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ABSTRACT. By a celebrated 1976 result regarding the geometry of families of 
hypersurfaces With isolated singularities, Le and Ramanujam showed that the 
constancy of a single numerical invariant, namely the Milnor number, implies 
that the family is locally topologicaJly trivial. This- classical result has led to 
generalizations of the'Milnor number to various numerical invariants, including 
"polar multiplicities", i "Le -numbers" and "Segre numbers", all designed to 
reflect the geometry of singularities in verygeneraJ scenarios. In the present 
study, we consider families of finitely-determined holomorphic map germs from 
cn to C 2 for n :::: 3, and characterize local tOPologicaJ triviaJity in terms of 
the constancy of (n-1) Le numbers. 
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O. INTRODUCTION 
The key developments in approach and technique that underlie recent work in the 
area of singularities of analytic maps and hypersurfaces can be traced to the late 
1960's, and to. the seminal contributions of Mather (see [18], [19], [20]), and of Le 
and Ramanujam([12], [16]). A comprehensive exposition of the evolution of these 
and related ideas can be found in 

The present study builds upon an approach articulated in 1993 by the first author 
(see [2]), in which the topological triviality of a I-parameter family of a class of 
map-germs is shown to be a consequence of the constancy of finitely many analytic 
invariants (polar multiplic.ities; see [6], [22]) associated to members of that family 
[the number of invariants depending upon the particular dimensions of source and of 
target space being considered], with a restriction on the type of admissible families. 
The analysis was applied to obtain specific results pertaining to (i) map germs from 
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the plane to the plane [section 9 of [2]], and (ii) map germs from the plane to 3­
space [section 8 of [2]]. In particular, the number of invariants required for Whitney 
equisingularity (see [15]) in each of these situations was shown to be smaller than 
the a prioi'i number given by the general result of [2J, by virtue of relationships 
specific to the particular case studied. More recently this approach has been used 
by Perez [21], to study map germs of corank 1 from Ca to Ca; the present study 
of map germs from n-space (n~3) to the plane fits naturally into this framework. 

From a technical standpoint, the present case is different chiefly in that non­
isolated singularities in the source-space are permissible. We have been able to 
handle this by exploiting recent results. of Massey [17] relative to Le numbers, 
of Gaffney-Gassler [7] relative to Segre numbers, and Gaffney [3], [8] relative to 
aspects of the Ai and Wi conditions. These results were unavailable when [2] was 
written. Especially important is the fact that although the Le numbers seem to 
be invariants of the top-dimensional stratum, they often control lower dimensional 
strata as well [See Theorem 6:6 of [9] for an example of this.] This leads to a 
considerable parsimony, in terms of the number of invariants which need to be 
controlled . 

. That we have been able to deal with the entire class of cases O(n,2),n ~ 3, "at 
one stroke" is a consequence of the fact that in each case, the stable singularities are 
precisely the same type, namely folds, cusps, and double folds. It turns out, in all 
these cases, that the inverse image X( t) of the discriminant carries all information 
necessary to determine if the family of map germs is Whitney equisingular. 

The paper is organized as follows. Section 1 contains .basic definitions and foun­
dational results. Section 2 is the core of the study; the main result is a character­
ization.of Whitney equisingualrity, relative to holomorphic map germs en to C 2 , 

for n~3, by (n-l) numerical invariants, namely a set of O-dimensional Le numbers 
associated to generic plane sections of the spaces X(t) .. Thus fbr the case of n=3, 
the number of invariants required is just two, compared to the eleven required a 
priori as per [2]. 

1. O(N,2), N ~ 3: BASIC CONSTRUCTIONS AND RESULTS 

(1.0) NOTATION & DEFINITIONS We denote an origin-preserving 
holomorphic map germ f: Cn to CP by writing f E O(n, p); Our'interest is primarily 
in "finitely determined" map-germs; a standard reference in this context is [24J. We 
denote by R the group oflocal diffeomorphisms of the source (Cn,O), and we denote 
by C the group of local diffeomorphisms of the target CP, 0). Although these actions 
are intersesting individually (see e.g. [4]), our focus will be on the action of the 
product (R x C) =: A which leads to A-equivalence of map-germs: f, g E O(n, p) 
are A-equivalent if they are equivalent by smooth coordinate changes of source and 
target. Similarly the action of the semi-direct product K := (R;C). gives rise to K­
equivalence [also called contact equivalence] of map germs. A given map-germ 
f E O(n,p) is said to be k-9-determined (9 = A or K) ifwltenever g E O(n,p) 
and jk1(0) = jkg(O), then g is 9-equivalent to f; f is finitely 9-determined if it 

: " 
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is k-g-determined for some ·k< 00. (In order to lighten notation, and in accordance 
with standard practice, whenever we say "finitely determined" (without specifying 
whether A or X), we shall p:J.ean "finitely A-determined"). 

Map germs which are finitely K-determined are called map germs of finite sin­
gularity type. Using the 'Symmetry between the theory ofA-equivalence and the 
theory of K-equivalence [[25], p.201], we know that, in particular, if O(n,p) is 
finitely A-determined, then f has finite singularity type. 

"~. 

We say f is a stable -germ if every "nearby" germ is A-equivalent to f. A stable 
type is an A-equivalen~e cI<\Ss of stable germs. A finitely determined germ f has 
d~screte stable type it'tliere exists a versal unfolding of f in which only a finite 
number of stabletypeso~cur.In particular, if the numbers (n, p) are in Mather's 
"nice dimensions" [wllicl1is true for (n, 2), n2:3, our focus here] or on the boundary 
thereof, then every:finitely determined germ f E O(n, p) has discrete stable type. 

(1.1) SETUP Letf E O(n,2), n~3 be a finitely determined map germ, and let 
F: C x cn -t C X C2 be a one-parameter unfolding of f = fo, such that F is stratified 
by stable type, and by the parameter axis T. For each It : (Cn , 0) -t (C2 , 0) in 
the family {It}, let the discriminant (the image of the singular locus), be denoted 
/').ft. and let the equation that defines the discriminant,with reduced structure, be 
denoted by gt" = 0, where 9t : (C2 ,0) -t (C,O). Let x = {X(t)} denote the family 
of reduced hypersurfaces :X;(t):= ft-1(/').ft) in cn. 

As a first step, we shall collect several fundamental facts relative to this setup 
in a preliminary lemma, namely Lemma (1.4) below. We begin with 

(1.2) LEMMA If f EO(n,p), n2:p, then the singular locus S(f) of f satisfies 
the relation dim S(f) 2: p-l, provided S(f) =1= 0. 

Proof We use notation as in [lOT. Consider the I-jet map 
j1f: C n -tJ1«Cn,0),(CP,0)). We use the fact thatS(f) is preclselythe preimage, 
under this map j1 f, of the closure SI of the subset SI ~. Jl «cn, 0), (CP, 0». It 
therefore suffices to show that if S(f) is nonempty, then dim (j1 f(cn) n Sd~ (p 
- 1). Recall that the codimension of a nonempty intersection of two varieties is no 
greater than the sum of the codimensions of the two varieties; [see, e.g. [11], p.47 
for this]. Now dim Jl«C',\O),(CP,O)) = n+p+np, so that the Cbdimension of SI 
in Jl«cn,o),(cP,O» is n-p+l, and that of j1 f(cn)is p+np. It follows that dim 
(p f(C n ) n Sd is at least p-l. 0 

(1.3) Remark Recall that if fE Otn,p) is finitely A-determined, then f 
has finite singularity type. If f has finite singularity type, then the restriction 
fls(f) : S(f) -t /').f is a finite map [any point in the target has at most a finite 
number of preimages], and hence dim S(f) = dim /').f. 

(1.4) LEMMA In the'setup 
(i) S(It), the singular locus of ft, is either empty or I-dimensional; 
(ii) S(ft) n ft-l (0) = {O}, if S(It) =1= 0; 

http:ft-1(/').ft
http:stabletypeso~cur.In
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(Hi) f t-
l (0) is (n - 2}-dimensional; 

(iv) Ut is a submersion at each point of 6.f\O; 
(v) S(ft) ~ S(Yt 0 It} ~ S(It} U ft-l(O}; 
(vi) If ht := (gt 0 It) : (Cn

, 0) --t (C,O) then X(t) = V(ht ), and I(X(t» = (ht ). 

Proof See Appendix below. 0 

(1.5) Remark The proof of part (v) above [and using (vi)] shows that the 
inclusion S(X(t»~ S(ft) U ft- l (0) is in fact an equality if the defining equation gt 
of 6.(ft) satisfies DYt(O} = Dj in this case dim S(ht } (n-2). We know that for the 
case 0(n,2}, n;:::3 at hand, there are precisely four different types of stable map­
germs, namely (i) submersions, (ii) folds, [stable type of dimension 1 in the target] 
(Ui) cusps, [stable type of dimension 0 in target] and (iv) double-folds, Le. normal 
crossings of the discl-iminant in the target [stable type of dhnension 0 in targetJ. 
The (topological) invariants corresponding to the cusps and the double-folds are 
denoted c(f} and d(f) respectively. If we denote the polar multiplicity of 6.(ft) at 
oby mo (6.ft), and denote the first polar multiplicity associated to the degree of ft 
by ml (6.ft) [see [9]], then we have the following 

(1.6) PROPOSITION. In the setup above, let p: (C2, 0) --t (C,O) be a generic 
projection for 6.ft. Then JL (6.ft) + mo (6.It) - 1 = 3c(lt) + 2d(lt) + ml (6.ft)· 

Proof The proof is exactly as in [13J. (See also p.218 of[2J for the case 0(2,2». 0 

(1.7) Remark Using the upper-semicontinuity of invariants, we see from (1.6) 
that if the Milnor number JL (6.ft) is independent of t [whim is equivalent to Whit­
ney equisingularity of the family of plane curves {6.ft} over the parameter axis 
T], then, in particular, the invariants c(ft) and d(ft} are also independent of t, 
and that the unfolding F has no I-dimensiQnal stratum other than the parameter 
axis T. Note also that since the nQP~stable jets are in the closure of the cusps & 
double-folds, it suffices to-contn)l c(ft) and deft). 

We will now use Le cycles [see [17J and [3]] to decompose the locus S(ht }. In 
. order to lighten notation, subscripts will be omitted whenever possible. We begin 
by recalling some general facts pertaining to our study. 

(i.8) BLOWUP ALONG JA,COB.IAN IDEAL Let h:(cn,O) --t (C,O) 
define an (n-I)-dimensional, reduced analytic space germ X ~ cn, We consider 
the blowup B oLcn along the Jacobian ideal J(h), namely the map 

b: B=BlJ(h)Cn --t C n 

with exceptional divisor E:= b-l(V(J(h))) == . b-1(S(h)); Note that (i) the 
map b, called the structure map of the blowup, is a proper morphismj & (H) B 
equals the closure in Cn x pn - 1 of the graph ofthe map en - VJ«h» --t pn-l, 
given by 

z t--t «8h/8zl )(z) : ... : (8h/8zn )(z», 

~~~--...~" ."."..~~.. 
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Recall also that if Y isa given analytic space germ (with its reduced structure), 
then an analytic cycle-in Y is a finite formal sum E Cj Wj, where each Wj is ., , 

" " ' 	 , I 

an irreducible analytic s:ups~t ofY, and the coefficient Cj associated ,to Wi, is an 
integer called thealgep,~aicniiIltiplicity of Wi. It will 'often be useful to regard 
the exceptional divis6i~'a,sacycle, propei:ly denoted [E] and defined as E Ci [Wd,

,'." , 	 i 

where the integer Ci is the'order ofvanishing of J(h) on the irreducible component 
, Wi of E. The morphism b induces [by linearity] a homomorphism b* [called the 
pushforward] of the group of cycles on B to the group of cycles on the target [see 
(1.10), part (ii) below]. 

(1.9) DEFINITION/'REMARK The relative polar variety of h, of di­
mension k, [k=l,... ,n], denoted Pk(h), is defined by: 

rn(h) := cn, & rk(h) :::::;: b(Hl n n Hn-k n BlJ(h)Cn) for k =I,...,n-I, 

where the Hj are hyperplanes in pn-l. The ktli relative polar multiplicity of 
[k = 1, ...,n -1], denoted mk (h), is defined by: mk (h):= multo (rk (h)). The Le 
cycle of h of dimension i, [Le of codimension (n - i)] is denoted Ai (h), and is defined 
as the pushforward by the structure map of the cycle formed by intersecting the 
exceptional divisor Ein the blowup B with (n-i - 1) generic hyperplanes; [see 
(1.10), (iii) below for formUla]. Note that each component of Ai (h) has dimension 
at least i [i.e. codimension ::::(n-i)]. The associated Le number of dimension i 
[i.e. of codimension (n-i)] is ,V (h) == An-i (h) := multoAi (h). When the singular 
locus of h has dimension s, say, then the Le numbers of larger dimension, namely 

'As+1 , ... ,An ,are zero. F6r'the sake of uniformity, we shall work exclusively with 
dimension lfor Le cycles & numbers] rather than codimension, in the sequel. 

We collect, below, the relevant computational rules, derivations of which are 
based upon [1], and developed in [7]. ' 

(1.10) RULES 
(i) The notation [E)-Hn refers to the cycle [EnH1 n ... n Hn] obtained when E is 
intersected by n hyperplanes in pn-l that are general with respect to B; 
section 2 of [7] for detail]. By convention, [E]·Ho is just

, 	 , 

(ii) For a given cycle [S] := ECjWi ~ E, we define b*([SD := ECi' b(Wi) if dim 
i , j 

Wi = dim(b(Wi))j and 0 other~ise. 

(Hi) Ai(h) := b*([Ej· Hi), for i = 0, ... , n-l. 

(iv) The multiplicity [at the origin] of a given cycle 	[S] := E CjWj is defined as 
i 

multoS := ECi(multo(Wi)). 

i 


(v) Ai := multo (Ai), for i = 0,... , n-l. 

We now specialize to the case of interest, namely the case of finitely determined 
map germs fE O(n,2), n~3.' 
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(1.11) Remark From [part (v) of Lemma (1.4) above], and Remark (1.5), we 
can see that precisely one of the two inclusions in the nesting S(f) ~ S(h) ~ S(f) 
url(O) is an equality, for a given f. The inclusion on the left side is an equality 
iff f is a fold, and in this case the analysis is particularly simple, as the singular 
locus of X, namely S(h), is necessarily I-dimensional, irrespective of how large 
the integer n [of the source space cn] is. In all other situations, the inclusion on 
the right is an equality, and in the sequel, we shall assume that it is thisequality 
S(h) S(f)Ur1 (0) that holds. . 

(1.12) DEFINITION The conorm8J. of a given analytic space Y~ cn, 
denoted C(Y), is the cloSure in Cn X pn-l of the pairs (y, H), where y is asmooth 
point of Y, and H is a tangent hyperplane to Y at such a point. " 

(1.13) Remark Since the conormal C(Y) encodes information "about limiting 
· tangent hyperplanes to Y, it plays a role [as also does its relativized version] in 
stating equisingularity conditions, such as the Whitney conditions, or Thorn's AI 
condition. 

(1.14) LEMMA Suppose f: (Cn,O)-+ (C2,0) is a finitely determined germ. 
·Then for any given representative of f [also denoted f], we' can find an open neigh­
borhood U of 0 in Cn, such that in the above setup, we have: 
b-1(rl(0) n U)\b-1(0) = C(f-1 (0) nU). 

E:roof Note that since Thorn's AI condition holds generically, it holds for h for 
(U\0,r1(0)\0), .for suitable choice of neighborhood U of 0, because Os a submer­

· sion for each z E (1-1 (0) \0) nu. We then have the inclusion of linear spaces 
Tz(r1(0» ~ P, where P is any element of the fiber b-1(z)i this implies in turn 
that we have the inclusion (b-1(rl(0) nU)\b-1(0)) ~ C(r1(0) nU). Equality 
then follows from dimensional considerations [see section 6.2 of [7]]. 0 

We denote by VC-l(O) the [germ of the] variety which is given set-theoretically 

by b l(rl(O)\O», when it is endowed with reduced structure. By the preceding 
· Lemma (1.14), we see that the conormal C(rl (Onis preCisely equalto [the compo­
nent] Vr-l(O)- Note also thatb(C(r1(0» nHi) is the i-th codimension ab~oluie 
polar variety of r1(0) in the sense of [2], p.195. 

(1.15) LEMMA Keep the setup of (1.1) above. Let VS(f) and Vo denote the 
reduced varieties defined set theoretically by VS(f) := bT,l(S(f)\O) ~ E," and Vo := 
b-1(0) ~ E respectively. Then the cycle [E] associated totheexception;:tl divisor E 
of the blowup B = BIJ(h)Cn is given by: [E]= J.L(g)[Vr-l(O)] +CS(f) [VS(f)] + eo [Vo]. 

Proof In view of the decomposition E = Vr-l(O) U VS(~U Vo that follows from 
the definition of E as the preimage in B of the singular locus. S(h), together with 
(1.8) above, it suffices to show that the integer cOeffiCient CV

f 
-l(d) associated to 

the multiplicity of] the component Vr-l(O)' namely the Qr~erofvanishing of J(h) 
· along b-1~r.l(0», is the Milnor number J.L(g) of g. We note first that since at any 

.--------.".....,,~•..•~~---c_:_c_:___:~~ 
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point z.on r 1 (O)\{O};tis.9- !,ubmersion,it follows that the ideal generated by Dh 
is the same as thatgel;ler.~.ted by Dg. Thus the order of vanishing of J(h) along 
b,..-1(r1(o)) is the sa,we,as,the order of vanishing of J(g) alongr1 (0), and we can \ 

. [see [14]]calcillatet~;M tllemultiplidty of the ideal on a normal slice to rl(O) 
at Zj since f is a diffe~mlo.J;'phism C2 -+ C2 on such a slice, we obtain the desired 
result that· the niultiplic~ty; o~ J (g) is precisely p,(g) . .P 

. . '. .. . . . . . . 

(1.16) Remark One checks.tllat in the formula for [E] in the preceding Lemma, 

the coefficiEmt CS(f) isjustl, and that the coefficient Co is ,\0. 


2. 	V(N,2), N .~ 3 : NUMERICAL QHARACTERIZATION OF 
. EQUISINGULARITY . ' 

We turn first to the Le ,numbers ,\0 (h) , ... , ,\",-1 (h) associated to the (n -: 1)­
dimensional variety X ~ Cn'defined by h . 

.(2.1) Remark Since the singular locus S(h) has dimension (n - 2) [see .1.5 
&1.11] , we kno'Y [see (1.9) 1that ,\",-1 (h) ~ O. Also, since dim S(f) = 1 & dim 
to} = 0, we know that only Vr-l(O) ,can contribute to .the.cYles A2 (h) ~ .." An-2 (h), 
for n > 3. . 

(2.2) FORMULAS: HYPERPLANE SECTIONSAND LE NUMBERS 
'Let,\j (htlLk) denote the j-dimension Le number of the restriction of X(t) to a 
generic k.:.dimensional plane section Lk. By [(3.4) &(6.1) of [7]], the following rela­
tions hold between the Le numbers ,\j(ht ), the relative polar multipiicities mt(ht) 
[see 1.9 above], and the Le n~mbers ,\j(htlLk):. . . 
(i), ,\O(htILj) = ,\D:--1 (~) +. mn-j(ht ) for j=2,...,n-lj & 

(H). ,\k-i(htlLk) = ,\n-i (ht ) for i = 1, ... ,k - 1; 

We will now study the upper-semicontinuity'property for the. relative polar mul~ 
tiplicity mk (ht ) of the maps ht, [Le. the upper-semicontinuity of the map tl-'+ 

'mk (ht )], and we fix notation as follows. Let F: (C x CD,O) -+ (C xC2 ,0) be 
given byF(t,z):= (t,/t(z», It EV(n, 2),n ~ 3. LetG be the defining equation of 
~(F) ~ C ~ 0 2, and put H := GoF: (C x CD,O) -+ (C,O). 

We use a variation of the blowup described in (1.8) above: here we work with 
the blowupb: !B := BlJ .(1l)(C x cn) -+ C X C"', with associated exceptional 
divisor e. Let 7r. :!B -+ T ~ C be the map obtained. by composing the structure 
map b with the canonical projection oLQ, x CD to the first factor; the fiber over 
tE T shall refer to the preimage of t under this map 7r. Consider the set r~ (H) = 
b(!Bn HI n ... n Hn+l-k),·and note that in general [see (2.2) of [7]] the following. 
inclusion holds: . 

rk (ht ) ~ r~+l (H) fl it} x cn. (*) 
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(2.3) Remark We wish to show that tM preceding inclusion is in .fact an 
equality for t = 0, [Le. that the fiber r~+l (H) n {O} x en of r~+l (H) over 0 spe­
cializes to rk (ho)] because if so, we can write mk (ht )= e(mz, Ork+1{H)n{t}xcn), 
[here m z denotes the maximal ideal (ZI, ... ,Zn)], and the desired result follows 
from the upper-semicontinuity of the classical jdeal multiplicity e [see [14],(3.5)]. 
The' problem is that there may well exist a component C ~ S(ho) such that 

(H) n {O} x en = rk(ho) U C, and the inclusion (*) is strict. More 'pre­
cisely, if there is no component of [r~+l (H) n {O} x en] in S(ho), then we have 
the desired specialization, i.e. r k (ho) = r:+l(H) n ({O} x en), and hence the 
upper-semicontinuity of the relative polar multiplicities mk(ht ), for k 0, ... ,n~2. 

(2.4) LEMMA In the setup above, if the Milnor number /J(Ot) is independent 
of t, then the map tH mk(ht ), k = 0, ... ,n-2, is upper-semicontinuous. 

Proof Since S(ho) = fQ 1(0) U S(lo), [by (1.11)], it suffices, by (2.3) above, to 
show that for k = 0, ... ,n-2, (i) no component of [rk+l(H) n {O} x en] belongs to 

and (H) no component of [rk+l (H) n {O} x en] belongs to S(lo). 
(i) Fix k. Not'e first that at any point z E fQl (0) \{O} (=fQl(O)\{S(fo)}), the map 
fo [and hence F at (O,z)] is a submersion. Also, the hypothesis of constancy of /J (Ot) 
implies [by the Le-Saito theorem; see [17], p.70) that Thbm's condition AG is satis­
fied by G relative to the pair (e x e 2 , T), so it follows that the map H:= (Go F) satis­
fies the AH condition for the pair (e x en, F- l (T». Tl;lis means that every limiting 
tangent plane to fibers of H contains the tangent space to F-1(T); in terms of the 
blowup b:B=BlJ{H)e x en e x en, it follows [since rk+l (H) := b(B n Hn - k ); 

see (1.9) above] that: there is a k-dimensional component of {rHl (H) n {O} x en] 
in fQl (0) if! Hn_kn£'nb-l(lo-l(O)) has.dimensionk. But !3ince at a generic point, 
the dimension of (b- l (fQl (0») is n-1, we get tha;t [Hn-k n £' n b-1(fQl(0») has 
dimension (k - 1), so we are done. 
(H) We use a more direct argument here. Note that ata generic point z of S(fo) 
[i.e. for any point z E S(fo)\{O}], fo is a fold, and that atfo(z), the map 00 is linear 
submersion. Using the hypothesis of constancy of /J(Ut), we seethat [for t small], H 
is then [by suitable choice of coordinates] the map (t,zi, .'" zn) -+ (z~ + ... + z~), 
so that J(H) = (Z2' ... , zn), from which it is clear that the relative polar variety 

(H) is independent of t [for each kJ, and hence specializes as desired, so that 
rk(ho) = rk+l(H) n({O} x en). 0 . 

(2.5) LEMMA In the setup of (1.1), if the ~dimensjonal Le number -"O(ht IL2 
) 

is independent of t, for small t E T, then the Iv.Iilnoi number tJ.(l:lft) == /J (Ot) is 
likewise independent of t. ' 

Proof Suppose that the hypothesis of constl;tncy oft}je.~nyaria.nt .;\O(ht IL2) holds, 
but that the value of the Milnor number changesl;ttOj w,e w.ilLderive a contradiction. 
We may suppose that the singular sets of the mapsYt8.I-eqf the form U(S(Ot» = 

t 
TUC, where C is a curve in e x e 2 , such that C'is distinct from T, and that 
T nC :::: (0,0). Consider F- l (C) n (L2 x T)j at each point (t,c) E F-l (C), we know 
that DOt(F(t,c») = O. This implies that the mapshtlL2 are singular along F-l (C), 
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which in,turnmeansthq.t >.O(ht IL2) cannot be independent oft, a contradiction of 
the hypothesis. 0 

(2.6) Rem8,l'kLeIIiiriM(2.4) & (2.5) together imply that if the Le number 
~0(htIL2) is'independen.t'6f't, then the relative polar multiplicities mk(ht ), for k 
1, ... ,n-2, are upper.:.serhic6ri.tinuous. 

(2,7) PROPOSITION Keep the setup of (1.1) above, & fix n2:3. Then the 
(n-1) zero-dimensionalLe numbers ),0 (htlL2) , ... , >'O(htILn) are independent of t, 

. iff all the Le numbers of an generic plane sections of X(t), as well as the relative 
polar multiplicities mk{ht ), for k = 1,... ,n-2, are independent of t. 

Proof (*=:) (trivial); (:::}:) Recall our notation that >.i(lit ) == >.i(htILn), and the 
faCt that only the Le numbers of dimension less than or equal to the dimension 
of the singular locus, can be non-zero. The hypothesis regarding (in particular) 
the constancy of the Le number ,\0(hdL2) implies, [see Remark (2.6)J that the 
relative polar multiplicities ffik (ht ), for k = 1, ... ,n-2, are upper-semicontinuous, 
Using this upper-seinicontinuity property, and recalling that the Le numbers are 
lexicographically upper-semicontinuous (see (7J, Cor.(4.5)], it follows from formula 
(i) of (2.2) above, that if the invariants >.O(htILj) are independent of t,then so 
also are all the relevant Le numbers of ht, namely >.0 (ht ) , .." >.n-2 (ht ), as well as 
the relative polar multiplicities ffik (hi), for k = 1,.,.,n-2. The remaining (possibly 
non-zeroJ Le numbers are >.d(htIU), [where d =1,2,... , n-2; s = 2, 3,... , n-l; and 
d«s-l)]; by formula (H) of (2,2), Le number >.d(htlL8 

) can be seen to be equal to 
the Le number >.n-s+d(htlLn) == >.n-s+d(ht ), and the latter is alreadiY known to be 
independent of t. 0 

This leads to our main result. 

(2.8) THEOREM Keep the setup of (1.1) above, and fix n 2: 3. Then the 
unfolding F is Whitney equisingular iff the (n-l) zero-dimensional Le numbers 
>.0(ht IL2), ... , >.0 (htILn), are ~ndependent of t, for small t E T. 

Proof Suppose first that the numerical invariants are all independent of t. We rely 
upon the following result, due to the first author: 

FOUNDATIONAL THEOREM Suppose F: C x C n -+ C X C P is an excellent 
unfolding 0/ / E O(n,p). Then F is topologically trivial, provided the polar invari­
ants 0/ all stable types which occur in the discriminant 6. (1o), in E ( fn), and in 
/0'1 (6. (fo)) \ E (10) are constant at the origin for t. 

Proof [c.f.[2J, p.~07] 

This foundational theorem remains valid if we replace the term "an excellent 
unfolding" in the hypothesis by "a I-parameter unfolding which, when stratified 
by stable type & by the parameter axis T, has only the parameter axis T as 1­
dimensional stratum at the origin". Also, the proof of this theorem shows that F 
is Whitney equisingular. 
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Now by Proposition (2.7) above, it follows from the hypothesis that the Le 
numbers of ht, and of the restriction of X(t) to generic plane sections at the origin, 
as well as the relative polar multiplicities mj (ht ) , for j = 1, ... , n-2, are all likewise 
independent of t. The result that X is Whitney equisingular along T now follows 
from [Theorem (6.2) of [7)), provided we can establish the claim that X\8(X) is 
Whitney along S(X)\T. This claim is valid in our setup because of the general· 
fact that -off the parameter axis T, each finitely determined map is stable. Finally, 
the constancy of the Milnor number f.L (60ft) [implied by the hypothesis: see (2.5)J 
implies that the O-stable invariants are constant, and T is the only I-parameter 
stratum of the unfolding F in the target [see [23], section(1.7)], so that we can apply 
the foundational theorem stated above to conclude that F is Whitney equisingular. 

Conversely, suppose that F is WJi'itney equisingular. Then X is Whitney eq­
uisingular along T, which is equivalent [see e.g. [15]] to the Le numbers of X(t) 
and all its plane sections being independent of t, so that in particular, the (n-1) 
zero-dimensional Le numbers are independent of t.O 



53 

" ' 

, A NUMERIQALCH:ARACTERIZATION OF... JDOOT VOL. 2 (2004) 

Appendix rroof()f~~h1ma (lA): 

(i) Assuni;e B(It) i= 0,., We-Will use the fact [see Appendix A(I)of [23] for this] 
'that the singular 10cus,:j,fllon.~IIlpty,ofany smooth stable map germ from C n to 
C 2 , n ~ 3, is necessarily.of dimension 1. We recall also the following result that 
relates finitely deterIn:ined:inap germs and stable map germs: 
Theorem (Mather): Jlft E O(n,p) is finitely determined, then there is an open 
,neighborhood U oJ Oin the source such that fo7'" each point z in l!\{O}, the germ of 
ft atz is stable. [This result is proved in [5]] 

The q.esired result now follows, because at each point z different from 0 in the 
singular 10clls,thEl sin,gula,x locus of It is locally I-dimensional. 0 

, , 

. .... . . 

(ll) We know [see (i)] that S(It)'" if nonempty, is I-dimensional, and it is clear that 
, bothS(ft) and ft-:l(O) contafnthepoint {O} in the source. The desired result now 

holds because ftls(f.) is a finite map [see (1.3)]. 0 

(iii) Suppose k=(i/J,cp); since ftl(O) = V(f,b,cp) ~ cn; it follows thatdimft-1 (0) 
=diIi1V(f,b,cp)~(n - 2). We daim thatdimV,(f,b,cp) cannot be n or (n-1). To see 
this,note that if dimV(f,bjcp)is either n or (n-I), then the kernel rank of It must 
be strictly greater than (n-:-2) at points offt-1 (0), implying that ft- 1 (0) ~ S (ft), 

'" and hence that dimS (It) > 1, a,contradiction of en above. tJ 

For all pointsz E A (It) \0 sufficiently close to 0, we know Aft is smooth at z; 
since gtdefines Aft withreduced structure, we conclude that Dgt(z) :#0. 0 

(v) We first show that S(It) ~ S(gt 0 It), where ht := (gt 0 ft). It is clear that 
, this inclusion holds if S{It) = 0; consider the case of S(It) :# 0. Note that at any 
nonzero point in S(ft) close to 0, ftis locally a fold, so it follows immediately that 
locally the inclusion S(/f) ~ S(gt 0 It) holds. As regards the point 0 E S(It), the 
connectedness oUhe cutve S(It), together with the inclusion just established for 
nonzero points in S(It) shows that 0 E S(gt 0 It) As regards the second inclusion 
S(gt 0 It) ft- 1 (0) U S(It) asserted in (v), consider a point zE S(gt 0 1t)\S(It)j 
it suffices to show that z belongs to ft- 1 (0). At such a point z, we know ft is a 
submersion, and Dht(z) = O;'it follows from the chain rule that we then must have 
Dgt(ft(z)) = O. Since we also knQw that gt is a submersion at each point of Aft\0, 
[see part (iv) of (2.4)], we conclude that ft(z)= 0; the desired conclusion follows. 
o ' 

(vi) As X(t) c (Cn , 0) is a hypersurface germ, the ideal I(X(t» is principalj say 
the principal ideal (ht) corresponds to X(t), ht: (C'\O) -+ (C,O) non-constant; 
in particular, (ht ) := I(X(t)). We know also that by definition, V(ht ) = X(t), 
,so the ideal containment (ht) ~(ht) is clear. We claim that strict containment is 
untenable; this will give us the desired result. Now if ideal (ht ) is strictly contained 
in (ht ), then there must exist acoIIlponent X' of X such that the defining equation 

h~ of X' is related related to h~ := (g~ 0 It) by h~ (h~t) for some integer 
m ~ 2. In order to lighten notation, we may assume, without loss of generality, 

that X is irreducible,and hence that we must have (gt o It) = (hr). We now 

consider the singular set S(gt 0 It) of ht 0 ft), namely S(gt 0 It) := V(gt 0 
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ft, 8(gt 0 ft)/8z1 , ... ; 8(gt 0 ft)/8zn ) and derive a contradiction. we have 
(gt 0 ft) = (hr), it follows that ht divides each of the functions defining S(gt 0 

implying that these functions belong to the ideal (hd and thus must vanish on X(t). 
But then S(gt 0 ft) is all of X(t), which contradicts the fact [see (i), (ii) & (v)] that 
S(gt 0 ft) is at most (n-2)-dimensional, whereas X(t) is (n-l)-dimensional, n~3. 
o 
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