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1. INTRODUCTION

Fractals since their appearance have been attractive for scientists in quasi all branches of

science, such as theoretical mathematics, they constituted an extension of both set, function,

and measure theories. In nature, many phenomena are now comprehensible due to their

fractal models. In financial/economic fields, the movements of markets, indexes, prices,

and other factors are well explained by fractals. In signal and image processing, we are

nowadays speaking about fractal images, especially in bio-domains, where many organs in

the body have been re-discovered and their strange geometry has been well explained using

fractal models.

Mathematically speaking, the most spectacular character in fractal geometry/analysis is

the dimension. Before the invention of fractals, humans thought that the only way is the

Euclidean dimension. Every set and phenomenon in the real-life should be embedded in

Euclidean space, and thus any essay to understand the object is related to the whole Eu-

clidean space. Moreover, any eventual measure that should be done on these sets is nothing

but the Lebesgue measure in the mathematical sense. With the appearance of fractals and

other types of measures, researchers understood that these classical measurements are no

longer able to explain and reflect the real structure and description of many objects, such

as the well-known Cantor type sets and measures. This was the major motivation leading

to the invention of fractal dimensions.

From an applied point of view, fractals appear in many forms such as patterns, stochastic,

iterated systems, scale-invariant, etc. These forms are related to image processing such as

signals, clouds, rocks, complex systems in nature such as climate factors, environment,

light emission, chemical reactions, ... etc, [2, 3].

In our present work, we join the topic of fractal dimension of sets and measures, in

which we are interested in some type of topological conformal dimension relative to a

gauge function. Such dimensions constitute other variants of the original Hausdorff defini-

tion, the conformal dimension, the topological variant, the distortion of Hausdorff dimen-

sion, etc. Many types of research have been developed to investigate such concepts. In [15],

for example, the authors focused on establishing some bounds for the Hausdorff dimension

distortion of the whole Euclidean spaceRd relative toK-quasi-conformal self-maps. In

[1], sharp bounds have been provided for the two-dimensional cases. Bishop in [8] re-

lated the positivity of the Hausdorff dimension of compact sets to the possibility of raising

such dimension by quasi-conformal maps. However, decreasing the dimension, although
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being small as in the case of increasing, may not occur as investigated in [9, 23]. These

problems are related strongly to the structure of the functions used to increase/decrease the

concerning dimension. In the case of homeomorphisms, for example, it is well known that

the topological dimension is conserved. For the case of bi-Lipschitz function the Haus-

dorff dimension is conserved. This in turn leads to a natural question about the eventual

and/or possible intermediate maps between the two previous classes and their influence on

the dimensions. We speak here about quasi-symmetric maps. These maps shall permit

the classification of sets according to their dimensions by introducing suitable equivalence

or invariance concepts. Backgrounds and useful ideas about the classification relative to

the conformal dimension may be found in [9, 10, 11, 12, 13, 17, 18, 19, 21, 22, 24]. The

general idea turns around quasi-symmetric equivalence if and only if quasi-symmetrically

invariant dimension.

Already in the same direction of finding and/or constructing a good invariant for sets

that permit the characterization, the classification, and equivalence in some sense, another

extension of dimension has been introduced in [4]. The two previous concepts of topologi-

cal and conformal dimensions have been next combined to yield a hybrid type of dimension

called the topological conformal dimension developed in [12]. Later, the authors in [5, 20]

studied theφ-topological variant of the Hausdorff dimension for a case of self-similar sets

such as the Sierpinski carpet. This was one motivation for the present work. on theφ-

topological conformal dimension.

The principal aim of the present work is to continue in the same direction by introducing

concepts of (fractal) dimensions and their eventual application in characterizing special sets

and measures. A functionφ is considered as a control parameter to construct a new variant

of (fractal) dimensions called theφ-topological conformal dimension. The framework is

considered metric spaces.

The new variant of dimension constitutes a general form compared to the developments

in [5, 20]. Indeed, the first reference considered the topological Billingsley dimension as

a variant of the fractal dimensions based on an anlogue gage functionφ. In the second

reference, the authors considered theφ-topological Hausdorff dimension. This confirms

effectively that the present work provides a different and precisely larger class of fractal

dimensions relatively to the variants introduced in [5, 20].

The structure of the present work will be as follows. In section 2, some preliminaries

about the notion of topological conformal dimension on metric spaces will be reviewed
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briefly. In section 3, the new fractal dimension which we callφ-topological conformal

dimension will be introduced relative to the ambient space. Basic properties of these di-

mensions will be provided. In section 4, estimations of these dimensions for the case of the

Sierpinski carpet will be provided for a special case of the functionφ, for which the exact

computation is possible.

2. PRELIMINARIES

Consider a metric space(X, d), whereX is assumed to be separable for the whole

document, if no exception is mentioned. As usual we denoteB(x, r) = {y ∈ X; d(x, y) ≤
r} the closed ball of centerx ∈ X and radiusr > 0. Next, forA ⊂ X, we write |A| to

designate the diameter. We denote also∂A to designate the boundary ofA. Next, for two

setsA,B ⊆ X, the distance between them will be evaluated by means of the Hausdorff

sense,

dist(A,B) = inf {d(a, b); a ∈ A, b ∈ B} .

For a subsetE ⊂ X ands, δ > 0, denote

Hs
δ(E) = inf

{∑
i

| Ui |s: E ⊂
⋃
i

Ui, | Ui |< δ
}

and

Hs(E) = sup
δ>0

Hs
δ(E).

This leads to the Hausdorff dimension defined for any setE ⊂ X by

dimH(E) = inf
{

s > 0; Hs(E) < +∞
}

,

with the conventiondimH(∅) = −1 to be adopted.

In [4], the topological Hausdorff dimension of sets has been investigated on metric

spaces.

Definition 2.1. [4] Let (X, d) be a separable metric space. Its topological Hausdorff

dimension is defined by

dimtH(X) = inf
{

s : ∃ a basisU of X; dimH(∂O) ≤ s− 1, ∀O ∈ U
}

,

with as usualdimH(∅) = −1.

Notice that Definition 2.1 may be formulated otherwise by setting

dimtH(X) = 1 + inf
U

sup
O∈U

dimH(∂O),
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where the lower bound above is evaluated on all the basesU of X.

The concepts of Hausdorff and the topological Hausdorff variants of fractal dimensions

are extended to both the conformal and the topological conformal cases. These last ones

are defined relative to the concept of quasi-symmetry of maps.

Definition 2.2. Let (X, d) and (Y, δ) be two metric spaces. Let alsof : X → Y be an

embedding homeomorphism.f is said to be quasi-symmetric, if there existsη : [0,∞[→
[0,∞[ a homeomorphism satisfying∀a, b, x ∈ X and∀t > 0,(

d(x, a) ≤ td(x, b)
)

=⇒
(
δ(f(x), f(a)) ≤ η(t)δ(f(x), f(b))

)
.

The following definitions state the conformal dimension.

Definition 2.3. Let (X, d) be a metric space. Its conformal dimension is

C dim(X) = inf
{

dimH f(X); f quasi-symmetric embedding homeomorphism onX.
}

.

The topological conformal dimension ofX is

tC dim(X) = inf
{

s; ∃ a basisU of X; C dim(∂O) ≤ s− 1, ∀O ∈ U
}

.

3. NEW CONFORMAL AND TOPOLOGICALHAUSDORFF DIMENSIONS

In this section, we propose to introduce new variants of the topological and conformal

extension of the Hausdorff dimension of sets taking into account the ambient space in the

formulation. The idea reposes on the simple comparison between the union of a set with

the boundary of another on one hand, and the boundary of the union of the two sets on the

other hand. LetE,U ⊂ X, it is easily noticeable thatE∩∂U is more flexible to manipulate

than the set∂E(E ∩ U). This simple remark yielded the definition of the new topological

variant of the Hausdorff dimension as follows.

Definition 3.1. LetE ⊂ X be nonempty. Its topological Hausdorff dimension relatively to

the ambient spaceX is defined by

dimtH(E) =

 1 + inf
U

sup
U∈U

dimH(E ∩ ∂U) if dimH(E) ≥ 1

0 if dimH(E) < 1,

where theinf is taken over all basisU of X.

The topological conformal dimension ofE relatively toX is defined by

tCdim(E) =

 1 + inf
U

sup
U∈U

C dim(E ∩ ∂U) if C dim(E) ≥ 1

0 if C dim(E) < 1,
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where the lower bound is evaluated on all basisU of X. Observing that∂E(E ∩ U) ⊂
E ∩ ∂U , for all E,U ⊂ X, it results that

dimtH(X) = dimtH(X), tCdim(X) = tC dim(X)

and

dimtH(E) ≤ dimtH(E), tC dim(E) ≤ tCdim(E).

We will now expose some properties of the new dimensions.

Proposition 3.2. Assume thatX is a separable metric space. We have,

(1) ∀E ⊂ X, tCdim(E) ≤ C dim(E).

(2) ∀E ⊂ X, C dim(E) = 0 =⇒ tCdim(E × [0, 1]) = 1.

(3) ∀E,F ⊂ X, E ⊂ F =⇒ tCdim(E) ≤ tCdim(F ).

(4) ∀E1.E2 ⊂ X, disjoint and compact, it holds that

tCdim(E1 ∪ E2) = max (tCdim(E1), tCdim(E2)) .

Proof.

(1) It is a consequence of the inequalitytCdim(E) ≤ tC dim(E) ≤ C dim(E).

(2) Since there exists a segment line contained inE×[0, 1], we deduce thattCdim(E×
[0, 1]) ≥ 1. Otherwise, there exists a basisU of X composed of open sets. There-

fore, asdimt E ≤ C dim E = 0, it results for everyU ∈ U , and0 ≤ x ≤ y ≤ 1,

that

C dim (E ∩ (∂U × (x, y))) = C dim (E ∩ (U × ∂(x, y)))

= C dim (E ∩ (U × {x, y}))

= C dim(E ∩ U)

≤ C dim(E) = 0.

(3) Notice that for a basisU of X, and an elementU ∈ U , we getE ∩ ∂U ⊂ F ∩ ∂U .

As the dimensions are monotone, we get

C dim(E ∩ ∂U) ≤ C dim(F ∩ ∂U).

Hence, the result follows immediately.
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(4) Let Ui anddi, i = 1, 2, such thatUi is a basis ofEi,

C dim(Ei ∩ ∂Ui) ≤ di − 1, ∀Ui ∈ Ui,

and

di ≤ tCdim(Ei) + ε.

Consider by the next the union basisU = U1 ∪ U2 of E = E1 ∪ E2, and let

d = max(d1, d2). For eachU = U1 ∪ U2 with compact boundaries∂U1 and∂U2

being disjoint, we get∂U = ∂U1 ∪ ∂U2, which is also compact. Consequently,

C dim(E ∩ ∂U) = max
(
C dim(E1 ∩ ∂U1), C dim(E2 ∩ ∂U2)

)
≤ max

(
d1 − 1, d2 − 1

)
≤ max

i=1,2
tCdim(Ei) + ε− 1.

Finally, the monotonicity of the dimension gives the opposite inequality.

�

One immediate consequence of the lat proposition may state that∀n ∈ N fixed, and

Ei, i = 1, . . . , n pairwise disjoint, and compact sets inX, we have

tCdim

(
n⋃

i=1

Ei

)
= max

1≤i≤n
(tCdim(Ei)) .

The following part is concerned with a generalization of the Billingsley (Hausdorff)

dimension relative to a measure ([6, 7]) to the case of a gauge set functionφ, which by the

next will be called theφ-topological conformal dimension.

Consider as above a metric spaceX and a countable collectionF of subsets ofX. Let

alsoφ ≥ 0 be a function on a collection of subsets of the same spaceX, and containing

F . Assume further that∀x ∈ X, and∀ε > 0,

∃E ∈ F such that φ(E) < ε and x ∈ E(1)

ForE ⊆ X a non-empty subset ofX, s ≥ 0, andδ > 0, we write

φHs
δ(E) = inf

{∑
i

φ(Ui)s; Ui ∈ F , φ(Ui) < δ, E ⊂
⋃
i

Ui

}
,

with the convention0s = 0. This permits to defined theφ-Hausdorff measure relative to

F by

φHs(E) = lim
δ→0

φHs
δ(E).
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To such a measure, we associate in a natural way (as for the different variants of Hausdorff

measures), the so-calledφ-Hausdorff dimension relative toF , defined for any non-empty

setE ⊂ X by

dimφH(E) = inf
{

s > 0 : φHs(E) < +∞
}

.

Notice that the original Hausdorff dimension may be obtained from the last definition,

which confirms the generalization. Indeed, wheneverX is separable, we just take the

collection

F =
{

B(xn, r); n ∈ N and r ∈ Q∗
+

}
,

for a dense set
{
xn, n ∈ N

}
in X, and whereφ(B(xn, r)) = 2r. We immediately observe

thatφ satisfies (1). Furthermore,∀E ⊂ X, we obtain

dimφH(E) = dimH(E).

The following propositions gather some trivial properties of theφ-Hausdorff dimension.

Proposition 3.3. [20]

(1) If E ⊂ F thendimφH(E) ≤ dimφH(F ).

(2) For (Ei)i∈N ⊂ X,

dimφH(∪iEi) = sup
i

dimφH(Ei).

(3) dimφH(E) = 0, for all countableE ⊂ X.

Now, as for existing cases of dimensions, theφ-Hausdorff dimension will be adopted

to introduce theφ-conformal dimension ofX relative to the collectionF , and theφ-

topological conformal dimension according toF by using similar techniques as in [5, 20].

Definition 3.4. Theφ-conformal dimension ofX relatively toF is defined by

C dimφ X = inf
{

dimφH f(X) : f is quasisymmetric
}

.

LetE ⊂ X. Theφ-topological conformal dimension ofE relatively toF is defined by

tC dimφ(E) = inf
{

s : ∃ a basisU of X; C dimφ(E ∩ ∂O) ≤ s− 1, ∀O ∈ U
}

,

andtC dimφ(∅) = −1. Otherwise,

tC dimφ(E) = inf
U

sup
O∈U

C dimφ(E ∩ ∂O) + 1,

where the lower bound above is evaluated on all basesU of X.
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4. EVALUATION OF THE φ-TOPOLOGICAL CONFORMAL DIMENSION FOR THE

SIERPINSKI CARPET

This part of the paper is concerned with the computation of theφ-topological conformal

dimension developed previously to the well-known Sierpinski carpet as a concrete case of

(fractal) self-similar set, which will be denoted here bySC.

The Sierpinski carpet is a planar fractal set which may be described as follows. Let

I = [0, 1] × [0, 1] be the unit square. In the first stage,I is subdivided into nine isometric

squares and remove the middle one. Next, we subdivide each one of the eight remaining

squares into nine isometric squares and remove again the new middle square from each

one. We continue recursively the same process. The resulting limit set is the Sierpinski

carpetSC. Figure 1 illustrates the process.

Mathematically speaking, theSC is the result of IFS due to similarities

Sλ(x) =
1
3
x +

1
3
λ, x ∈ I, λ ∈ Λ = {0, 1, 2}2.

Otherwise,SC is the unique invariant compact satisfying

SC =
⋃
λ∈Λ

Sλ(SC).

This leads to the exact computation of its Hausdorff dimension by means of IFS as

8
(

1
3

)dimHSC

= 1 ⇐⇒ dimHSC =
log 8
log 3

.

Due to [4, 12, 21], it is noticeable that all the fractal dimensions such as the conformal,

the topological conformal, the topological Hausdorff, and the Hausdorff dimension may be

different in general. We have a precise comparison for theSC set stating that

dimt(SC) = 1 = tC dim(SC) < dimtH(SC) =
log 6
log 3

< dimH(SC) =
log 8
log 3

,

and

tC dim(SC) < 1 +
log 2
log 3

≤ C dim(SC) < dimH(SC) =
log 8
log 3

.

The purpose now is to evaluate theφ-topological conformal dimension ofSC in some

special case. We consider for this aim the collectionF = ∪n≥1Fn, where forn ∈ N, Fn

is the set ofnth level triadic squares. Furthermore, we assume that∀ε > 0, ∀n ∈ N∗ and

∀(x, y) ∈ R2,

∃ p > n andO ∈ Fp such that

(x, y) ∈ O andφ(f(O)) < ε, for every quasisymmetric mapf.(2)
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FIGURE 1. The first 6 iterations ofSC.

Notice here that (2)=⇒ (1). Besides, ifφ is finite measure, non-atomic onR2, then equa-

tion (2) is satisfied. This confirms that our case covers the class of finite, non-atomic

measure such as [5, 6, 7, 20].

We now proceed in establishing thattC dimφ(SC) ≥ 1, and thus obtain a lower bound

for theφ-topological conformal dimension ofSC. This lower bound will be improved more

in Theorem 4.2. For this purpose, we will serve of the following resul.

Lemma 4.1. Let x ∈ C the middle-13 -Cantor set inR, andU ⊂ R2 be open such that

(x, 1) ∈ U , then, (
C × [0, 1]

)
∩ ∂U 6= ∅.
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Proof. Denote

y = inf
{
w ∈ [0, 1] : (x,w) ∈

(
C × [0, 1]

)
∩ ∂U

}
.

We shall that(x, y) ∈ ∂U . Indeed, observing firstly that(x, y) ∈ U . We have thus to prove

that(x, y) /∈ U . If (x, y) ∈ U , we get(x, y) ∈ B(x, ε)×]y−ε, y+ε[⊂ U , for someε > 0.

Hence,(x, z) ∈ U , ∀z ∈]y − ε, y[, which is a contradictory. �

Next, we proceed in proving the inequalitytC dimφ(SC) ≥ 1. Indeed, consider a basis

U of R2, and a pointx ∈ C. Let alsoUx ∈ U containing the pair(x, 1). Using Lemma 4.1,

we obtain

∂Ux ∩
(
C × [0, 1]

)
6= ∅.

It results that

tC dimφ

(
C × [0, 1]

)
≥ 1.

Finally, sinceC × [0, 1] ⊂ SC, the results follows immediately as theφ-topological confor-

mal dimension is monotone.

4.1. A φ-topological conformal dimension lower bound forSC. For convenience, and

clearness, we will restrict in the present part to the triadic squares inI, coded by the

usual triadic representation. DenoteA =
{
0, 1, 2

}
the essential alphabet, andAn the

sub-alphabet ofA composed of words with lengthn, n ∈ N∗. We write |a| = n to des-

ignate the length ofa ∈ A∗. Denote alsoA∗ =
⋃

n≥1An. Two wordsa, b ∈ A∗ are

concatenated by juxtaposing the wordb just at the end of the worda. The concatenation

result will be writtenab. Next, forn ∈ N∗, and a multi-indexi = i1i2...in ∈ An, we write

Ii =
[ n∑

k=1

ik
3k

,
n∑

k=1

ik
3k

+
1
3n

)
⊂ [0, 1)

the triadic interval associated. Next, fori, j ∈ An, we write

Ci,j = Ii × Ij

the triadic square ofFn associated. We next associate to the functionφ two functionsµ1

andµ2 on the triadic intervalsJ ⊂ R which are written asJ = f(I ′) for some quasisym-

metric mapf : R → R, whereI ′ is also a triadic interval. Now, wheneverJi = f(I ′i) is an

n-th triadic interval contained in[0, 1), we put

µ1(Ji) := µf
1 (Ji) = inf

j∈An
φ(f(Ci,j)) and µ2(Ji) := µf

2 (Ji) = inf
j∈An

φ(f(Cj,i)),

(3)
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Else, we put

µ1(J) = µ2(J) = 0.

Sinceφ satisfies (1), then theµ1 (respectivelyµ2)-conformal dimension is well-defined. In

the following we provide for the fractal setSC a lower bound of itsφ-topological conformal

dimension.

Theorem 4.2. The following inequality holds,

tC dimφ(SC) ≥ 1 + sup
(
C dimµ1(C), C dimµ2(C)

)
.

Proof. To prove the inequality we need firstly this result.

Lemma 4.3. For s < C dimµ1(C), there exists a pointxs ∈ C for which

C dimµ1

(
B(xs, r) ∩ C

)
> s, ∀r > 0.(4)

Proof. We proceed by the converse. Forx ∈ C, let rx > 0 be such that

C dimµ1

(
B(xs, r) ∩ C)

)
≤ s.

We immediately observe thatC ⊆
⋃
x∈C

B(xs, r). As C is compact, we deduce that

C ⊆
p⋃

i=1

B(xsi , ri),

for some integerp ∈ N. It follows that

C =
p⋃

i=1

B(xsi
, ri) ∩ C,

which in turn implies that

C dimµ1(C) = sup
1≤i≤p

C dimµ1(B(xsi
, ri) ∩ C) ≤ s.

This last results is in contradiction with the inequalityC dimµ1(C) > s. �

Now, we return to the proof of Theorem 4.2, and consider an open basisU of R2 and

s < C dimµ1(C). By Lemma 4.3, let0 6= xs ∈ C, satisfying

C dimµ1

(
C ∩B(xs, r)

)
> s, ∀ r > 0.

Then, for every quasisymmetric mapf1 : [0, 1] −→ [0, 1], we have

dimµ1H

(
f1(C ∩B(xs, r))

)
> s,
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and

µ1Hs
ε(f1(B(xs, rs) ∩ C)) = +∞.

Let now(xs, 1) ∈ Vs ∈ U , for which

B(xs, rs)×]1− rs, 1 + rs[⊂ Vs.

Let alsox ∈ B(xs, rs) ∩ C. Due to Lemma 4.1, we have

∂Vs ∩ C × [0, 1] 6= ∅,

which leads to

(x, y) ∈ ∂Vs ∩ C × [0, 1] where y = inf
{
w : (x, w) ∈ Vs ∩ C × [0, 1]

}
.

As a result,

B(xs, rs) ∩ C ⊂ P
(
∂Vs ∩ C × [0, 1]

)
,

whereP (x, y) = x, for (x, y) ∈ R2. Now, fix ε > 0, and let
(
Cq

)
q

be a covering of

∂Vs ∩ SC by triadic squares satisfyingφ(f(Cq)) < ε. SinceC × [0, 1] ⊂ SC, one gets

B(xs, rs) ∩ C ⊂
⋃
q

P (Cq).

Observe next that

φ(f(Cq)) ≥ µ1(f1(P (Cq))), ∀Cq ⊂ R2.

Therefore, we get ∑
q

φ(f(Cq))s ≥
∑

q

µ1(f1(P (Cq)))s.

and that

φHs
ε(f(∂Vs ∩ SC)) ≥ µ1Hs

ε(f1(B(xs, rs) ∩ C)).

Then, we deduce that

φHs
ε

(
f(∂Vs ∩ SC)

)
= +∞,

dimφH

(
f(∂Vs ∩ SC)

)
≥ s,

and

C dimφ(∂Vs ∩ SC) ≥ s.

Consequently

tC dimφ(SC) ≥ 1 + s.

The proof of the case wherexs = 0 may follow by analogue arguments as in the first

part. �
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4.2. A φ-topological conformal dimension upper bound forSC. In the present part, we

propose to provide an upper bound for theφ-topological conformal dimension of the fractal

setSC. To do it, we consider fori, j ∈ A∗, |i| = |j|, the functions previously introduced,

ν1
i,j andν2

i,j on the triadic intervalsJ ⊂ R for whichJ = f(I ′) for some quasisymmetric

mapf : R → R, and whereI ′ is also a triadic interval, as follows: For ann-th triadic

intervalJk = f1(I ′k) ⊂ [0, 1), we put

ν1
i,j(Jk) := ν1,f

i,j (Jk) = φ(f(Ci1,jk)),

and

ν2
i,j(Jk) := ν2,f

i,j (Jk) = φ(f(Cik,j1)),

where1 = 11...1 ∈ An. Else, we put

νm
i,j(J) = 0, m = 1, 2.

Observing immediatelyν1
i,j and ν2

i,j satisfy (1). Indeed, leti = i1i2...in0 and j =

j1j2...jn0 in A∗. Let x ∈ [0, 1[ written as

x =
∑
i≥1

xi

3i
where x ∈ Ix1x2...xn

, for all n ∈ N∗,

in its triadic representation. Put

y′ =
n0∑

k=1

jk

3k
+

∞∑
k=n0+1

xk

3k
and x′ =

n0∑
k=1

ik
3k

+
1

2 · 3n0
.

It holds from (2) that

(x′, y′) ∈ Ci1,jx1x2...xn
and φ(f(Ci1,jx1x2...xn

)) < ε,

for ε > 0, and somen ∈ N. It follows that

ν1
i,j(f1(Ix1x2...xn

)) = φ(f(Ci1,jx1x2...xn
)) < ε.

As a consequence, sincex ∈ Ix1x2...xn
, we deduce thatν1

i,j satisfies (1). Similarly, we

show thatν2
i,j also satisfies the assumption (1).

In the rest of this section, we propose to provide a special case forφ for which the

assumption (2) holds, while the functionφ is null for any triadic square not contained in

the unit squareI. In such a case, we obtain an upper bound for theφ-topological conformal

dimension as stated here-after for the setSC.
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Theorem 4.4. It holds that

tC dimφ(SC) ≤ 1 + lim inf
n→∞

sup
|a|=|b|=n

sup
m=1,2

C dimνm
a,b

(C).

Proof. Denote foru, v ∈ Z, andn ∈ N∗, (zu
n, zv

n) = (u+1/2
3n , v+1/2

3n ) to designate the

center point of
[

u
3n , u+1

3n

)
×
[

v
3n , v+1

3n

)
in the collectionFn. Denote also

Hn =
{
]zu

n, zu+2
n [, u ∈ Z

}
,

andUn =
{
I ′ × J : I ′, J ∈ Hn

}
. It is straightforward thatU =

⋃
n

Un constitutes a basis

of R2, and it is further open and countable. Therefore, to prove our result, we shall show

that

C dimφ(SC ∩ ∂U) ≤ inf
n≥p

sup
|a|=|b|=n

sup
m=1,2

C dimνm
a,b

(C), ∀U ∈ Up.

Therefore, forO ∈ Up, we observe that∂O is composed of four edges. DenoteC one of

them, and assume without loss of the generality that it is vertical. Forn ≥ p, consider an

n-th triadic squareCi,j satisfyingCi,j ∩ SC ∩ C 6= ∅. Let next(I ′k)k be a covering of

C ∩ [0, 1) by elements ofF , such that, for allk, we haveν1
i,j(f(I ′k)) < ε. It follows that

Ci,j ∩ SC ∩ C ⊂
⋃
k

Ci1,jk, where|1| = k.

Sinceν1
i,j(f(I ′k)) = φ(f (Ci1,jk)), then for allk, we getφ(f(Ci1,jk)) < ε. Moreover, for

s > 0, one has ∑
k

ν1
i,j(f1(I ′k))s =

∑
k

φ(f (Ci1,jk))s.

This yields that

φHs
ε (f (Ci,j ∩ SC ∩ C)) ≤ ν1

i,jHs
ε (f1 (C ∩ [0, 1))) .

Wheneverε tends to zero, we obtain

φHs(f (Ci,j ∩ SC ∩ C)) ≤ ν1
i,jHs(f1 (C ∩ [0, 1))),

which implies that

dimφH (f (Ci,j ∩ SC ∩ C)) ≤ dimν1
i,jH (f1 (C ∩ [0, 1))) .

Finally, sinceν1
i,j({1}) = 0, we deduce that

dimφH (f (Ci,j ∩ SC ∩ C)) ≤ dimν1
i,jH (f1(C)) .
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Clearly, by the convention thatdimφH(∅) = −1, the result is true whenCi,j ∩SC∩C = ∅.
Otherwise, we have

I ∩ SC ∩ C ⊂
⋃

|i|=|j|=n

Ci,j .

Therefore,

dimφH (f (I ∩ SC ∩ C)) = sup
|i|=|j|=n

dimφH (f (Ci,j ∩ SC ∩ C))

≤ sup
|i|=|j|=n

dimν1
i,jH (f1(C)) .

Hence, asφ ≡ 0 for any triadic squares non intersectingI, we deduce that

dimφH (f(I ∩ SC ∩ C)) = dimφH (f(SC ∩ C)) .

It follows that

dimφH (f(SC ∩ C)) ≤ sup
|i|=|j|=n

dimν1
i,jH (f1(C)) .

As a result,

dimφH(f(SC ∩ C)) ≤ inf
n≥p

sup
|i|=|j|=n

dimν1
i,jH(f1(C)).

The case of a horizontal edgeC satisfies similarly

dimφH (f(SC ∩ C)) ≤ inf
n≥p

sup
|i|=|j|=n

dimν2
i,jH (f1(C)) .

Finally, it results that

dimtφH (f(SC ∩ ∂U)) ≤ inf
n≥p

sup
|i|=|j|=n

sup
m=1,2

dimνm
i,jH (f1(C))

and

C dimφ(SC ∩ ∂U) ≤ inf
n≥p

sup
|i|=|j|=n

sup
m=1,2

C dimνm
i,j

(C).

�

4.3. A case of equality. The present part is concerned to the equality of the upper and

lower bounds previously established, and thus, we obtain an exact formula for theφ-

topological conformal dimension forSC. So, consider a real valued matrix(Pi,j)0≤i,j≤2

for which

Pi,j > 0, ∀i, j ∈ A and
∑
i,j

Pi,j = 1.

Let nextφ the Bernoulli measure defined onR2 for every quasisymmetric mapf , by

φ(f(Ci,j)) =
n∏

k=1

Pik,jk
, where i = i1i2...in and j = j1j2...jn.
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Next, denote fork = 0, 2,

lk = min
0≤j≤2

Pk,j and tk = min
0≤j≤2

Pj,k,

and letα, ρ > 0 be the unique numbers for which

lα0 + lα2 = 1 and tρ0 + tρ2 = 1.

The following lemma holds.

Lemma 4.5. We have

C dimµ1(C) = α and C dimµ2(C) = ρ.

Proof. Denote byC̃ the middle-13 -Cantor set from which we excluded the extremities of

triadic intervals. Then, for every quasisymmetric mapf , we have

dimµ1H(f(C)) = dimµ1H(f(C̃)).

Observe now that, ifIi1i2...in is a triadic interval that crosses̃C, thenik ∈
{
0, 2
}

, for all

k ∈ {1, 2, ..., n}. Therefore, we get

µ1 (f1(Ii1i2...in
))α =

n∏
k=1

lαik
, for every quasisymmetric mapf1 : R −→ R.

It results that for any covering(Ii)i of C̃ composed of disjoint triadic intervals,∑
i

µ1(f1(Ii))α = 1.

Consequently, we getµ1Hα(f1(C̃)) = 1, and thus,

dimµ1H(f1(C̃)) = dimµ1H(f1(C)) = α.

The proof ofdimµ2H(f1(C)) = ρ is similar. In particular, we haveC dimµ1(C) = α and

C dimµ2(C) = ρ. �

Lemma 4.6. Letβ, δ > 0 be such that

P β
0,1 + P β

2,1 = P δ
1,0 + P δ

1,2 = 1

Let alsoi, j ∈ A∗ be with the same length. It holds that

C dimν1
i,jH(C) = δ and C dimν2

i,jH(C) = β.
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Proof. Let i = i1i2...iq andj = j1j2...jq in A∗. Observing that, ifIk1k2...kn
is a triadic

interval crosses̃C, we deduce that, for alll ∈ {1, 2, ..., n}, and every quasisymmetric

f1 : [0, 1] −→ [0, 1], kl ∈
{
0, 2
}

and

ν1
i,j(f1(Ik1k2...kn

))δ =
( q∏

k=1

Pik,jk

)δ n∏
l=1

(
P1,kl

)δ

.

Now, given a disjoint covering(Ii)i of C̃ by triadic intervals, we get∑
k1k2...kn

ν1
i,j(f1(Ik1k2...kn

))δ =
( q∏

k=1

Pik,jk

)δ

.

It follows thatdimν1
i,jH(f1(C)) = δ. Similarly, we prove thatdimν2

i,jH(f1(C)) = β, and

we deduce that

C dimν1
i,jH(C) = δ and C dimν2

i,jH(C) = β.

�

Theorem 4.7. Assume that the matrix(Pi,j)i,j∈A satisfies P0,1 ≤ min
(
P0,0, P0,2

)
P2,1 ≤ min

(
P2,0, P2,2

) and

 P1,0 ≤ min
(
P0,0, P2,0

)
P1,2 ≤ min

(
P0,2, P2,2

)
,

then, one has

tC dimφ(SC) = 1 + sup(α, ρ).

Proof. Observing that

1 + sup(α, ρ) ≤ tC dimφ(SC) ≤ 1 + sup(β, δ),

we obtain from Lemmas 4.5 and 4.6, l0 = P0,1 = min
(
P0,0, P0,2

)
l2 = P2,1 = min

(
P2,0, P2,2

) and

 t0 = P1,0 = min
(
P0,0, P2,0

)
t2 = P1,2 = min

(
P0,2, P2,2

)
.

Now, since {
lα0 + lα2 = 1

tρ0 + tρ2 = 1
and

{
P δ

1,0 + P δ
1,2 = 1

P β
0,1 + P β

2,1 = 1,

we deduce that

α = β and ρ = δ.

�
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5. REMARKS AND DISCUSSION

Unlike the Hausdorff/packing/box-counting variants of fractal dimensions, it is notice-

able that the topological Hausdorff one is in fact smaller than the Hausdorff dimension,

while theφ-topological conformal variant generalizes the topological conformal one. Oth-

erwise, it is always not easy to estimate these dimensions directly from their pure mathe-

matical definitions, it is thus motivating to try to give estimates of the new variants such as

theφ-topological conformal one, and discuss. First, we discuss the eventual links between

the different dimensions. In [4], it has been proved that

dimt(X) ≤ dimtH(X) ≤ dimH(X),

wheredimt stands for the topological dimension (for more information on this concept see

[14, 16]). Also, we may notice that that

dimt(X) ≤ C dim(X) ≤ dimH(X),

dimt(X) ≤ tC dim(X) ≤ dimtH(X) ≤ dimH(X),

dimt(X) ≤ tC dim(X) ≤ C dim(X),

and that these dimensions vanish simultaneously. Besides, Balka et al. [4] introduced the

concept of the topological Hausdorff dimension of sets by considering the set in hand as

the metric space itself.

Notice also that whenever we work in a separable metric spaceX, the topological

Hausdorff and the topological conformal dimensions maybe both reproduced via theφ-

conformal and theφ-topological conformal variants. Indeed, let

F =
{

B(xn, r) : n ∈ N, r ∈ Q∗
+

}
,

where the set
{
xn, n ∈ N

}
is assumed to be dense inX, andφ(B(xn, r)) = 2r. It holds

that forE ⊂ X with C dim(E) > 1,

dimφH(E) = dimH(E) and tC dimφ(E) = tCdim(E).
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Eur. Phys. J. Spec. Top., (2021) 230: 3861-3871.

[6] P. Billingsley.Ergodic Theory and Information. Wiley series in probability and mathematical statistics. R. E.

Krieger Publishing Company, (1978).

[7] P. Billingsley.Hausdorff dimension in probability theory. Illinois J. Math.,4 (1960), 187-209.

[8] C-J. Bishop.Quasiconformal mappings which increase dimension. Ann. Acad. Sci. Fenn. Math.24 (1999),

397-407.

[9] Ch-J. Bishop and J-T. Tyson.Locally minimal sets for conformal dimension. Ann. Acad. Sci. Fenn. Math.,26

(2001), 361-373.

[10] M. Bonk and B. Kleiner.Conformal dimension and Gromov hyperbolic groups with 2-sphere boundary.

Geom. Topol.,9 (2005), 219-246.

[11] M. Bonk. Quasiconformal geometry of fractals, International Congress of Mathematicians. Vol. II, Eur.

Math. Soc., (2006), 1349-1373.

[12] C-A. Di-Marco.Topological conformal dimension. Conform. Geom. Dyn.,19 (2015), 19-34.

[13] C-A. Di-Marco.Fractal Curves and Rugs of Prescribed Conformal Dimension. Topology and Its Applica-

tions.248(2018), 117-127.

[14] R. Engelking.Dimension Theory. North-Holland Publishing Company, (1978).
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