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1. INTRODUCTION

Fractals since their appearance have been attractive for scientists in quasi all branches of
science, such as theoretical mathematics, they constituted an extension of both set, function,
and measure theories. In nature, many phenomena are now comprehensible due to their
fractal models. In financial/economic fields, the movements of markets, indexes, prices,
and other factors are well explained by fractals. In signal and image processing, we are
nowadays speaking about fractal images, especially in bio-domains, where many organs in
the body have been re-discovered and their strange geometry has been well explained using
fractal models.

Mathematically speaking, the most spectacular character in fractal geometry/analysis is
the dimension. Before the invention of fractals, humans thought that the only way is the
Euclidean dimension. Every set and phenomenon in the real-life should be embedded in
Euclidean space, and thus any essay to understand the object is related to the whole Eu-
clidean space. Moreover, any eventual measure that should be done on these sets is nothing
but the Lebesgue measure in the mathematical sense. With the appearance of fractals and
other types of measures, researchers understood that these classical measurements are no
longer able to explain and reflect the real structure and description of many objects, such
as the well-known Cantor type sets and measures. This was the major motivation leading
to the invention of fractal dimensions.

From an applied point of view, fractals appear in many forms such as patterns, stochastic,
iterated systems, scale-invariant, etc. These forms are related to image processing such as
signals, clouds, rocks, complex systems in nature such as climate factors, environment,
light emission, chemical reactions, ... etc, [2, 3].

In our present work, we join the topic of fractal dimension of sets and measures, in
which we are interested in some type of topological conformal dimension relative to a
gauge function. Such dimensions constitute other variants of the original Hausdorff defini-
tion, the conformal dimension, the topological variant, the distortion of Hausdorff dimen-
sion, etc. Many types of research have been developed to investigate such concepts. In[15],
for example, the authors focused on establishing some bounds for the Hausdorff dimension
distortion of the whole Euclidean spat¥ relative to K -quasi-conformal self-maps. In
[1], sharp bounds have been provided for the two-dimensional cases. Bishop in [8] re-
lated the positivity of the Hausdorff dimension of compact sets to the possibility of raising
such dimension by quasi-conformal maps. However, decreasing the dimension, although
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being small as in the case of increasing, may not occur as investigated in [9, 23]. These
problems are related strongly to the structure of the functions used to increase/decrease the
concerning dimension. In the case of homeomorphisms, for example, it is well known that
the topological dimension is conserved. For the case of bi-Lipschitz function the Haus-
dorff dimension is conserved. This in turn leads to a natural question about the eventual
and/or possible intermediate maps between the two previous classes and their influence on
the dimensions. We speak here about quasi-symmetric maps. These maps shall permit
the classification of sets according to their dimensions by introducing suitable equivalence
or invariance concepts. Backgrounds and useful ideas about the classification relative to
the conformal dimension may be found in [9, 10, 11, 12, 13, 17, 18, 19, 21, 22, 24]. The
general idea turns around quasi-symmetric equivalence if and only if quasi-symmetrically
invariant dimension.

Already in the same direction of finding and/or constructing a good invariant for sets
that permit the characterization, the classification, and equivalence in some sense, another
extension of dimension has been introduced in [4]. The two previous concepts of topologi-
cal and conformal dimensions have been next combined to yield a hybrid type of dimension
called the topological conformal dimension developed in [12]. Later, the authors in [5, 20]
studied thep-topological variant of the Hausdorff dimension for a case of self-similar sets
such as the Sierpinski carpet. This was one motivation for the present work. @n the
topological conformal dimension.

The principal aim of the present work is to continue in the same direction by introducing
concepts of (fractal) dimensions and their eventual application in characterizing special sets
and measures. A functiofis considered as a control parameter to construct a new variant
of (fractal) dimensions called thg-topological conformal dimension. The framework is
considered metric spaces.

The new variant of dimension constitutes a general form compared to the developments
in [5, 20]. Indeed, the first reference considered the topological Billingsley dimension as
a variant of the fractal dimensions based on an anlogue gage fungctidm the second
reference, the authors considered thtopological Hausdorff dimension. This confirms
effectively that the present work provides a different and precisely larger class of fractal
dimensions relatively to the variants introduced in [5, 20].

The structure of the present work will be as follows. In section 2, some preliminaries
about the notion of topological conformal dimension on metric spaces will be reviewed
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briefly. In section 3, the new fractal dimension which we ¢atiopological conformal
dimension will be introduced relative to the ambient space. Basic properties of these di-
mensions will be provided. In section 4, estimations of these dimensions for the case of the
Sierpinski carpet will be provided for a special case of the functiofor which the exact
computation is possible.

2. PRELIMINARIES

Consider a metric spadeX, d), where X is assumed to be separable for the whole
document, if no exception is mentioned. As usual we deBdte r) = {y € X; d(z,y) <
r} the closed ball of center € X and radius: > 0. Next, forA C X, we write|A] to
designate the diameter. We denote &lsbto designate the boundary df Next, for two
setsA, B C X, the distance between them will be evaluated by means of the Hausdorff
sense,

dist(A, B) = inf {d(a,b); a € A, b € B}.

For a subsely C X ands,§ > 0, denote

H3(E) = inf{z Ui I+ EC Ui | U |< 5}

7

and
H*(F) = sup H3(E).
5>0
This leads to the Hausdorff dimension defined for anyi$et X by
dimpy (E) = inf {s >0; H*(E) < +oo},

with the conventionlim ((}) = —1 to be adopted.
In [4], the topological Hausdorff dimension of sets has been investigated on metric
spaces.

Definition 2.1. [4] Let (X,d) be a separable metric space. Its topological Hausdorff
dimension is defined by

dimyg (X) = inf {s . Jabasisi of X; dimy(d0) < s — 1, YO € u},
with as usualimg () = —1.
Notice that Definition 2.1 may be formulated otherwise by setting

dim; g (X) = 1 + inf sup dimg (00),
U oeu
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where the lower bound above is evaluated on all the Has&sX .

The concepts of Hausdorff and the topological Hausdorff variants of fractal dimensions
are extended to both the conformal and the topological conformal cases. These last ones
are defined relative to the concept of quasi-symmetry of maps.

Definition 2.2. Let (X, d) and (Y, d) be two metric spaces. Let algo: X — Y be an
embedding homeomorphisni.is said to be quasi-symmetric, if there exists [0, co[—
[0, 0o[ @ homeomorphism satisfying:, b, z € X andVt > 0,

() < td(@,b)) = (8(£(2). () < n(OO(F(2). £1))).
The following definitions state the conformal dimension.
Definition 2.3. Let (X, d) be a metric space. Its conformal dimension is
Cdim(X) = inf { dimy f(X); f quasi-symmetric embedding homeomorphism(o}l.
The topological conformal dimension &fis
tC dim(X) = inf {s; Jabasis of X; C'dim(d0) < s — 1, YO € u}.
3. NEW CONFORMAL AND TOPOLOGICALHAUSDORFF DIMENSIONS

In this section, we propose to introduce new variants of the topological and conformal
extension of the Hausdorff dimension of sets taking into account the ambient space in the
formulation. The idea reposes on the simple comparison between the union of a set with
the boundary of another on one hand, and the boundary of the union of the two sets on the
other hand. LeEl, U C X, itis easily noticeable thafNoU is more flexible to manipulate
than the sebx(E N U). This simple remark yielded the definition of the new topological
variant of the Hausdorff dimension as follows.

Definition 3.1. Let E C X be nonempty. Its topological Hausdorff dimension relatively to
the ambient spac is defined by
1+inf sup dimg(ENoU) if dimyg(F)>1
dimy (E) = U veu
0 if dimg(E) <1,
where thenf is taken over all basigf of X.
The topological conformal dimension Bfrelatively to X is defined by
1+inf sup Cdim(EN9U) if Cdim(E) >1

tCdim(E) = U veu
0 if Cdim(E) <1,
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where the lower bound is evaluated on all badi®f X. Observing thaOg(E N U) C
ENoU,forall E,U C X, itresults that

dimez (X) = dimg (X), tCdim(X) = tC dim(X)

and

dim;y (F) < dim;g(E), tCdim(E) < tCdim(E).
We will now expose some properties of the new dimensions.

Proposition 3.2. Assume thak is a separable metric space. We have,
(1) VE C X, tCdim(E) < Cdim(E).
(2) VEC X,Cdim(FE) =0 = tCdim(E x [0,1]) = 1.
(3) VE,F C X,EC F = tCdim(F) < tCdim(F).
(4) VE,.E> C X, disjoint and compact, it holds that

tCdim (Ey U Ey) = max (tCdim(Ey), tCdim(Es)) .

Proof.

(1) Itis a consequence of the inequalitydim(E) < tC' dim(F) < C' dim(F).

(2) Since there exists a segment line containefl 10, 1], we deduce thaCdim (E x
[0,1]) > 1. Otherwise, there exists a basiof X composed of open sets. There-
fore, asdim; £ < Cdim E = 0, it results for everyy € U, and0 < z < y < 1,
that

Cdim (EN (U x (x,y))) Cdim (EN (U x d(x,y)))

= Cdim(EN (U x {z,y}))
= Cdim(ENU)

IN

Cdim(FE) = 0.

(3) Notice that for a basi& of X, and an elemenit € U, we getENoU C FNoU.
As the dimensions are monotone, we get

C dim(E N V) < C dim(F NoU).

Hence, the result follows immediately.
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(4) LetlY; andd;, i = 1,2, such that/; is a basis ofF;,
C‘dlIIl(E‘z n 8Ul) <d; -1, VU, e U,

and
d; <tCdim(E;) + .
Consider by the next the union bagis= U/, Uls of E = E; U Es, and let

d = max(dy, ds). For eachJ = U; U U, with compact boundarie®U; anddU,
being disjoint, we gedU = 0U; U 0U,, which is also compact. Consequently,

Cdim(ENdU) = max (C dim(F; N oUy), Cdim(E; N 8U2))

IN

max (dl — 1,d2 — 1)

IN

max tCdim(E;) +¢ — 1.

Finally, the monotonicity of the dimension gives the opposite inequality.
O

One immediate consequence of the lat proposition may staté/that N fixed, and
E;, i =1,...,n pairwise disjoint, and compact setsih we have

A 1<i<n
i=1 -

tCdim (O Ei> = max (tCdim(E;)).

The following part is concerned with a generalization of the Billingsley (Hausdorff)
dimension relative to a measure ([6, 7]) to the case of a gauge set fugctidrich by the
next will be called thej-topological conformal dimension.

Consider as above a metric spa€eand a countable collectiogr of subsets ofX. Let
also¢ > 0 be a function on a collection of subsets of the same spacand containing
Z . Assume further thatz € X, andve > 0,

1) JE e # suchthat ¢(E)<e and z€F

For E C X a non-empty subset of, s > 0, andd > 0, we write
¢H;(E) = inf {Z o(U;)% Ui € 7, ¢(U;) <6, EC UUi} ;

with the conventiord® = 0. This permits to defined thg-Hausdorff measure relative to
Z by
oH*(E) = ;ir% PoH5(E).
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To such a measure, we associate in a natural way (as for the different variants of Hausdorff
measures), the so-callgdHausdorff dimension relative t&, defined for any non-empty
setE C X by

dimgp (E) = inf {s >0: ¢H(B) < +oo}.
Notice that the original Hausdorff dimension may be obtained from the last definition,

which confirms the generalization. Indeed, whene¥eris separable, we just take the
collection

F = {B(xn,r); ne€Nandr e Qi}a

for adense sefz,,, n € N} in X, and wheres(B(z,,,)) = 2r. We immediately observe
that¢ satisfies (1). FurthermoreE C X, we obtain

The following propositions gather some trivial properties of ghidausdorff dimension.

Proposition 3.3. [20]

(1) IfECF thendim¢H(E) < d1m¢H(F)
(2) For (Ei)ien C X,

dimgp (U E;) = sup dimgp (E;).
(3) dimgy (E) = 0, for all countableE C X.

Now, as for existing cases of dimensions, thélausdorff dimension will be adopted
to introduce thep-conformal dimension ofX relative to the collection#, and the¢-
topological conformal dimension according.# by using similar techniques as in [5, 20].

Definition 3.4. The¢-conformal dimension ok relatively to.7 is defined by
Cdimg X = inf { dimgg f(X): fis quasisymmetri]s.
Let £ C X. Theg-topological conformal dimension d&f relatively to.# is defined by
tC dimy(E) = inf {5 . Jabasisi of X; Cdimy(ENJ0) <s—1, VO € u},
andtC dim, () = —1. Otherwise,
tC dimy(E) = igf sup C'dimy(E N 00) + 1,

oeu
where the lower bound above is evaluated on all base$ X .
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4. EVALUATION OF THE ¢-TOPOLOGICAL CONFORMAL DIMENSION FOR THE
SIERPINSKI CARPET

This part of the paper is concerned with the computation ofthapological conformal
dimension developed previously to the well-known Sierpinski carpet as a concrete case of
(fractal) self-similar set, which will be denoted here&g.

The Sierpinski carpet is a planar fractal set which may be described as follows. Let
I =[0,1] x [0,1] be the unit square. In the first stades subdivided into nine isometric
squares and remove the middle one. Next, we subdivide each one of the eight remaining
squares into nine isometric squares and remove again the new middle square from each
one. We continue recursively the same process. The resulting limit set is the Sierpinski
carpetSC. Figure 1 illustrates the process.

Mathematically speaking, th&C is the result of IFS due to similarities

1 1
Sxa(z) = §$+ g)\, rel, Ae A={0,1,2}2
Otherwise SC is the unique invariant compact satisfying
Sc =[] Sx(s0).
€A

This leads to the exact computation of its Hausdorff dimension by means of IFS as

log 8
log 3’

8 <3) =1 < dimgSC =

Due to [4, 12, 21], it is noticeable that all the fractal dimensions such as the conformal,
the topological conformal, the topological Hausdorff, and the Hausdorff dimension may be
different in general. We have a precise comparison foSifiset stating that

. L . . _log6 . __log8
dim(8C) = 1 = tC dim(SC) < dimyy (SC) = log 3 < dimg(SC) = g3’
and
. log 2 . . log 8
of <~ - .
tC'dim(SC) < 1+ g3 = C dim(SC) < dimg (SC) log 3

The purpose now is to evaluate thdopological conformal dimension &C in some
special case. We consider for this aim the collecténr= U, >:.%,, where forn € N, %,
is the set ofuth level triadic squares. Furthermore, we assume ttat- 0, Vn € N* and
V(x,y) € R?,

dp > nandO € %, such that

(2) (z,y) € Oandy(f(0)) < e, forevery guasisymmetric map
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FIGURE 1. The first 6 iterations a§C.

Notice here that (2= (1). Besides, if is finite measure, non-atomic @®¥, then equa-
tion (2) is satisfied. This confirms that our case covers the class of finite, non-atomic
measure such as [5, 6, 7, 20].
We now proceed in establishing that dim,(SC) > 1, and thus obtain a lower bound
for the ¢-topological conformal dimension &iC. This lower bound will be improved more
in Theorem 4.2. For this purpose, we will serve of the following resul.

Lemma 4.1. Letx € C the middle%-Cantor set inR, andU c R? be open such that
(x,1) € U, then,

(C x [0,1]) N AU # 0.
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Proof. Denote
y=inf{w € [0,1]: (z,w) € (Cx[0,1])NdU}.

We shall thatz, y) € oU. Indeed, observing firstly that, ) € U. We have thus to prove
that(z,y) ¢ U. If (z,y) € U, we get(z,y) € B(z,e)x|y—e,y+e[C U, for somes > 0.
Hence,(z, z) € U, Vz €]y — ¢, y[, which is a contradictory. O

Next, we proceed in proving the inequaliy’ dim4(SC) > 1. Indeed, consider a basis
U of R?, and a pointr € C. Let alsoU,, € U containing the paifx, 1). Using Lemma 4.1,
we obtain
U, N (C x [0,1]) # 0.

It results that

tC dimy, (C x [0,1]) > 1.
Finally, sinceC x [0, 1] C SC, the results follows immediately as thetopological confor-
mal dimension is monotone.

4.1. A ¢-topological conformal dimension lower bound forSC. For convenience, and
clearness, we will restrict in the present part to the triadic squards aoded by the
usual triadic representation. Denqte = {O, 1,2} the essential alphabet, apdl* the
sub-alphabet ofA composed of words with length, n € N*. We write |a| = n to des-
ignate the length ofi € A*. Denote alsod* = |J,,», A". Two wordsa,b € A* are
concatenated by juxtaposing the warglst at the end of the word. The concatenation
result will be writtenab. Next, forn € N*, and a multi-index = ¢145...7,, € A™, we write

I_[;?,k’z ) 0,1)

the triadic interval associated. Next, forj € A", we write
Cl'yj = Iz X Ij

the triadic square of#,, associated. We next associate to the funcidwo functions;
andyps on the triadic intervalgy C R which are written ag/ = f(I’) for some quasisym-
metric mapf : R — R, wherel’ is also a triadic interval. Now, whenevér = f(I}) is an
n-th triadic interval contained if0, 1), we put

() = pl(J) = inf &(f(Ciz) and pa(i) = (Ji) = inf (f(C)),
3)
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Else, we put

pi(J) = pa(J) = 0.
Since¢ satisfies (1), then the, (respectivelyu,)-conformal dimension is well-defined. In
the following we provide for the fractal s6C a lower bound of itg-topological conformal
dimension.

Theorem 4.2. The following inequality holds,
tC dimy (SC) > 1 + sup (c dim,,, (C), C dim,, (C)) .
Proof. To prove the inequality we need firstly this result.
Lemma 4.3. For s < C'dim,, (C), there exists a point, € C for which
4) C dim,,, (B(a:s, r) N C) > s, Vr > 0.
Proof. We proceed by the converse. Foe C, letr, > 0 be such that
Cdim,, (B(zs,7)NC)) < s.

We immediately observe thtC U B(zs,r). AsC is compact, we deduce that
zeC

p
C g U B(‘/L.Si7ri)7
i=1

for some integep € N. It follows that

which in turn implies that
Cdim,, (C) = sup Cdim,, (B(zs,,r)NC) < s.
1<i<p

This last results is in contradiction with the inequalitylim,,, (C) > s. O

Now, we return to the proof of Theorem 4.2, and consider an open Hasisk? and
s < C'dim,, (C). By Lemma 4.3, led # =, € C, satisfying

Cdim,, (CNB(z,,7)) > s, Vr>0.
Then, for every quasisymmetric mgp: [0, 1] — [0, 1], we have

dimy, g (f1(C N B(ws,1))) > s,
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and

pHE(f1(B(zs,7s) NC)) = +o00.
Let now(zs,1) € Vi € U, for which

B(xg,rs)X]1 —rs, 1 +75[C V.
Letalsox € B(xs,7s) NC. Due to Lemma 4.1, we have

VsNC x [0,1] # 0,
which leads to
(z,y) €9V,NC x[0,1] where y=inf{w: (z,w) € V,NC x [0,1]}.
As a result,
B(zs,rs)NC C P(OV,NC x [0,1]),
where P(x,y) = z, for (z,y) € R2. Now, fixe > 0, and Iet(Cq) be a covering of
q

0Vs N SC by triadic squares satisfying( f(C,)) < e. SinceC x [0,1] C SC, one gets

B(a,,rs)nC | JP(Cy).
q
Observe next that

o(f(Cy)) > i (f1(P(Cy))), YO, C R?.
Therefore, we get

D AF(C)* =D (f1(P(Cy)))*
and that

PH(f(OVs N SC)) = mMZ(f1(B(xs,m5) NC)).
Then, we deduce that
$HE(f(8V. N SC)) = +oo,
dimgy (f(0VsNSC)) > s,
and
Cdimg(0V; NSC) > s.

Consequently
tC dimg(SC) > 1+ s.

The proof of the case where, = 0 may follow by analogue arguments as in the first
part. O
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4.2. A ¢-topological conformal dimension upper bound forSC. In the present part, we
propose to provide an upper bound for theopological conformal dimension of the fractal
setSC. To do it, we consider fof, j € A*, |i| = |j|, the functions previously introduced,
ul{j anduzj on the triadic intervalg C R for which J = f(I’) for some quasisymmetric
map f : R — R, and wherel’ is also a triadic interval, as follows: For anth triadic
interval J, = f1(I;,) C [0,1), we put

Vii(Ji) = Vil,}f(Jk) = ¢(f(Civjr))s
and
v2;(Jk) = V2 (Jk) = o(f(Cir 1)),

wherel = 11...1 € A". Else, we put

V() =0, m=1,2.

i,
Observing immediately; ; and v7; satisfy (1). Indeed, lef = iyiy...in, andj =
J1J2.--Jne IN A*. Letz € [0, 1] written as

z= Z 3 where = € I, 4, .., forall necN*
i>1

in its triadic representation. Put

no j oo P no 7, 1
r_ Jk Lk I _ K -
y = 3k+ Z 3k and m_23k+2.3n0'
k=1 k=no+1 k=1

It holds from (2) that

(wlvy/> € Ci17j301302~-96n and ¢(f(cil7j$1$2~-~frn)> <g,

for e > 0, and some: € N. It follows that

v} (fiTayzg0,) = O(f(Citjzras..wn)) < €.

As a consequence, singec I, ,,. ., , we deduce thazt/;j satisfies (1). Similarly, we
show thatu,i ; also satisfies the assumption (1).

In the rest of this section, we propose to provide a special case for which the
assumption (2) holds, while the functignis null for any triadic square not contained in
the unit squard. In such a case, we obtain an upper bound fokthepological conformal
dimension as stated here-after for theSét
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Theorem 4.4. It holds that

tC dimy(SC) <14 liminf sup sup Cdim,m, (C).

n=o0 Jal=|pl=n m=12

u+1/2 v+1/2
371 )

center point of %, 1) » [ »+1) jn the collection%,,. Denote also
3 3 3 3

Proof. Denote foru,v € Z, andn € N*, (z%,2°) = (%542

n»~n

) to designate the

Ho = {Jat 204, w € 2,

andif,, = {I' x J : I',J € H,}. Itis straightforward that/ = Uun constitutes a basis

n
of R?, and it is further open and countable. Therefore, to prove our result, we shall show
that

Cdimg(SCNOU) < inf  sup  sup C'dimym (C), VU € Uy,

2P |a|=[b|=n m=1,2
Therefore, forO € U,, we observe tha?O is composed of four edges. Dendteone of
them, and assume without loss of the generality that it is verticalnFearp, consider an
n-th triadic square”; ; satisfyingC; ; N SC N C # . Let next(I},), be a covering of
€N [0,1) by elements ofF, such that, for alk, we have; ;(f(1},)) < e. It follows that

Ci;n8CnC c|JCijr, where|l| = k.
k

Sincev; ;(f(I;)) = ¢(f (Ci1jx)), then for allk, we geto(f(Cia ;i) < €. Moreover, for
s > 0, one has

ZV” fil)? Z¢ Civjk))

This yields that

¢H: (f (CiyNSCNO)) < v HE(fL(CN[0,1))).
Whenevek tends to zero, we obtain

oM (f (CiNSCNC)) < viH(f1(CN(0,1))),
which implies that

dimgy (f (Ci; NSCNC)) < dim,y 4 (fi (CN[0,1))).

Finally, sincev; ;({1}) = 0, we deduce that

dimg (£ (Ciy 1SCNC)) < dimyy pr (Fi(C)).
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Clearly, by the convention thdim, ; (0) = —1, the result is true whe€; ;NSCNC = 0.
Otherwise, we have
insencc |J Gy

li|=]j]=n
Therefore,
dim¢H (f (I nsSCcn C)) = sup dim¢H (f (Cl'yj NSCN C))
li|=]jl=n
< ’ ‘81|1;|) dim,, L (f1(C)).
J|l=n

Hence, ag = 0 for any triadic squares non intersectihgwe deduce that
dimg g (f(] NSCN C)) = dimygg (f(SC N C)) .

It follows that
dimgy (f(SCNC)) < sup dim,, JH (f1(C)).

li|=]4l=n
As a result,

dimg (f(SCNC)) < inf  sup dlm 1 H(f1( ).

n2P i|=|j|=
The case of a horizontal ed@esatisfies similarly
dimgy (f(SCNC)) < H;f sup  dim,? H(fl( ).
=P i|=]j|=n

Finally, it results that

dimsgm (f(SCNOU)) < inf sup  sup dlm,,mH(fl( )

2P Ji|=|jl=n m=1,2
and
Cdimg(SCNOU) < inf sup  sup Cdim,p (C).

n2P |i|=|j|=nm=1,2

O

4.3. A case of equality. The present part is concerned to the equality of the upper and
lower bounds previously established, and thus, we obtain an exact formula fgr the
topological conformal dimension f&C. So, consider a real valued matki¥; ;)o<i,j<2
for which
Pi;j>0,VijeA and Y P;=1
3
Let nextg the Bernoulli measure defined &7 for every quasisymmetric mafy by

d)(f(C”)) = H Pik,jm where i = ilig...in and ] = .]1.]2.]n
k=1
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Next, denote fok = 0, 2,

Iy, = 0rgnjig2 Pr; and t, = 01%122P»,;€,
and leta, p > 0 be the unique numbers for which

If+15=1 and tf+1t)=

The following lemma holds.
Lemma 4.5. We have

Cdim,, (C) =a and Cdim,,(C) = p.

Proof. Denote by5 the middIe%—Cantor set from which we excluded the extremities of
triadic intervals. Then, for every quasisymmetric mapve have

dim,, g (£(C)) = dim,, g (£(C)).

Observe now that, if; is a triadic interval that crosses theni, € {O, 2}, for all

1%2...0n

k €{1,2,...,n}. Therefore, we get

w1 (fi(Liyiy. 0,))" = H Ig , forevery quasisymmetric mapf; : R — R.
k=1

It results that for any covering;); of 5composed of disjoint triadic intervals,

> m(fal)* =1
Consequently, we gety H*(f1(C)) = 1, and thus,

dimy, 1 (f1(C)) = dimy, 1 (f1(C)) = a.

The proof ofdim,,, i (f1(C)) = p is similar. In particular, we havé' dim,,, (C) = « and
Cdim,, (C) = p. O

Lemma 4.6. Let 3, > 0 be such that
P+ P =Py+P,=1
Let alsoi, j € A* be with the same length. It holds that

Cdim,, 4(C) =35 and Cdim,: 4(C)= 5.
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Proof. Leti = iyis...iq andj = jija...Jq in A*. Observing that, ifly,x, 1, is a triadic
interval crosse€, we deduce that, for all € {1,2,...,n}, and every quasisymmetric
f1:[0,1] — [0,1], k; € {0,2} and

y},j(fl(fkle...k,L))é = ( ﬁ Pik.,jk>5 ﬁ (P1,k:l)6.
k=1

Now, given a disjoint coveringl;), of C by triadic intervals, we get

> v (A Tnks.k,))’ = (H Pz‘k,jk,)5~
k=1

kika...kn
It follows thatdimV}.jH(f1<C)) = ¢. Similarly, we prove thaﬂiml,?jH(fl(C)) = (3, and
we deduce that

Cdim,y ;(C) =06 and Cdim,. ;(C)= 3.

Theorem 4.7. Assume that the matrip; ;); ;c 4 satisfies

Py,1 <min ( Py, P2 q Py o <min ( Py, P
an
Py <min (Pag, P o Py <min ( Py, P2,

then, one has
tC dimy(SC) = 1 + sup(a, p).

Proof. Observing that
1+ sup(a, p) < tC dimy(SC) < 1+ sup(B,9),

we obtain from Lemmas 4.5 and 4.6,

lo = Py,1 =min ( Py o, P2 d to = P10 = min ( Py o, P2
an
lo=Py; =min (P, Paye tg =P =min (P2, P3).
Now, since

g +iy=1 P+ Py=1

0 2 and 1670 1ﬁ,2

tS + tg =1 P071 + PQ,1 =1,
we deduce that

a=04 and p=2.
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5. REMARKS AND DISCUSSION

Unlike the Hausdorff/packing/box-counting variants of fractal dimensions, it is notice-
able that the topological Hausdorff one is in fact smaller than the Hausdorff dimension,
while the¢-topological conformal variant generalizes the topological conformal one. Oth-
erwise, it is always not easy to estimate these dimensions directly from their pure mathe-
matical definitions, it is thus motivating to try to give estimates of the new variants such as
the ¢-topological conformal one, and discuss. First, we discuss the eventual links between
the different dimensions. In [4], it has been proved that

dim; (X)) < dimyy(X) < dimg (X),

wheredim, stands for the topological dimension (for more information on this concept see
[14, 16]). Also, we may notice that that

dim;(X) < Cdim(X) < dimg (X),
dim; (X) < tCdim(X) < dimg(X) < dimgy (X),
dim;(X) < tCdim(X) < Cdim(X),

and that these dimensions vanish simultaneously. Besides, Balka et al. [4] introduced the
concept of the topological Hausdorff dimension of sets by considering the set in hand as
the metric space itself.

Notice also that whenever we work in a separable metric spacéhe topological
Hausdorff and the topological conformal dimensions maybe both reproduced via the
conformal and theé-topological conformal variants. Indeed, let

F = {B(mmr): n €N, TGQX},

where the se{x,,, n € N} is assumed to be densei, and¢(B(z,,r)) = 2r. It holds
that for £ C X with C'dim(F) > 1,

dim¢H(E) = dlmH(E) and ¢C d1m¢(E) = thlm(E)
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