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ABstracT. The motion of a spinning point-particle in an external electromag- .

netic' field is investigated as a constrained systema. The comparison with the

Dirac equation is discussed, and it is shown that the primary constraint can

‘be derived explicitly from this equation. Further, the equations of motion are
‘determined using the canonical‘method. The quantization of such a gystem is -
achieved using the WKB approximation.
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1. INTRODUCTION

In a previous paper [11], we proposed a general method for the quantization of
constrained systems using the WKB approximation. In this method, the Hamilton-
Jacobi function S is determined in configuration space in the same manner as
for regular systems in the semiclassical limit. This enables one to determine the
equations of motion and then to construct a suitable wave function. The constraints
then become operators of this wave function to be satisfied in the semiclassical limit.
In this work, we wish to apply the method to the motion of a spinning point-particle
in an external electromagnetic field. '

The present paper is organized as follows. In Sec. 2, the spinning point-particles
are introduced in an electromagnetic field. In Sec. 3, a comparison with the Dirac
equation of spm-- particles is made. In Sec. 4, the equations of motion are de-
termined using the canonical method. In Sec. 5, the quantization of the spinning
point -particle is carried out using the WKB approximation. The paper closes with
some concluding remarks (Sec. 6).
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2..SPINNING POINT-PARTICLES IN AN ELECTROMAGNETIC FIELD

~ The motion of a spinning point-particle of mass m and charge e in a uniform -
external electromagnetic field is described by the following Lagrangian [2, 4]:

1
‘(1) Lz (m+ §D“‘)F“”) vV EaEA +€Ap:i“; wy,A=10,1,2,3.

Here the charged pa.rpicle is described in fonredimensional spacetime by its position
x#: its four-velocity z#, the overdot denoting a derivative with respect to the invari-
ant proper time 7; and its polarization tensor D#¥, an antisymmetric four-tensor
which combines the intrinsic magnetic dipole moment Z with the intrinsic electric
" dipole moment d- v
, 0 & &£ B
. dl Q I"3 _ “2
By

(2) D - d2 - Ma 0 ul

R R
The quantity A* is the four-vector potential of the electromagnetic field tensor,
(3) - Fu =04y — 8,4,

which describes all external fields. The term D, F*¥ represents the interaction
with the magnetic moment of the particle, Here and throughout the paper the
Pinstein summation rule for repeated 1nd1ces is used Besides; the velocity of light
in free space, ¢, is taken as unity.

Tt is often useful to relate the polarization tensor to:the angular momentum spin
tensor; these are proportional: .
| D = 5w,

m :
Thus, the above Lagrangian can be rewritten in terms of the angular momentum
spin tensor ¥ as

@) L=m(1+ é-%s;‘;,z#‘”) Vi + eAyit.
The generalized momenta corresponding to this Lagrangian are

(5)" . p* = 58—"11‘ =m(1+f——SgVF”"’) ;{-'eAa; ' a=0,1,2’3_

Tex

:z:;\m

Up to terms linear in the electromagnetic field strength (low-energy limit), we get
the followmg primary first-class constraint:

(6) , H' = nhm, —m? — - eS), F“ =0,
where .
) : wh = pt —eA¥.

The above constraint, Eq.(6), was obtained from-a differént starting point in [3];
it plays a crucial role in some of the further developments of the theory.

Next, we are particularly interested in pa:rtlcles which. have no intrinsic electric
dipole moment in the rest frame of the particle, as in the case for real Dirac fermions.
Thus, in the rest frame of the particle (&* = 0), the spin tensor $# has only three

- non-zero components: : S :

(8) ‘ - SU =¢hgk S0 =0; 1,5,k=1,2,3.
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3. COMPARISON WITH THE DIRAC EQUATION

At this 'poit}tiit is instructive to compare our constraint, Eq.(6) , with thé rela-
tivistic quantum motion of spin-% particles defined by the Dirac equation,
9) ‘ - [y* (ih0, — eAg) —m]y =0.
Multiplying Eq.(9) by .
¥ (ih8, — eA,) +m]

leads to the equation
(10) - [6n0, - edn)? - m® - eS, P w =0,
Of course, this is achieved by the standard operator identification:
P il 5% = Dol frnt] = —ieR*,
together with the anticommutation relations
(Y9 e =y At =29
“where the metric tensor g4 is given by "
guv = diag(l,-1,-1,-1),

and the Dirac matrices are defined as

0 _ ‘1 D . i 0 Cfi
TT o -1 ) YT et 0

We then obtain the direct quanturn analogue of the primary constraint (6). There-
fore this constraint can be reinterpreted as a statement about quantum-mechanical
expectation values.

4. EQUATIONS OF MOTION USING THE CANONICAL METHOD

. Another interesting point is to find the general equations of motion by the canon-
ical method [6,7,9,10,12]:

0Hj oH'
o Bl
dp 8:::(14 G, 0203
« _ OHy aH'
da® = B0 dr + 3 adxo.

Since the canonical Hamiltortian Hy is identically zero:

Hy=paz> - L=0,

we get , ,

(11) dp® = (2e0%A¥m, + €5,,0%F*) day;

(12) dz® = 2r*dzo = 2 (p° — eA%)dzo. ;
Choosing o, which is just an arbitrary parameter here, such that dzo = E%Idt,

then taking the second time derivative of Eq.(12), we get

(13) 7% = —;—; (p"l — eA“) ;
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or ‘

. e N 1 ‘
(14) T = ~ (F““az# + 5—77—%—6"‘8‘“;,}?“"’> ,
which is the modified Lorentz force law.

5. QuanTIzATION UsinGg THE WKB METHOD

Now the primary constraint, Eq.(6), can be written more explicitly as
V N ‘ 13
(15) P’ =edo + [(}3’— eA) +m? + eSm,F“"]

It is interesting to quantize this constraint using the WKB approximation (8, 11]. As
a special case, assume the field B to be along the z-axis. The four-vector potential
A may be chosen such that

A=A, =A, =0, A, =Bz
With these assumptions, together with Eq.(8), Eq.(15) becomes
- (16) po — [P} + 2 + (py — eBz)” +m? heBoz]” 0.

Thus, the coordinates ¥ and z have become cyclic in the original Lagrangian; i.e.,
their generalized momenta are constants of motion:

Py=0y; Pr= o
The corresponding Hamilton-Jacobi partial differential equation (HJPDE) is [8, 11):

1
2

2 .
95 = [(-@?—) + o2 + (e, — eBz)* + m? — heBo,

Ozo- Oz
The solution for this equation can be obtained as
(1n S(z, 0, B) = f(zo) + oy + o2 + Wa(z, E).

Here f(zo) = —Ezo; then

W= -

Welz, E) = / [E?— o? — (ay — eBz)? = m? + ﬁéBo’z] dz.

Finally, then, we have
(18)

S(z,z0, E) = —Exo+ayy+azz+f [E? — a2 - (a*'-— eBm)2 m? + heBo]? d

MIH

Following {1,5,10,11,12], the equations of motion arlsmg from the above Hamilton-
Jacobi funcmon can be determined as follows:

A 85 = +[ Edz
z = 7 — %o .
OF . (B2 — (ay - eBz)?]*

After integration, we obtain ’
1 . eB ]
(19) T=—= [E'sm—E—(Ax +zp) + ay|,

where
i

E =[E*-d - m? + heBo,]*
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PFurther, .
88 3
| Po=-= [E™ - (o ~ eBz)?]*®.
Substituting for ¢, we get
(20) pe = E'cos [ Az +$g)}

In a similar way, we can determine the equatlons of motion for the remaining
coordinates, ¥ and z, as ~

65’ /’ (oy — eBa:)da:
M= =y - ;
Oary - [E"? — (ay — eBz)?]

-

a8 a,dr
Ay = 3 =z — / T
Qz [E? - (ay — eBz)?]?

- These can be integrated to give

(21) ' y=2x + %cos[g()\m +xo)} .

(22) z~,\+ % (A +30).

It is straightforward to check that these equatlons of motion are equivalent to those
obtained by the canonical method.

At the quantum level, the primary constraint, Eq.(16), implies the following
condition in the semiclassical limit (the WKB approximation)(8, 11}:

23 - ' [pa - [pﬁ +p§ + (py — eBz)? +m? — eﬁBaz] %] Y =0,

where the wave function ¢ can be determined as [8, 11]

b= (£ (<o ey [ (57 - oy eBof) )]

If 4 is an eigenvector of o, with eigenvalues +1, then we can write

“ﬁz(f)g o=(,")

with eigenvalues +1, —1, respectively.

6. CONCLUSION

In this paper we have investigated the motion of a spinning point -particle in an
external uniform electromagnetic field as a constrained system. We have shown that
the equations of motion can be derived using the canonical method. A modified
Lorentz law has been deduced. We have also shown that the primary constraint
can be derived from the Dirac equation of spin- -;— particles using the standard
commutation relations. »

In addition, the primary first-class constraint, Eq.(6), which is derived in the low-
energy limit thanks to the singularity of the original Lagrangian, has been imposed
as an operator on the physical quantum states:

(mhm, — m? — eSu F*) 1 = 0.
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It has been shown how the above wave function can be obtained in the semiclassical

limit (the WKB approximation) in a special case when the magnetic field is directed

along the z-axis. Thus, this constraint can be reinterpreted as a statement about
quantum-mechanical expectation values.
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