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1. INTRODUCTION

The notion of the multi-dimensional observer, multi-dimensional relative topol-
ogy, and entropy of compact relative topological spaces was introduced and studied
in [2]. If M is a nonempty set and I is a set with the cardinality || then a |I|-
dimensional observer is a mapping p : M — HjeI[O, 1]. Suppose we have a discrete

dynamical system on M created by a mapping f: M — M and E be a subset of
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M. Then the multidimensional observer mf (E) : M — [[;;[0,1] is defined by

jeil

n—1
(1) i (B)(r) = timsup >~ xu (@) f(2)),
n—o00 i—1

is called the relative probability measure. The notion of the new kind of integral for
a mapping ¢ : M — [] el R up to a relative probability measure which is denoted
by f@dm,{ has been considered in [1]. One can refer to [3, 4, 5, 6] for more details
on observers.

In this paper we find necessary and sufficient conditions to deduce the observational
form of the monotone convergence theorem. In fact, we prove the following two the-

orems.

Theorem 1.1. Suppose that p: M — [] 0,1] is an observer, f : M — M is

ae[[
a mapping and S : M x N — R is a semi-onto order creator for integral, such that

S(z,o+1) = S(x,p)+ S(x, ) for every x € M and ¢,1) € N. Then the following
statements are equivalent:
(i) If Ay C Ay C A3 C ... and A=, ey An, then

lim_md (A,)(2)(j) = ml (A)(2)()),

n—oo

for every x € M and j € I.
(i) If B1 D Bo 2 B3 D ... and B = (), cy Bn, then

lim m,(Bn)(z)(j) = mf,(B)(z)(5),

n—oo

for every x € M and j € I.
(111) If o1 > @2 > 3 > ... > 0 and lim, o [pn] = [0], then

lim ( /M pndmd)(2)(j) = 0.

n—roo

for everyx € M and j € 1.
(iv) If 0 < 1 < o < 3 < ... and lim, o [¢n] = [¢], then

lim ( /M ndml)(@)(j) = ( /M odmd)()(5)

n—roo

for every x € M and j € I.
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(v) If o1 > w2 > w3 > ... > 0 and lim,,__,[¢on] = [¢], then

n—oo

im ([ endmf)(2)0) = (| pdmf)@)0).
for every x € M and j € I.

Theorem 1.2. Let p : M — [],;0,1] be an observer, f : M — M be a
mapping and S : M x N — R be a semi-onto order creator for integral, such
that S(x,p + ) = S(x,p) + S(x,v) for every x € M and ¢,v € N. For every
constant map w : M — [[,c;
Gpw,ay : M — TLics R by dpuw,a)(2) (i) := S(z, w)yml,(A)(x)(i), where z € M and
t € I. Then the following statements are equivalent:

(i) If Ay C Ay C A3 C ... and A = |, ey An, then limy, o0 Gw,a,) = P(w,a), for
every constant map w: M — [, R.

(i) If By D By 2 B3 D ... and B = (e Bn, then limy, o0 ¢(w,B,) = $(w,B), for
every constant map w : M — J[;c; R.

(ii) If {pntnen C N, p € N, 0 < 1 <02 <3 < ... < ¢ and limy,—00[pn] = [0,
then

R and any subset A of M, we define the mapping

lim cpndmﬁ:/ gpdmﬁ.

() If {ontnen TN, ¢ € N, 01 > 92 > 3 > ... > 0 and lim,_, o [pn] = [¢], then

lim @ndmﬁz/ godml{.
M M

n—=o0

2. CONVERGENCE RESPECT TO ORDER CREATOR FOR INTEGRALS

From now, we assume that M is a non-empty set, I is an index set, f: M — M
R. We recall that an

order creator for integral S is a map from M x N to R which satisfies in following

is a mapping and N is the set of all functions ¢ : M — Hjel

conditions

o (i) If ¢, € N and ¢(z) = ¢(x), then S(x,v) = S(x, p),

o (ii) S(z,—v¢) = —S(x,4), for every x € M and ¢ € N,

o (iii) If ¥(x)(j) < p(z)(y) for every j € I, then S(z,¢) < S(z, ).
Suppose that S : M x N — R is an order creator for integral. We say that ¢ and
are equivalent if and only if S(z, ) = S(z,v), for every x € M, and then we denote
it by ¢ ~ . For every ¢ € N, the class [¢] is defined by [¢] := {¢p € N | ¢ ~ ¢}
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and N is defined by N := {[¢] | ¢ € N}.

Lemma 2.1. If ¢ ~ 1, then

/ cpdmuf:/ @/}dmuf.
M M

Proof. For every simple function X, X < ¢ if and only if X <. So

/godmﬁ:/ wdmﬁ.
M M
O

In the rest of this paper, we use the class of [] and the set N instead of ¢ :

M — [],e;R and the set N.

Definition 2.2. Let S be an order creator for integral on M,

(a) We say that [¢] < [¢] if S(z,¢) < S(z,v), for every x € M.

(b) The sequence {[pn]}nen is called increasing sequence if [n] < [pn1], for every
n € N.
(¢) The sequence {[pn]}nen is called decreasing sequence if [pn] > [pn+1], for every
n € N.

Definition 2.3. Let S : M x N — R be an order creator for integral. We say
that a sequence {[pn]tnen converges to [¢] if lim, o0 S(x, 0n) = S(x, ¢), for every
xeM.

Lemma 2.4. Iflim, . [p,] = [¢] and lim,, o [pn] = [¢], then [¢] = [¢].

Proof. Since lim,,_,[¢n] = [¢] and lim,, o [@n] = [#], so

lim S(z, on) = Sz, ¢)

n—00
and
lim_S(a. ) = S(a,v),
for every € M. Hence S(z,¢) = S(z,%). So ¢ ~ 1. O

Example 2.5. Suppose that M =R. let S: M x N — R be a mapping such that

0, rz=0
S(wvw)—{ o(z), 0
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We see that S is an order creator for integral. Now, let ¢, (x) = %, for every

x e M and n € N. so

0, =z=0
S(x,pn) = 1 240

Hence S(z,¢n,) — 0 = S(x,0) as n — oo. That means [p,] — [0] as

w<z>={ boe=0

n — oco. But, the map

0, #0
This example shows that the uniqueness of limit concerning this notion of conver-

gence only holds under these equivalent classes.

Definition 2.6. Let S : M x N — R be an order creator for integral. We say
that S is semi-onto, if A, : N — R, which defines by A, (p) := S(x, ), is onto,
for every x € M.

Example 2.7. Let M =R, N:={p|¢: M — R} and S: M x N — R be a
mapping such that S(x,p) =| x| ¢(x). We see that S isn’t semi-onto order creator
for integral. But if we change M =R by M = R\ {0}, S will be a semi-onto order

creator for integral.

Definition 2.8. Let p : M — [],c;[0,1] be an observer, f : M — M be a
mapping and S : M x N — R be an order creator for integral. We say that the

sequence {¢n tnen is bounded, if there exist two maps @, : M — [[ ;R such

aecl
that ¢ < @, <, for every n € N.

Definition 2.9. Let p : M — [],;[0,1] be an observer, f : M — M be a
mapping and S : M x N — R be a semi-onto order creator for integral. Also,
let {¢ontnen be a bounded sequence of N and x be a member of M. Define a,, € R
by gz = liminfn 00 S(T, 0n), and Bz € R by B, := limsupn—00S(x, pn). Since
{©n tnen is bounded, so o, and B, are well-defined. Also, since S is semi-onto, we
can find @z, 0y : M —> HjeIR such that S(z,p,) = oy and S(x, ;) = B,. Define
liminf,, o [¢n] by [ps] and limsup,,_, . [on] by [¥s].

Lemma 2.10. If a sequence {¢p tnen is convergence, then the sequence {@on}nen

s bounded.
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Proof. Let ¢ be a member of N such that lim, o [¢n] = [¢]. Then

lim S(z,p,) = S(z,¢),

n—>o0

for every x € M. {S(z,¥n)}nen is a sequence of real number. Therefore {S(x, p,)}
is bounded. So, there exist m,, M, € R such that m, < S(z,p,) < M,. Since
S is semi-onto, we can find the maps v, and n, such that S(z,v,) = m, and
S(x,ny) = M. Define y(x) := 7,(z) and n(z) = ny(x). So S(zx,y) = m, and
S(x,n) = M, for every x € M. Therefore S(z,v) < S(x,¢n) < S(z,n), for every
x € M and n € N. S0, the sequence {¢p, }nen is bounded. O

Lemma 2.11. Let pp : M — [],c;[0,1] be an observer, f : M — M be a
mapping, S : M x N — R be a semi-onto order creator for integral, {p,} be
a sequence of N and ¢ be a member of N. Then the followings statements are
equivalent:

(i) limy,—00fen] = [¢]-

(ii) [p] = limsup,, o [pn] = liminf,, o0 [pn].

Proof. Let lim,,—, o [pn] = [¢] and z € M. So lim,,—,o S(x, p,) = S(x, ). Since

{S(x, pn)}nen is a sequence of real numbers, there is a;, € R such that

oy = S(z,0) = nh_)rréo S(x, ppn) = limsup S(z, ¢n) = hnni}io%f S(x,on).

n—oo
Hence
lim sup[e,] = liminf(p,] = [¢].
n—so00 n—oo
Now, let
lim sup[ey,] = lim inf[e,] = [¢].
n—so00 n—oo
Then

S(z, ) =limsup S(z, p,) = liminf S(z, v,) = lim S(z,¢,),
n— o0 n—oo

n— 00

for every x € M. Therefore

lim [pn] = [¢].

n—aoQ
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3. MAIN THEOREMS

In this section, we will present two theorems that supply necessary and sufficient

conditions for convergence theorem.

Example 3.1. Let M = [0,1], p : M — M be an observer such that p = 1,
f: M — M be a mapping such that f(z) =1—x and S : M x N — R be an
order creator for integral with S(z, ) = (), for every x € M. Also, let E = [0, 3).

1 r# L 1 r# L
Therefore m{L(E)(x) ={ (2) o f and mlJ;(EC)(a:) ={ i . f . Consider
2 2

the sequence {@n},cy such that o, := xg, when n is even and @, := xpc, when n

s odd. If n is even, then

1 T 7& 1
(/ @ndmi)(i) = S(x, 1)m£(E)(x) + S(%O)mﬁ(Ec)(x) = { 2 ? 7
M 0 r=1
and if n is odd, then
1 z # 1
M 1 =1
Hence
1 z + 1
lim inf/ ndm! ={ 2 2

Since liminf,, . v, =0, so

n—>oo

/M (lim inf gon)dmﬁ =0.

Therefore, in this case,

n—oo

. . f . . f
/M(hm inf ¢, )dm], # hnrr_1>£f(/M pndmy,).

Proof of Theorem 1.1: (i) = (i4) :
LetBlngngg...andB::ﬂ
AggAgg and

nen Bn. Define A, := M\ B,,. So A; C

oo

M:M\ﬁ&r
n=1

n=1
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Therefore
lim mf (By)(x)(j) = lim mf(M\ A,)(2)(j)

= mf,(M)(z)(j) — lim mf,(A,)(x)(j)
= mf (M) (@) (7) ~ mf(|J An)(@)())
=mf (M — | An)(2)(5)
= m! () B)(@)(j)
= m},(B)(x)(j)

(i) = (i) :

In a similar way, we can prove this part.
Since S(z,¢ + ) = S(z,¢) + S(x, ), by theorem (3.3) of [1], we have
(2) / (¢ + ¥)dm), = / pdm, + / Pdm.
M M M
Let e >0, 2 € M and j € I. Define A,, :={zx € M : S(z,¢,) < e} and B, := M\
A, So UpZy Ap = M and ()2, By = 0. By (id), limy, e mf (B )(2)(j) = 0.
Thus, there exists n € N such that z € A,, and

3) 0< ([ poxndm])@)) <=

On the other hand, since S is a semi-onto order creator for integral, there is a map
Ae such that S(y, \c) = e, for every y € M. Therefore S(z, onxa,) <& =85z, A),
for every x € M. So

(4) ( /M onxa, dmd) (@)(j) < ( /M Aedmd) (1)) < <.

So, by 2, 3 and 4,

([ putmh@) = (| eoxadmh@i)+([ euxn,dm)@)) < e = 2=
Therefore

im m)(z)(5) = 0.

I </M pndm) (£)(j) = 0

(#i1) = (iv) :
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Let o1 <o <3 <---<pand p, — ¢ asn — co. So

lim (¢ —¢n) =0.

n—-o0o

Therefore, by (iii),
lim ( /M(“” ~ pa)dm)(x)(j) = 0,

n—maoo
for every x € M and j € I. Hence, by theorem (3.3) of [1],

tim ([ (@)@~ ([ (n)am])(a)(0) = o

n—>oo M

So
lim ( /Mwn)dm,{)(:c)(j) —( / (0)dm) () ().

oo M
(#i1) = (v) : The proof of this part is similar to proof of previous part.
(v) = (1) :
Assume that By D By D B3 D - and B := [, .y Bn. let € M. Since S
R such that S(z,1) = 1. Now, we
define the constant map A by A(y) := ¥(z), for every y € M. Hence, we have
S(x,\) = S(z,¢) = 1. Define ¢, = Axp, and ¢ = Axp. So

is semi-onto, there is a map ¢ : M — HjeI

lim ¢, = ¢.

n—o0

Therefore, by (v),

lim /M pndmd)(2)(j) = ( /M dmd) ()(5).

But
(/ (en)dmf)(x)(5) = S(z, \yml,(Bn)(x)(5) = m,(Bn)(x)(j)
and
(/ (©)dm])(x)(§) = S(x, \ym{,(B)(z)(5) = m,(B)(z)(4)-
M
Therefore
lim_mf (B,)(@)() = mf(B)() ()
(iv) = (v) :

Let o1 > w2 > @3 > ... > 0, and lim,,—, o [pn] = [¢]. Define ¢; = ¢, — ¢. So
0 <1 <1y < ... and lim,—,o[th;] = 0. Therefore, by (iv),

lim ( /M edm ) (2)(7) = 0,

n—0oQ0
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for every x € M and j € I. So

lim ( /Mm — g)dmd) () (j) =0,

n—>oo

for every x € M and j € I. Since S is semi-onto, then

lim ( /M pidm) () () = ( /M pdmd) () (),

n—-o0o

for every x € M and j € I.

Proof of Theorem 1.2:

Assume that By O By 2 B3 2 --- and B =(\,_, B,,. Define 4, :== M — B,
and A := M — B. Then A; C Ay C A3 C ... and A = [J,cyAn- So, by (i),

limy, 00 @(w,A,) = P(w,4), for every constant map w : M — [[,.; R. Since

P(w,An) = P(w,M~B,) = P(w,M) ~ P(w,B,)
and
Dw,A) = Plw,M—B) = P(w,M) — P(w,B)>
SO

lim ¢y, B,) = G(w,B)

n=o0
for every constant map w: M — ], R.
The prof of this part is similar to the proof of previous part.
Let e : M — [[,¢;
and j € I. Assume that € > 0 is a rational number. Also, let A, : M — []

R, be a mapping such that e(z)(j) := 1 for every x € M
jEIR
be a function such that S(z,\.) = e, for every x € M. Define A, := {z €
M : S(x,9) — S(z,¢0n) < €} and B, := M \ A, for every n € M. Now, let
X = Zle wixc; be a simple function and 0 < S(z, X) < S(z, A\) = €. Then

k

([ Xam{)@)) = 3 S wm(C)())

i=1
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Therefor
(/ Aedmd) (2)(j) = Sup{(/ Xdm!)(@)(): 0< X <A} <e.
M

Hence S(z, [, A-dm], 1) < S(z,¢ee), for every x € M. Since S(x, ¢ + 1) = S(z,p) +
S(x) w)’ 50
S(m,/M Agdm,{) < S(x,ee) < eS(x,e).

Since By 2 B, 2 B3 D -+ and (., B, =0, by (ii),

Jm dw,B,) = Pw.0)-

Therefore

(5) lim S(2, p(w,B,)) = 0.

n—oo

Consider y € M. Define w : M — [[;c; R, such that w(z) = ¢(y), for every

x € M. So, by 5, there is n € N such that
(6) S(y7 ¢(w,Bn)) <Ee.

If X is a simple function such that 0 < X < pxp, and X = Zyil ViXE;NB,
then

/de ZSM (E: 0 B,)(y)())

< S(y, wym(Ba)() ()
= O(w,B,)Y)(J)-
Hence
(] oxp.amd)w)) < b D0
Therefore, by 6,
S(y, /M oxB,dml) < Sy, d(w,pB,)) < e
So

S(y,/ pdml) < S(y,/ wndm£)+5(y,/ <p><3ndm,§)+5(y,/ A-dmi)
M M M M

< 5(y, /M pndmd) + = +S(y, ¢).

Therefore

lim S(y,/ cpndmﬁ):S(y,/ pdm,).
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nli_I}noo y @ndml{ = /M wdmﬁ.
(791) = (iv) :
Let o1 > o > 3 > -+ > >0 and lim,_, o pn, = @. Define ¢, := p1 — ¢,
and 19 = 1 — ¢, for every n € N. Therefore 0 < 1)1 < g < 9pg3 < -+ < 1)y and
lim,, o0 ¥, = 1. Thus, by (iii),

lim wndmﬁz/ z/JOdm}::> lim / (wl—@n)dmﬁz/ wodmﬁ
M M n=oo S m M

n—oo

= lim (gal—apn)dmﬁ:/ goldmi—/ cpdmfi
M M M

n—oo
— / prdmf, — lim iy dm], = / prdm], — / pdm,
M M M

= lim wndmﬁz/ gadm}:.
M M

n—oo

(iv) = (i4) :

Let B 2By, 2B3 D, B=()_ B, and w: M — []
map. Define ¢, := wyxp, and ¢ := wxp. Solim,_ o vn =@ and @1 > @9 > -+ >
® > 0. Thus, by (iv),

el R be a constant

S(x,w)ml{(Bn) = nli_)ngo (@n)dmﬁ = / (@)dm! = S(z,w)m! (B).
' M M

Therefore

lim ¢y, B,) = G(w,B)-

n— o0
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