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Let s and RP, p > 1, be linear spaces of sequences: 

s = {f (f(n))nEN : f(n) E K} 

£P = {f = (f(n))nEN: ~ If(n)IP < oo}, 

where K RVC. 
For a (an) E s we define Ra : s -t s by 

n 

(Raf)(n) = an Lf(i) nEN, 
i=O 

for every f = (f(n))nEN E s. 
The space s may be replaced with other spaces of sequences. In these 

case, Rhaly operator Ra determines and is determined by an infinite matrix, lower 
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noted also with Ra: 

ao 0 0 

al al 0 

Ra a2 a2 a2 

The dual of an Rhaly operator Ra : £P -+ £P is the operator R~ : R5 -+ £q, to which 
is associated by the infinite matrix, triangular: 

ao ar a2 

o al a2 

o 0 a2 

For a = (_1_) E s one obtains the discrete Cesarb operator and for 
n+ 1 nEN 

a ((n 11)Z ) n E N, with z E C, one obtains the z-Cesaro operator. 

G. Leibowitz [IJ, [2], studies the continuity, compactness of these operators 
. defined on the space RP, p > 1. M.C.Jr. Rhaly [3J studies these Rhaly operators 
which as the discrete Cesaro operator Cl, are not compact,' in £2. The spectra 
O'p(Ra, £2) and O'(Ra, i 2 ) are investigated. . 

In this paper I present some results concerning the spectra of Rhaly oper­
ators from (iP,iP)*, where: 

<p(Ra,iP) = {>. E K:)..J Ra is bijective and ()..J -Ra)-l is continuous}; 

O'(Ra, RP) = K \ <p(Ra, i P); 

O'p(Ra,£P) = {>. E K:)..J Ra is not injective}; 

O'c(Ra,iP) = {>. E K :)..J Ra is injective, is not surjective 

and ()..J - Ra)(ip) = 

O'r(Ra,£P) = {>. E K :),1 is injective, and 

()..J - Ra) (£p) -# 


A Rhaly operator Ra. : £P :...;. i P (p > 1) is correctly defined if the sequence 
+ l)an) is bounded, and Ra. is continuous. 


Let S = {an : n E N}. . 


associated 



THE FINE SPECTRE OF SOME ... - JDSGT VOL. 2 (2004) 29 

Lemma 1. Let Ra be tJ.'Rhaly matrix (a E 8), C = >..I - Ra, such that Cjj f. ° 
Vj EN.· Then c-1lili/s'the"entries: 

1 . NCjj= -,_.- J E ; 
... A·-aj 

Cij = o .. ~ i,j EN, i < j 

.. [j+T ]-1 
Cij =: Cj+r,j ;=..\T-laj+T II.(..\ - ak) , 

k=:J 
r EN', i, j E N, i = j + r. 

Froof. The method of the mathematical induction is used. 
For the calculation of the elements Cjj one uses determinants of some lower 

triangular matrices with the entries on the diagonal ..\ - ak" k f. j. Obvious 
·1· 

Coo = .,... ao 
Supposing that, for ari i E N*, CiQ, Cn, ••• ,Ci,i-l have the given form, it can 

be proved the entries Ci+1,o, Ci+l,l, ... ,Ci+1,i are also given by the above relations. 
The condition Ci~lli(..\ - ai) + Ci+1,Hl (-o'i+1) = °implies: 

aHl 
CHli=()( . , ..\ - ai ..\ aHd 

Since Ci+1,i-1 (..\ - ai-d + Ci+1,i( -at) + Ci+1,i+1 (-aHl) = °is equivalent w~th 

ai . aHl aHl 1 
Ci+l,i-l \ . i+1 + \ 

A - ai-l I1 k=i("\ ale) A - ai-l - aHl 

we have 

..\. ai+1 


CH1 i-I = ...,..,----:-,..,.---=..:..::--,..,-----: ­
, .. (~- ai-l)("\ - ai)(..\ - aHl) 

Also, from the equality 

CHl,i-2("\ - ai-2) + Ci+1,i-2 (-ai-1) + Ci+l,i(-ai) + CHl,H1 (-'aHl) = 0, 

it results that 

. . _ "\ai-IaHl + 
Ci+1,~-2 - (..\ ~ ai-2)("\ - ai-I)("\ ai)(..\ - aHd 

+ aiai+1 (..\ - ai-I) + 
(..\ - ai-2)("\ -:- ai-t)(..\ ai)(..\ - aHt) 

+ aHl (..\ - ai-t}(..\ - ai) = 
(..\ - ai-2)("\ - ai-l)("\ - ai)(..\ - aHl) 

..\2aHl 

(..\ - ai-2)("\ ai-l)("\ - ai)(..\ - aHd 


Ressoning analogously we can find expression of 


CHl,i-3, Ci+l,i-4,' .. , CHl,O· 

Let a = (an)nEN a sequence convergent of real numbers. 

Theorem 1. If Ra is a Rhaly operator with an #- 0, nE Nand ((n+l)an) bounded, 
then 0 E t.p(Ra,I!P). 
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Proof. The operator O· I Ra is bijective. The sequence 
being bounded, the Rhaly operator Ra is continuous on RP for any p > l. 

It remains to prove that the operator (0· I - Ra)-l is not continuous. It is 
equivalent to the fact that the operator (0· I - R:) is not surjective. 

Be gEe. It can be shown that the equation (0· I - R;)f = 9 is equivalent 

with I{n) 
• 

= nE N*. 9 E tq is equivalent with L
00 

Ig(nW < 00. 
an n=O 

The sequence (an) is bounded (thus, the sequence «n + l)an) is unlimited, which 
contradicts the hypothesis). Hence 3M > 0 one of its superior limits. It follows 
that 

00 00L I/(nW= L Ig(n - 1) - g(n)lq > 
n=l n=l lanl 

n 

­

1 .~ 1 00 1 
~ M2 L..t Ig(n -1) - g(nW ~ M2L - = 00, 

h=l h=l n 
for 9 chosen so that 

, 1 
g(n) - g(n - 1) = , n> 1,n l / q 

and 
1 1 

g(n - 1) + -:--1/' < -- , n> 1. n q-n-l ­
Then, 

00 00 1 Iq, "1
L =L - 1) + nl/q ::;; i:00 ' < 00. 

h=l h=l h=1 

Therefore 1 ~ tq, that is the equation (0· I - R:)I =9 has no solution, and 
the operator 0 . I R; is not surjective, which remained to be demonstrated. 

Theorem 2. Be Ra a Rhaly operator so that «n + l)an ) is bounded. 11 A E 
a(Ra,fP) and A ~ S, then A E ac(Ra,~P). 

Proof. We notice that >.1 - Ra is a triangular matrix. A ~ S is, equivalent with 
A an:f 0, n E N; det (>.1 - Ra) :f 0, and >.1 - Ra is an injective operator. 

ro study the following equality, (>.1 - Ra)(b') = tP, it can be shown that 
the equation (>.1 - R;)I == 0 has no solution 1 E tq, 1 non-null. We have 

A 
(2) I(n + 1) = A_ an I(n) ; 

n+1A
(3) I(n + 1) == (A _ )(A _ ) (A _ /(0), n ~ O. an an-I ... q,o 

We assume that 1(0) :f 0 (for 1(0) == 0,'1 = 0). Then 

I(n + 1) Iq == IAlq > 1. 

I I(n) lA - anlq ­

Thus I/(n)lq is divergent, that is the equation (>.1 -R;)f 0 has no solution 

1 E tq , 1 non-null. 

Therefore, A E ac(Ra, 


.-----.~......=.~.~------
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Theorem 3. Be Ra a Rhaly operator with the quality that the elements of the main 
diagonal of the matri:c Ra are distinct, non-null and the sequence ((71, + l)an) is 
bounded. If A= an, nE 1)1, then oX E (J'p(Ra, ep). 

Proof. It must be shown that the operator AI - Ra is not injective. It can be 
shown that (AI - Ra)f = 0, f E ep and f::f. O. 

The equation (AI - Ra)! = 0 implies 
n-1 

(4) Lanf(k) = (A - an)f(k) , n ~ j. 
k=O 

If A = aj, j ~ 1, we get 
n-1 

(5) aj - an =an L f(k) , n ~ j ; 
k=O 

f(p,) aj (an1 
+l - :n)' 

It follows that 

L
00 

IJ(n)l1' < 00 
n.=O 

and 

00 I 1, 1 IL --- P 

<00 . 
. an+1 ,ann=J 

Be m < -1 an inferior limit of the sequence (an). Then 

00 I 1 -1 I
P 

21 ajWL 11-'I
P 

<lajlPL -' - ~ 00 

n=j an+1 an n=j an 

'I 'IP~11IP _ lajlP Iml ' < 2 aj t; m - 2 m Iml _ 1 < 00. 

If A = ao, (AI - Ra)eo = O. 
So the operator AI - Ra is not injective; A E (J'p(Ra,eP). 

The following theorems contain the results wi f 1:1 reference to Rhaly operators 
Ra with the quality to ' 

0< lim(n+1)an <00. 
n-too 

Theorem 4. Be Ra a Rhaly operator with the quality that a is a sequence ofpositive 
real numbers. If A E K has the qualities: 

lA - - 1<' 
and A E S, then A E (J'c(Ra,RP). 

Proof. AI - Ra is a triangular matrix. oX f/:. S, then all its elements from the 
main diagonal are non-null, the operator AI Ra being then injective. 
(AI - Ra)(RP) = ep is a quality that can be studied using the injectivity of the 
operator AI - R~. For this it can be shown that the equation (AI - R:)f = 0 has 

,,:. 
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no solution f E lq, non-null. 
It results the relation of recurrence: 

>.
fen + 1) := -\-fen) , nE N. 

1\ an 
From this results the equalities: 

>.n+1 
(7) f(n+ 1) = f\ )(>' _ )' C>' _ \f(O), n ~ 1. 

an an-I'" ao 
We assume that f(O) f. 0, (f(0) = 0 implies f 0). Then, 

(8) 	 Ifen + 1) Iq 1>'lq > 1. 
fen) I>' - anl q ­

Hence L If(n)lq is divergence, that is the equation (>.1 Ri.)f:= 0 has no solution 
f E lq, f non-null. 

Theorem 5. Be Ra a Rhaly operator with a (an) a sequence of positive real 
numbers. If 

-,---'--'7' I< nf ap • \ , 

a f. 0, >. f. 0, then>' E O"c(Ra,lP). 

Proof. Be >. E K with the qualities from the non- equality, det (>.1 Ra) f. 0 
so the operator >.1 - Ra is injective (>. is). Thus, >. E Sand>' = an with n E N. 

The property 

>. ap I ap 
- 2(p - 1) < 2(p - 1)I 

is equivalent with: 

i) A aP = aq, and an = q lirn (n + l)an, implies the following equality: 
p - 1 	 n-too 

a a = q lim {en + 1) Hm [en + l)an- (n + l)an+1J}­
n-too n-too 	 . 

-q Hm (n + 2)an+1' 
n-too 

Then>. =0, which contradicts the hypothesis . 

.. ) \ ap ap. l' \ 0 h' h' £'~1 

11 1\ + 2(P _ 1) = 2(p _ 1) Imp les 1\ = , W IC IS cuse. 

We consider the equation (>.1 - R~)f = 0, f E 0, f f. 0. We get the relations 

>.n+1 
(9) fen + 1) = (). _ )(>' _ ) C>' _ \ f(O), nE N. an an-l ... ao 

We assume that f(O) f. 0 (if not, f = 0). Then 

fen + 1) Iq 1>'lq 1 
fen) I>' -anlq ~ . 

so L If(n)lq is divergence, that is the equation (>.1 - R~)f = 0 has no solution 
f E lq, f non-null. Then>. E O"c(Ra,lP). . . 

Observation 1. a) The results above can be particularized for z-Cesdro op­
erators. 
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b) 	 The spectrum (If a Rhaly operator Ra : £P ~ £P with the sequence ((n+ l)an ) 

bounded, where a = (an) is a sequence of positive real numbers verifies the 
equality: 

P _ {I - ap I ap u } u(Ra,£) - A 2(P _ 1) ::; 2(P- 1) S. 
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