativity. They studied tilted Kantowski-Sachs cosmological models with

disordered radiation and two fluid cosmological models in scalar-tensor theory of

gravitation, while Mete et al. [27] have studied kasner cosmological models with two-

fluid source in general relativity. Lately, two fluid axially symmetric cosmological

models in f(R, T ) theory of gravitation and two-fluid cosmological models in scalar-

tensor theory of gravitation presented by Pawar and Dagwal [37, 38]. Dagwal et al.

[15] investigated a tilted cosmological model consisting of two types of dark energy

and two fluid sources in F (T ) theory of gravity.

This paper has led to our investigation on two fluid cosmological models, one fluid

represent CMB radiation and another fluid represent the matter. The description

in this paper is envisaged as follows: The field equations under the FRW metric

are briefed in section II. Section III handles with the solution of the field equations

for different case as γ = 1, 32 ,
5
3 , 2. Section IV deals with discussion & result and

conclusion given in section V.

2. FRW MODEL AND THEIR FIELD EQUATIONS

We consider the Friedmann-Robertson-Walker (FRW) universe in

(2 + 1)−dimensional space-time defined as [24],

ds2 = dt2 −A2(t)

[
dr2

1− kr2
+ r2dθ2

]
,(1)

where, A(t) denotes as the scale factor. The coordinates (t, r, θ) describe the

co-moving coordinates and the constant k illustrate the curvature of the space

k = −1, 0, 1 for open, flat and closed universe respectively.
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The Einstein’s field equations describe by Saez and Ballester for the combined scalar

and tensor field are given below,

Gj
i − wV

h

(
V,iV

′j − 1

2
gjiV,aV

′a

)
= T j

i ,(2)

and the scalar field satisfies the equation

2V hV i
;j + hV h−1V,aV

′a = 0,(3)

where

Gj
i = Rj

i −
1

2
Rgji ,

is the Einstein tensor, R, Rj
i , h and w are the Ricci scalar, Ricci tensor, an arbitrary

exponent and a dimensionless coupling constant respectively.

The energy momentum tensor for the two fluid sources are given by [39],

T j
i = T

(m)j
i + T

(r)j
i ,(4)

T
(m)
ij = (pm + ρm)u

(m)
i u

(m)
j − pmgij .(5)

T
(r)
ij =

3

2
ρru

(r)
i u

(r)
j −

1

2
ρrgij .(6)

The three velocity vectors are given by umi = (1, 0, 0) and uri = (1, 0, 0) with

gijumi u
m
j = 1 and gijuriu

r
j = 1.

The field equations (2) for metric (1) can be written (Cruz and Martinez [12])

as, (
Ȧ2 + k

A2

)
+

1

2
wV hV̇ 2 = −

(
ρm + ρr

)
(7)

Ä

A
− 1

2
wV hV̇ 2 =

(
pm +

1

3
ρr

)
(8)

V̈ + 2
Ȧ

A
V̇ +

h

2

V̇ 2

V
= 0(9)

where ′(.)′ describe derivative with respect to cosmic time ′t′.

With the help of special law of variation of Hubbles parameter proposed by Berman
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[6] that relent a constant deceleration parameter model of the universe. We consider

only constant deceleration parameter model defined by [16],

q = −

[
aä

ȧ2

]
,(10)

where

a =

[
A2(t)r

(1− kr2)1/2

] 1
2

,(11)

is the overall scalar factor.

Here, the constant is considered as negative to analyse if the model does or does not

accelerate because of the sign of deceleration parameter. The positive sign q(> 1)

reacts to the decelerating model where the negative sign (−1 < q < 0) denotes

acceleration and q = 0 reacts to expansion with constant velocity.

Put Eqn. (11) into the Eqn. (10), we get

A =

[
(1 + q)(ct+ d)

] 1
(1+q)

,(12)

where c & d are the integration constant.

This equation involves that the condition of expansion is 1 + q > 0.

From Eqn. (9), we have the scalar field as,

V =

[{
−(h+ 2)c

2

(
(1 + q)(ct+ d)

) −1
(1+q)

+
(h+ 2)c1

2

} 2
(h+2)

]
.(13)

where, c1 is the integration constant.

The standard conservation equation for matter and radiation respectively in the

(2 + 1)−dimension space-time are given as,

˙ρm + 2
Ȧ

A
(ρm + pm) = 0.(14)

ρ̇r + 2
Ȧ

A
(ρr + pr) = 0.(15)
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3. SOLUTION OF THE FIELD EQUATION

The below is the equation of state denotion of the link between pressure and

energy density for matter field through the gamma law is given by [27],

pm = (γ − 1)ρm, 1 ≤ γ ≤ 2.(16)

We have energy density for matter, energy density for radiation, total energy density

and pressure for matter given as below.

From Eqn. (14), we have the energy density for matter as,

ρm =

[
c2

(
(1 + q)(ct+ d)

) −2γ
(1+q)

]
.(17)

Similarly, from Eqn. (15), we obtained the energy density for radiation as

ρr =

[
c3

(
(1 + q)(ct+ d)

) −3
(1+q)

]
.(18)

Total energy density from Eqn. (17) & Eqn. (18), we have

ρ = (ρm + ρr)

ρ =

[
c4

{(
(1 + q)(ct+ d)

) −2γ
(1+q)

+

(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(19)

where c2 = c3 = c4 are constant of Integration.

From Eqn.(14), we obtained the pressure for matter,

pm =

[
(γ − 1)c2

(
(1 + q)(ct+ d)

) −2γ
(1+q)

]
.(20)

The Hubbles parameter are given as,

H =

[
4c

(
(1 + q)(ct+ d)

)−1]
.(21)

Scalar of expansion are define by,

θ = ui;i = 2H =

[
8c

(
(1 + q)(ct+ d)

)−1]
.(22)

The shear scalar as,

σ2 =

[
3c2
(

(1 + q)(ct+ d)

)−2]
.(23)
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The density parameter for matter and radiation respectively are given by,

Ωm =
ρm

2H2
=

[
1

32c

(
(1 + q)(ct+ d)

) 2(1+q)−2γ
(1+q)

]
.(24)

Ωr =
ρr

2H2
=

[
1

32c

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

]
.(25)

Total density parameter for matter and radiation are derived from Eqn. (24) &

Eqn. (25) as,

Ω = Ωm + Ωr

Ω =

[
1

32c

{(
(1 + q)(ct+ d)

) 2(1+q)−2γ
(1+q)

+

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(26)

Case-(i): Dust model: when γ = 1 i.e pm = 0.

Energy density of matter from Eqn. (17) becomes

ρm =

[
c2

(
(1 + q)(ct+ d)

) −2
(1+q)

]
.(27)

Energy density of radiation from Eqn. (18) gives,

ρr =

[
c3

(
(1 + q)(ct+ d)

) −3
(1+q)

]
.(28)

Total energy density obtained from Eqn. (27) & Eqn. (28) given as,

ρ = (ρm + ρr)

ρ =

[
c4

{(
(1 + q)(ct+ d)

) −2
(1+q)

+

(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(29)

We have drawn the behaviour of Hubble parameter H, the scalar of expansion

θ for matter and radiation and the shear scalar σ2 for matter and radiation with

respect to cosmic time ′t′ in the Fig.(1). It is observed that the Hubble parameter

H declines as the cosmic time raises and monotonically becomes constant on later

time ′t′ whereas we have seen that the scalar of expansion θ for matter and radiation

is declines as the cosmic time raises and approaches to an infinitesimal constant at
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Figure 1. Hubble parameter H, scalar of expansion θ & the shear

scalar σ2 is described against time for the different values of the

constants c = 0.1, d = 0.1, q = −0.33, γ = 1.

late time ′t′ and the shear scalar σ2 for matter and radiation declines as the cosmic

time raises and sightly becomes constant on later time ′t′.

The density parameter for matter and radiation are obtained from Eqn. (24) &

Eqn. (25) respectively as,

Ωm =

[
1

32c

(
(1 + q)(ct+ d)

) 2q
(1+q)

]
.(30)

and

Ωr =

[
1

32c

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

]
.(31)

Total density parameter for matter and radiation are derived from Eqn. (30) &

Eqn. (31) as,

Ω = Ωm + Ωr
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Ω =

[
1

32c

{(
(1 + q)(ct+ d)

) 2q
(1+q)

+

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(32)

Figure 2. Dust model for total energy density, pressure for matter

and density parameter is described against time for the values of

the constants c = 0.1, d = 0.1, q = −0.33, γ = 1.

We have drawn the behaviour of pressure for matter pm, total energy density ρ

and density parameter Ω for matter and radiation with respect to cosmic time ′t′

for dust model represented in Fig.(2). It is observed that the pressure for matter is

constant throughout the universe, total energy density declines as the cosmic time

raises and monotonically becomes constant on later time ′t′ whereas we have seen

that the density parameter for matter and radiation is declines as the cosmic time

raises and approaches to an infinitesimal constant at late time ′t′.
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Case-(ii): Radiation Universe: when γ = 3
2

Energy density of matter from Eqn. (17) becomes,

ρm =

[
c2

(
(1 + q)(ct+ d)

) −3
(1+q)

]
.(33)

Energy density of radiation from Eqn. (18) gives,

ρr =

[
c3

(
(1 + q)(ct+ d)

) −3
(1+q)

]
.(34)

Total energy density from Eqn. (33) & Eqn. (34) are given as,

ρ = (ρm + ρr)

ρ =

[
2c4

{(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(35)

Pressure for matter obtained from Eqn. (20) given as,

pm =

[
1

2
c2

{(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(36)

The density parameter for matter and radiation are derived from Eqn. (24) &

Eqn. (25) respectively as,

Ωm =

[
1

32c

{(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(37)

and

Ωr =

[
1

32c

{(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(38)

Total density parameter for matter and radiation are derived from Eqn. (37) &

Eqn. (38) as,

Ω = Ωm + Ωr

Ω =

[
1

16c

{(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(39)

We have drawn the behaviour of pressure for matter pm, total energy density

ρ and density parameter Ω for matter and radiation with respect to cosmic time
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Figure 3. Radiation Universe for total energy density, pressure

for matter and density parameter is described against time for the

different values of the constants c = 0.1, d = 0.1, q = −0.33, γ = 3
2 .

′t′ for radiation universe represented in Fig.(3). It is observed that the pressure

for matter declines as the cosmic time raises and monotonically becomes constant

on later time ′t′ whereas we have seen that total energy density declines as the

cosmic time raises and approaches to an infinitesimal constant at late time ′t′ and

the density parameter for matter and radiation is declines as the cosmic time raises

and sightly becomes constant on later time ′t′.

Case-(iii): Hard Universe: when γ ∈
(

4
3 , 2
)

, let γ = 5
3

Energy density of matter from Eqn. (17) becomes,

ρm =

[
c2

{(
(1 + q)(ct+ d)

) −10
3(1+q)

}]
(40)

Energy density of radiation from Eqn. (18) gives,

ρr =

[
c3

{(
(1 + q)(ct+ d)

) −5
(1+q)

}]
.(41)
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Total energy density are given from Eqn. (40) & Eqn. (41) as,

ρ = (ρm + ρr)

ρ =

[
c4

{(
(1 + q)(ct+ d)

) −10
3(1+q)

+

(
(1 + q)(ct+ d)

) −5
(1+q)

}]
.(42)

Pressure for matter obtained from Eqn. (20) given as,

pm =

[
2

3
c2

{(
2(1 + q)(ct+ d)

) −10
3(1+q)

}]
.(43)

Figure 4. Hard Universe for total energy density, pressure for

matter and density parameter is described against time for the

values of the constants c = 0.1, d = 0.1, q = −0.33, γ = 5
3 .

We have drawn the behaviour of pressure for matter pm, total energy density ρ

and density parameter Ω for matter and radiation with respect to cosmic time t

for hard universe in represented Fig.(4). It is observed that the pressure for matter

declines as the cosmic time raises and monotonically becomes constant on later

time ′t′ whereas we have seen that total energy density declines as the cosmic time
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raises and approaches to an infinitesimal constant at late time ′t′ and the density

parameter for matter and radiation is declines as the cosmic time raises and sightly

becomes constant on later time ′t′.

The density parameter for matter and radiation are given from Eqn. (24) & Eqn.

(25) respectively as,

Ωm =

[
1

32c

{(
(1 + q)(ct+ d)

) 6q−4
3(1+q)

}]
.(44)

and

Ωr =

[
1

32c

{(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(45)

Total density parameter for matter and radiation are derived from Eqn. (45) &

Eqn. (46) as,

Ω = Ωm + Ωr

Ω =

[
1

32c

{(
(1 + q)(ct+ d)

) 6q−4
3(1+q)

+

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(46)

Case-(iv): Zeldovich Universe: when γ = 2

Energy density of matter from Eqn. (17) becomes,

ρm =

[
c2

{(
(1 + q)(ct+ d)

) −4
(1+q)

}]
.(47)

Energy density of radiation are derived from Eqn. (18) gives,

ρr =

[
c3

{(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(48)

Total energy density are derived from Eqn. (47) and Eqn. (48) as,

ρ = (ρm + ρr)

ρ =

[
c4

{(
(1 + q)(ct+ d)

) −4
(1+q)

+

(
(1 + q)(ct+ d)

) −3
(1+q)

}]
.(49)

Pressure for matter obtained from Eqn. (20) given as,

pm =

[
c2

{(
(1 + q)(ct+ d)

) −4
(1+q)

}]
.(50)
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The density parameter for matter and radiation are derived from Eqn. (24) &

Eqn. (25) respectively as,

Ωm =

[
1

32c

{(
(1 + q)(ct+ d)

) 2(q−1)
(1+q)

}]
.(51)

and

Ωr =

[
1

32c

{(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(52)

Total density parameter for matter and radiation are given as,

Ω = Ωm + Ωr

Ω =

[
1

32c

{(
(1 + q)(ct+ d)

) 2(q−1)
(1+q)

+

(
(1 + q)(ct+ d)

) (2q−1)
(1+q)

}]
.(53)

Figure 5. Zeldovich model for total energy density, pressure for

matter and density parameter is stated against time for the differ-

ent values of the constants c = 0.1, d = 0.1, q = −0.33, γ = 2.

We have concluded the behaviour of pressure for matter pm, total energy density

ρ and density parameter Ω for matter and radiation with respect to cosmic time
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t for Zeldovich model in represented Fig.(5). It is identify that the pressure for

matter declines as the cosmic time raises and monotonically becomes constant on

later time ′t′ whereas we have seen that total energy density declines as the cosmic

time raises and approaches to an infinitesimal constant at late time ′t′ and the

density parameter for matter and radiation is declines as the cosmic time raises and

sightly becomes constant on later time ′t′.

4. Discussion and Conclusion

This paper involves our investigation on two-fluid cosmological models whereas

one fluid represent CMB radiation and another fluid represent the matter content

of the universe and obtained the result of the field equations in (2+1)−dimensional

Saez-Ballester theory of gravitation. The behaviour of matter density, radiation

density and pressure has been discussed.

Figure 6. Total Energy density ρ for matter & radiation is stated

against time for the different values of the constants c = 0.1, d =

0.1, q = −0.33, γ = 1, 32 ,
5
3 , 2.
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It is shown that the total energy density for matter and radiation ρ with respect

to cosmic time ′t′ in Fig.(6). It shows that the total energy density declines as time

raises and approaches to an infinitesimal constant at late times in all four universes.

Figure 7. Energy density ρm for matter is stated against time for

the different values of the constants c = 0.1, d = 0.1, q = −0.33, γ =

1, 43 ,
5
3 , 2.

We have concluded the behaviour of energy density for matter ρm with respect

to cosmic time ′t′ in Fig.(7) for all four universes i.e. γ = 1 (Dust universe), γ = 3
2

(Radiation universe), γ = 5
3 (Hard universe), γ = 2 (Zeldovich universe). It is

identity that the energy density declines as time raises and approaches to an infin-

itesimal constant at late times in all the universes.

We solved field equations with the uses of negative constant deceleration param-

eter and EoS. The model are expanding and shearing universe. The two-fluid big-

bang models which is under the cosmic evolutions results better than two sequences

of a single fluid model. The models have been taken based on the assumption of



108 PRAVEEN KUMAR, G. S. KHADEKAR, AND V. J. DAGWAL

both the fluids being present throughout the cosmic evolution where one fluid domi-

nate the other one. Energy density for radiation has the similar behaviour in all the

universe. The model has near singularity at (ct+ d = 0) and it start with big bang

and stops, when cosmic time is infinite. The model does not approach isotropy.

We discussed different type of universes as fellows:

Dust model: During the initial stage energy density for matter are infinite whereas

energy density for matter evades when cosmic time is infinite. The pressure for mat-

ter is zero. The density parameter is constant for q = 1
2 . The energy density for

matter and radiation decrease monotonically with respect to cosmic time and tend

to a constant value in the large-time limit. The density parameter is constant at

q = 1.

Figure 8. Pressure for matter pm is described against time for

the different values of the constants c = 0.1, d = 0.1, q = −0.33, γ =

1, 32 ,
5
3 , 2.

The behaviour of pressure for matter pm related to cosmic time ′t′ represented

in Fig.(8), which observed that the pressure throughout the dust model remains
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constant while in the remaining three universes it declines as time raises and ap-

proaches to an infinitesimal constant at late times ′t′.

Radiation Universe: The energy density for matter and radiation tend to zero

a cosmic time tend to infinite. The pressure for matter is vanish for large value of

cosmic time but initial stage the pressure for matter is infinite. Total density pa-

rameter is constant for q = 1. Total energy density and pressure for matter declines

monotonically with respect to time and tend to a be constant value in the large time.

Figure 9. The density parameters for matter Ωm is shown against

time for the different values of the constants c = 0.1, d = 0.1, q =

−0.33, γ = 1, 32 ,
5
3 , 2.

Fig.(9) represented that the behaviour of density parameters for matter Ωm with

respect to cosmic time t which is declines as time raises for all four universes i.e.

γ = 1 (Dust universe), γ = 3
2 (Radiation universe), γ = 5

3 (Hard universe), γ = 2

(Zeldovich universe) and tends to an infinitesimal constant at late times.
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Hard Universe: When t− > ∞, the energy density for matter and radiation,

the pressure for matter are zero but initial epoch total energy density & pressure for

matter are infinite. The density parameter for matter and radiation are constant

for q = 3
2 & q = 1.

Figure 10. Total density parameters Ω for matter & radiation is

stated against time for the different values of the constants c =

0.1, d = 0.1, q = −0.33, γ = 1, 32 ,
5
3 , 2.

The behaviour of total density parameters for matter and radiation Ω with re-

spect to cosmic time t shown in Fig.(10), which describe that the total density

parameters declines as time raises and tends to an infinitesimal constant at late

times for all four universes.

Zeldovich Universe: At q = 2 & q = 1, the density parameter for matter &

radiation are constant.
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[2] Bañados M., Henneaux M., Teitelboim C. and Zanelli J., Geometry of the 2 + 1 black hole,

Physics Review D, Vol. 48, 1506 (1993).

[3] Barrow J. D., Burd A. B. and Lancaster D., Three-dimensional classical spacetimes, Classical

Quantum Gravity, Vol. 3, 551 (1986).

[4] Barrow J. D., Shaw D. J. and Tsagas C. G., Cosmology in three dimensions: steps towards

the general solution, Classical and Quantum Gravity, Vol. 23, 17 (2006).

[5] Barber G. A., On two “self-creation cosmologies, General Relativity and Gravitation, Vol. 14,

117 (1985).

[6] Berman M. S., A special law of variation for Hubbles parameter, II Nuovo Cimento B, Vol.

74, Number 2, 182 (1983).

[7] Brans C. H., Dicke R. H., Mach’s principle and a relativistic theory of gravitation, Physical

review, Vol. 124, 925 (1961).

[8] Carlip S., Lectures in (2+1)−dimensional gravity, Classical Quantum Gravity, 12, 2853 (1995).

[9] Coley A. A. and Dunn K., Two-fluid Bianchi VI (0) spacetimes, The Astrophysical Journal,

Vol. 348, 26 (1990).

[10] Coley A. A. and Tupper B. O., Twofluid cosmological models, Journal of mathematical

physics, Vol. 27, 406 (1986).

[11] Coley A. A., Thermodynamics and two-fluid cosmological models, Astrophysics and space

science, Vol. 140, 175 (1988).



112 PRAVEEN KUMAR, G. S. KHADEKAR, AND V. J. DAGWAL

[12] Cruz N. and Martinez C., Cosmological scaling solutions of minimally coupled scalar fields

in three dimensions, Classical Quantum Gravity, Vol. 17, 2867 (2000).

[13] Cornish N. J. and Frankel N. E., Gravitation in 2 + 1 dimensions, Physics Review D, Vol.

43, 8 (1991).

[14] Davidson W., The Cosmological Implications of the Recent Counts of Radio Sources: II. An

Evolutionary Model, Monthly Notices of the Royal Astronomical Society, Vol. 124, 79 (1962).

[15] Dagwal V. J., Pawar D. D., Tilted cosmological model consisting two forms of dark energy,

Modern Physics Letter A, Vol. 33, Number 36, 1850213 (2018).

[16] Dagwal V. J., Pawar D. D., Two-fluid sources in F (T ) theory of gravity, Modern Physics

Letters A, Vol. 34, 1950357 (2019).

[17] Dunn K. A., A scalartensor theory of gravitation, Journal of Mathematical Physics, Vol. 15,

2229 (1974).

[18] Garca Alberto A., Garca-Quiroz Alberto, Cataldo Mauricio & Campo Sergiodel, Relationship

between (2 + 1) and (3 + 1)−FriedmannRobertsonWalker cosmologies; linear, non-linear, and

polytropic stateequations, General Relativity and Gravitation, Vol. 37, 685 (2005).

[19] Giddings S., Abbott J. and Kuchar K., Einstein’s theory in a three-dimensional space-time,

General Relativity and Gravitation, Vol. 16, 751 (1984).

[20] Islam S., Kumar P., Khadekar G. S. and Das T., (2+1)−dimensional cosmological models in

f(R, T ) gravity with Λ(R, T ), Journal of Physics: Conference Series, Vol. 1258, 012026 (2019).

[21] Jamil M., Ali S., Momeni D., Myrzakulov R., Bianchi type I cosmology in generalized

SaezBallester theory via Noether gauge symmetry, arXiv:1201.0895[physics.gen-ph] (2012).

[22] Khadekar G. S., Holography in (2 + 1)−dimensional cosmological model with Generalized

Equation of State, International Journal of Theoretical Physics, Vol. 54, 3155 (2015).

[23] Khadekar G. S. and Gharad N. V., (2 + 1)−Dimensional Viscous Cosmological Models with

Variable G and Λ, Clifford Analysis, Clifford Algebras and their application, Vol. 02, 161

(2015).

[24] Khadekar G. S., Kumar P. and Islam S., Modified Chaplygin gas with bulk viscous cosmology

in FRW (2 + 1)−dimensional spacetime, Journal of Astrophysics and Astronomy, Vol. 40,

Number 5, 40 (2019).

[25] Lau D., Steinhardt P. J., Erratum:”Extended inflationary cosmology, Physical Review Let-

ters, Vol. 62, 376 (1989).

[26] McIntosh C. B. G., Relativistic cosmological models with both radiation and matter, Monthly

Notices of the Royal Astronomical Society, Vol. 140, 461 (1968).

[27] Mete V. G., Umarkar V. M. & Pund A. M., Kasner Cosmological Models with Two-Fluid

Source in General Relativity, International Journal of Theoretical Physics, vol. 52, 2454 (2013).

[28] Mohanty G., Sahu S.K., Bianchi V I0 cosmological model in Saez and Ballester theory, As-

trophysics and space science, Vol. 288, 509 (2003).

[29] Mohanty G., Sahu S. K., Bianchi type-I cosmological effective stiff fluid model in Saez and

Ballester theory, Astrophysics and space science, Vol. 291, Number 75, 75 (2004).



TWO FLUIDS COSMOLOGICAL ... — JDSGT VOL. 20, NUMBER 1 (2022) 113

[30] Nordverdt K., Post-Newtonian Metric for a General Class of Scalar-Tensor Gravitational

Theories and Observational Consequences, The Astrophysical Journal, Vol. 161, 1059 (1970).

[31] Oli S., Bianchi type I two-fluid cosmological models with a variable G and Λ, Astrophysics

and space science, Vol. 314, 89 (2008).

[32] Pant D. N. and Oli S., Two-fluid bianchi type II cosmological models, Astrophysics and space

science, Vol. 281, 623 (2002).

[33] Pawar D. D. , Dagwal V. J., Two fluids tilted cosmological models in general relativity,

International Journal of Theoretical Physics, Vol. 53, 2441 (2014).

[34] Pawar D. D., Dagwal V. J., Solanke Y. S., Mesonic Cosmological Model with Two-Fluid

Source In Lyra Geometry,International Journal of Theoretical Physics, Vol. 54, 1926 (2014).

[35] Pawar D. D., Dagwal V. J., Conformally flat tilted cosmological models in general relativity,

Bulgarian Journal of Physics, Vol. 37, 165 (2010).

[36] Pawar D. D., Dagwal V. J., Kantowski-Sachs Cosmological Models in Scalar Tensor Theory

of Gravitation, International Journal of Mathematical Archive Vol. 5,Number 9, 113 (2014).

[37] Pawar D. D., Dagwal V. J., Agrawal P. K., Two fluid Axially Symmetric Cosmological Models

in f(R, T ) Theory of Gravitation, Malaya Journal of Matematik Vol. 4, Number 1, 111 (2016).

[38] Pawar D. D., Dagwal V. J., Cosmological Models in f(R, T ) Theory of Gravitation, Aryab-

hatta Journal of Mathematics & Informatics, Vol. 7, Number 2, 17 (2015).

[39] Pawar D. D., Dagwal V. J., Shahare S. P. & Solanke Y. S., Two-Fluid Cosmological Models

in Scalar-Tensor Theory of Gravitation, Prespacetime Journal, Vol. 8, Number 1, 43 (2017).

[40] Piemental L. O., New Exact Vacuum Solutions in BransDicke Theory, Modern Physics Letters

A, Vol. 12, 1865 (1997).

[41] Pradhan A. and Singh S. K., Some Exact Bianchi Type-V Cosmological Models in Scalar

Tensor Theory: Kinematic Tests, Electronic Journal of Theoretical Physics, Vol. 7, 407 (2010).

[42] Pradhan Anirudh, Singh A. K.& Amirhashchi H., A New Class of Bianchi Type-I Cosmolog-

ical Models in Scalar-Tensor Theory of Gravitation and Late Time Acceleration, International

Journal of Theoretical Physics, Vol. 51, 3769 (2012).

[43] Ram S., Tiwari S. K., Inhomogeneous plane symmetric models in a scalar-tensor theory,

Astrophysics and space science, Vol. 259, 91 (1998).

[44] Rao V. U. M., Vinutha T., Shanthi M. V., Kumari G. S. D., Bianchi type-V anisotropic cos-

mological models in certain theories of gravitation with perfect fluid distribution, Astrophysics

and space science, Vol. 317, 89 (2008).

[45] Rao V. U. M., Shanthi M. V., Vinutha T., Exact Bianchi type-II, VIII and IX perfect fluid

cosmological models in Saez-Ballester theory of gravitation, Astrophysics and space science,

Vol. 317, 27 (2008).

[46] Rao V. M. U., Kumari G. S. D., Sireesha K. V. S., Anisotropic universe with cosmic strings

and bulk viscosity in a scalartensor theory of gravitation, Astrophysics and space science, Vol.

335, 635 (2011).

[47] Reddy D. R. K., Kumar R. S., Bianchi type-III dark energy model in f(R, T ) gravity,

International Journal of Theoretical Physics, Vol. 52, 1362 (2013).



114 PRAVEEN KUMAR, G. S. KHADEKAR, AND V. J. DAGWAL

[48] Reddy D. R. K., Naidu R. L., Bianchi type-IX cosmic strings in a scalar-tensor theory of

gravitation, Astrophysics and space science, Vol. 312, 99 (2007).

[49] Reddy D. R. K., Naidu R. L., Rao V. U. M., Axially symmetric cosmic strings in a scalar-

tensor theory, Astrophysics and space science, Vol. 306, 185 (2006).

[50] Reddy D. R. K., Govinda P., Naidu R. L., Five dimensional domain walls in a scalar-tensor

theory of gravitation, International Journal of Theoretical Physics, Vol. 47, 2966 (2008).

[51] Reddy D. R. K., Subba Rao M. V., Koteswara Rao G., A Cosmological Model with Negative

Constant Deceleration Parameter in a Scalar-Tensor Theory, Astrophysics and Space Science,

Vol. 306, 171 (2006).

[52] Ross D. K., Scalar-tensor theory of gravitation, Physics Review D, Vol. 5, 284 (1972).

[53] Saslaw W. C., A relation between the homogeneity of the universe and the dimensionality of

space, Monthly Notices of the Royal Astronomical Society, Vol. 179, 659 (1977).

[54] Saez D. and Ballester V. J., A simple coupling with cosmological implications, Physics Letters

A, Vol. 113, 467 (1985).

[55] Sahu S. K., Tilted Bianchi Type V I0 Cosmological Model in Saez and Ballester Scalar Tensor

Theory of Gravitation, Journal of Modern Physics, Vol. 1, 67 (2010).

[56] Singh T., Agrawal A.K., Some Bianchi-type cosmological models in a new scalar-tensor

theory, Astrophysics and space science, Vol. 182, Number 2, 289 (1991).

[57] Singh T., Agrawal A. K., Bianchi type-II, VIII, and IX in certain new theories of gravitation,

Astrophysics and space science, Vol. 191, 61 (1992).

[58] Singh C. P. and Ram S., Unified description of early universe in scalar-tensor theory, Astro-

physics and space science, Vol. 284, 1999 (2003).

[59] Singh C. P., LRS Bianchi type-V cosmology with heat flow in scalar: tensor theory, Brazilian

Journal of Physics, Vol. 39, 669 (2009).

[60] Socorro J., Sabido M., Anisotropic cosmology in Sez-Ballester theory: classical and quantum

solutions, Revista Mexicana De Fisica, Vol. 56, 166 (2010).

[61] Tripathi S. K., Nayak S. K., Sahu S. K., Routray T. R., Massive string cloud cosmologies in

Saez-Ballester theory of gravitation, International Journal of Theoretical Physics, Vol. 48, 213

(2009).

[62] Wang B. and Abdalla E., Holography in (2 + 1)−dimensional cosmological models, Physics

Letter B, Vol. 466, 122 (1999).

[63] Wagoner R. V., Scalar-tensor theory and gravitational waves, Physics Review D, Vol. 1, 3209

(1970).

[64] Witten E., 2 + 1 dimensional gravity as an exactly soluble system. Nuclear Physics B, Vol.

311, 46 (1988).

[65] Williams F. L. and Kevrekidis P. G., On (2 + 1)-dimensional FriedmannRobertsonWalker

universes: an ErmakovPinney equation approach, Classical and Quantum Gravity, Vol. 20, 13

(2003).


