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1. Introduction

The notion of the multi-dimensional observer, multi-dimensional relative topol-

ogy, and entropy of compact relative topological spaces was introduced and studied

in [2]. If M is a nonempty set and I is a set with the cardinality |I| then a |I|-
dimensional observer is a mapping µ : M −→

∏
j∈I [0, 1]. Suppose we have a discrete

dynamical system on M created by a mapping f : M −→ M and E be a subset of
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M . Then the multidimensional observer mf
µ(E) : M −→

∏
j∈I [0, 1] is defined by

(1) mf
µ(E)(x) = lim sup

n→∞

1

n

n−1∑
i=1

χE(f i(x))µ(f i(x)),

is called the relative probability measure. The notion of the new kind of integral for

a mapping ϕ : M −→
∏
j∈I R up to a relative probability measure which is denoted

by
∫
ϕdmf

µ has been considered in [1]. One can refer to [3, 4, 5, 6] for more details

on observers.

In this paper we find necessary and sufficient conditions to deduce the observational

form of the monotone convergence theorem. In fact, we prove the following two the-

orems.

Theorem 1.1. Suppose that µ : M −→
∏
α∈I [0, 1] is an observer, f : M −→M is

a mapping and S : M ×N −→ R is a semi-onto order creator for integral, such that

S(x, ϕ+ψ) = S(x, ϕ) +S(x, ψ) for every x ∈M and ϕ,ψ ∈ N . Then the following

statements are equivalent:

(i) If A1 ⊆ A2 ⊆ A3 ⊆ ... and A =
⋃
n∈NAn, then

lim
n→∞

mf
µ(An)(x)(j) = mf

µ(A)(x)(j),

for every x ∈M and j ∈ I.

(ii) If B1 ⊇ B2 ⊇ B3 ⊇ ... and B =
⋂
n∈NBn, then

lim
n→∞

mf
µ(Bn)(x)(j) = mf

µ(B)(x)(j),

for every x ∈M and j ∈ I.

(iii) If ϕ1 ≥ ϕ2 ≥ ϕ3 ≥ ... ≥ 0 and limn−→∞[ϕn] = [0], then

lim
n→∞

(

∫
M

ϕndm
f
µ)(x)(j) = 0,

for every x ∈M and j ∈ I.
(iv) If 0 ≤ ϕ1 ≤ ϕ2 ≤ ϕ3 ≤ ... and limn−→∞[ϕn] = [ϕ], then

lim
n→∞

(

∫
M

ϕndm
f
µ)(x)(j) = (

∫
M

ϕdmf
µ)(x)(j)

for every x ∈M and j ∈ I.
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(v) If ϕ1 ≥ ϕ2 ≥ ϕ3 ≥ ... ≥ 0 and limn−→∞[ϕn] = [ϕ], then

lim
n→∞

(

∫
M

ϕndm
f
µ)(x)(j) = (

∫
M

ϕdmf
µ)(x)(j),

for every x ∈M and j ∈ I.

Theorem 1.2. Let µ : M −→
∏
α∈I [0, 1] be an observer, f : M −→ M be a

mapping and S : M × N −→ R be a semi-onto order creator for integral, such

that S(x, ϕ + ψ) = S(x, ϕ) + S(x, ψ) for every x ∈ M and ϕ,ψ ∈ N . For every

constant map w : M →
∏
i∈I R and any subset A of M , we define the mapping

φ(w,A) : M −→
∏
i∈I R by φ(w,A)(x)(i) := S(x,w)mf

µ(A)(x)(i), where x ∈ M and

i ∈ I. Then the following statements are equivalent:

(i) If A1 ⊆ A2 ⊆ A3 ⊆ ... and A =
⋃
n∈NAn, then limn→∞ φ(w,An) = φ(w,A), for

every constant map w : M −→
∏
i∈I R.

(ii) If B1 ⊇ B2 ⊇ B3 ⊇ ... and B =
⋂
n∈NBn, then limn→∞ φ(w,Bn) = φ(w,B), for

every constant map w : M −→
∏
i∈I R.

(iii) If {ϕn}n∈N ⊂ N , ϕ ∈ N , 0 ≤ ϕ1 ≤ ϕ2 ≤ ϕ3 ≤ ... ≤ ϕ and limn→∞[ϕn] = [ϕ],

then

lim
n−→∞

∫
M

ϕndm
f
µ =

∫
M

ϕdmf
µ.

(iv) If {ϕn}n∈N ⊂ N , ϕ ∈ N , ϕ1 ≥ ϕ2 ≥ ϕ3 ≥ ... ≥ 0 and limn→∞[ϕn] = [ϕ], then

lim
n−→∞

∫
M

ϕndm
f
µ =

∫
M

ϕdmf
µ.

2. Convergence Respect To Order Creator For Integrals

From now, we assume that M is a non-empty set, I is an index set, f : M −→M

is a mapping and N is the set of all functions ψ : M −→
∏
j∈I R. We recall that an

order creator for integral S is a map from M ×N to R which satisfies in following

conditions

• (i) If ϕ,ψ ∈ N and ψ(x) = ϕ(x), then S(x, ψ) = S(x, ϕ),

• (ii) S(x,−ψ) = −S(x, ψ), for every x ∈M and ψ ∈ N ,

• (iii) If ψ(x)(j) ≤ ϕ(x)(j) for every j ∈ I, then S(x, ψ) ≤ S(x, ϕ).

Suppose that S : M×N −→ R is an order creator for integral. We say that ϕ and ψ

are equivalent if and only if S(x, ϕ) = S(x, ψ), for every x ∈M , and then we denote

it by ψ ∼ ϕ. For every ϕ ∈ N , the class [ϕ] is defined by [ϕ] := {ψ ∈ N | ψ ∼ ϕ}
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and Ñ is defined by Ñ := {[ϕ] | ϕ ∈ N}.

Lemma 2.1. If ϕ ∼ ψ, then∫
M

ϕdmµ
f =

∫
M

ψdmµ
f .

Proof. For every simple function X, X ≤ ϕ if and only if X ≤ ψ. So∫
M

ϕdmf
µ =

∫
M

ψdmf
µ.

�

In the rest of this paper, we use the class of [ϕ] and the set Ñ instead of ϕ :

M −→
∏
α∈IR and the set N .

Definition 2.2. Let S be an order creator for integral on M ,

(a) We say that [ϕ] ≤ [ψ] if S(x, ϕ) ≤ S(x, ψ), for every x ∈M.

(b) The sequence {[ϕn]}n∈N is called increasing sequence if [ϕn] ≤ [ϕn+1], for every

n ∈ N.

(c) The sequence {[ϕn]}n∈N is called decreasing sequence if [ϕn] ≥ [ϕn+1], for every

n ∈ N.

Definition 2.3. Let S : M × N −→ R be an order creator for integral. We say

that a sequence {[ϕn]}n∈N converges to [ϕ] if limn−→∞ S(x, ϕn) = S(x, ϕ), for every

x ∈M .

Lemma 2.4. If limn−→∞[ϕn] = [ϕ] and limn−→∞[ϕn] = [ψ], then [ϕ] = [ψ].

Proof. Since limn−→∞[ϕn] = [ϕ] and limn−→∞[ϕn] = [ψ], so

lim
n−→∞

S(x, ϕn) = S(x, ϕ)

and

lim
n−→∞

S(x, ϕn) = S(x, ψ),

for every x ∈M . Hence S(x, ϕ) = S(x, ψ). So ϕ ∼ ψ. �

Example 2.5. Suppose that M = R. let S : M ×N −→ R be a mapping such that

S(x, ϕ) =

{
0, x = 0

ϕ(x), x 6= 0
.
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We see that S is an order creator for integral. Now, let ϕn(x) = 1
n , for every

x ∈M and n ∈ N. so

S(x, ϕn) =

{
0, x = 0
1
n , x 6= 0

.

Hence S(x, ϕn) −→ 0 = S(x, 0) as n −→ ∞. That means [ϕn] −→ [0] as

n −→∞. But, the map

ψ(x) =

{
1, x = 0

0, x 6= 0

is in [0].

This example shows that the uniqueness of limit concerning this notion of conver-

gence only holds under these equivalent classes.

Definition 2.6. Let S : M × N −→ R be an order creator for integral. We say

that S is semi-onto, if Ax : N −→ R, which defines by Ax(ϕ) := S(x, ϕ), is onto,

for every x ∈M.

Example 2.7. Let M = R, N := {ϕ | ϕ : M −→ R} and S : M × N −→ R be a

mapping such that S(x, ϕ) =| x | ϕ(x). We see that S isn’t semi-onto order creator

for integral. But if we change M = R by M = R \ {0}, S will be a semi-onto order

creator for integral.

Definition 2.8. Let µ : M −→
∏
α∈I [0, 1] be an observer, f : M −→ M be a

mapping and S : M × N −→ R be an order creator for integral. We say that the

sequence {ϕn}n∈N is bounded, if there exist two maps ϕ,ψ : M −→
∏
α∈I R such

that ϕ ≤ ϕn ≤ ψ, for every n ∈ N.

Definition 2.9. Let µ : M −→
∏
α∈I [0, 1] be an observer, f : M −→ M be a

mapping and S : M × N −→ R be a semi-onto order creator for integral. Also,

let {ϕn}n∈N be a bounded sequence of N and x be a member of M. Define αx ∈ R
by αx := liminfn→∞S(x, ϕn), and βx ∈ R by βx := limsupn→∞S(x, ϕn). Since

{ϕn}n∈N is bounded, so αx and βx are well-defined. Also, since S is semi-onto, we

can find ϕx, ψx : M −→
∏
j∈I R such that S(x, ϕx) = αx and S(x, ψx) = βx. Define

lim infn→∞[ϕn] by [ϕx] and lim supn→∞[ϕn] by [ψx].

Lemma 2.10. If a sequence {ϕn}n∈N is convergence, then the sequence {ϕn}n∈N
is bounded.
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Proof. Let ϕ be a member of N such that limn−→∞[ϕn] = [ϕ]. Then

lim
n−→∞

S(x, ϕn) = S(x, ϕ),

for every x ∈M . {S(x, ϕn)}n∈N is a sequence of real number. Therefore {S(x, ϕn)}
is bounded. So, there exist mx,Mx ∈ R such that mx < S(x, ϕn) < Mx. Since

S is semi-onto, we can find the maps γx and ηx such that S(x, γx) = mx and

S(x, ηx) = Mx. Define γ(x) := γx(x) and η(x) := ηx(x). So S(x, γ) = mx and

S(x, η) = Mx for every x ∈ M . Therefore S(x, γ) < S(x, ϕn) < S(x, η), for every

x ∈M and n ∈ N. S0, the sequence {ϕn}n∈N is bounded. �

Lemma 2.11. Let µ : M −→
∏
α∈I [0, 1] be an observer, f : M −→ M be a

mapping, S : M × N −→ R be a semi-onto order creator for integral, {ϕn} be

a sequence of N and ϕ be a member of N. Then the followings statements are

equivalent:

(i) limn−→∞[ϕn] = [ϕ].

(ii) [ϕ] = lim supn→∞[ϕn] = lim infn→∞[ϕn].

Proof. Let limn−→∞[ϕn] = [ϕ] and x ∈ M. So limn−→∞ S(x, ϕn) = S(x, ϕ). Since

{S(x, ϕn)}n∈N is a sequence of real numbers, there is αx ∈ R such that

αx = S(x, ϕ) = lim
n→∞

S(x, ϕn) = lim sup
n→∞

S(x, ϕn) = lim inf
n→∞

S(x, ϕn).

Hence

lim sup
n−→∞

[ϕn] = lim inf
n−→∞

[ϕn] = [ϕ].

Now, let

lim sup
n−→∞

[ϕn] = lim inf
n−→∞

[ϕn] = [ϕ].

Then

S(x, ϕ) = lim sup
n→∞

S(x, ϕn) = lim inf
n→∞

S(x, ϕn) = lim
n→∞

S(x, ϕn),

for every x ∈M. Therefore

lim
n−→∞

[ϕn] = [ϕ].

�
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3. Main Theorems

In this section, we will present two theorems that supply necessary and sufficient

conditions for convergence theorem.

Example 3.1. Let M = [0, 1], µ : M −→ M be an observer such that µ ≡ 1,

f : M −→ M be a mapping such that f(x) = 1 − x and S : M × N −→ R be an

order creator for integral with S(x, ϕ) = ϕ(x), for every x ∈M. Also, let E = [0, 12 ).

Therefore mf
µ(E)(x) = {

1
2 x 6= 1

2

0 x = 1
2

and mf
µ(Ec)(x) = {

1
2 x 6= 1

2

1 x = 1
2

. Consider

the sequence {ϕn}n∈N such that ϕn := χE , when n is even and ϕn := χEC , when n

is odd. If n is even, then

(

∫
M

ϕndm
f
µ)(x) = S(x, 1)mf

µ(E)(x) + S(x, 0)mf
µ(Ec)(x) = {

1
2 x 6= 1

2

0 x = 1
2

,

and if n is odd, then

∫
M

ϕndm
f
µ = S(x, 0)mf

µ(E) + S(x, 1)mf
µ(Ec) = {

1
2 x 6= 1

2

1 x = 1
2

.

Hence

lim inf
n−→∞

∫
M

ϕndm
f
µ = {

1
2 x 6= 1

2

1 x = 1
2

.

Since lim infn−→∞ ϕn = 0, so∫
M

(lim inf
n−→∞

ϕn)dmf
µ = 0.

Therefore, in this case,∫
M

(lim inf
n→∞

ϕn)dmf
µ 6= lim inf

n→∞
(

∫
M

ϕndm
f
µ).

Proof of Theorem 1.1: (i) =⇒ (ii) :

Let B1 ⊇ B2 ⊇ B3 ⊇ ... and B :=
⋂
n∈NBn. Define An := M \ Bn. So A1 ⊆

A2 ⊆ A3 ⊆ · · · and

∞⋃
n=1

An = M \
∞⋂
n=1

Bn.
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Therefore

lim
n→∞

mf
µ(Bn)(x)(j) = lim

n→∞
mf
µ(M \An)(x)(j)

= mf
µ(M)(x)(j)− lim

n→∞
mf
µ(An)(x)(j)

= mf
µ(M)(x)(j)−mf

µ(

∞⋃
n=1

An)(x)(j)

= mf
µ(M −

∞⋃
n=1

An)(x)(j)

= mf
µ(

∞⋂
n=1

Bn)(x)(j)

= mf
µ(B)(x)(j).

(ii) =⇒ (i) :

In a similar way, we can prove this part.

(i), (ii) =⇒ (iii) :

Since S(x, ϕ+ ψ) = S(x, ϕ) + S(x, ψ), by theorem (3.3) of [1], we have

(2)

∫
M

(ϕ+ ψ)dmf
µ =

∫
M

ϕdmf
µ +

∫
M

ψdmf
µ.

Let ε > 0, x ∈ M and j ∈ I. Define An := {x ∈ M : S(x, ϕn) < ε} and Bn := M \
An. So

⋃∞
n=1An = M and

⋂∞
n=1Bn = ∅. By (ii), limn−→∞−→mf

µ(Bn)(x)(j) = 0.

Thus, there exists n ∈ N such that x ∈ An and

(3) 0 ≤ (

∫
M

ϕnχBn
dmf

µ)(x)(j) < ε.

On the other hand, since S is a semi-onto order creator for integral, there is a map

λε such that S(y, λε) = ε, for every y ∈M . Therefore S(x, ϕnχAn) < ε = S(x, λε),

for every x ∈M. So

(4) (

∫
M

ϕnχAndm
f
µ)(x)(j) < (

∫
M

λεdm
f
µ)(x)(j) < ε.

So, by 2, 3 and 4,

(

∫
M

ϕndm
f
µ)(x)(j) = (

∫
M

ϕnχAn
dmf

µ)(x)(j)+(

∫
M

ϕnχBn
dmf

µ)(x)(j) ≤ ε+ε = 2ε.

Therefore

lim
n−→∞

(

∫
M

ϕndm
f
µ)(x)(j) = 0.

(iii) =⇒ (iv) :
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Let ϕ1 ≤ ϕ2 ≤ ϕ3 ≤ · · · ≤ ϕ and ϕn −→ ϕ as n −→∞. So

lim
n−→∞

(ϕ− ϕn) = 0.

Therefore, by (iii),

lim
n−→∞

(

∫
M

(ϕ− ϕn)dmf
µ)(x)(j) = 0,

for every x ∈M and j ∈ I. Hence, by theorem (3.3) of [1],

lim
n−→∞

((

∫
M

(ϕ)dmf
µ)(x)(j)− (

∫
M

(ϕn)dmf
µ)(x)(j)) = 0.

So

lim
n−→∞

(

∫
M

(ϕn)dmf
µ)(x)(j) = (

∫
M

(ϕ)dmf
µ)(x)(j).

(iii) =⇒ (v) : The proof of this part is similar to proof of previous part.

(v) =⇒ (ii) :

Assume that B1 ⊃ B2 ⊃ B3 ⊃ · · · and B :=
⋂
n∈N Bn. let x ∈ M. Since S

is semi-onto, there is a map ψ : M −→
∏
j∈I R such that S(x, ψ) = 1. Now, we

define the constant map λ by λ(y) := ψ(x), for every y ∈ M . Hence, we have

S(x, λ) = S(x, ψ) = 1. Define ϕn = λχBn and ϕ = λχB . So

lim
n−→∞

ϕn = ϕ.

Therefore, by (v),

lim
n−→∞

(

∫
M

ϕndm
f
µ)(x)(j) = (

∫
M

ϕdmf
µ)(x)(j).

But

(

∫
M

(ϕn)dmf
µ)(x)(j) = S(x, λ)mf

µ(Bn)(x)(j) = mf
µ(Bn)(x)(j)

and

(

∫
M

(ϕ)dmf
µ)(x)(j) = S(x, λ)mf

µ(B)(x)(j) = mf
µ(B)(x)(j).

Therefore

lim
n−→∞

mf
µ(Bn)(x)(j) = mf

µ(B)(x)(j).

(iv) =⇒ (v) :

Let ϕ1 ≥ ϕ2 ≥ ϕ3 ≥ ... ≥ 0, and limn−→∞[ϕn] = [ϕ]. Define ψi = ϕi − ϕ. So

0 ≤ ψ1 ≤ ψ2 ≤ ... and limn−→∞[ψi] = 0. Therefore, by (iv),

lim
n−→∞

(

∫
M

ψidm
f
µ)(x)(j) = 0,
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for every x ∈M and j ∈ I. So

lim
n−→∞

(

∫
M

(ϕi − ϕ)dmf
µ)(x)(j) = 0,

for every x ∈M and j ∈ I. Since S is semi-onto, then

lim
n−→∞

(

∫
M

ϕidm
f
µ)(x)(j) = (

∫
M

ϕdmf
µ)(x)(j),

for every x ∈M and j ∈ I.
Proof of Theorem 1.2:

(i) =⇒ (ii) :

Assume that B1 ⊇ B2 ⊇ B3 ⊇ · · · and B =
⋂∞
n=1Bn. Define An := M − Bn

and A := M − B. Then A1 ⊆ A2 ⊆ A3 ⊆ ... and A =
⋃
n∈NAn. So, by (i),

limn→∞ φ(w,An) = φ(w,A), for every constant map w : M −→
∏
i∈I R. Since

φ(w,An) = φ(w,M−Bn) = φ(w,M) − φ(w,Bn)

and

φ(w,A) = φ(w,M−B) = φ(w,M) − φ(w,B),

so

lim
n→∞

φ(w,Bn) = φ(w,B),

for every constant map w : M −→
∏
i∈I R.

(ii) =⇒ (i) :

The prof of this part is similar to the proof of previous part.

(i), (ii) =⇒ (iii) :

Let e : M −→
∏
j∈I R, be a mapping such that e(x)(j) := 1 for every x ∈ M

and j ∈ I. Assume that ε > 0 is a rational number. Also, let λε : M −→
∏
j∈I R

be a function such that S(x, λε) = ε, for every x ∈ M . Define An := {x ∈
M : S(x, ϕ) − S(x, ϕn) ≤ ε} and Bn := M \ An for every n ∈ M . Now, let

X =
∑k
i=1 wiχCi be a simple function and 0 ≤ S(x,X) ≤ S(x, λε) = ε. Then

(

∫
M

Xdmf
µ)(x)(j) =

k∑
i=1

S(x,wi)m
f
µ(Ci)(x)(j)

≤
k∑
i=1

εmf
µ(Ci)(x)(j)

= εmf
µ(M)(x)(j) ≤ ε.
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Therefor

(

∫
M

λεdm
f
µ)(x)(j) = sup{(

∫
M

Xdmf
µ)(x)(j) : 0 ≤ X ≤ λε} ≤ ε.

Hence S(x,
∫
M
λεdm

f
µ) ≤ S(x, εe), for every x ∈M . Since S(x, ϕ+ ψ) = S(x, ϕ) +

S(x, ψ), so

S(x,

∫
M

λεdm
f
µ) ≤ S(x, εe) ≤ εS(x, e).

Since B1 ⊇ B2 ⊇ B3 ⊇ · · · and
⋂∞
n=0Bn = ∅, by (ii),

lim
n→∞

φ(w,Bn) = φ(w,∅).

Therefore

(5) lim
n→∞

S(x, φ(w,Bn)) = 0.

Consider y ∈ M . Define w : M −→
∏
i∈I R, such that w(x) = ϕ(y), for every

x ∈M. So, by 5, there is n ∈ N such that

(6) S(y, φ(w,Bn)) < ε.

If X is a simple function such that 0 ≤ X ≤ ϕχBn and X =
∑m
i=1 viχEi∩Bn ,

then

(

∫
M

Xdmf
µ)(y)(j) =

m∑
i=1

S(y, vi)m
f
µ(Ei ∩Bn)(y)(j)

≤ S(y, w)mf
µ(Bn)(y)(j)

= φ(w,Bn)(y)(j).

Hence

(

∫
M

ϕχBndm
f
µ)(y)(j) ≤ φ(w,Bn)(y)(j).

Therefore, by 6,

S(y,

∫
M

ϕχBndm
f
µ) ≤ S(y, φ(w,Bn)) ≤ ε.

So

S(y,

∫
M

ϕdmf
µ) ≤ S(y,

∫
M

ϕndm
f
µ) + S(y,

∫
M

ϕχBn
dmf

µ) + S(y,

∫
M

λεdm
f
µ)

≤ S(y,

∫
M

ϕndm
f
µ) + ε+ εS(y, e).

Therefore

lim
n−→∞

S(y,

∫
M

ϕndm
f
µ) = S(y,

∫
M

ϕdmf
µ).
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So

lim
n−→∞

∫
M

ϕndm
f
µ =

∫
M

ϕdmf
µ.

(iii) =⇒ (iv) :

Let ϕ1 ≥ ϕ2 ≥ ϕ3 ≥ · · · ≥ ϕ ≥ 0 and limn−→∞ ϕn = ϕ. Define ψn := ϕ1 − ϕn
and ψ0 = ϕ1 − ϕ, for every n ∈ N. Therefore 0 ≤ ψ1 ≤ ψ2 ≤ ψ3 ≤ · · · ≤ ψ0 and

limn−→∞ ψn = ψ0. Thus, by (iii),

lim
n→∞

∫
M

ψndm
f
µ =

∫
M

ψ0dm
f
µ =⇒ lim

n→∞

∫
M

(ϕ1 − ϕn)dmf
µ =

∫
M

ψ0dm
f
µ

=⇒ lim
n→∞

∫
M

(ϕ1 − ϕn)dmf
µ =

∫
M

ϕ1dm
f
µ −

∫
M

ϕdmf
µ

=⇒
∫
M

ϕ1dm
f
µ − lim

n→∞
ϕndm

f
µ =

∫
M

ϕ1dm
f
µ −

∫
M

ϕdmf
µ

=⇒ lim
n→∞

∫
M

ϕndm
f
µ =

∫
M

ϕdmf
µ.

(iv) =⇒ (ii) :

Let B1 ⊇ B2 ⊇ B3 ⊇ · · · , B =
⋂∞
n=1Bn and w : M −→

∏
j∈I R be a constant

map. Define ϕn := wχBn and ϕ := wχB . So limn−→∞ ϕn = ϕ and ϕ1 ≥ ϕ2 ≥ · · · ≥
ϕ ≥ 0. Thus, by (iv),

S(x,w)mf
µ(Bn) = lim

n→∞

∫
M

(ϕn)dmf
µ =

∫
M

(ϕ)dmf
µ = S(x,w)mf

µ(B).

Therefore

lim
n→∞

φ(w,Bn) = φ(w,B).
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