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ABSTRACT. The motion of a spinning point-particle in an external electromag­
netic field is investigated as a constrained system. The comparison with the 

Dirac equation is discu~ljred,and it is shown .that the primary constraint can 

be derived explicitly from this equation. Further, the equations of motion are 


. determined using the cailonicalmethod. The quantization of such a system is 

achieved using the WKB approximation.. 
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1. INTRODUCTION 

In a previous paper [11J, we proposed a general method fot the quantization of 
constrained systems using the WKB approximation. In this method, the Hamilton­
Jacobi function S is determined in configuration space in the same manner as 
for regular systems in the semiclassical limit. This enables one to determine the 
equations of motion and then to construct a suitable wave function. The constraints 
then become operators of this wave function to be satisfied in the semiclassicallimit. 
In this work, we wish to apply the method to the motion of a spinning point-particle 
in an external electromagnetic field. 

The present paper is organized as follows. In Sec. 2, the spinning point-particles 
are introduced in an electromagnetic field. In Sec. 3, a comparison with the Dirac 
equation of spin-~. particles is made. In Sec. 4, the equations of motion are de­
termined using the canonical method. In Sec. 5, the quantization of the spinning 
point -particle is carried out using the WKB apProximation. The paper closes with 
some concluding remarks (Sec. 6). 
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2. SPINNING POINT-PARTICLES IN AN ELECTROMAGNETIC FIELD 

The motion of a spinning pOint-particle of mass m and charge e in a uniform 
external electromagnetic field is described by the following Lagrangian [2,4): 

L ( m + ~DJ.tvFl,w) \/:i;>,x>' + eAJ.txJ.tj J-t, 1/, A =0,1,2,3. 

Here the charged particle is dElscribed in fOllr-dim~sional spacetime by its position 
xJ.t; its four-velocity x·J.t, the overdot denoting a derivative with respect to the invari­
ant proper time Tj and its polarization tensor D"'v, an antisymmetric four-tensor 
which combines the intrinsic magnetic dipole moment i1 with the intrinsic electric 
dipole moment d: 

d1 .~ 3 
. d ).

Q J-t3 _J-t2 
(2) (_~lDJ.tV 

-d2 _J-t3 J-tlo 
_d3 J-t2 _J-t2 ° The quantity AP- is the four-vector potential of the electromagnetic field tensor, 

(3) Fp-v =8j.!Av - 8vA~, 

which describes all external field~. The term Dp-vFP-v represents the interaction 
with the magnetlc moment of the particle. Here and throughout the paper the 
Einstein summation rule for repeated indices is used. Bes~des~ the velocity of light 
in free space, c, is taken as unity. 

It is often useful to relate .the polarization tensor tbthe angular momentum spin 
tensor; these are proportional: 

DJ.tv = '::"'SP-v. 
m 

Thus, the above Lagrangian can be rewritten in terms of the angular momentum 
spin tensor SJ.t!' as: 

(4) L = m (1 + 2:2 S~vFJ.tV) J:hxA + eA",xJ.t. 

The generalized momenta corresponding to this Lagrangian are 

'" 8L ( 'e S FP-'V) x'" . A'" 1 3(5) p = ~ m 1 + -22 p-v r;:--;:r +e ; Cl: = 0, ,2, . 
uX", m. V x>,x A 

Up to terms linear in the electromagnetic field strength (low-energy limit)" we get 
the following primary first-class constraint: 

(6) H' =1f'P-1f'", :.... m2 
- eSJ.tvFP-v = 0, 

where 

(7) 1f'P- pP- -: eAJ.t ~ 

The above constraint, Eq.(6), was obtained from-a diffetent starting point in 
it plays a crucial role in some of the further developmen:ts of the theory. 

Next, we are particularly interested in particles whicl11iave no intrinsic electric 
dipole moment in the rest frame of the particle, as in the case for real Dirac fermions. 
Thus, in the rest frame of the particle (xi = 0), the. ~pin tensor S"'V has only.three 
non-zero components: 

(8) Sij = eijk Ski SiO = Dj i, j, k = 1,2,3. 

http:S~vFJ.tV
http:eAJ.txJ.tj
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3. COMPARISON WITH THE DIRAC EQUATION 

At this 'pointit is instructive to compare our constraint, Eq.(6) , with the rela­
tivistic quaritum motion of spin-! particles defined by the Dirac equation, 

(9) h~ (ili8~ - eAJf) - m] 'I/J = O. 

MUltiplying Eq.(9) by 

hll (ili811 - eAII ) + 
leads to the equation 

2[(ili8~ - eA~)2 - m - eS~IIF~1IJ'IjJ = O. 

Of course, this is achieved by the standard operator identification: 

p~ = ili8~; S~II = i:h~",t]; [1T~,1T1I1 = -ilieF~II, 
together with the anticommuta.tion relations 

{r~,"YII}+ ="Y~"YII + "YII"Y~ = 2g~lI. 

where the metric tensor g~1I is given by 

g~lI= diag(l, -1, -1, -1), 

and the Dirac matrices are defined as 

"Y0 = ('I 0) ; 
O. (1i)

o -1 ( '-(1~ 0 

We then obtain the direct quantum analogue of the primary constraint (6). There­
fore this constraint can be reinterpreted as a statement about quantum-mechanical 
expectation values. 

4. EQUATIONS OF MOTION USING THE CANONICAL METHOD 

Another interesting point is to find the general equations of motion by the canon­
ical method [6,7,9,10,12]: 

aHI aH I 

dpa.= ___0 dT - --dxOi 
axa.· axa. 

. aH I
' aHI 

dxa..= -a°dT+ -adxo. 
Pa. Pa.· 

Since the canonical Hamiltonian Ho is identically zero: 

Ho = Pa.x·a. - L == 0, 

we get 

dpa. = (2eaa. A~1T~ + eS~lIaa. F~II) dxo; 

(12) dxa. = 21TC> dxo = 2 (pC> - eAC» dxo . 


Choosing Xo, which is just an arbitrary parameter here, such that'dxo 2~dt, 

then taking the second time derivative of Eq.(12), we get 

.. 1 ( . . )(13) xa. = m pq. - eAa. ; 
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or 

(14) xc. = : (FCtIL XIL + 2~OCtSI-WFJ<I,,') , 


which is the modified Lorentz force law. 


5. QUANTIZATION USING THE WKB METHOD 


Now the primary constraint, Eq.(6), can be written more explicitly as 


pO = eAo + [(il - eX) 2 + m2+ 

It is interesting to quantize this constraint using the WKB approximation [8,11]. As 
a special assume the field jj to be along the z-axis. The four-vector potential 
A may be chosen such that 

Ao = A", = = 0; Ay Bx. 

With these assumptions, together with Eq.(8), Eq.(15) becomes 
2 2 2· 1 

. (16) PO - [p", +Pz + (py ~ eBx) + m 2 
- 1ieBO"z] "2 = O. 

Thus, the coordinates y and z have become cyclic in the original Lagrangian; i.e., 
their generalized momenta are constantll of motion: 

Py ay; pz = az· 

The corresponding Hamilton-Jacobi partial differen~ial equation (HJPDE) is [8, 
1 

oS [(OS)2 eBx)2 + m2 _1ieBO"z] 2oXo = ox + a; + 

The solution for this equation can be obtained as 

(17) S(x,xo,E) f(xo)+ayy+azz+W",(x,E). 


Here f(xo) -Exo; then 

. . 1 

W",(x,E) = I - a; - (ay - eBx)2 ...:. m2 + 1ieBO"z] 2 dx. 

Finally, we have 
(18) 


Sex, Xo, E) -Exo + ayy +azz + - a; - (ay 
. 

- eBx)2 - m2 + 1ieBO"z] 2" 
1 

dx. 


Following [1,5,10,11,12], the equations of motion arising'from the above Hamilton-
Jacobi function can be determined as follows: . 

oS EdxIAx - = -xo+ 
oE .. [E12 (ay ~ epx)2] 


After integration, we obtain 


(19) x == e~ [El sine; (Ax + xo) + ay] , 


where 

1 

El [E2 - a; - m2 + lieBO"zp . 

(19)
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or

(14) xc. = ~ (FCkI'X + ~8CkS FP.V)m I' 2m p.v ,

which is the modified Lorentz force law.

5. QUANTIZATION USING THE WKB METHOD

Now the primary constraint, Eq.(6), can be written more explicitly as
1

(15) pO = eAo+ [(il - eX) 2 + m2+ eSp.vFp.v] :I

It is interesting to quantize this constraint using the WKB approximation [8,11]. As
a special assume the field jj to be along the z-axis. The four-vector potential
A may be chosen such that

Ao = A", = = 0; Ay Bx.

With these assumptions, together with Eq.(8), Eq.(15) becomes

. (16) Po - [p; +P; + (py ~ eBx)2 + m 2
- 1ieBO'z]! = O.

Thus, the coordinates Y and z have become cyclic in the original Lagrangian; i.e.,
their generalized momenta are constantll of motion:

Py a y; pz = a z•

The corresponding Hamilton-Jacobi partial differen~ialequation (HJPDE) is [8, 11]:

8S [(8S) 2 ' . ] ~8xo = 8x + a; + (ay eBx)2 + m2
-1ieBO'z

The solution for this equation can be obtained as

(17) Sex, Xo, E) f(xo) + ayY + azz +W",(x, E).

Here f(xo) -Exo; then

W",(x, E) = ! [E2 _ a; - (ay - eBx)2 ...:. m2 + 1ieBO'z] ~ dx.

Finally, then, we have
(18)

S(x,xo, E) -Exo + ayY +azz+! [E2 a; - (a1l- eBx)2 - m2 + 1ieBO'z] ~ dx.

Following [1,5,10,11,12], the equations of motion arising'from the above Hamilton­
Jacobi function can be determined as follows:

Ax ;~ = -Xo +! -[E-12--(a-:-'~-.-eB-.-X)-2]-""

After integration, we obtain

1 [ I • eB(~ ) ]x == eB E 8mB Ax + Xo + all ,

where

such
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Further, 

P:r: =-as = [E'2 (ay - eBx)2] 1i 
1 

• 
ax 


Substituting for x, we get 


(20) Px = Elcos re: (Ax +Xo)]. 

In a. similar way, we can determine the equations of motion for the remaining 
coordinates, y and z, as 

\ _ as _ ! (ay - eBx)dx .
Ay----y l' 

aa-y [E12 (ay ~ eBx)2J1i 

Az = as z - ! azdx 1 • 

aaz [E'2 - (ay - eBx)2)1i 

. These can be integrated to give 

El [eB ](21) y = Ay + eBcos E(Ax + xo) . 

z = Az + ~ (Ax + xo). 

It is straightforward to check that these equations of motion are equivalent to those 
obtained by the canonical method. 

At the quantum level, the primary constraint, Eq.(16), implies the following 
condition in the semiclassicallimit (the WKB approximation)[8, 

(23) [po - [p; + P; + (py - eBx)2 + m2- enBO"z]~] 'l/J = 0, 

wherethe wave function 'l/J can be determined as [8, 11] 

'l/J= ~exp[(~) (-Exo+ayy+azz+ ![E
I2 

_(ay eBX)2]~dX)]. 
If 'l/J is an eigenvector of 0"z with eigenvalues then we can write 

'l/J=( O)i 'l/J=( 0,) 
with eigenvalues -1, respectively. 

6. CONCLUSION 

In this paper we have investigated the motion of a spinning point -particle in an 
external uniform electromagnetic field as a constrained system. We have shown that 
the equations of motion can be derived using the canonical method. A modified 
Lorentz law has been deduced. We have also shown that the primary constraint 
can be derived from the Dirac equation of spin- ~ particles using the standard 
commutation relations. 

In addition, the primary first-class constraint, Eq.(6), which is derived.in the low­
energy limit thanks to the singularity of the original Lagrangian, has been imposed 
as an operator on the physical quantum states: 

2
(11"/1011"/10 ~ m - eS/1oIlF/1oIl) 'l/J O. 

http:derived.in
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It has been shown how the above wave function can be obtained in the semiclassicaJ
limit (the WKB approximation) in a special case when the magnetic field is directed
along the z-axis. Thus, this constraint can' be reinterpret~d as a statement about

. quantum-mechanical e:JS:pectation values.
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