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ABSTRACT. By a celebrated 1976 result regarding the geometry of families of
hypersurfaces with isolated singularities, Lé and Ramanujam showed that the
constancy of a single numerical invariant, namely the Milnor number, implies
that the family is locally topologically trivial. This classical result has led to
generalizations of the'Milnor number to various numerical invariants, including
"polar multiplicities”, "Lé -numbers® and ”Segre numbers”, all designeéd to =
reflect the geometry of singularities in very general scenarios. In the present
study, we consider families of finitely-determined holomorphic map germs from
C” to C? for n > 3, and characterize local topologmal triviality in terms of
the constancy of (n—l) Lé numbers.
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0. IN'IIRODUCTION
The key developments in approach and technique that underhe recent work in the '
area of singularities of analytic maps and hypersurfaces can be traced to the late
1960’s, and to the seminal contributions of Mather (see [18], [19], [20]), and of Lé
and Ramanujam ([12], {16]). A comprehensive exposition of the evolution of these
and related ideas can be found in [9].

The present study builds upon an approach articulated in 1993 by the first author
(see {2]), in which the topological triviality of a 1-parameter family of a class of
map-germs is shown to be a consequence of the constancy of finitely many analytic
invariants (polar multiplicities; see [6], [22]) associated to members of that family
[the number of invariants depending upon the particular dimensions of source and of
target space being considered], with a restriction on the type of admissible families.
The analysis was applied to obtain specific results pertaining to (i) map germs from
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_the plane to the plane [section 9 of [2]], and (ii) map germs from the plane to 3-

space [section & of [2]]. In particular, the number of invariants required for Whitney
equisingularity (see [15]) in each of these situations was shown to be smaller than
the a priom number given by the general result of [2], by virtue of relationships
specific to the particular case studied. More recently this approach has been used
by Perez [21], to study map germs of corank 1 from C® to C?; the present study
of map germs from n-space (n>3) to the plane fits naturally into this framework.

From a technical standpoint, the present case is different chiefly in that non-
isolated singularities in the source-space are permissible. We have been able to
handle this by exploiting recent results of Massey [17] relative to Lé numbers,
of Gaffney-Gassler [7] relative to Segre numbers, and Gaffney [3], [8] relative to
aspects of the Ay and Wy conditions. These results were unavailable when [2] was
written. Especially important is the fact that although the Lé numbers seem to
be invariants of the top-dimensional stratum, they often control lower dimensional
strata as well [See Theorem 6.6 of [9] for an example of this.] This leads to a
considerable parsimony, in terms of the number of invariants which need to be
controlled. :

" That we have been able to deal with the entire class of cases O(n,2), n > 3,
one stroke” is a consequence of the fact that in each case, the stable smgula,rltles are
precisely the same type, namely folds, cusps, and double folds. It turns out, in all

these cases, that the inverse image X(t) of the discriminant carries all information

necessary to determine if the family of map germs is Whitney equisingular.

"The paper is organized as follows. Section 1 contains basic definitions and foun-
dational results. Section 2 is the core of the study; the main-result is a character-
ization.of Whitney equisingualrity, relative to holomorphic map germs C" to C2
for n>3, by (n--1) numerical invariants, namely aset of 0-dimensional L& numbers
associated to generic plane sections of the spaces X(t). Thus for the case of n=3,
the number of invariants required is just two, compared to the eleven requlred a
priori as per [2]. ‘

1. O(x,2), N > 3: BASIC CONSTRUCTIONS AND RESULTS

(1.0) NOTATION & DEFINITIONS We denote an origin-preserving
holomorphic map germ f: C” to CP by writing f € O(n, p).: Our'interest is primarily
in “finitely determined” map-germs; a standard reference in this context is [24]. We .
denote by R the group of local diffeomorphisms of the source (C",0), and we denote .
by £ the group of local diffeomorphisms of the target C?,0). Although these actions
are intersesting individually (see e.g. -[4]), our focus will be on the action of the
product (R x £) =: A which leads to .A-equivalence of map-germs: f, g € O(n, p)
are A-equivalent if they are equivalent by smooth coordinate changes of source and
target. Similarly the action of the semi-direct product K := (R.L) glves rise to K-
equivalence [also called contact equivalence] of map germs. A given map-germ
f € O(n,p) is said to be k-G -determined (G = A or K) if whenever g € O(n,p)
and 7* £(0) = j*g(0), then g is G-equivalent to f; f is ﬁmtely G-determined if it
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is k-G-determined for some k< co. (In order to lighten notation, and in accordance
with standard practice, whenever we say “finitely determined” (without spemfymg
whether A or IC), we shall mean “ﬁmtely A-determined”).

Map germs whlch are ﬁmtely K-determined are called map germs of finite sin-
gularity type. Using the symmetry between the theory of 4-equivalence and the
theory of K-equivalence [[25], p.201}, we know that, in particular, if f& O(n,p) is
finitely A—detemmed then f has finite smgulanty type. .

We say f is a stable germ if every “nearby” germ is A-equivalent to f. A stable
type is an A-équivalence class of stable germs. A finitely determined germ f has
discrete stable type if'there exists a versal unfolding of f in which only a finite
number of stable types occur. In particular, if the numbers (n, p) are in Mather’s
“nice dimensions” [which is true for (n, 2), n>3, our focus here] or on the boundary

~thereof, then every. finitely determined germ f € O(n, p) has discrete stable type.

(1.1) SETUP Let fe O(n, 2), n>3 be a finitely determined map germ, and let
F: CxC" = Cx C? be a one-parameter unfolding of f = fo, such that F is stratified
by stable type, and by the parameter axis T. For each f; : (C*,0) — (C?,0) in
the family {f:}, let the discriminant (the image of the singular locus), be denoted
Af;, and let the equation that defines the discriminant,with reduced structure, be
denoted by g; = 0, where g; : (C%,0) = (C,0). Let X = {X(t)} denote the family
of reduced hypersurfaces X(t) Y Af) in C™.

As a first step, we shall collect several fundamental facts relative to this setup
in a preliminary lemma, namely Lemma (1.4) below. We begin with

(1.2) LEMMA If f € Ofn,p), n>p, then the singular locus S(f) of f satisfies
the relation dim S(f) > p—1, provided S(f) # 0.

Proof We use notation as in [10]. Consider the 1-jet map

§1f: €™ = JH(C™,0),(CP,0)). We use the fact that S(f) is precisely the preimage,
under this map j'f, of the closure §; of the subset S; C J!((C™,0),(C?,0)). It
therefore suffices to show that if S(f) is nonempty, then dim (j'f(C™) N &1)> (p
- 1). Recall that the codimension of a nonempty intersection of two varieties is no
greater than the sum of the codimensions of the two varieties; [see, e.g. [11], p.47
for this]. Now dim J((C",0),(CP,0)) = n+p+np, so that the codimension of S
in J*((C™,0),(CP,0)) is n—p+1, and that of 5! f(C™)is p+np. It follows that dim
(FEF(C?) N S,) is at least p—1. o ‘

(1.3) Remark Recall that if f € O{n,p) is finitely A-determined, then f
has finite singularity type. If f has finite singularity type, then the restriction
fls@g : SE) — Afis a finite map [any point in the target has at most a finite
number of preimages], and hence dim S(f) = dim Af.

(1.4) LEMMA In the'setup (1.1):
(i) 8(ft), the singular locus of f;, is either empty or 1-dimensional;

(i) S(f) N F71(0) = {0}, if S(fy) #
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(iii) £,71(0) is (n — 2)-dimensional;

(iv) g: is a submersion at each pomt of Af\D;

(v) 8(fe) € S(gs o fr) € S(f:) U £71(0);

(vi) If by := (ge o fo) : (C™,0) = (C 0) then X(t) = V(h:), and Z(X(t)) = (he).

Proof See Appendix below. [J

(1.5) Remark The proof of part (v) above [and using (vi)] shows that the
inclusion S(X(t))C S(f:) U £ 1(0) is in fact an equality if the defining equation g
of A(f;) satisfies Dgy(0) = 0; in this case dim S(h;) = (n—2). We know that for the
case O(n,2), n>3 at hand, there are precisely four different types of stable map-
germs, namely (i) submersions, {ii) folds, [stable type of dimension 1 in the target]
(iii) cusps, [stable type of dimension 0 in target] and (iv) double-folds, i.e. normal
crossings of the discriminant in the target [stable type of dimension 0 in target].
The (topological) invariants corresponding to the cusps and the double-folds are
denoted c(f) and d(f) respectively. If we denote the polar multiplicity of A(f;) at

0 by mg (Afy), and denote the first polar multiplicity associated to the degree of f;
by mi{Af:) [see [9]], then we have the followmg

(1.6) PROPOSITION. In the setup above, le’c p: (C2,0) = (C,0) be a generic
projection for Af,. Then u(Af;) +mo (Af) — 1= 3e(fe) + 2d(fe) + my (Afy).

Proof. The proof is exactly as in [13]. (See also p.218 of [2] for the case 0(2,2)). O k

(1.7) Remark Using the upper-semicontinuity of invariants, we see from (1.6)
that if the Milnor number p (Af;) is independent of t [which is equivalent to Whit-
ney equisingularity of the family of plane curves {Af;} over the parameter axis
T], then, in particular, the invariants c(f;) and d(f;) are also independent of t,
and that the unfolding F has no 1-dimensional stratum other than the parameter
axis T. Note also that since the non-stable jets are in the closure of the cusps &
double-folds, it suffices to contrel e(f;) and d(f:}.

We will now use Lé cycles [see [17] and [3]] to decompose the locus S(hs). In
. order to hghten notation, subscripts will be omitted whenever possible. We begin .
by recalhng some general facts pertaining to our study. :

(1.8) BLOWUP ALONG JACOBIAN IDEAL Let h:(C",0) — (C,0)
define an (n—1)-dimensional, reduced analytic space germ X C C". We consider
the blowup B of .C™ along the Jacobian ideal J(h), namely the map

b: B=Bl(;C" — C"

with exceptional divisor E:= b~ (V(J(h))) = - b~ '(S(h)). Note that (i) the
map b, called the structure map of the blowup, is a proper morphism; & (ii) B
equals the closure in C™ x P" - ! of the graph of the map C® — VJ((h})) —» P71,
given by ; ‘ ,

z ++ ((Bhf82,)(2) : ... : (Bh/D2p)(2)).
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Recall also that if Y is a given analytic space germ (with its reduced structure),
then an analytlc cycle in Y is a finite formal sum ZC,W” where each W; is

an irreducible a.nalytlc subset of Y and the coefficient cI associated to. Wi, is an
integer called the. alge (alc multlphclty of W;. It will often be useful to regard
the exceptional divisor, E as a cycle, properly denoted [E] and defined as Z ci [Wil,

where the integer ¢; is thelor‘der of vanishing of J(h) on the irreducible component

"W, of E. The morphism b induces [by linearity] a homomorphism b, [called the
pushforward] of the group of cycles on B to the group of cycles on the target [see
(1.10), part (ii) below]. .

(1.9) DEFINITION/REMARK The relative polar variety of h, of di-
mension k, [k=1,...,n], denoted I'*(h), is defined by:

I™(h) = C", & T*(h) :=b(H, N .. N Ha_tNBlyuCr) fork =1,..n-1,

where the H; are hyperplanes in P*~1, The kth relative polar multiplicity of h,
[k = 1,..,n — 1], denoted my (h), is defined by: my, (h):= multo (T'* (h)). The Lé
cycle of h of dimension i, [i.e of codimension (n—i)] is denoted A’ (h), and is defined
. as the pushforward by the structure map of the cycle formed by intersecting the
exceptional divisor E in the blowup B with (n—i — 1) generic hyperplanes; [see
(1.10), (iii) below for formula]. Note that each component of A’ (h) has dimension
at least i [i.e. codimension <{n—i)]. The associated L& number of dimension i
li.e. of codimension (n—i)] is X! (h) = Ap—; (h) := multoA? (h). When the singular
locus of h has dimension s, say; then the Lé numbers of larger dimension, namely
“ASFL A", are zero. For'the sake of uniformity, we shall work exclusively with
dimension [for L& cycles & numbers] rather than codimension, in the sequel.

We collect, below, the relevant compntational rules, derivations of which are
based upon [1], and developed in [7].

(1.10) RULES ‘ ,
(i) The notation [E]-H" refers to the cycle [ENH; N ... N H,] obtained when E is
intersected by n hyperplanes in P*~! that are general with respect to B; [see
section 2 of [7] for detail]. By convention, [E]- -HO is just [E].

(ii) For a gwen cycle [S] = ZC,W C B, we deﬁne b.([S]) == > i - (W) if dim
Wi = dlm(b(W )); and 0 otherwme 1
(iii) A*(h) := b.([E]- H'), for i = 0,..., n—1.
(iv) The-multiplicity [at the origin] of a given cycle [S] := 7 c;W; is defined as
- multoS := 3¢ (multo(W;)); l |
i :

(v) A := multg (A?), for i = 0,..., n—1.

We now specialize to the case of interest, namely the case of finitely determined
map germs f€ O(n,2), n>3.
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(1.11) Remark From [part (v) of Lemma (1.4) above], and Remark (1.5), we
can see that precisely one of the two inclusions in the nesting S(f) C S(h) C S(f)
UF(0) is an equality, for a given f. The inclusion on the left side is an equality
iff f is a fold, and in this case the analysis is particularly simple, as the singular
locus of X, namely &(h), is necessarily 1-dimensional, irrespective of how large
the integer n [of the source space C"] is. In all other situations, the inclusion on
the right is an equallty, and in the sequel, we shall assume that it is this equality

( )=S (F)uf~ (0) that holds.

(1. 12) DEFINITION The conormal of a given analytic space YC C",
denoted C(Y), is the closure in C* x P! of the pairs (y, H), where y is a smooth
point of Y, and H is a tangent hyperplane toY at such a point.

{1.13) Remark Since the conormal C(Y) encodes'i.nforma,tion about limiting

_tangent hyperplanes to Y, it plays a role [as also does its relativized version] in

stating equisingularity condn;lons, such as the Whitney conditions, or Thom’s Ay
condition. ° :

(1.14) LEMMA  Suppose f: (C"’,O) — (C2,0) is a finitely determined germ.
" Then for any given representative of f [also denoted f], we can find an open neigh-
borhood U of 0 in C”, such that in the above setup, we have:

bTHEHO)NUNDTI(0) = CEHO)ND).

Proof Note that since Thom’s  A; condition holds genencally, it holds for h for
(U\0,£7*(0)\0), for suitable choice of neighborhood U of 0, because f is a submer-
-sion for each z € (f~1(0)\0) N U. We then have the inclusion of linear spaces

T,(£71(0)) C P, where P is any element of the fiber b™*(z); this implies in turn

that we have the inclusion (b~ (f71(0) NU)\b~2(0)) € C(f *{0) N U). Equality
then follows from dlmensmna,l considerations [see section 6 20f[7]). O

We denote by Vi-1(g) the [germ of the] va,nety Wthh is given set~theoret1ca.lly
by b7H(f7(0)\0)), when it is endowed with reduced structure. By the preceding
Lemma. (1.14), we see that the conormal C(f~ Ho)yi is prec1se1y equal to [the compo-
nent] Vi-1(g)- Note also that b(C(f1(0)) NH') is the i-th codimension absolute
polar variety of f~2(0) in the sense of [2], p. 195

(1.15) LEMMA  Keep the setup of (1.1) above. Let Vg and Vo denote the
reduced varieties defined set theoretically by Vsg := b™ (S(f)\0) C E, and Vg :=
b~1(0) C E respectively. Then the cycle [E] associated to the exceptional divisor E
of the blow&p B = Bly(»)C" is given by : [E]l= u(g)[Vfuz‘(‘o‘)] + s [Vs@l + co[Vol-

- Proof In view of the decompomtlon E=Ve-igU Vs(f) UV that follows from
~ the definition of E as the preimage in B of the singular locus S(h), together with
-(1.8) above, it suffices to show that the integer coefficient. cvf“1 © associated to [or

the multiplicity of] the component Vi-1(0), namely the order .of’ vanishing of J (h)
“along b™ l(f" (0)), is the Milnor number x(g) of g. We note ﬁrst that since at any
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- point z on £~ 1(O)\{G}, fisa submersmn it follows that the 1deal generated by Dh
: ,1s the same as that generated by Dg. Thus the order of vanishing of J(h) along
1(f’" 1(0)) is the same.as the order of vanishing of J(g) along f1(0), and we can .
. [see {14]] calculate. this.as the multiplicity- of the ideal on a normal slice to £~ (0)
at z; since f is a dlffeomorphmm C? - C? on such a slice, we obtain the desrred
, result that the mult;lphcmy of J (g) is premsely pl(g). B

(1 16) Remark One checks that in the formula for [E] in the precedmg Lemma, ‘
the coefﬁc1ent Cg(f) is Just 1 a.nd that the coefﬁment g is AO :

2 O(N 2), N > 3: NUMERICAL CHARACTERIZATION OF
EQUISINGULARITY

 We turn first ‘to the Lé numbers A0 (h), . A1 (h) assOciatéd‘ to the (n—1)-
dlmensmnal vanety X C cn ‘defined by h. ’ '

'(2 1) Remark Since the smgulé.r locus S(h) has dimension (n — 2) [see 1.5
&1. 11] we know [see (1.9) ] that A*~* (h) = 0. Also, since dim S(f) = 1 & dim
{0} = 0, we know that only Vf—l(o) can contribute to the- cyles A? (h) A""z (R),
forn > 3. : :

(2 2) FORMULAS HYPERPLANE SECTIONS AND LE NUMBERS
‘Let )\J(ht{Lk) denote the j-dimension L& number of the restriction of X(t) to a
generic k-dimensional plane section L. By [(3.4) &(6.1).of [7 [7]], the following rela-
tions hold between the Lé numbers M(h;), the relative polar mu1t1p11c1t1es my(hy)
[see 1.9 above], and the L& numbers M(he|L¥): - )

(1). ML) = ATI(hy)  +. Min—j (hs) for j=2,....n— 1 &
(i), M~ (h iL’“) =Ai(hy) for i=1l..k- 1 -
‘We will now study the upper—semlcont;mmty property for the relative polar mul— "
tiplicity myg (hs) of the maps k¢, [i.e. the upper-semicontinuity of the map t
".myg (hy)], and we fix notation as follows. Let F: (C x C",0) = (C x.C?,0) be
~ given by F(t,z):= (t,f:(2)), fi € O(n,2),n > 3. Let G be the defining equation of
’A(F)C0x02 andputH-.GoF (C xC",0) = (C,0). : :

We use .a variation of the blowup described in (1.8) above: here we work with
the blowup b: B := Blj, ( H) (C x C*) = C x C™, with associated exceptional
divisor £. Let w : B — T = C be the map obtained by composing the structure
map b with the canomcal projection of C.x C® to the first factor; the fiber over
te T shall refer to the preimage of t under this map n. Consider the set. T (H) =
b(B N Hy N ... N Hpp1—k), and. note that in general [see (2:2) of [7]] the followmg‘
inclusion holds:

Ik (hy) € rk+1 (H) n{t} x C. : (*)



50 : TERENCE GAFFNEY AND RANJIT VOHRA

(2.3) Remark We wish to show that th# preceding inclusion is in fact an
equality for t = 0, [i.e. that the fiber T4T! (H) N {0} x C" of T4+ (H) over 0 spe-
cializes to ['* (ho)] because if so, we can write my (he)= e(mm., Opx+1(mngyx o),
[here m, denotes the maximal ideal (2,...,2,)], and the desired result follows
from the upper-semicontinuity of the classical ideal multiplicity e {see [14],(3.5)].
The' problem is that there may well exist a component C C S(ho) such that
s (HY N {0} x C* = T'*¥(hy) U C, and the inclusion (*) is strict. More pre-
c1se1y, if there is no component of [I"‘Jrl (H)n {0} x C"] in S(he), then we have
the desired specialization, i.e. T'* (hg) = I¥*1(H) N ({0} x C"), and hence the
upper-semicontinuity of the relative polar multiplicities my(he), for k = 0,...,n—2

(2.4) LEMMA In the setup above, if the Milnor number u{g;) is independent
of t, then the map t + my(he), k = 0,...,n—2, is upper—semicontinuous.

Proof Since S(he) = f37'(0) U S(fo), by (1. 11)] it suffices, by (2.3) above, to
show that for k = 0,...,n—2, (i) no component of [[*+1 (H) N {0} x C"] belongs to
£ (0); and (ii) no component of [T'*+1 (H) N {0} x C"] belongs to S(fo). :
(i) Fix k. Note first that at any point z € f3! (0) \{0} (=£5 1 (O\{S(fo)}), the map
fo [and hence F at (0,z)] is a submersion. Also, the hypothesis of constaney of  (g;)
-implies [by the Lé-Saito theorem; see [17], p.70] that Thom’s condition Ag is satis-
fied by G relative to the pair (Cx C?, T), so it follows that the map H:= (GoF) satis-
fies the Ay condition for the pair (C x C*,F~!(T)). This means that every limiting
tangent plane to fibers of H contains the tangent space to' F~}(T); in terms of the
blowup b:B=Bl;(5)C x C* = C x C, it follows [since I**! (H) := b(B N Hn—z);
see (1.9) above] that: there is a k-dimensional component of [T*+1 (H) N {0} x C"]
in f771 (0) iff H,—xNEND™!(f571(0)) has dimension k. But since at a generlc point,
the dimension of (b™'(f571(0))) is n—1, we get that [Hn..k NENDB™Y(f71(0))] has
dimension (k - 1), so we are done. -
(i) We use a more direct argument here. Note that at a generic point z of § (fo)
[i.e. for any point z € S(fo)\{0}], fo is a fold, and that at fo(z), the map go is linear
submersion. Using the hypothesis of constancy of 12 (g:), we see that [for t small], H
is then [by suitable choice of coordinates] the map (t,21, ..., za) = {25 + ... + 22),
so that J(H) = (22,...,%s), from which it is clear that the relative polar variety
I*+1 (H) is independent of t [for each k], and hence specializes as desired, so that -
[¥(ho) =¥ (H)N ({0} x C™). O

(2.5) LEMMA In the setup of (1.1), if the O-dimensjonal L& number A° (h|L2)
is 1ndependent of t, for small t € T, then the Milnor number wAfy) = u(gt) is
likewise mdependent of t.

Proof Suppose that the hypothesis of constancy of tﬁe nﬁarlant A°(h;|L?) holds,
but that the value of the Milnor number cha,nges at 0; we wllll derive a contradiction.
We may suppose that the singular sets of the maps gtu: e of the form U(S {ge)) =

T U C, where C is a curve in C x C?, such that C'is- distinct from T and that
TNC = (0,0). Consider F~}(C) N (L% x T); at each point (t‘,‘c)' € Ff_l (C), we know
that Dg;(F(t,c))) = 0. This implies that the maps h|L’ are singular along F~!(C),
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whlch in turn means that /\O(hg{LE) ca,nnot be independent of t, a contradlctlon of
the hypothesis. [0 :

(2.6) Rema,rk , Lemma.s (2. 4) & (2.5) together imply that if the L& number
A0(hy|L?) is ‘independént’ of‘t, then the relative polar mult;lphcltles my(he), for k =
1,....n—2, are upper-sermcontmuous ;

(2.7 PROPOSITI,ON Keep the setup of (1.1) above, & fix n>3. Then the

(n—1) zero-dimensional L& numbers \°(h¢|L?), ..., \°(h¢|L") are independent of t,

-iff all the L& numbers of all generic plane sections of X(t), as well as the relative
polar multiplicities mg(h:), for k = 1,...,n—2, are independent of t.

Proof («:) (trivial); (=:) Recall our notation that A*(h;) = Ai(hs|L"), and the

fact that only the Lé numbers of dimension less than or equal to the dimension
of the singular locus, can be non-zero. The hypothesis regarding (in particular)
the constancy of the Lé number A%(h;|L?) implies, [see Remark (2.6)] that the
relative polar multiplicities my (h:), for k = 1,...,n—2, are upper-semicontinuous.
Using this upper-semicontinuity property, and recalling that the L& numbers are
lexicographically upper-semicontinuous [see [7], Cor.(4.5)], it follows from formula
(i) of (2.2) above, that if the invariants A°(h|L¢) are independent of t, then so
also are all the relevant L& numbers of b, namely A° (hy) , ..., A" 2 (h;), as well as
the relative polar multiplicities my, (h;), for k = 1,...,n—~2. The remaining [possibly
non-zero] L& numbers are A\¢(h;|L°), [where d = 1, 2,..., n—2; s = 2, 3,..., n—1; and
d<(s—1)}; by formula (ii) of (2.2), Lé number /\d(hgiLs ) can be seen to be equal to
the L& number A"~ s+¢(h|L™) = A"~ 5+¢(h,), and the latter is already known to be
independent of t. O .

This leads to our main result.

(2.8) THEOREM  Keep the setup of (1.1) above, and fix n > 3. Then the
unfolding F is Whitney equisingular iff the (n—1) zero-dimensional Lé numbers
AO(h|L2), ..., A\O(h¢|L™), are independent of t, for small t € T. :

Proof Suppose first that the numerical invariants are all independent of t. We rely
upon the following result, due to the first author:

FQUNDATIONAL THEOREM Suppose F: C x C* — C x CP is an excellent
unfolding of f € O(n,p). Then F is topologically trivial, provided the polar invari-
ants of all stable types which occur in the discriminant A (fo), in 3 (fo), and in
A (f) \ X2 (fo) are constant at the origin for t. :

Proof [c.f;{2}, p.207]

This foundational theorem remains valid if we replace the term “an excellent
unfolding” in the hypothesis by “a l-parameter unfolding which, when stratified
by stable type & by the parameter axis T, has only the parameter axis T as 1-
dimensional stratum at the origin”. Also, the proof of this theorem shows that F
is Whitney equisingular.
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Now by Proposition (2.7) above, it follows from the hypothesis that the Lé
numbers of A, and of the restriction of X(t) to generic plane sections at the origin,
as well as the relative polar multiplicities m; (he), for j = 1,..., n—2, are all likewise
independent of t. ‘The result that X is Whitney equisingular along T now follows
- from [Theorem (6.2) of [7]], provided we can establish the claim that X\S(%¥) is
" Whitney along S(¥)\T. This claim is valid in our setup because of the general

fact that off the parameter axis T, each finitely detérmined map is stable. Finally,
the constancy of the Milnor number x (A f;) [implied by the hypothesis: see (2.5)]
implies that the O-stable invariants are constant, and T is the only 1-parameter
stratum of the unfolding F in the target [see [28], section(1.7)], so that we can apply
the foundational theorem stated above to conclude that F is Whitney equisingular.
Conversely, suppose that F is Whitney equisingular. Then ¥ is Whitney eq-
_uisingular along T, which is equivalent [see e.g. [15]] to the Lé numbers of X(t)
and all its plane sections being independent of t, so that in particular, the (n—1)
. zero-dimensional Lé numbers are independent of t. O ’
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Appendlx Proof of Lemma (1 4):

) Assume S( ft) ;é 0 We will use the fact [see Appende A(l)of [23] for this]

" “that the smgula.r locus, if nonempty, of any smooth stable map germ from C® to

C%n > 3, is necessa.rlly of dimension 1. We recall also the following result that

relates finitely determined map germs and stable map germs:

~ Theorem (Mather): I fi € Of(n, p) is finitely determined, then there is an open
.neighborhood U of 0 in'the source such that fow each point z in U\{0}, the germ of

. at z s stabZe [This result is: proved in [5]]

'The desu‘ed result now follows because at each point z different from 0 in the
smgula,r locus, the smgula.r locus of fy is locally 1-dimensional. [l '

- (u) We. know [see (1)] that S( fe),if nonempty, is 1- dnnensmnal and it is clear that
- both S(f;) and f;7*(0) contain the point {0} in the source. The desired result now
holds because ftlg( #.) is a-finite-map [see (1.3)]. O

- (i) Suppose fe=(9, cp), since f; 71 (0) = V(4, Lp) C Cm, it follows that dim ft L(0)
= dimV(g,p) > (n - 2). We (clalm that dimV(¢, ) cannot be n or (n—1). To see

- this, note that if dimV(#; y) is either n or (n-—l) then the kernel rank of f; must
- be strictly greater than (n-2) at points of f;* (0), implying that f;* (0) € S( fi)s
and hence that dimS (ft) > 1, a contra.dlctlon of (i) above. O

- (iv) For all pomts €A (f)\0 sufﬁmently close to 0, we know A f; is smooth at z;
.since g deﬁnes A ft w1th reduced structure, we conclude that Dg;(2) #0. D

(v) We ﬁrst ‘show that. S( ft) € S(gt o fi), where h; := (gz o f;). It is clear that
“this inclusion holds if S(f;) = @; consider the case of S(f;) # §. Note that at any

. nonzero point in S(f;) close to 0, f; is locally a fold, so it follows immediately that.

locally the inclusion S(f;) C S{g: o f;) holds. As regards the point 0 € S(f;), the
connectedness of the cutve S(f;), together with the inclusion just established for
nonzero points in S(f;) shows that 0 € S(gy © fi) As regards the second inclusion
S(gt © f2) 'S £71(0) U S(f:) asserted in (v), consider a point z€ S(g; o fi)\S(f2);
it suffices to show that z belongs to f; ! (0). At such a point z, we know f; is a
submersion, and Dhe(z) = 0; it follows from the chain rule that we then must have
Dg:(f:(z)) = 0. Since we also know that g is a submersion at each point of Af\0,
[see part {iv) of (2.4)], we conclude that f;(z)= 0; the desired conclusion follows.
3

{vi) As X(t) cC (Cn, O) is a hypersurface germ, the ideal Z(X(t)) is prmmpal say
the principal ideal (;) corresponds to X(t), hy: (C™,0) — (C,0) non-constant;
in particular, (h;) = Z(X(t)). We know also that by definition, V(h:) = X(t),
50 the ideal containment (h;) C(hy) is clear. We claim that strict containment is
untenable; this will give us the désired result. Now if ideal (h;) is strictly contained
in (hs), then there must exist a component X’ of X such that the defining equation
b of X’ is related related to h; := (g; ° ft) by hy = (fz;)m) for some integer
m > 2. In order to lighten notation, we may assume, without loss of generality,
that X is irreducfble, and hence that we must have (g1 o fy) = (EQ"). We now
consider the singular set S{g; o f;) of hy =(gs o fi), namely S(g; o f;) := V(gs 0
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feo (gt o f;)/0m,...; O(gso f;)/0zn) and derive a contradiction. Since we have
(gi o fi) = (R, it follows that b divides each of the functions defining S(g; o fi)
implying that these functions belong to the ideal (ht) and thus must vanish on X(&).

- But then S(g; o f;) is all of X(t), which contradicts the fact [see (i), (ii) & (v)] that
S(gt o fi) is at most (n—2)-dimensional, whereas X(t) is (n—1)-dimensional, n>3.
[I .
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