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ABSTRACT. This paper continues exploration of a recent hornotopy con~truc­
tion for group-sets. It characterizes the fundamental group of the standard 
one point and two point compactifications of Z. Each is a free profinite group 
on two generators. However, the canonical morphism between them does not 
induce an isomorphism on homotopy groups . 
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INTRODUCTION 

Two standard compactifications of m arise in Calculus. We apply these com­
pactifications to X, to get two examples of disconnected topological X-sets. The 
universal homotopy construction developed in [1] applies to both spaces. In this pa­
per, we calculate the invariants for these spaces, as well the the group homorphism 
induced from a canonical map between them. 

We give a formal definition in this introduction. The objects are topological 
X-sets. Throughout this paper, we use "*" to indicate the group action, !,,/hich is 
on the left. 

·(l.a) Let OP be the one-point compactification of X. The underlying set con­
sists of X with a single formal symbol, 00. The topology (of open subsets) 
consists of all subsets U such that 

ooEU=> 

3r, sEX, TIn E X, (n :::; r or n 2: s) => nE U . 

Let X act on OP by 

Tln,mEX, n*m =(n+m) 
TIn EX, n*oo = 00 . 
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(1.b) Let TP be the two-point compactification of E. The underlying set con­
sists of E with two formal symbols, 00 and -00. The topology (of open 
subsets) consists of all subsets U such that 

ooEU => 
[3s E E, 'in E E, n ~ s => nE U ] , 

and 
-00 E U => 

[3r E E, 'in E E, n r => nE U , . 
Let Eact on 0 P by 

'in,mEE, n*m =(n+m), 
'in E E, n*oo=oo, and 
'in EE, n* (-00) = (-00) . 

(1.c) Let v : TP --+ OP be the HT[E]-morphism which is the identity map 
on E, and satisfies 

,v(oo) = 00 = v(-oo) . 

(1.d) Let E be any HT[EJ-object who:;;e underlying set consists of a single 
point. Let eop : OP ~ E be the unique function betweep. these spaces. 

The author formulates a functorial construction Tra on "pointed" Hausdorff topo­
logical E-sets in [11. The functor is an example of the well-known categorical 
version of fundamental group' (as described, for example, in 

Let rr, ... ,rlc be an irredundant list. We let Fr[rl , ... rk] denote ~he free profinite 
group on (letters )rr, ... , rk. (The next section reviews the formulation of profinite 
free groups). Let ~ be the profinite compl~tion of the integers. This paper proves 

Theorem A. Let a* , fJ* ,/* be three different symbols. Then there are isomorphisms 

. Tra(T P, 0) s:! Fr[a*, /*], Tra(OP,O) s:!Fr[a*, fJ*] and Tra(E) s:! ~ 
with respect to which Tra(v) maps 

a* I-t a* and /* I-t fJ* .a* . (fJ*)-l 

and, with respect to which, Tra(eop) maps 

a* I-t 1 and fJ* I-t 0 . 

Our analysis provides some informal interpretation for the generators of the 
group. , 

Let X be a pathwise connected topological space, and let Xo E X. Members 
of the classical fundamental group at Xo are (up to equivalerice) paths which start 

and end at Xo. In contrast, the underlying spaces of OP and TP are topological 

disconnected; there is no way to start at 0 (which is the base point used in Theorem 

A) and to go anywhere. We must abandon the notion of path as a "progression" 


, indexed by the closed interval [0,1]. Instead, the E-action offers an alternative, 

idea of "movement". 

In OP, the E-action offers two "paths" to 00. We can "go" from O.to Co by 
paSsing through n*O as n E IN goes to infinity, or we can go,by way Qf (-n)*Oas 
nE IN goes to infinity. These'casual descriptions refer to intuitions of motion; it is 
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difficult'to translate these ideas into the rigorous format. Unwinding the formalism, 
the elementa* is based on the loop 

• 	 Move from 0 to 00 along the positive numbers. 
• 	 Once at 00, apply 1 (as a member of JE'). In OP, 1 * 00 = 00. However, 

if we thinkofparallelil}g these instructions in a covering space over OP, 
applying 1 may change the point. 

• Move back, from 00 to 0, along the positive numbers. 

The elementf3* is based on a different motion: 


• Move from 0 to 00 along the negative numbers. 
• Move back, from 00 to 0, along the positive numbers. 

In 1To(TP,O), the q* refers to essentially the same motion as in 7ro(OP,0). That is, 
a* refers to: move to 00 via the positive numbers, apply 1, and then return home 
the same way. The "{* represents the analogous motion: move to -00, action by 1, 
followed by a return. 

1. FORMULATION AND STATEMENT 

We assume that the reader is familiar with the immediate predecessor to. this 
. paper, A Fundamental Group for Dynamical Systems 11: ~p, We continue in that 
. context. 

We reserve "." for either multiplication in Zror the binary operation of a group. 
To avoid confusion, we indicate the action by n E JE' on a member x of some 
HT[JE']-object by n *x. 

Our result uses the profinite free group construction. 
Let Gr be the category of groups. Let HGr be the category of Hausdorff topo­

logical groups. ... 
LetS b~ a set. Define a category Gr[S] as follows: 

(2.a) An 'object is a pair (H, h) in which His a group and h : S ~ His a 
function (of sets). 

(2.b) 	Amorphism (H,h) ~ (J,j) is a group bomomorphism T: H ~ J for 

whlch JOT = h. . 


(2,c) Composition and identity are Induced from the category of sets. 


Obviously, (H, h) M H is a "forgetful functor" from Gr[Sl~Gr. 


A free group on (letters) S is a pair (F, f) EGr[S] such that, for each (H, h) EGr[S], 
there is a unique Gr[S]-morphism (F, f) ~ (H, h). General theory states that 
free groups exist. We refer to such a pair as Fr[S]i we use 'the same notation to 
refer to the group in the pair, and refer to the companion function as canonical. 

Define a subcategory Fin[S] of Gr[S] by 

. (3.a) An object is a Gr[S]-object (H, h) for which 


• H is finite , and 
• as a group, H is generated by the image of h. 

(3.b) Every Gr[S]-morphism between two Fin[S]-objects is included ~ a Fin[S]­
morphism. 

It is well-known that there is a set X of Fin[S]-objects such that every (H, h) EFin[S] 
is isomorphic to exactly one member of X. In addition, the restriction of the for­
getful functor to X, and to the morph isms between members of X, is an inversely 
directed system of finite groups. The inverse limit of this system, in the catgeory 
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of profinite groups, is called the profinite free group on (letters) 8. We denote it 
by Fr[SJ. 

This inverse limit is also an inverse limit in the sense of sets. Consequently, there 
is a unique t : 8 -+ Fr[SJ induced from function components of members of X. 
We refer to this t as the canonical map. It has the following universal property: 
If H is a profinite group and h : 8 -+ H is a function, then there is a unique 
continuous group homomorphism 

hI : Fr[8] -+ H 

such that h = hI 0 t. 

It is well-known that the canonical functions from 8 to Fr[8] and to Fr[8], 
respectively, are injective. We freely identify each s E 8 with its images in these 
spaces. Also, if rI, ... ,rk is a list of the members of 8, we freely use the list in 
place of "8" in the preceding notations. 

2. FIXED POINTS 

First, we refine the notion of leveling data near a point fixed by a member of 7£. 

Lemma 1. Let b : B -+ A be separable HT[7£]-morphism. Let Zo E A and 
rb'" rk E 7£ such that 

Vj E IN(k), rj * zo = Zo . 

Let F be the fiber b-l{zo}. Observe that action by each rj .permutes F. 
Let (V, {Uz}zEF) be leveling' data for Zo in A. We say that the data is compatible 

with rI,'" ,rk if, 

Vj E IN(k), Vz E F, Vx E Uz, rj *b(x) E V => (rj* x) E Uri*z . 

Then there exists leveling data for zo in A which is compatible with rl, ... ,rk' 

Proof. Start with leveling data (VI, {Wz}ZEF). For each z E F, put 
k 

YZ wzn « -rj) *Wri*z) . 
j=1 

, Briefly, Yz consist of all x E Wz such that, for any index j, if rj *b(x) E V, then 
rj *x E WrjH • For each z E F, Yz is an open neighborhood of z. Put 

V = nzEF b(Yz ) , 

and, for each z E F, put 
Uz = Wz n (b-IV) . 

It is an easy exercise to check that (V, {Uz}zEF) is leveling data with the desired 
property. 0 

We proceed with a construction. 

Proposition 2. Letb: B -+ A be a Galois HT(7£]-morphism. Let Yo E A, let 
€ E {-I, I}, and let N be the index of b. Suppose that the sequence Yn (n· €) *Yo 
co'nverges to some Zo EA. Let F[yo] =b-1{yo} ,and F[zo] =b-1{zo}; Then there 

, isa bijection 8 ~ F[yo] -+ F[zo] with the property that, for yE F[yo], 8(y) is the 
limit of the sequence Wn = (N! . n . €) * y. 

'. In the remainder of this paper, we refer to this /unction 8 as 8[b, Yo, €]. 
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Prool. For convenience, let F = F[zoJ denote the fiber over zoo Let (V, {Uz}zEF) 
be leveling data at Zo for b, which is' compatible with the pair 1; -1. Since the 
sequence {(n· €) *Yo} converges to zo, there exists M E IN such that. ' .. 

Y,n ~ INt n ? M =? (n· €) * Yo E V. 

Let 0: denote z I-t € *I on F.· Let n, k E IN such that n ? M. The compatibilty of 
the leveling data implies that 

Vy E F[YoJ, Vz E F, (n· €) *y E Uz =? ((n + k)€) *y E Ua"(z) , 

by induction. 
The permutation 0: acts ona set with N members. Therefore, o:N! is the identity 

permutation. We interpret this as follows. Let y E F[yo] and let nl E IN be a 

multiple of N! which is ? M. Then there is z E F[zo] such that (nl . €) *Y E Uz • 


. Let I : V --+ Uz be the inverse to the restriction of b to a function Uz --+ V. 

Then, for each m ? nl which is a multiple of N!, 

(m'€)*y=/((m'e)*yo) . 

Since {(n· €) '*Yo} -converges to Zo, we conclude 

(N! . n . €) *Y -+ z . 

Thus, there is a function () that assigns each y E F[yoJ to the limit of (N!· n· €) *y. 
Our argument provides an alternative description for (): each y E F[Yol goes to 

the z E F[zo] such that (nl . €) *Y E Uz~ This characterization implies that () is. 
bijective.' . 0 

3; SEPARABLE EXTENSIONS OF OP 

We must classify the subcategory·of Galois morphisms into ~P. We introduce 
two categories, which help to index data. . 

We begin with notation. 

(4) For F a finite set, let i:F denote the group of permutations on F (acting 
on the left). 

We represent· the binary operation either as composition or, when we wish to em­
phasize the group structure, by '. . 

Define a category C2 as follows. 

(5.a) An object is a triple (F, 0:, {3) in which F is a finite set, and 0:, {3 E 

(5.b) A morphism between bbjects (F1,0:I,{31) --+ (F2,0:2,{32) is a function 
I : Fl --+ F2 such that 

I 0 O:i =0:2 0 I and I 0 {3I ={32 0 I . 
(5.c) Composition and identity are induced from the category of sets. 

Let Sep/OP be the sub category of HT[LZ]/OP in which an object is any member 
which is separable as a morphism, and in which a morphism is any HT[LZ]/OP­
morphisms between such objects. There is a covariant functor iJ!':Sep/OP --+ C2 

characterized as follows: 

(6.a) Let b : B --+ OP belong to Sep/OP. The image is 

iJ!(B, b) (F,o:, 
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b-1constructed as follows. Let F = be the fiber over 0. In the notation 
of Proposition 2, put 


0+ = Orb, 0,1] and 0_ = O[b, 0, 


Define fJ = 0+1 00_. Define a by 


'r/x E F, a(x) = 0+1 (1 *O+(x)) . 


(G.b) Let b : B -+ OP and e : C -+ OP be separable morphisms, and let 
f: (B,b) -+ (C,e) be a HT[~]/OP-morphism. Express 

if!(B, b) = (Fb, ab, and if! (C, e) (Fe, ac, fJc) . 

Since Fb is a subset of B, f restricts to it. Then f(Fb) ~ f(Fc). It is 
, a trivial consequence of continuity that, as a function Fb -+ ,F~, f is 

C2-morphism. We define .if!(f) to be the restriction. 
It is trivial to check that if! is a functor. 

The following propositions classify all separable extensions of 0 P. 'We prove all 
asser,tions with a multistage argument. 

Lemma 3. Let (F,a,fJ) E C2 • Then there is b ESep/Op sueh that if!(b) is iso­
morphic to (F, a, fJ) if and only if the subgroup of EF generated by a and fJ aets 
transitively on F. 

Lemma 4. Let b,e ESep/OP. Then the /Unction, induced by q-;, from Sep/OP 
morphisms ~ -+ e, to the set ofC2 -morphisms if!(b) -+ if!(e), is abijection. 

Proof. We begin with a functorial construction on C2. 
Let /L = (F, a, fJ) belong to C2 • Define Ind[/L, OP] to be the Cartesian product 

F x OP. We denote the canonical projection F x OP -+ OP by 1r[/L, OP]. Define 
a binary operation ~xInd[/L, OP] -+Ind[/L,OP] by 

VxEF, Vn,mE~, n*(x,m) =(x,n+m) 
'r/xEF,VnE~, n*(x,oo) =(an(x),cx;l). 

We leave it to, the reader to verify that * defines a left action by ~ on' Ind[/L, 0 P], 
and that 1r[tt,OP] is equivariant with respect to this action. 

For each z E F, define a subset of Ind[tt, OP]as follows: 

w.. {(x,k): x E F, k E IN and ak(x) = z} 
U { (x, -k) : x E F, k E IN and (a-k . fJ)(x) = z} 
U {(z,oo)} . 

For eachk E IN, let Vk be the subset of OP 

; (7) Vk == {m : m E IN, m ?: k} U { -m : m E IN, m?: k} U {oo} . 

",The family {Vk} is a basis of open neighborhoods for 00 in OP. The set of subsets 
of Ind[/L, OP] 

{{(x,k)} : x EF, k E~} 

U {1r[/L,OPt 1Vk nwz : x E F, kE IN} 
is a basis of a topology (of open sets) for Ind[/L, 0 Plo From here on, we assign this 
topology to Ind[/L,OPl. 

Suppose x, z E F. Let k, n E IN. By inspection of the sets, 


(x,k) eWz::} n*(x,k) EWan(z) , 

(x, -k) E Wz ::} (-n) * (x, -k) E Wo:-n(z) . 
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Next, suppose, in addition, that k > n. Then 

(x, -k) E Wz => n* (x, -k) E Wan(z) , 

(x, k) E Wz => (-n) * (x, k) E Wa-n(z) • 

The following assertions follow easily. 
(B.a) 	With this topology and this action, Ind[/L,OP] is an HT[~]-object 
and 1T[f.£, OP] is an HT[~]-morphism. We regard Ind[f,£, OP] and rr[/L, OP] 
as object and morphismin HT[~]. 

(B.b) For each yE OP, there is leveling data for rr[/L, OP] at y. 
(B.c) Let N be the size of F. Every fiber of 1r[/L, OP] has N members. 
(B.d) The function 1T[/L, OP] is an open mapping. In addition, it is a closed 
mapping. 

Let N be the size of F. For k E IN, 

(N!· k) * (x,O) (x,N!· k) E W:J;'(9) 
(-N!· k) * (x, 0) (x, -N!· k) E W/3(:t) . 

Consequently, 

(IO.a) the sequence (N!· k) * (x,O) converges to (x, (0), and 
(lO.b) the sequence (-N! . k) * (x, 0) converges to (B(x), (0). 

We may conclude that rr[/L, OP] is separable if and only if Ind[/L, OP] is ~-connected. 

Next, we address the issue of being ~-connected. Suppose that T ~ F is a 
non-empty subset such that o:(T) ~ T and f3(T) ~ T. We leave it to thereader to 
verify that T x OP is an open and closed subset ofInd[f,£,OP], and that T x OP 
is closed under the ~-action. . 

ConverselY, suppose that Y isa non-empty, open and closed, ~-invariant, subset 
.of Ind[f.£, OP]. The image of Y under 1T[f,£,OP] is a non-empty, open and closed, 
~-invariant subset of ~P. Consequently, rr[f,£,OP](Y) = OP. Let 

J = { x E F : (x, oo)} . 

we claim that 

(ll.a) o:(J) ~ J, 

. (Il.b) f3(J) ~ J, and 

(ll.c) J x OP ~ Y. 

Let x E J. Then I*(x,oo) = (o:(x), oo) is in Y, which implies (ll.a). Take k E IN 
such that 1T[/L, oPtl Vk n W:t ~ Y. Let N be the size of F, and let n be a multiple 
of N! such that n ;:::: k. Then 

(x,n) E 1T[f,£,OP]-lVk nW:J; ~ Y . 

The ~-orbitof(x,n) is {x}x~. Therefore, {x}xOP ~ Y. By (9), ((3(x),oo) E Y 
as well. This completes the proof of (11). 

We have established Ind[/L,OP] as a class-theoretic function from objects of C2 

to objects of HT[~]/OP. We are ready to extend it to a functoL 
For the next phase of the argument, .let /Ll (Fl' 0:1, f3d and /L2 = 0:2, 

be two C2-objects. First, suppose that f : /Ll --t /L2 is a C2-morphism. Consider 
the function f* =Ind[f,OP] defined by 

f*(x,n) = (f(x),n) 
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from Ind[/-Ll,OP] --7Ind[/-L2,OPj. We leave it to the reader to verify that r is 
an HT[Z::-j/OP-morphism. Furthermore, we leave it as an exercise that these two 
Ind[*,OPj constructions determine a functor, which we denote in this manner. 

Conversely, suppose that ~ is an HT[Z::-j/OP-morphism 

Ind[p,l, 0 P] --7 Ind[/-L2, 0 Pj . 

Since ~ commutes with the canonical projections to OP, it must send the fiber over 
.0 of Ind[/-Ll) OP] into the fiber of Ind[p,2, ~P]. Consequently, there is a function 
f : Fl --7 F2 such that 

\Ix E Fl , ~(x,o) = (f(x),O) . 

For n E z::- and z E ,OPtl{O}, it must be true that ~(n*z) = n*~(z). This 
can be paraphrased as 

\lXEFb \lnEZ::-, ~(x,n)=(f(x)n). 

This identity, in tandem with the continuity of ~ and (10) imply that 

- (12) \Ix E H, ~(x)oo) = (f(x), (0) . 

Once w(:) accept (12), property (10) also implies that f 0 (31 = (32 0 f. The identity 

\Ix E F l , ~(l*(x,oo)) = l*~(x,oo) 

translates as foal = a2 0 f. We conclude that 

(13.a) f is a C2-morphism /-LI --7 /-L2, and 
(13.b) ~ is the r construction of the previous paragraph. 

We conclude that, for any two /-Ll> f.L2 E OP, the construction Ind[*, OP] determines 
a bijection from C2-mbrphisms, from /-Ll to /-L2, to HT[Z::-]/OP-morphisms, from 

. Ind[/-Ll,OP] to Ind[/-L2,OP]. 

Next, fix b : B --7 OP a separable HT[Z::-]-morphism into OP. We claim that 
b is isomorphic to Ind[q>(b),OP]. . 

Expand q>(b) = (F,a,(3). In addition, let 

0+ = Orb, 0,1] and 0_ = Orb, 0, -1] . 

Define a set-theoretic function 

r: F x OP --7 B by 

n*x ·ifn E Z::-,rxn( ) . 
, { 0+ (x) ifn 00. 


We make a series of simple observations. 


(14.a) r induces a bijection from F x z::- -'-t b- l Z::-. 
(14.b) By Proposition 2, r is bijective. 
(14.c) From the definition of r, 


\Ix E F, \In, m E Z::-, r(m * (x,n)) = m*r(x,n) . 


(14.d) The definition of q> (specifically, of the a component,) implies that 

\Ix E F, r(1 * (x, (0)) = l*r(x,oo) . 

----.-... ....•"~ 
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Put FI :;: b-1{00}. By Lemma 1, there is IEweling data (V, {UzbEFJ for b at 00, 
compatible with 1, -1. Obviously, we may replace V with any open subset (by 
replacing each Uz with its intersection with b-1 of this subset). We may assume 
that, in the notation of (7), V = VK for some fixed K E IN. 

Let x E F and n E IN such that n ~ K. There is z E Fl such that r(x,n) E Uz. 
Induction on m E IN and compatibility with 1 implies that, 

(15) Ym E IN, r{x, n + m) = m * r(x, n) E Um*z' 

Let N be the size of F. 
First apply (15) when x is fixed, n ~ K is a fixed multiple ,on N!, and m is any 

positive multiple on NI. Then 'Z H- m * z is the identity permutation on z EFl. 
Consequently, 

(n+m)*xEUz 

for allsuch m. Now (h(x) is the limit of the sequence from (n+m)*x, indexed by 
, the parameter m (which is restricted to po~itive multiples of N!). Consequently, 
this limit must be z. We deduce that z = o+(x). 

Next, consider x E F and n E IN such that n ~ K. Again let z E Fl such that 
r(x, n) E Uz • Let m E IN such that n + m isa multiple of NL Then 

(16.a) r(x, n + m) E Um*z and 
(16.b) r(x, n + m) E Uo+Cx)' 


We conclude that 


0+ (x) m * z :::} n *O+(x) = (n + m) *z 

:::} O+(an(x» = (n + m) * z . 

The formula z H- 1 * z induces a permutation on F1 • Since b is separable, has 
N members. Consequently, (n + m) * z z. We conclude that 

"Ix E F, "In E IN, n ~ K :::} r(x, n) E UO+CanCx» . 

'We have characterized half of each subset Uz • 

Let x E F. Suppose that n E IN such that n ~ K. This time, let z E Fi such 
that 

. (17) r(x, -n) E Uz • 

For mE IN, compatibility yields 

r(x, -n - m) E UC-mj*z . 

Reasoning as before, we conclude that 

(18) If n is a multiple of N!, then z O_(x). 

For reasons that will become clear shortly, we prefer to characterize z in terms of 
0+. The definition of f3 implies 

(19) If n is a multiple of N!, then z 0+ (j3(x». 
Next, consider x, n and z related by (17). Take m E IN such that n + m is a 
multiple of NI. It follows that 

(-m) * z =O+(f3(x» :::} z = O+«a-n
• (3)(x» . 

The sets Uz are characterized. 
Compare these above comments on Uz with the definition of sets WyofInd[/t, OP], 

where z :;: O+(y). It follows that r is continuous. 
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Either by inspection, or by the general theory of separable morphisms, it follows 
that T is an HT[LZ]-isomorphism. 

4. GALOIS EXTENSIONS 

We recall some standard terms concerning group sets. In these definitions, "." 
indicates the binary operation of a group, or, when the context makes this clear, 
for the left action by a group on a set. 

'Vg E G, =g·xo· 

Proof. The second assertion is an easy consequence on the first. We prove Part 
(A). 

. . 

Let x EX. Let H be the stabilizer of x under the action by G. Then 

(20.a) For g E G,the stabilizer of g * x under G Is g . H . g-l. 
(20.b) For 0: E A,the stabilizer of o:(x) is H. 

Since the action by A is transitive, we conclude that 

(21.a) H is the stabilizer of each x EX. 
(21.b) H is a normal subgroup of G. 

We conclude that each h E H acts as the identity on X. By assumption, H S; L:x 
and the action is function application. Hence, H consists exactly of the identity 
map on X. The G-stabilizer of each and every point is trivIal. 

100 PAUL FElT

Either by inspection, or by the general theory of separable morphisms, it follows
that T is an HT[LZ]-isomorphism. 0

4. GALOIS EXTENSIONS

We recall some standard terms concerning group sets. In these definitions, "."
indicates the binary operation of a group, or, when the context makes this clear,
for the left action by a group on a set.

Let G be any group. We review elementary concerning left.G-sets.
Let GL denote the G-set whose underlying set is G, and on which the action is

multiplication (ie., by the oper1:J.tion of G) on the left.
Let X be a G-set. We say that the action on X is regular if it is transitive and

.the stabilizer of any point is trivial. This is equivalent to the condition that, as a
G-set, X is iilomorphic to GL.

Define opposite group of G, denoted by GO, to be the set of G with the binary
operation * characterized by ..

'rig, hE G, g *h = h· g .

As the name suggests, GO is a group. It is trivial to check that the rule

gAh=h'g

defines a left action by GO on GL. This action induces a group isomorphism between
G-equivariant automorphisms of GLand GO. A consequence of this structure theory
is that, for g,h E GL, there is a unique G-equivariant automorphism of GL which
takes 9 to h. This can be paraphrased as follows: If X is a regular G-set and x EX,
then there is a unique isomorphism (of G-sets) f :X ~ GL which maps x to the
identity element of G.

Lemma 5. Let X be a finite set, and let G be a subgroup of the set of permutations
of X (which we treat as acting on the left). Let A be the group of permutations of
X which commute with each member of G. Suppose that the. action of A on X is
regular, and thatG is not the trivial group.

(A) As a G-set, X is regular..
(B) Fix Xo E G. Then there is a unique group isomorphism 4> : G~ ~ A
characterized by'· .

'rig E G, Ij>[g](xo) =g. Xo·

Proof. The second assertion is an easy consequence on the first. We prove Part
(A).

Let x EX. Let H he the stabilizer of x under the action by G. Then

(20.a) For g E G,the stabilizer of 9 * x under GIs g . H . g-l.
(20.b) For 0: E A,the stabilizer of o:(x) is H.

Since the action by A is transitive, we conclude that

(21.a) H is the stabilizer of each x EX.
(21.b) H is a normal subgroup ofG..

We conclude that each h E H acts as the identity on X. By assumption, H S;;; L:x
and the action is function application. Hence, H consists exactly of the identity
map on X. The G-stabilizer of each and every point is trivial.
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It follows that, as a G-set, X is a disjoint union of copies of the left regular 
action. That is, any two· non-empty orbits correspond to isomorphic G-sets. We 
claim that there is just one orbit. Proof is by contradiction. 

Suppose that X· has two or more orbits. Let 0 be one orbit in X. Recall that 
G has at least two members. Clearly, there is 0: E A stichthat o:(x) = x for x fj. 0, 
and o:(x) =I x for every x E O. Existence of such an 0: violates the assumption that 
A acts regularly. 0 

We apply this lemma to Galois morphisms into OP. Let b : B ---+ OP be such a 
morphism,and expand <p(b) = (F, 0:, (3). Put A =Gal(b). Restriction of the action 
to F determines an injection A ---+ "EF; for this discussion, we freely identify A 
with its image under this map. By the general theory of [1], the action by A is 
regular. By Lemma 4, A is also the group of C2-automorphisms. Consequently, A 
can be described as the group of permutations that commute with both 0: arid /3. 

Let H be the subgroup cif "EF generated by {o:, /3}. Lemma 5 applies, with 
X = F. Our data happens to satisfy one more condition: by Lemma 3, H acts 
transitively. Consequently, if G is trivial, then F has just one member. It follows 
that, as a G-set, F is the left regular action, and that H is isomorphic to action 
by G on the right. The exact correspondence depends on which member of F is 
identified with the identity of G. Fix a correspondence. If 0:1, /31 E G correspond 
to 0:,/3, we conclude that G is generated by 0:1 and /31. 

We are ready to identify 7ra(OP, 0) with a profinite free group . 
• Le~ S be a set with two members, which we represent by formal symbols 0:* and 

/3*. Assign to each (H, h) EFin[S] the C2-object . 

r(H, h) = (H, 0:, (3) 

in which 

(22.a) 0: is the permutation on H given by y I-t y. h(o:*), 
(22.b) /3 is the permutation on H given by y I-t y. h(/3*), 

In addition, for (H, h) EGr[S], let eH be the identity element of the group H. 
The following observations are justified by the structure theory established so 

far. 

(23) Let 	b : B ---+ OP be a Galois morphism into OP, and let x E b-1 {0}. 
Expand <p(b) = (F, 0:, (3). Then there is (H, h) EFin[S] and a function 
r: F---+ H such that 

• f is a C2-isomorphism <p(b) ---+ r(H, h), 
• 	f(x) = eH· 

For this discussion, we say that the tuple (b, x, H, h, f) is a classification 
choice. 

This construction is subject to the following uniqueness conditions: 

(24) In the context of (23), 
• 	The function f is uniquely determined by the choice of (H, h), 
• Any two choices of 	(HI, hd and (H2' h2) for a given pair b, x are 

Fin[S]-isomorphic. 

Every member of Fin[S] corresponds to a Galois morphism. 
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(25) For 	(H, h) EFin[S], for b =Ind[r(H, h), OP] and for x any member of 
b-1{O}, there is a function J such that (b,x,H,h,f) is a classification 
choice. 

Classification choices extend to a functorial identification of Galois group with 
Fin[S] component. 

(26) Let 8 = (b, x, H, h, f) be a classification choice. Then there is a unique 
group isomorphism Wo : H -+Gal(b) with the property that 

'iz E F, 'id EH, J((w,,(d»)(z» = d· J(z) . 

Finally, we note that the canonical morphisms between Galois groups are Fin[S]­
morphisms. . 

(27) Suppose that 

81 = (b1,xt.Hl,h1,/I) and 82 = (~,x2,H2,h2,h) 

are two classification choices. Let W1 and W2 be the respective group ho­
momorphisms, as described' in (26). Suppose that 9 : bl -+ b2 be a 
HT[zr]jOP-morphism such that g(xt} = g(X2)' Then the group homo­
morphism induced by 9 from Gal(bd -+Gal(b2 ) is W2 0 (owII , where (is 
a Fin[SJ-morphism (HI, hl) -+ (H2' h2 ). More precisely, ( is the unique 
group homomorphism HI -+ H2 such that hI = h2 0 (. . 

In this manner, we identify the inversely directed system that defines 7Ta (OP, 0) 
with the system for Fr[O'*, ,8*]. . . . 

We present ,the identification in gory detail because we refer to it later. We need 
it immediately, in order to characterize 7Ta(e). 

Recall (from [2], for example) that every Galois extension of E is.isomqrphic to 
~l(n) -+ E for some n E IN. Fix n E IN. For k E 7L, denote the equivalence class 
of k mod(n) by k. The pullback of 7L j(n) along the morphism eop is OP x (7L j(n», 
where the x is taken with respect to the category HT[7L). Let b: OPx (7Lj(n» -+ 
OP be the canonical projection. General theory tells us that b is a disjoint union 
of Galois morphisms. 

By inspection, for k E 7Lj(n), the sequence 

{(n!· m) *(0, kn:::l 

converges to (00, k). In addition, the sequence 

{(-n! . m) * (0, kn:=1 

converges to (oo,k). The action obeys 

'im E 7L, 'iy E OP, 'ik E 7L, m*(x,k) = (m*x,m+k). 

It follows that 

(28.a) OP x (7Lj(n» is 7L-connected, 
(28.b) b isGalois, . 
(28.c) both functions 8[b,0,1) and 8[b,O,-1] are given by 

'ik E IN, (0, k) f-7 (oo,k) . 

Expandili(b) = (F, 0', ,8). Then the permutations are 

Vk E 7L, 0'(0, k) = (0, k + 1) and ,8(0, k) = (Ojk). 
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It follows that there isa choice of classification data (b, (0,0), Zl fen), h, f) in which 

h(a*) = I and h(P*) = O. 
Next, one must examine this classification as the parameter n varies over all nat­
ural numbers. Happily, our choices are preserved byali projection maps used in 
construction of ?ra(OP,O) and ?raCE). We conclude . 

(29) Under the choices made here, ?ra(eoP) is the unique profinite group ho­
, momorphim Fr[a*, pool --t ~ which satisfies a* I-t 1 and POO I-t 0. 

5. ANALYSIS OF T P 

Our classification of Galois extensions of T P strongly resembles the classification 
of ~P. We begin with a fanctor w:Sep/TP --t C2 • 

(30.a) Let b: B --t TP belong to Sep/TP. The image is 

iJ'!(B,b) = (F, a, ')'), 

constructed as follows. Let F = b-1 {0} be the fiber over 0. In the notation 
of Proposition 2, put 

B+ = B[b, 0,1] and B_ 0,-1]. 

Define a by 
\Ix E F, a(x) = B+l(1 *B+(x)) . 

Define')' by 
'Vx E F, ')'(x) = B:1 (I*B_(x)) . 

. (30.b) Let b : B --t TP and e : C --t TP be separable morphisms, and let 
f: (B,b) --t (C,e) be a HT[Zl]/TP-morphism. Express 

iJ'!(B,b) = (Fb,a/!,/'b) and iJ'!(C,e) = (Fe,ae,')'e) . 

Since Fb is a subset of B, f restricts to it. Then f(Fb) ~ f(Fe). It is 
a trivial consequence of definitions that, as a function Fb --t Fe, f is 
C2-morphism: We define w(J) to be the restriction. 

The following propositions classify all separable extensions of T P. 

Lemma 6. Let (F,a,,),) E C2 •. Then there is b ESep/TP such that web) ~s ~so­
morphic to (F, a, ')') if and only the subgroup of generated by a .and ')' acts 
transitively on F. ' 

Lemma 7. Letb,e ESep/TP. Then the junction, induced by W, from Sep/TP 
. morphisms b--t e, to the set of C2 -morphisms w(b) --t wee), is a bijection. 

Proof. As in Section 3, the basis of the proof is an explicit construction of mor­
phisms from C2-objects. We give this explicitly. The rest of the argument is an 
easy variation on the analysis of 0 P. That portion is left to the reader. 

Let J.L = (F,a,,),) E C2 • To begin, let Ind[J.L,TP] be the set F x TP. We denote 
the canonical projection F x T P --t T P by ?r[J.L, TP]. Define a binary operation 
'Zl x Ind[J.L, T P] --tInd[J.L, T P] by 

\Ix E F, \In,m E Zl, 
\Ix E F, \In fi Zl, 
\lxE F, \In E Zl, 

n*(x,m) 
n*(x,oo) 

n*(x,-oo) 

= (x,n+m) 
(an(x),oo) 
(-'yn(x),-oo). 
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We leave it to' the reader to' verify that * defines a left actiO.n by Zl O.n Ind[p, T P], 
and that 1f[p, T P] is equivariant with respect to' this actiO.n. 

FO.r each Z E F, define two. subset O.f Ind[.u, T P] as fO.llO.ws: 

Wj = { (x,k) : x E F, k E IN and ak(x) = z} U {(z,oo)} , 
W;- = { (x, -k) : x E F, k E IN and 'Y-k(x) = z} u {(z, -oo)} . 

FO.r each k E IN, define two' subsets O.f T Pas fO.llO.WS 

Vk+ = {m : m E IN such that m ;;:: k} U {oo} , 
Vk-:' = {-m : m E IN such that m ;;:: k} U { -oo} . 

The family {Vk+} is a basis O.f O.pen neighbO.rhO.O.ds fO.r 00 in TP, and the family 
{Vk-} is a basis O.fO.pen neighbO.rhO.O.ds fO.r -00 in T P. The set O.f subsets O.f 
Ind[.u, T .f'] 

{ {(x, k)} : x E F, k E Zl} 


U {1f[p,TPrlVk+ n W: : x E F, k E IN} 


U {1f[.u,TPt1Vk- n W; : x E F, k E IN} 
is a basis O.f a tO.PO.IO.gy (O.f O.pen sets) fO.r Ind[p, T P]. FrO.m here O.n, we assign this 
tO.PO.IO.gy to' Ind[.u, T Plo . 

One can mO.dify the earlier argument to' deduce: 

(31.a) Ind[.u, TPj, with this actiO.n and this tO.PO.IO.gy, is .an HT[Zl]-O.bject. 
(31.b) 1f[.u,TP] is an HT[Zl]-mO.rphism. 
(31.c) Ind[j:t,TP] is Zl-cO.nnected if and O.nly if there dO.es nO.t exists a nO.n­
empty subset T C F such that 

T t F, aCT) S; T and 'Y(T) S; T . 

(31.d) If Ind[.u, T P] is Zl-cO.nnected, then 1f[.u, T P] is separable. 
(31.e) There is a functO.r C2 ---t HT [Zl]/TP which assigns an O.bject .u 
to' the mO.rphism 1f[.u, T P] O.n Ind[p, T P], ap,d, fO.r f : .ul ---t J.t2 a C2 • 

Hereafter, we refer to' this functO.r as Indl*, TP]. 
(31.£) 	FO.r b ESep/TP, there is an isO.mO.rphism from b to' Ind[q,(b),TP]. 
(In fact,. there is a natural isO.mO.rphism between the two. functO.rs.)O 

Let a* and 'Y* be fO.rmal symbO.ls. We can replicate the steps O.f SectiO.n 4 to' 
identify 1fG(TP, 0) with Fr[a*, 'Y*] .. 

Our final tO.pic is to' characterize 1fG(II), where 11 : TP ---t QP is the mO.rphism 
O.f (1). Let b : B ---t OP be a GalO.is mO.rphism, and expand cI!(b) as (F, a,/3}. The 
key step is to' characterize the Galois pullback O.f b alO.ng 11. 

Put 9+ = 9[b, 0, 1] and 9_ =9[b,0, -1]. Let C be the standard chO.ice O.f 11 xopb, 
taken in the categO.ry HT[Zl]. That is, the underlying set O.f C is a subset 
T P x B with the subset tO.PO.IO.gy O.f that product. Let c : C ---t. T P be the 
canO.nical ptO.jectiO.n. NO.te that . 

c-1{O} = {(O,x) : x E F} . 

Let N be the size O.f F. Define two' functiO.ns F ---t C by 

\:Ix E F, 91 (x) = (00, 9+ (x)) and 92 (x) (-00,9_(x». 

By inspectiO.n, fO.r x E F, and in the tO.PO.IO.gy O.f C, 
(32.a) the sequence {(N!· k) * (0, X)}~=l converges to' 9l(x), and 
(32.b) the sequence {(-N!· k) * (0, X)}~=l cO.nverges to' 92 (x). 

http:tO.PO.IO.gy
http:functiO.ns
http:tO.PO.IO.gy
http:categO.ry
http:symbO.ls
http:tO.PO.IO.gy
http:tO.PO.IO.gy
http:tO.PO.IO.gy
http:neighbO.rhO.O.ds
http:neighbO.rhO.O.ds
http:fO.llO.WS
http:fO.llO.ws
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. By choice of a, 
\;Ix E F, 6'+(a(x)) = 1 * 6'+ (x) . 

By definition of /3, 6'+= 6'_ 0'1}. Since /3 is a permutation, we deduce that 

\;/xEF,6'_((/3·a·/3-1)(x) 1*6'_ 

We can paraphrase the last two identities by 

\;Ix E F, 6'1 (a(x» = 1 * 6'1 (x) and 6'2((/3· a . /3-1 1* 6'2 (x) . 

General nonsense (see [1]) tells us that C decomposes into Z3'-components, and that 

restriction of c to any component is Galois. 


For each J ~ F, define subsets Jl and CP] of C by 


Jl = {(O,x) ; x E J} , 
= {(n,n*x) ; xE J, nE Z3'} 
U {6'I(X) : x E J} U {6'2(X) : x EJ}., 	 . , 

An easy consequence of (32) is that if Y ~ C is a (top()logically) closed subset 
which is closed under the action by Z3', then 

\;IJ~F, h~Y => C[J]~Y. 
Let H be the subset of ~F gener.ated by the permutations 0:, (f3 . a . f3-1). The 
following assertipns are left to the reader. 

(33.a) 	IfY~' C is (topologic ally) open and closed in C,and is closed under 
the action by Z3', then the:r:e is J ~ F such that Y C[J]. 

(33.b) Slippose that J c F. Then CP] is (topologically) open and closed 
in C, and is closed under the action by Z3', if and only if j is closed under 
the action by H. 

Let 0 be the H-orbit of any member of F. Restriction of C to C[O] must be a 
Galois pullback of b. 

Now, we make choices based on the classification theory. Let G =Gal(b). Earlier. 
propositions provide a canonical identification of (F, a, (3) with the the set' G arid 
right multiplication by canonical images of a* and f3*, respectively, inG. Fix such 
an identification. Let eF be the member ofF which corresponds to the identity of . 
the group G. Let °be the H-orbit of eF. Denote restriction of C to C[O] by Cl. 

The Galois morphism Cl is isomorphic to Ind[p" T P] where 

p, = (0, alO, (f3 . a . 

in which thl'J subscript "la" indicates restriction to O.Navigating our numerous' 
identifications, it follows that the group homorphism Gal(cd --t G, induced by 
projection C[O] --t B, sends the image of a* and of ')'*, in Gal(cI), to the image' 
of a* and of /3* . a* . (/3*)-1, in G, respectively. 

This proves our assertion on 11'G Cv) . 
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