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ABSTRACT. III this paper:(i)we give a short proof of the MacGregor theorem 
for the radius of convexity of the class pi, of the functions stated in the title 
and "indicate all extremal functions;(ii)more generally, we find the radius of 
convexity of order alpha of the dass pi with all extremal functionsi(iii) we 
find the radius of convexity of the class pI when the second coefficient is fixed 
with all extremal functions; (iv) we compare our results with other results, 
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L INTRoDUqTION 

pI denote the class of all anaioytic lunctions 
(1) 'f(z) = z +t~=2 anzn,lzl'< 1, ' 

, of bounded turping, Le. for which 
(2) Ref'(z) > 0, Izl <: 1, ' 

fsee the notation'and the name; for example, in Goodman [5, vol. I, p., 1P1, problem 
7]). MacGregor [8, pp. 533-534, Theoretn2] has found the radius of cbnvexity re' 
of the class pI (see also, Goodmi:t.n m,.VoL I, p. 129, problem 18; Vol. !I,p. 96]), 
Le. in the disc ' 

(3) Izl ~ re ==;/2 -'- 1 

the inequality 


(4) Re (1 + zf,'~W )~'O, 
holds with an extremal function , 
(5) fo(z} =-z ~ 21n(1 ....: zj ~z +2 E~=7~~' E pl,lzl < I, 
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at the "critical point" z (V2 1) for which in (4) the equality sign holds. 
Later the MacGregor theorem was rediscovered by Libera [6, p.I49, Corollary (2.2)] 
in a different way and with the extremal functions 

f(z, f) = -z - 2€ln(I - z + 2 E~=2 f n-1z: E pi, Izl < 1, If I = 1, 
at the "critical points" z = ­ 1) for which in (4) the equality holds. The 

function (5) follows from (6) for f 1. Evidently the function 
the function (5), i.e. f(z, f) efO(fz). 

In this paper: (i) we give a short proof of the MacGregor theorem and show that 
all the extremal functions are those in (6); (ii) we find the radius of convexity of 
order -00 < 0: < 1 of the class pi; (iii) we find the radius of convexity of the class 
pi when the second coefficient a2 is fixed ;(iv)we compare our results with other 
results. 

2. ANOTHER PROOF OF THE MACGREGOR THEOREM 

It follows from (1)-(2) that. the derivative f'(z) is subordinate to the function 
(1 + z)/(I - z) and hence 

(7) fl(Z) =1+9(Z) Izl < 11-9(Z) , , 

where g(z) is an analytic function in Izl < 1 with g(O) = 0 and Ig(z)1 < 1 (see, for 
example, Goodman [5, Vol. I, p. 85, The0rem 9]). Via the logarithmic derivative 
of (7) we obtain 

( ) 
II/(z) 2g

1 
(z) I I 

8 I"(z) =~, z < 1. 
The modulus of the derivative hl(z) of an analytic function h(z) of bound one 

in Izl < 1 satisfies the sharp inequality (see, for example, Caratheodory [1, Vol. Il, 
p. 18, Inequality (29004), and Vol. I, p. 76, 

.(9) Ih' (z) I < 1-lh(z~12 Izl < 1
l - 1-lzl' , 


with the equality. sign only for the function 

(10) h(z) = TJ t::iz' Izl < 1, ITJI == 1,0 ::; lal < 1. 

For the function g(z) in (7), i.e. if h(z) == g(z) with 

h(O) == g(O) = 0 from (9)-(10) we obtain the sharp inequality 


(11) Igl(Z)1 < 1-lg{zlI2 Izl < 1- 1-rz12 , , 

with the equality sign only for the function 


g(z.) = fZ, Izl <1, IfI = 1· 

Now from (8) and (11) we obtain 


(13) Re(I + z/"(z») =Re(I + 2Z9~(Z) ) > I-.21~1 >f1(z).· l-g (z)_· . I=g2{ZJ ­

1 - 2 Izllg'(z)1 > 1 = 1-2Izl-JzI2 = (V2+1+lzIHV2-1-lzl) > b 

1-lg(z)1 - 1-lzl. 1 IzI2·. ­

for 0 ::; Izl ::; J2=l. The last equality sign in (13) holds only for the function 
(12) at the pointz -e(V2 -1). 

Thus from (I2)and (7) we obtain the functions (6) which are unique extremal 
functions with the corresponding "criticalpoints" z-e(.V2-I)for this problem: 
For the functions (6)we have 

1 + zl," Z,f = Izl < 1, IfI = 1· . 1 (Z,f . 

The right-hand side of (14) vanishes for z = where re is determined by 

theorem and of 



ON THE RADIUS OF CONVEXITY OF FUNCTIONS ... - JDSGT VOL. 2 (2004) 37 

. 3. RADIUS OF CONVEXITY OF ORDER ALPHA OF THE CLASS pI 

Let a be real with -00 <.0: < 1. From the sharp estimate in (13) and (14) we 
deduce that: In the disc 

(15) Izl < r (a) = y!i;-2_"""'2c- -00 < 0: < 1a+-;-a"""2";'1 
- C '.' 1 Cl' , 

the sharp inequality 

(16) Re (1 + zF(W) 2': 0:, -00 < 0: < 1, 
holds with the equality sign only for the functions (6) at the "critical points" 

z = -lrC'(a). Hence the number rc(O:) in (15) is the radius of convexity of order 
0: of the class pI which decreases from 1 to 0 as 0: in (16) increases from. -00 to 1 

· where re(O) == re =..;2' 1 is the radius of convexity (3) of the class P'. 
The ·conception for the radius of convexity of order 0: with 0 ~ 0: < 1 was first 

introduced by Robertson in [10]. Its extention for the largest range -00< 0: <: 
was made in [13, p, 160, Definitions]. 

4. RADIUS OF CONVEXITY OF THE CLASS P' WITH FIXED SECOND COEFFICIENT 

Let P be the class of all analytic functions 
(17) p(z) = 1 + B:'=1 bnzn, Izl < 1, b1 == b, 

which have positive real part, i.e. Rep(z) > 0 in Izl < 1. The class P was 


· introduced by C¥ath€odory and the coefficients bn in (17) satisfy Ibnl ~ 2, n 2': 1 
(see, for example, Goodman [5, Vol. I, p. 80, Theorem 3]). If b1 :f:. Din (17), the 
function p(zexp(-iargb1»E P, and therefore, it can be assumed that the coefficient 
b1 == b in (17) is nonnegative, Le. 0 ~ b ~ 2, where b = 2 only for the function 
p(z) (1 + z)/(I- z) E p., For the class P normalized in this way Tepper [12, pp. 

· 523-524, Lemma 3] proved that in the disc Izl < 1 the inequality 
(18) IZP«f I< ~ b Z2+4 Z+b 0 < b < 2 

p Z - r=I£12 Z +b Z+1' - - , 
holds. Later Goel [4, pp. 34-35, Lemma] rediscovered the Tepper inequality 

(18)in a different way ,and noted the extremal function· . 

(19) p(z) = 1.!:bz~z2 E P 
for (18) at the "critical point" z = -r where 0 < r < 1. With the help of the 

extremal function (10) for the inequality (9) and the Tepper method in [12, pp. 
523-524, Lemma 3] we can prove that the extremal function (19) is ~nique for the 
inequality (18) with the unique "critical": z = -r,O < r < 1. In their papers 
Tepper [12]and Goel [4] have not appliedthe inequality (18) to the convexity of the 
functions (1) of the class pI with fixed second coefficient. Now we will fill this white 
field as follows. If a2 :f:. 0 in (1), the function exp(iarga2)J(zexp( -iarga2)) E pI, 
and therefore, we can assume that the coefficient a2 == a in (1) is nonnegative, i.e. 
o~ a ~ 1. Since J(z) E pI implies JI(Z) E P then from (18) - (19) we obtain the 
inequality . 

(20) Izl~W I ~ 1':'11~12 i1iJ:~:I~lt~; I·zl ~ 1, 0 ~ a ~ 1, 

where the equality sign holds only for the function 

(21) JI(Z) 1-~:::Z2 E P, Izl ~ 1, 0 ~ a ~ 1, 

at the" critical point" z = -r, 0 < r < 1. 
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By (20) we obtain 

(22) Re(l + zr(z» > 1 _ Izr(z) I > 1 _ ~ a z 2+2 z +a 
I'(z) - I'(z) - r=w z +2a z +I 

_ 1-4IzJ2-4aJzJ3-lzI4 > 0 
- (1-lzI2)(lzI2+2alzl+I) ­

if Izl ~ re(a) where r = re(a) with 0 <' re(a) < 1 is the unique positive root of 
the equation 

4(23) A(r, a) == 1 -' 4r2 - 4ar3 - r = 0; 0 ~ a ~ 1 .. 

The last equality sign in (22) holds only for the fUnctioIr (21), i.e. for the function 

(24) fez, a) -z - ei1P ln(l -ze-iV') ....: e- i1/lIn(1 - zei1/l) = Z +.2 E:=2cos(n ­

1)'I,l,z; E pi, 
where 
(25) '1jJ = arccosa, 0 ~ ·w ~ ~, 


. at the "critical point" z = -re(a). In fact, for (24)-(25) we have 

(26) 1 Z!" z,a . 1-4z2+4azs _z4+ I' z,a) (1 z2}(1 2az+z2J' 

. According to (23) the right-hand side of (26) vanishes for z = -re(a). Hence 
the number re(a) is the radius of convexity of the class pI of functions (1)-(2) with 
fixed second coefficient a2 a (0 ~ a ~ 1). . 

Further .we will examine the solution of the equation (23) for 0 ~ a ~ 1. Since 
. A(v'2 -1, a) = 4(5.;2- 7)(1 - a) 2: 0 with the equality sign only for a 1, then 
re(a) 2: .;2 -1 with the equality. sign only for a =J.. Now we will find the explicit 
expression of re (a) with the help of the Ferrari method (see, for example, Dickson 
[2, Chapter IV, pp. 38-46J or [3, pp. 50-51]). The equation (23) can be written in 
.the form . . 

(27) -A(r, a)= (r2 + 2ar + t)2 - [2(2a2 - 2 +t)r2 + 4atr + 1 + {l] =0, 

where t is an arbitrary parameter. If t is any root of the equation 

(28) 4a2t2 2(2a2 

- 2 + t)(I + t2) = 0, 
then the expression in the square brackets of (27) is a perfect square of a linear 

. function of r. The normal form of (28) ~s 
t3 2(29) B(t, a) == t(t 1)2 2(1 - ( 2 ) = - 2t2 + t - 2(1- a ) ~ o· 

In (29) the real roots t 2: 0 with the equality sign only for a = 1 (0 ~. a ~ 1). 
The Horner transformation . 

(30) t = u + i, 
reduces (29) to the equation 
(31) u3 lu + 2 (a2 _26) =0 0 < a<I·3 27 , __ 

By the Cardano formula (soo, for example, Dickson [2, Chapter III, pp. 31-37J 
or [3, pp. 45-49]) from (31) we obtai.n that. 

(32) u = ~ E~=;o </26 -:- 27a2 + (-1:) lJ V(25 - 27a2}(2.7 - 27a2) 

for 0 ~ a ~ 1 where the values of the two cubic radicals are taken so that their 
product is equal to 1. Thus the formulas (32) and (30) ghre the roots of the equation 
(29) (or (28» in t. In particular, for a = 1 from (32),(30),and(27) we obtain, for 
example, u = -2/3, t 0, and .hence, re(I) = v'2 - 1, respectively. 
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In particular, for 
2(33) a = ~~ = 0.9259259· .. , a = 3~ = 0.9622504· .. , 


from (32) and (30) we obtain lorexample, 

(34) u =f, t, = '~, 


,respectively. Th~ values (33)-(34) red:uce(2:r) to the equation 

" 2. 2 

(35) -A (1', 3~) = (1'2 +~r +~) - (3~r + i) =0· 
from (35) we obtain the two equations 

2 ' 
(36) ('I' +v'3) = 0, 1'2 + 311' -~ = 0, 
which supply the roots 9fthe equation (23). Hence the second equation in (36) 

determines the unique positive rdotofthe equation (23), Le. 
'(5) l(flQ-m ' (37) re 3V3' = 3' , V"3 -V3'} = 0.4161305···. 


In particular, for a = 0 from (32) we obtain; for example, 


(38) u = ~ E!=o 126+ (.-I)v15V3= lE!""o \/2 + (_I)vyl33 = ~. 

It fo~lnws from (38) and (30) that t=2 . Thus (27) is reduced to 

(39) (1'2 + 2)2'_ 5:: 0, re(O) 'VV5 - 2 ,; 0.4858681···. 
Remark. The Gases a=O and a=1 can be examined directly from the equation' 

(23). Now for 
(40) 0 < a2 < ~~ = 0.92592,59",,0 < a < 3~ =0.9622504···, 
the equation (31) has one real (positive) root and two complex conjugate roots, 

Le. the equation (29)(or (28)) has a unique positive root. This root is in the interval 
(41)2(I-a2 )<t<2 
since 
B(2(1 , a2 

), a) = 4(1 - a2 )2(-2a2
) < 0 

and . 
B(2, a) 2a2 > 0 
as it follows from (29). Under the condition (40) if t is determined by (30) and 

(32), for example, by the positive values of the cubic radicals, then by means of 
(28) the equation (27) takes the form· 

(42) (1'2 + 2ar +t)2 - [ry'2(2a2 - 2 + t)) + vI +t2J2 = 0, 
where the radicals are arithmetic, having in mind (41). From (42) we obtain the 

equations , . 

(43) 1'2 + 2 (a + JQ,2 - 1 + i) 'I' + t + VI + t2 ::..; 0 

and. 

(44) 1'2 + 2 (a - Ja2 -1 + ~) 'I' + t - v'f+t2 0 
which supply the roots of the equation (23). The equation (43) has no positive 

roots. thus the equation (44) supplies the unique positive root 'I' = re(a) of the 
equation (23) under the condition (40). The other root of the equation (44) is 
negative. Hence 

(45) re (a) = Ja2 - 1 + ~ - a + J(/ a2 - 1 + ! - a)2 t +v'f+t2, 
where t is the unique positive root of the equation (29) under the condition (40) 

and the radicals are arithmetic. Certainly the. formula (45) is also valid for the 
cases a =0 and a =5/3V3 and it gives ag2in the values (39) and (37), respectively. 

Finally, for 
(46) ~* < a2 < 1, < a < 1, 
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it follows from the formula (32) that the equation. (31) has three real and distinct 
roots and the middle of them is 

(47) u = ~COS'l'+4" 4" < '1'+4" < 5" -! < u < ! 
. 3 3' 3 3 3' 3 3' 

where cp is determined by the equation 
(48) coscp = 26 - 27a2 , 0 < cp < 7[. 

From (47) and (30) we find themiddle root 

(49) t = iCOs2 '1'+4" 2" < '1'+4" < 5" ! < t < 1 

3 6·' 3 6 6 ' 3 ' 
of the equation (29) (or(28)). With the help of the value (49) from (28) and 

(27) we obtain again the equations (42)-(44) and the formula (45) which gives the 
unique positive root re(a) of the equation (23) in the case (46), having in mind that 
t is determined by (48)-(49). For example, in the simplest case 

2(50) a = ~~ = 0.9629629···, a = tfii = 0.9813067··· , 

in (48) we obtain cp = 7[/2 and (49) (and (47)) gives t = 2/3 (and u = 0, 


respectively). These values follow also from (30) and (31) according to (50). Thus 
by formula (45) we obtain 

(51) re (tfii) = t ( V~1-6+-l-/Ul-3 + If- jii) = 0.4151578···. 

5. A COMPARISON WITH OTHER RESULTS 

The functions (1) of the class pI satisfy the inequality 

(52) Re¥ > 0, Izl < 1, 
according to the Sal<aguchi [11] and Libera [7] results (see also Goodman [5, Vol. 

I, p. 102, Problem 19: on the left-hand side of the equ~tion the letter "f"must 
be replaced by another letter, for example, by "F"; Vol. Il, pp. 154-155, Lemma 
5]). Henc~ the functions J(z) E pI are close-to-star as well as close-to-convex (see, 
for example, Goodman [5, Vol. Il, p. 2; po 29, problem 16] and Reade, Ogawa 
and Sakaguchi [9, p. 1]). In general let H denotes the set of all analytic functions 
J(z) in Izl < 1 normalized by J(O) = 1'(0)- 1 = 0 satisfying the inequality (52). 
MacGergar [8, p. 534, Theorem 3], Reade , Ogawq. and Sakaguchi [9, p. 2, Theorem] 
and Goel [4, pp. 37-38, Theorem 2] (see also Goodman [5, Vol. Il, p. 98)) have 
found the radii of starlikeness (and univalence) rs, convexity re and starlikeness 
rs(a) depending on the second coefficient a2 = 2a, 0 ~ a ~ 1, of the class H as 
follows: 

(53) rs = Vi - 1 

with an extremal function 

(54) J(z) = Z~l~:.) EH at the "critical point" z = -rs; r = re =0.179··· is the 
unique positive root bf the equation 
(55) 1 - 5r - 3r2 - r3 = 0 
with the extremal functions (54) at the "critical point" z = -re; and r = rs(a) 

is the unique positive root of the equation ­
(56) 1 - 4r2 - 4ar3 - r4 =0, 0 ~ a ~ 1, 

with the extremal function 

(57) .J() z(1-z2) H 

z = 1-2az+z2 E 
at the "critical point" z == -rs(a), respectively; The extremal function (54) 

and (57) of the class H do not belong to the class pI although plC H. The radius 
of starlikeness (and univalence) rs in (53) of the class H is equal to the radius of 
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convexity rein (3) of the class Pi. Now we note that the explicit value of the root 
r =re of (55) is 

(55' ) re ~ ~(\Iv'29 + J'if - \Iv'29 J'if ) - 1 = 0.1795· ... 
The radius of starlikeness rs{a), determined by (56), of the class H with fixed 

second coefficient is equal to the radius of convexity rc(a), determined by (23), 
of the class pi with fixed. second coefficient. The theory of the equation (23) in 
the section 4 for the claSs pi can be used as a theory of the equation (56) for the 
class H. For example, the cas~s (33), (37) , (50) and (51) give new corresponding 
results for the starlikeness of the class· H. In conclusion the radius of starlikeness 
of th\'l class pi with fixed second coefficient remains unknown as well as the radius 
of starlikeIless of the full class pi (see, for example, Goodman [5, Vol. Il, p. 95, 
section 2. 131). 
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