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ABSTRACT. We denote by M}, the set of k by k matrices with complex entries.
We consider quantum channels ¢, of the form: given a measurable function
L : My — My and a measure g on My we define the linear operator ¢y, :
My, — My, by the law p — ¢ (p) = ka L(v)pL(v)T du(v).

In a previous work, the authors show that for a fixed measure p the ®-Erg
property is generic on the function L (also irreducibility). Here we will show
that the purification property is also generic on L for a fixed pu.

Given L and p there are two related stochastic processes: one takes values
on the projective space P((Ck) and the other on matrices in My. The ®-Erg
property and the purification condition are the nice hypothesis for the discrete
time evolution given by the natural transition probability. In this way it will
follow that generically on L, if [ |L(v)|?log|L(v)| du(v) < oo, the Lyapunov
exponents co >y > y2 > ... > v > —oo are well defined.

In a previous work, the concepts of entropy of a channel and Gibbs chan-
nel were presented; and also an example (associated to a stationary Markov
chain) in which this definition of entropy (for a quantum channel) matches the
Kolmogorov-Shanon definition of entropy. We estimate here the larger Lya-
punov exponent for the mentioned example and we show that it is equal to

—% h, where h is the entropy of the associated Markov invariant probability.
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1. INTRODUCTION

We consider quantum channels of the form ¢, : M — My, in which M, is the
set of complex k by k matrices, p — ¢r(p) = ka L(v)pL(v)" du(v), L: My — M,
is a measurable function and p is a measure on Mj.

In a recent work [8], the authors considered Lyapunov exponents for this class
of channels ¢, when L was constant and equal to the identity matrix. The ®-
Erg property and the purification condition (see definitions on section 6) were also
considered in this mentioned paper.

In a previous paper (see [11]), we show that for a fixed measure p it is generic on
the function L the ®-Erg property (in fact we show that the irreducible condition
is generic). The novelty here is that we will show that the purification condition is
also generic on L for a fixed measure p (see section 9).

The introduction of this variable L allows us to consider questions of generic
nature in this type of problem. We use the C° topology in the set of complex
matrices.

For the benefit of the reader in the Appendix Section 10 we present an outline
of the results in [11] and relations of Lyapunov exponents with previous works.

Following [8], one can consider associated to L and p two related processes: one
denoted by X,,, n € N, takes values on the projective space P(C¥); and the other,
denoted by p,, n € N, takes values on Dy, (where Dy, is the set of density operators).
The natural transition probability is defined in [8].

The ®-Erg property and the purification property play an important role when
analyzing the ergodic properties of these two processes (see Section 6).

Here we consider a concept of quantum entropy for channels in section 8 which
was initially presented in [3].

For a fixed p and a general L, it was presented in [11] a natural concept of
entropy (see future section 3) for a channel in order to develop a version of Gibbs

formalism in this setting. It was also presented in example 8.5 in [11] a certain
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channel (related to stationary Markov Chains) in which the value obtained with this
definition coincides with the classical value of entropy. This shows that the concept
that was introduced is natural. This definition of entropy is a generalization of the
concept described on papers [3], [5] and [4]. This particular form of defining entropy
is, in a certain way, inspired by the results of [28] which considers iterated function
systems.

We call the example described in example 8.5 in [11] the Markov model in quan-
tum information. It is the main example to be considered in our Section 8.

The main contribution to the topic of Lyapunov exponents of quantum channels
is the paper [8]. We adapt here the formalism of [8] to the case of a general L in order
to estimate the Lyapunov exponents of the associated dynamical time evolution. In
this part of the paper, we just outline the main points of the proof (see section 7)
because it is basically the one presented in [8]. We describe the sufficient conditions
for the Lyapunov exponents to be finite. The irreducibility and the purification
condition are the appropriate assumptions (as mentioned in [8]). Proposition 9.1
and [11] show that those conditions are true for a fixed p and a generic L.

Results relating entropy and Lyapunov exponents (both in the classical sense)
are quite important in Ergodic Theory (see the Appendix section 10 or [7], [29], [22]
and [17]).

We compute the first Lyapunov exponent (which is negative) for the Markov
model in quantum information (see Section 8) and we show that it is equal to
—% h, in which h is the entropy of the associated Markov probability. We also
show that the second Lyapunov exponent, in this case, will be —oo. Naturally, a
similar general result for the class of all quantum channels is not reachable due to
its inherent generality.

We point out that the definition of entropy for a (normalized) channel presented
in [11] explores the use of a “kind” of Ruelle operator. This procedure uses a natural
a priori probability and this is plausible due to the fact that the “set of preimages”
can be uncountable (see [21]). The main issue on the reasoning in [11] is invariance
(in time one); however, in that paper, the concept of entropy is not directly related
(we mean: in an explicit form) to time evolution. On the other hand, we point out
that the values of the Lyapunov exponents are of dynamical nature. The dynamical

discrete-time evolution - on the present setting - is described by a stochastic process
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taking values on the set of matrices in M}, (see sections 6 and 7). The example we
consider in section 8 shows that the concept of entropy of a channel (at least in this
case) presented in [11] can be linked to the natural dynamical time evolution via
the main Lyapunov exponent. In the Appendix Section 10 we present the relation
of our results about the Lyapunov exponents with the analogous classical concept
in Dynamical Systems.

General references for Quantum Channels and Quantum Mechanics can be found
at [16], [25], [1], [3], [12], [10], [18], [20], [19] and [33]. The book [32] presents several
important results for the general theory of Lyapunov exponents (see [30], [14], [2],
and [13]). [31] and [24] describe basic result in Ergodic Theory.

We thank S. Klein for supplying us with references and also Cyntia Trevor who

helped us in the grammatical writing of the text.

2. BASIC RESULTS

In this section, for the benefit of the reader, we recall some well-known prelim-
inary results on the topic. We will mention throughout the section the references
where the different results are demonstrated.

We denote by M} the set of complex k by k matrices. We denote by Id the
identity matrix on M.

We consider the standard Borel sigma-algebra over M} and the canonical Eu-
clidean inner product on CF

According to our notation, T denotes the operation of taking the dual of a matrix
with respect to the canonical inner product on C*.

Here tr denotes the trace of a matrix.

Given two matrices A and B we define the Hilbert-Schmidt product
(A, B) = tr (AB").

This induces a norm [|A]| = /(A, A) on the Hilbert space M, which will be
called the Hilbert-Schmidt norm.

Definition 2.1. Given a linear operator ® on My, we denote by ®* : My — M. the
dual linear operator in the sense of Hilbert-Schmidt, that is, if for all X, Y we get

(2(X),Y) = (X, 2°(Y)).
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Consider a measure p on the Borel sigma-algebra over M. For an integrable

transformation F' : M — My:

RECIICE ( [, P, an(v))

%,

in which F(v); ; is the entry (4,7) of the matrix F'(v).

Definition 2.2. Given a measure i on My, and a measurable funtion L : My — My,

we say that p is L-square-integrable, if

/ IL@)II? du(v) < oo.
M,

For a fized L we denote by M(L) the set of L-square-integrable measures. We
also denote P(L) the set of L-square-integrable probabilities.

¢, is well defined for L € M(L).

Proposition 2.3. Given a measurable function L : My — My and a square inte-

grable measure 1, then, the dual transformation ¢j is given by
6i0) = [ LW pLE) duto)
My,

Definition 2.4. Given a measure i over My and a square integrable transformation
L : My — M, we say that L is a stochastic square integrable transformation
if
610 = [ LWL du(0) = 1
My,

Definition 2.5. A linear map ¢ : M — My is called positive if takes positive

matrices to positive matrices.

Definition 2.6. A positive linear map ¢ : My — Mj, is called completely positive,
if for any m, the linear map ¢ = ¢ R I, + My @ M,, — M ® M, is positive,

where I, is the identity operator acting on the matrices in M,,.

Definition 2.7. If ¢ : My, — My, is square integrable and satisfies
(1) ¢ is completely positive;
(2) ¢ preserves trace,

then, we say that ¢ is a quantum channel.
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Theorem 2.8. Given pu and L square integrable then the associated transformation

o1, is completely positive. Moreover, if ¢, is stochastic, then it preserves trace.

For the proof see [11].

Remark 2.9. ¢7 is also completely positive. We say that ¢ preserves unity if
¢r(Idg) = Idg. In this case, ¢} preserves trace. If ¢ preserves the identity then

o1, preserves trace.

Definition 2.10 (Irreducibility). We say that ¢ : My — My, is an irreducible

channel if one of the equivalent properties is true

e Does not exist A\ > 0 and a projection p in a proper subspace of C¥, such
that, ¢(p) < Ap;

e For all non null A >0, (1+ ¢)*~1(A) >0;

e For all non null A > 0 there exists t4 > 0, such that, (e?!4?)(A) > 0;

e For all pairs of non null positive matrices A, B € My, there exists a natural
number n € {1,...,k — 1}, such that, tr [B¢™(A)] > 0.

For the proof of the equivalences we refer the reader to [15], [27] and [33].

Definition 2.11 (Irreducibility). Given u, we will say (by abuse of language) that

L is irreducible if the associated ¢y, is an irreducible channel.

Theorem 2.12 (Spectral radius of ¢, and ¢ ). Given a square integrable L : My, —
My, assume that the associated ¢y, is irreducible. Then, the spectral radius Ay, > 0
of o1 and ¢7, is the same and the eigenvalue is simple. We denote, respectively, by
pr > 0 and or, > 0, the eigenmatrices, such that, ¢r(pr) = Appr and ¢ (o) =
Ao, where py, and o, are the unique non null eigenmatrices (up to multiplication

by scalar).

The above theorem is the natural version of the Perron-Frobenius Theorem for
the present setting.
It is natural to think that ¢ acts on density states and ¢7 acts in selfadjoint

matrices.

Definition 2.13. Given the measure u over My we denote by £(u) the set of all

integrable L such that the associated ¢y, is irreducible.
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Definition 2.14. Suppose L is in £(u). We say that L is normalized if ¢, has

spectral radius 1 and preserves trace. We denote by N(u) the set of all normalized
L.

If L € M(p), then, we get from Theorem 2.12 and the fact that ¢} (Idy) = Idy,
that A\, = 1. That is, there exists p;, such that ¢1(pr) = pr and pr is the only

fixed point. Moreover, the spectral radius is equal to 1.

Theorem 2.15 (Ergodicity and temporal means). Suppose L € N(u). Then, for
all density matriz p € My, it is true that

N —o0

1N
m > ¢1(p) = pr,
n=1
in which pr, is the density matriz associated to L.

Proof: The proof follows from Theorem 2.12 and Corollary 6.3 in [33].
O

The above result connects irreducibility and ergodicity (the temporal means have

a unique limit).
3. ENTROPY

A measure p over My (which plays the role of the a priori probability) is fixed.
Thus, given L € £(u), we will associate in a natural way the transformation ¢y, :
My — M.

Definition 3.1. We denote by ® = ®, the set of all L such that the associated

o1, : My — My, is irreducible and stochastic.

Suppose L is irreducible and stochastic.
Given L consider the density matrix pr, which is invariant for ¢ (see Theorem
2.12).

Definition 3.2. We define entropy for L (or, for ¢ ) by the expression (when
finite) :

hL) = hy(L) := */M o tr (L(0)prL(v)") P (v, w) log Pr(v, w) dp(v)du(w),
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in which
tr (L(w)L(v)prL(v)" L(w)")
tr (L()pr L(0)1)

This definition is a generalization of the analogous concept presented on the

Pp(v,w) :=

papers [3], [5] and [4].
The example presented in [11] shows that the above definition of entropy is indeed
a natural generalization of the classical one in Ergodic Theory. The same example

will be considered again when analyzing Lyapunov exponents (see section 8).

4. PROCESS X,,, n € N, TAKING VALUES ON P(CF)

Consider a fixed measure g on My and a fixed L : My — My, such that,
ka |IL(v)||? du(v) < oo, and, also assume that ¢y, is irreducible and stochastic.

Note that if, for example, p is a probability and the the function v — ||L(v)]| is
bounded, we get that [, IL(0)|]* du(v) < .

We follow the notation of [8] (and, also [11])

Denote by P(CF) the projective space on C* with the metric d(2,9) = (1 —
|(x, y)[*)*/2, in which z, y are representatives with norm 1 and (-, -) is the canon-
ical inner product.

Take & € P(C¥) and S C P(CF). For a stochastic ¢, we consider the kernel

(1) M, (#, ) = / 15(L(v) - ) [IL@)z] du(v),

My,
where the norm above is that of Hilbert-Schmidst.
The discrete-time process (described by the kernel) taking values on P(CF) is
determined by p and L. If v is a probability on the Borel o-algebra B of P(CF)
define

VI (S) = /P o, (6 8) ()
-/ Lo(L(v) - &) L)l dv(@)du(v).
P(Ck)x My,

vII}, is a new probability on P(CF) and IIj, is a Markov operator. The definition

above of v — VIl is a simple generalization of the one in [8], in which the authors
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use the L mentioned here, as the identity transformation.

The map v — vl (acting on probabilities v) is called the Markov operator
obtained from ¢y, in the paper [23], in which the a priori measure p is a sum of

Dirac probabilities. Here we consider a more general setting.

Definition 4.1. We say that the probability v over P(CF) is invariant for Iy, if

vil;, = v.

See [11] (and also future Proposition 6.7) for the existence of invariant probabil-

ities for 11y,

5. THE PROCESS p,, n € N, TAKING VALUES ON Dy

For a fixed p over M} and L such ¢ is irreducible and stochastic, one can
naturally define a process (p,) on Dy, = {p € M}, : trp = 1 and p > 0}, which is
called quantum trajectory.

We follow the notation of [8] (and, also [11])

Given a pg initial state, we get

L(®)pn 1 L(v)*
tr (L(v)pn—1L(v)*)

Pn =

with probability
tr (L(v)pp—1L(v)*)du(v), m€N.
We want to relate the invariant probabilities of the previous section with the

fixed point pjp, = pfm of ¢r.

First, denote  := M}, and for w = (w;)ien, take ¢n(w) = (W1, ..., Wy).

We denote 7, the projection of w in its first n coordinates.

We also denote by M the Borel sigma algebra M. For all, n € N, consider O,, the
sigma algebra on (2 generated by the cylinder sets of size n, that is, O,, := m,, 1(M™).
We equip €2 with the smaller sigma algebra O which contains all O,,, n € N.

Denote J,, := B® O,, and J := B® O. In this way, (P(C*) x Q,J) is an
integrable space. By abuse of language, we consider V; :  — M, as a random

variable V;(w) = w;. We also introduce another random variable

W, := L(V,,)...L(V1), in which W, (w) = L(wy)...L(wr).
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We point out that the symbol ® does not represent the tensor product.
For a given a probability v on P(C¥), we define for S € B and O,, € O,,, another
probability

Py(S x O,) = /m W (@) |? dv(@)du®™ ().

Denote E, the expected value with respect to P,. Now observe that for a v
probability on P(CF), if mx, : C¥ — {0} — P(CF) is the orthogonal projection on

subspace generated by Xy on C*, we have

pv i =E,(7x,) :/ T AV (Z0).
P(Ck)

We call p, barycenter of v, and it is easy to see that p, € Dy.

Proposition 5.1. If v is invariant for Iy, then
Pv = ED(WXO) = Ev(ﬂ-f(l) = ¢L(pl/)

Therefore, for an irreducible L, every invariant measure v for Il has the same

barycenter.

We emphasize that, in this way, we can recover p;,,, the fixed point of ¢, by
taking the barycenter of any invariant probability (the quantum channel ¢;, admits
only one fixed point). That is, for any invariant probability v for Iy, we get that
Pv = Pinv-

Note that the previous process can be seen as p,, : Q — Dy, such that, po(Z,w) =

py and

Wn w p()Wn w)*

() = WaldpoWa)®
tr (Wn(w)pOWn(w) )

Using an invariant p we can define a Stationary Stochastic Process taking values

on Mj. That is, we will define a probability P over = (M,)".
Take O,, € O,, and define

P?(0,,) = /O b (W (@)p Wi (@)7) du® ().

The probability P on 2 defines a Stationary Stochastic Process.
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6. IRREDUCIBILITY, THE ®-ERG PROPERTY AND THE PURIFICATION CONDITION

In this section, for the benefit of the reader, we recall the main results from [8].

We will use in this section the notation of [8].

Definition 6.1. Given L : My, — My, i on M, and E subspace of C*, we say that
E is (L, p)-invariant, if L(v)E C E, for all v € supp p.

Definition 6.2. Given L : My — My, i on My, we say that L is ®-Erg for u, if

there exists a unique minimal non-trivial space E, such that, E is (L, p)-invariant.

In [27] it is shown that if the above space F is equal to C*, then L is irreducible
for p (or, p-irreducible) in the sense of Definition 2.11.

The relation of P? and P, (described in the last sections) is described in the next

result.

Proposition 6.3. The marginal of P, on O is PPv. If ®-FErg is true, then for any

two I-invariant probabilities v, and vy, we get PPra = PPvs,

The proof of the result above, when L is the identity, was obtained in Proposition

2.1 in [8]. The proof for the case of a general L is analogous.

Given two operators A and B we say that A « B, if there exists g € C, such
that, A = 8 B.

Definition 6.4. Given L : My — My, p on My, we say that the pair (L, u) satisfies

the purification condition, if an orthogonal projector w, such that, for anyn € N
7L(V1)*..L(V,)* L(V,,)..L(V1) 7 « m,

for u®m-almost all (vi,va,..,vy), is necessarily of rank one.

Following [8], we denote Pe" = P& 14,
We denote by Y,,, n € N, the matrix-valued random variable

Wxw,
Yn = b ) if t " n ’
V) if tr (W W,,) #0

that we extend the definition arbitrarily when tr (W} W,,)=0 .

The next two propositions are of fundamental importance for the theory and

they were proved in Proposition 2.2 in [8] (the same proof applies here).
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Proposition 6.5. For any probability v over P(CF) the stochastic process Yy,
n € N, is a martingale with respect to the sequence of sigma-algebras O,, n € N.
Therefore, there exists a random variable Yoo which is the almost sure limit of Yy,

for the probability P, and also in the L' norm.

Proposition 6.6. For any probability v over P(C*) and p € Dy,
dPpr
d]}bch

Moreover, p and L satisfy the purification condition, if and only if, Yoo is P, -a.s

=ktr(pYeo).

a rank one projection for any probability v over P(CF).

Proposition 6.7. If the pair (L, u) satisfies the ¢-Erg and the purification condi-

tion, then, the Markov kernel 11 admits a unique invariant probability.

1 Ax2 N ...\NZy, With z; € C*, denotes the classical wedge product (an alternate
form on CF).

One can consider an inner product
<7’1 ANTo N oo ATy, S1AS2 NN\ Sy > = det (T¢8j))i,j=1727,,,7n,
and, the associated norm |21 A zg A ... A2y, |.

Given an operator X : C* — C* we define A" X : A"C* — A"CF by A" X (z1 A
o Ao Nay) = X (1) AX(22) Ao A X ().

Proposition 6.8. Assume the pair (L, u) satisfies the purification condition, then,
there are two constants C > 0 and 5 < 1, such that, for each n

[ A* Wl

v, ) <90

/ | A2 (L(vy)...L(v1) ) | d p® ™ (w1, va, ..., v,) = E" (K
Mg

The proofs of the two propositions above are similar to the corresponding ones
in [8].

Consider B(My,) = {L : My, — M, |L is continuous and bounded} where ||L|| =
sup, e, [L(0)]]-

Definition 6.9. For a fized measure p over My, define

B, (My) ={L € B| L is p-irreducible},

and
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BS(Mk) ={L € B| L is ®-Erg for u}.

Proposition 6.10. Given pu over My, with #suppu > 1, BE (My,) is open and dense
on B(My).

Proof: See [11].

In section 9 we will prove:

Proposition 6.11. Given p over My, with #suppp > 1, the set of L satisfying the

purification condition is generic in B(My).

7. LYAPUNOV EXPONENTS FOR QUANTUM CHANNELS

In this section, we will consider a discrete-time process taking values on Mj.

Take p over My and L : My — Mj in such way that the associated channel ®
defines a ®-FErg stochastic map. We assume in this section that p € Dy, is such that
®(p) = p. Such p plays the role of the initial vector of probability (in the analogy
with the theory of Markov Chains).

We follow the notation of [8].

Take Q = M}, and for n € N let O,, be the o-algebra on Q generated by the
n-cylinder sets (as in Section 5).

An element on  is denoted by (w1, wa, ..., wn, ...). Following section 5 we denote
Wy (w) = L(wy)...L{wy).

Taking O,, € O,, we define

PO = [ (W (@)pWaw)") du"()

n

If O is the smallest o-algebra of € that contains all O,, we can extend the action
of P to this o-algebra.
The probability P on €2 defines a Stationary Stochastic Process.

Theorem 7.1. (2, P,0) is ergodic where 0 is the shift map.

The above theorem has been proved in Lemma 4.2 in [8].
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Theorem 7.2. Suppose the pair (L, u) satisfies irreducibility, the ¢-Erg and the
purification condition. Assume also that [|L(v)|*log|L(v)| du(v) < oo, then, there

exists numbers

00> =Y 2 2 Yk = —O0,

such that, for any probability v over P(C¥) and any p € {1,2,..,k}
1 P P
nlggoﬁlogl/\ Wy | = Z;%',
=
P,-a.s.

The above theorem was proved in [8] and the same proof works in our current
setting. We point out that a key element in this proof (see (35) in [8]) is the fact
that if (L, u) is ¢-Erg and irreducible, then, p;,, > 0, and for any p € Dy

PP << PPinv

Proposition 6.3 is also used in the proof (corresponds to proposition 2.1 in [8]).

The numbers

are called the Lyapunov exponents.

Theorem 7.3. Suppose that L is generic for p and [ |L(v)[*log|L(v)| du(v) < oo,

then, the Lyapunov exponents
0>V V22 . 2V = —O0

are well defined.

(a) 2 —v1 < 0, where v — 1 is the limit

1 AW
P A

whenever y; = —00
(b) For P, -almost sure x we have that

. 1
lim —(log | W, (z)| —log | W, |) = 0.

n—o00 N
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proof:

The proof of (a) is similar to the one in [8].

Proof of (b): We start with

1/2
Wl _ e (Wuma W) 12 [ex(Wiwars) ]
Wl [tr (W, Wil) ]1/2 tr (W, W)

1/2
= I 7W;Wn Vs = T T 1/2
a [t <tr(WnW£) )] = lor (M)

Those calculations are valid for all w such that W, W, (w) # 0. Since P, (W,, =
0) = 0, no extra work is required. Now we use proposition 2.2 in [8] which says that
M,, converges P, — a.s. and in L' norm to a O-measurable random variable M.

By continuity of the trace and square root, we have

lim [tr (Mam,)]? = [tr (Moomy)]Y?, for P, —as. z € P(CH).

n— oo

The proof is similar to the one in [8].

8. THE MAIN EXAMPLE - LYAPUNOV EXPONENTS AND ENTROPY

Now we will present an example (see example 8.5 in [11]) in which we can estimate
the Lyapunov exponents and show a relation with entropy. We will call it the

Markov model in quantum information.

A concept of entropy for Channels was introduced in [3] and this concept is
quite natural because extends the concept of entropy for Markov Chains. Given a
stochastic matrix P = (p;;) we can associate to it an invariant Markov probability
measure.

We will consider a particular case (see example 8.5 in [11]) where P is a 2 x 2

matrix. Our main result in this section is for the first Lyapunov exponent ~;:

1 1
(2) m=3 > wipijlog(pi) = —5h
4,j€{0,1}

in which h is the entropy of the Markov invariant measure associated to the 2 x 2

matrixP.
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Let Vi; = \/Pij| 1)(j| where P = (p;;) is a irreducible (in the classical sense for
a Markov chain) k by k column stochastic matrix, u =3, dv;; and L = I. In this
case, we get that
ViiVig = pis 3)(7 1,

is a diagonal matrix and, if A = (a;;),

Vi3 AVi; = pijaiil 5 )(J |-

Therefore, when w = (V;,,;,.), we have

Wa(w)* Wa(w) = PiyjiPisja| 52 ) J2 |6is1

in which d;; = 0if ¢ # j and 1 if ¢ = j. By induction,

Wi (W) Wi (w) = <H pikjk) (1:[ 5ik+1jk> | Jn ) (dn |-
k=1

k=1
Thus, Wy, (w)*W, (w) is 0 or a diagonal matrix with a unique entry different from

0. This entry is exactly ([],_; pi.j,) which implies that

n

* Xi11,n Xi12,n Xo1,n Xa2,n

Wi (w)* W (w)]| = <Hpikjk> =pi (w)p1212, (w)p2121, (w)p2222, (w)7
k=1

in which

n—1
Xijn(w) =Y 1y, 005 (w),
k=0

with 1y, ;) being the characteristic function of cylinder [V;].
Note that under the ergodicity hypothesis we get the property: for any ¢,j and
P-almost sure w, we have that

n—1

Tim >~ 1 20() = B[V
It follows from the arguments of example 8.5 in [11] that the pair (L, u) satisfies
the purification condition, the ¢-Erg conditions, and also irreducibility.
Remember that for given matrix A € My(C), a1(A) > a2(A) > ... > ai(A) are

the singular values of A, i.e., the square roots of eigenvalues of A*A, labeled in
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decreasing order. From Lemma II1.5.3 in [9] we have

/\ Wh(w) || = a1 (Wy)...ap(Wy).

Therefore, H A W (w) H =a1(W,) = ||W;:Wn||%
Following Proposition 7.2 (which corresponds to Proposition 4.3 in [8]) we can

obtain the greater Lyapunov exponent 7y; taking the limit

lim 1 log (|| Wy, (w)* W, (w) ||%)

n—o00 N

1 . Xiin(w
ij

/\ Wn(w)

lim —
n—o00 M

- D iy,

We know from [11] that if ® is the channel defined for such p and L, then, ®
is ®-Erg. Assume, m = (7, 7o, ..., ;) is the unique invariant probability vector for
the stochastic matrix P. Then, the unique p, such that, ®(p) = p, is exactly the
diagonal matrix p with entries my,mo, ..., 7. We also know, in this case, that the
entropy (see example 8.5 in [11]) for a channel as defined in [11] is equal to the
classical Shannon-Kolmogorov entropy of the stationary Markov Process associated
to the column stochastic matrix P = (p;;) (see formula in [26]).

Now, we can estimate
B([Viy)) = /W o) dp(e) = (V5 Vi) = e 0l ) 710) = st 101 7)
ij
= PijT;.

Therefore,

1 1
(3) n=5 D mpijlogpi) = —5h,
1,7€{0,1}

in which h is the entropy of the Markov invariant measure associated to the matrix
P.
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The value % which multiplies the entropy on the above expression is due to the
fact that we considered the norm ||A| = (A, A)'/2.

Now we estimate the second Lyapunov exponent 7.

We showed that W, (w) W (w) = ([T, piris) ( o 5ik+ljk) | jn )i |, which
implies that the second eigenvalue is 0 and therefore as(W,,(w)) = 0.

Now, we can get 72, in fact,

11+ = lim - log(ar (W (@)aa(Wa () = i ~ log(0),

which implies that v, = —o0.

9. THE PURIFICATION CONDITION IS GENERIC

The measure p is fixed from now on.

Our main goal in this section is to show:

Proposition 9.1. Given u over My, with #suppu > 1, the set of L satisfying the

purification condition is generic in B(My).
This will follow from Lemma 9.14.
Definition 9.2. We say that the projection ™ n-purifies L : My — My, in which

rank m > 2, if there exists E € O, with u®™(E) > 0, such that,

TWa (W)W (W) ok T,
forallw e E.

In order to prove that a certain L satisfies the purification condition, we have to

consider all possible projections 7 (see definition 6.4).

Observe that if @) is a unitary matrix, 7 has rank great or equal to 2 and n-purifies
L for E € O, then

QmQ" QW (w) Wy (w)Q*QmQ" ¢ QrQ™.
Besides that, W,,(w) = L(wy)...L(w1), so, as Q*Q = Idj, we have

QWH(W)*Wn (W)Q" =
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QL(w1)"Q*Q...Q" QL(w,)*" Q" QL(w,)Q*Q...Q" QL(w1) Q™ Q.

From this follows:

Proposition 9.3. If Lg(v) := QL(v)Q*, then for a projection w, such that, rank m >

2 and an unitary matriz Q, it’s true that

7 n-purifies L <= QmQ* n-purifies Lg.

Definition 9.4. For an orthogonal projection m and n € N we define

Pur? ={L € B(My,)|m n-purifies L}.
Note that if
Pur ={L € B(My) | ®y, satisfies (Pur) condition },
and if we denote
P, = {7 orthogonal projection |rankz > 2},

it follows that

Pur = ﬂ U Purl.

weP>; neN

Proposition 9.5. For any m € P, and n € N, Pur] is open.

proof: Take m € P, with rank7 = [, @ an unitary matrix that diagonalizes .

Suppose that

10
0
T:=QrQ" = |0
0
oo ... ... 0 ... 0]
So, if L € Pur}, we know that 7 n-purifies Lq.

If
(515(w)) == QW (w) Wi (w)Q"
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L
ij

such that at least one of following conditions occurs:

we know that s are continuous functions. Moreover, there exists wg € supp u®»
1. There exists i # j, such that, sZLJ (wp) # 0, or there exists j = i > rank 7, such
that, s (wp) # 0.

In this case, we define the matrix s%(

w) == sf5(w);

2. There exists ¢ # j, such that, s;(wo) — s7;(wo) # 0.

In this case, we define st (w) := sk(w) — stj(w)

It is clear that for F' € B(Mjy) with |[L — F|| < e, we have, for & small enough,
that s (wp) # 0, because s (wp) has a continuous dependence on F. Furthermore,
st is continuous, so there is a open set B with wy € B, such that, s (w) # 0, for
w € B. Moreover, wy € supp u®", which implies that u®*(B) > 0, and therefore
I ¢ Pury.

O

We point out that s”(wg) # 0 is the good condition for purification.

Proposition 9.6. For any w € Py, Purl is dense.

proof: Take L ¢ Purl and Q unitary matrix that diagonalizes 7 as above. If L ¢
Purl, defining (sfj) as in the previous proposition, we know that s11(v) = s22(v),
for almost every v. If D = [1)(1], and € > 0, we consider Lg(v) = Lg(v) +€D.

So, we have

L5 () L5(v) = (Lo(v) + D) (La(v) + D)
= Lqo(v)"Lq(v) +eLg(v)D +eDLg(v) + e2D.

This perturbation changes the values s¥; (v) but not s, (v), which implies that

QmQ* n-purifies Lg. Now, we only need to take L®(v) = L(v) +eQ*DQ and, as
IL — L#|| is small, it will follow the density property at once.
O

Definition 9.7. For any m € P,, we define Pury = J, oy Purl.
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Note that by the two propositions above given a fixed 7 the set Pur, is open
and dense on B(M},). Note also that for the purification condition it is necessary to

consider all possible projections 7 (see definition 6.4).

Lemma 9.8. If m,my € P> has the same rank, E; := Im m;, and {x;} is an
orthonormal basis for E;, then, {max;} is a basis for Ey if m1 and wy are close

enough.

proof: The proof will be by contradiction. Suppose rankm; =1 and y; := mox;
are linearly dependent. So, the dimension generated by {y;} is at most [ — 1.
Then, there exists a vector § € F5, which has norm 1 and it is orthogonal to the
subspace generated by {y;}. Therefore, (4, y;) = 0, for all %. This implies that
(g, max;) = (may, x;) = (g, x;) = 0 and, moreover, myj = 0. Finally, we get
[ = 72|l = |lmg — mgl = [|9] = 1.

If we assume that |7, — m2|| < 1, we are done.

Observe that, for ¢ # j and |12 — || < €,

iyl = Kyi, @)l = Ky — @i, @) < llyi — @il || = [l — il

(4) <o —m| <e

The set of y; is not an orthonormal basis.

We would like to get an orthonormal basis close to the orthogonal basis x1, .., z,,.
Our aim is to prove corollary 9.12 which claims that, given e there exists an or-
thonormal basis (u;) for By with ||u; — 24| < Ce, for some constant C' > 0. In this

direction, we will perform a Gram-Schmidt normalization procedure.

Y1 .
”TIH’ N; = yi_Z;’:1<yi7 Uy >uj and u; 1=

N

, for i > 1. Then,
[Vl

Denote uy :=

we have
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L R L

< llmpan || msas = manl| + o | |lmaan | = 1]
—1 -1
< flmsaa| e+ [llmoza |7 -1

<e(l—e)t+(1-e)te

< 4e,
and
[lmom:|| — ||| < ||maz; — may|| <e = 1 —¢e <||mazyl| <1+e.
Furthermore,
Iy = (v syl = ||y = Imoall > (v, 90 )un |
< lwall + (1 =€) ~%e ||
<1+ 4e.

Proposition 9.9. For any i € {1,..,n}, j < i, there is C;; > 0, such that,
[(yi, uj )| < Cije.

proof:

Take N := min || V;]| > 0.

Observe that |(y2, u1 )| < N~'e (this follows from a similar procedure described
in (4) and the Cauchy-Schwartz inequality).

Then suppose, for all [ < ¢, |[(y;, u; )| < Cije, and for all j <, with Cj; > 0. If

j < i, we have

j—1
i ug )l < N7y )+ NTEY Iy )|
k=1
j—1
<SNTe+ NT'Y e
k=1

j—1
= (1 + Zcﬂk> N~ le.
k=1

Taking Cj; = <1 + fo;ll Cjk>N1 the claim follows by induction.
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Proposition 9.10. For all i, ||N;|| — 1| < Ke, for some K > 0.

proof:

i—1

INGl < 1 llya = all + > 1y )]

Jj=1

i—1
<l+e+ (ZCUZ)e
j=1

(1 (5)e

Jj=1

Taking K = |1+ 301 Cy

Proposition 9.11. For all i, we have ||u; — z;|| < Cie.

proof:

i — 2l] < N7UINg = ai| + || Nil| 2 — 4]

i—1

SNy =@l + N7y Wy, )+ NG = 1]

=0
i—1
< N_lé‘—l—N_lZCij + Ke

j=1

i—1
— (N‘1+N_1ZCZ»J»+K>5.

j=1

Define C; := N~ + N1 Z;;ll Ci; + K and the statement has been proved.

the proof is completed.

177

O

Corollary 9.12. There exists C > 0, such that, for all € > 0, there exists an

orthonormal basis (u;) for Es with |Ju; — ;]| < Ce.

If we repeat the process, but now for Ej- and E3-, we get another constant Cs,

and in a similar way, we obtain new vectors (u;) from the (x;). These u; define an

orthonormal basis for C* with ||u; — 2;|| < Cae.
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Now we define Q1,Q2 , such that Qiz; = e; and Qau; = ¢;, in which (e;) is a

canonical basis for C¥. Then, Q;m;Q? is a diagonalization for m;. Observe that

[Q2Q7 — I]| = [|Q2Q7 — Q2 Q3| < Cse,

the map A — Q2Q7A(Q2Q7)* is continuous and, in addition, this map is close to

the identity map.

We know that if L € Pur} , then, we take s¥ from the 71, Q; and L, as in propo-
sition 9.5. In the same way, there exists wg € supp p with s¥(wg) # 0. Observe
that s¥(wp) depends only on the cordinates of QWL (wo)* WL (wo)Q%. Now, apply-
ing Q2Q% (+) (Q2Q7%)* we get QaW.E (wo)*WE(wp)Q3. Note that this is the same as
considering 72, Q2, L and the associated s%(wp). If € is small enough, s (wg) # 0
and we can repeat the argument used in proposition 9.5 in order to obtain an open
set B, such that, wy € B and, moreover, if w € B then s&(w) # 0. Therefore,
L € Pury,.

The previous arguments prove the following lemma.
Lemma 9.13. If L € Pury, and 7, are close enough, then L € Pury,.

Lemma 9.14. Take K> as a countable dense subset of P>. Then,

Pur = ﬂ Pur.
TeEK>o

proof: We will use the classical Baire Theorem.
Suppose that L € (), ¢k,
L € Purg, there exists e(m), such that, if # € P, and |7 —#|| < e(m), then

Pur,, then for lemma 9.13, for every m € K, as

L € Pur;z. Furthermore, if we define B(w) = {# € Pa|||7# — x| < e(n)}, then
Urek, B(m) covers P,. Therefore, for any ## € P, there is m € Ka, such that,
7 € B(m) and thus L € Pur;. This implies that L € (), .p, Pury = Pur.

O

10. APPENDIX - RELATIONS WITH PREVIOUS WORKS AND WITH CLASSICAL

DYNAMICAL SYSTEMS

In [11] it was we introduced a concept of quantum entropy and pressure which

was used here. In the classical dynamical setting the entropy is obtained via the
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limit of finite dynamical partitions. The definition of quantum entropy considered
in [11] is not inspired in this procedure. The version considered in [11] (and also in
here) is more on the spirit of Rokhlin Formula (see [31]). This is in accordance with
the point of view of considering a priori probabilities in the definition of entropy (see
[21]). Although at first glance it is not transparent, the classical concept of entropy
is associated with an a priori measure (not an a priori probability according to
the discussion in [21] and [6]).

In order to make more clear the need - in the Dynamical Systems setting - of an
a priori probability consider the shift o acting on the symbolic space KN, where K
is a compact metric space (not necessarily countable as in [6] where K is the unit
circle). In this case, entropy can not be defined in a natural way by the classical
procedure obtained via the limit of dynamical partitions. Each point z € K~ may
have an uncountable number of preimages by the shift. We consider a probability u
on K which will be called the a prior: probability. Entropy can be defined however,
via the Ruelle operator, which in turn requires an a priori probability to be defined
(in the dynamical setting this is described in [21]). Entropy and the Ruelle operator
are connected in a natural and fundamental way. If K = {1,2,...,d} is natural to
consider p as the counting measure (or the normalized counting probability) and
this will give rise to the classical Ruelle operator (as described in [24]). The dual of
the Ruelle operator plays a very important role in thermodynamic formalism (see
24]).

The time evolution considered in section 6 requires a quantum entropy with a
dynamical flavor. In the present setting, the probability p on M}, of Section 2 will
play the role of an a priori probability. To emphasize the differences of the various
concepts of entropy we denote in this appendix the entropy of the channel ¢, when
L is stochastic, by h(¢r).

Our point of view for defining the concept of quantum entropy is in consonance
with [3], [4], [5] and [28]. A confirmation that the entropy considered here is in fact
a concept that describes valuable information, from a dynamic point of view, is its
relationship with Lyapunov exponents in the case of the Markov model in quantum

information (see expression (2)).



180 JADER E. BRASIL, JOSUE KNORST AND ARTUR O. LOPES

Section 9 in [11] describes several distinct concepts of quantum entropy which
are well known in the literature in Quantum Information (but different from ours).
As mentioned there the von Neumann entropy is not exactly of dynamical nature.

Consider H : My — M;, we defined the Ruelle operator ¢y : My — My:

p — ou(p) = y H(v)pH(v)" dp(v),

where p is a probability on M. H plays the role of an Hamiltonian.

In [11] it was proved a version of the Ruelle Theorem: a variational principle of
pressure related to an eigenvalue problem for the Ruelle operator. Entropy and the
Ruelle operator are also connected in a natural and fundamental way in our setting
(see section 4 in [11]).

In cite [11], given an Hamiltonian H : M} — Mj, it is introduced the concepts
of Gibbs channel and equilibrium channel for H.

We present in this appendix three tables where the reader can compare different
settings. The first table, with three columns, describes the set of correspondences
(definitions and results) on the topics: in the left side of the table we consider
Markov Process (with values on a finite set), in the middle we outline results in
Thermodynamic Formalism for a symbolic space with symbols in a metric space,
and on the right side of the table we present the setting of Quantum Information.
This table presents an outline of the sequence of results of [11]. We believe this will
help the reader to understand our reasoning. For example: the Perron Theorem,
the Ruelle Theorem, and the Evans-Hgegh-Krohn Theorem are on the same line,
each one in one distinct column. They play similar roles in each one of the settings.

In the second table we outline the main points describing the Markov model in
quantum information considered in Section 8.

In the third table we make a comparison of the results on Lyapunov exponents of
the present paper with the ones in Markov Chains and Thermodynamic Formalism.

In the tables [BFPP] corresponds to results in [8].

In order to make a comparison of our main result with the classical study of
Lyapunov exponents in Ergodic Theory, we briefly describe below some important
theorems in this long-established theory.

Given a C'*® expanding d to 1 transformation T : S* — S, there exist a unique

ergodic probability measure dp(z) (abs. con. with respect to Lebesgue measure)
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for T. The Kolmogorov entropy of this probability satisfies

(5) mm:/mwwwwm

This is a nice relation between entropy and Lyapunov exponent in a smooth case
(see [26]).

The Oseledet Theorem describes the ergodic properties of the product of random
matrices (see [32]).

Now, we will describe a more complex example concerning the smooth case:
consider M a compact manifold of dimension 2 and a C'*° Anosov diffeomorphism
F : M — M which is volume-preserving. We denote dF(z) the derivative of F
in z, which is defined for tangent vectors v € TM,. The tangent plane T M,
is decomposed in the sum of two bundles F,(z) @ E,(z), where the norm of the
vectors v on E,(z) contracts by the action of DF~! along orbits by F. The bundle
E,(z) is called the unstable bundle.

We denote the Lebesgue probability by m, which is known to be is ergodic for
such diffeomorphism F. We consider the function x € M — DF~!(z) and then the
random products of the inverse of the derivative DF~! along orbits.

A version of Osedelet Theorem claims in this case that there exist y; > 0 > 72,
s. t

tim *log | [(DF ™ (F""(x)) .. DF~(2)] (v) | = 7 or 7

for Lebegue a.e.w. z, and Yv € T M. Moreover, v; + v = 0.

The value 2 < 0 describes the mean value of contraction of the norm of vectors
v € Ey(x) by DF~™, in the logarithm scale, of a random € M under the iteration
by F™.

An important result in the theory is the following:

Pesin Theorem: Consider a compact manifold M of dimension 2 and a C*

Anosov diffeomorphism F': M — M, which is volume preserving. Then,

(6) Yo = —h(m),

where h(m) is the Kolmogorov entropy of the Lebesgue probability m.

We point out that Sections 13.1 and 13.2 in [1] consider results related to quantum
versions of Ruelle inequality and Pesin Theorem but for a different setting.

We will show that our result - for the Lyapunov exponent of a Markov model in

Quantum Information - is analogous to the Pesin Theorem. We will elaborate on
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this claim following the notation of [8]. Thus, the reader will have a synthetic view
of the chain of results in [8] which were used in our work.

Take Q = M}, and for n € N let O,, be the o-algebra on Q generated by the
n-cylinder sets. An element on € is of the form (w1,ws, ..., Wy, ...).

We also denote W, (w) = L(wy,)...L(wy).

Taking O,, € O,, it was defined

POn) = [t (Wa()pWo(w)") d® (w).
On

If O is the smallest o-algebra of {2 that contains all O,, we can extend the action
of P to this o-algebra.

The probability P on 2 defines a Stationary Stochastic Process.

Theorem (Q,P,0) is ergodic where 6 is the shift map.

The above theorem has been proved wen L = Id in Lemma 4.2 in [8].

Now, we will briefly describe the results that are necessary for the study of
Lyapunov exponents in the setting of quantum information (adapted from [8]).

T1 AT N ... Ny, With z; € CF, denotes the classical wedge product (an alternate

form on CF).

One can consider an inner product
(riATe A ATy, STASIA L AS, )= det (7555))ij=1,2,...n

and, the associated norm |z1 Azg A ... Axy |
Given an operator X : C*¥ — C* we define A" X : A"C* — A"CF by A" X (21 A
Ta Ao ANp) = X(21) A X (22) A oo A X (22).

The next theorem is an easy adaptation of the reasoning which was considered

in [8] for the case L = Id. Below we consider the case of dimension 2.

Theorem. Suppose the pair (L, u) satisfies irreducibility, the ¢-Erg and the
purification condition. Assume also that [ |L(v)|?log|L(v)| du(v) < oo, then, there

exists numbers

00 > 7y1 = Y2 = —00,
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such that, for any probability v over P(C*) and any p € {1,2}

o P P
nlggoﬁlogl/\ W= jz_:l%
P, -a.s.
Consider a 2 x 2 stochastic matrix P and the associated Markov invariant prob-
ability in {0, 1}
In [11] (see also [3], [4] and [5]) it was shown that

1
H(bra) = — Z m;pijlog(pij) = h >0,

i,j=0
where h is the entropy of the Markov invariant measure associated to the matrix
P and ¢pq4 is the channel (the Markov model in quantum information) described in
our section 8.

One of our main results here is for the Markov model in quantum information:

(7) M= —%ﬁ(ﬂﬁd),

and also that v5 = —o0.

The above result is a quantum information version of (6).
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Therm. Form. for Markov probabilities

Therm. Form. with symbols on comp. met. space '

Quantum Channel Formalism

state space S'is § = {1,2,....d}

state space § = K

a compact metric space

state space S = Mj, is the set of k x k

complex matrices My

consider a fixed a priori measure fi = 3"

consider a fixed a priori probability 1 on Borel K;
Special case K = {1,2,...d}, u =130 5, =17

consider a fixed a priori probability

4t on Borel Mj,

shift o Q = {1,2,...d}

shift o : Q=K

shift o : Q

9, on Q= DY, or on Q= SA}

with Dy = density matri or SA; = self adjoint matrices

function f : {1,2,.

£= X5 f5

Ldy SR = (fu

ends on the first variabl

< fa)s

Continuous function f : K — B (observable)

fa

= fler, @223,

s ek, jeN

L : My — My, square integrable transformation, or continuous,
and from L we define

the operator M = 63, (M) = [,, L(B)' ML(B) u(B)

Potential A: {1,2
A(x1,22,73,...) = A(w1,22) constant in cylinders 77,73,
Such A: {1,2,...,d}" = R is of Holder class.

L} = R depen. on first 2 var.,

Continuous Potential A: K™ — R; A(z) =

A1, w2, 33,...), 7; € K interaction in the lattice N

a square integrable H : M. — My, called Hamiltonian, defines
the Hamiltonian operator ¢, (acting in SA):
M € My = oy(M) = [, H(B)'MH(B) u(B)

Duality: line vector [ < column vetor r

Duality: functions < mesures

Duality in My self adjoint matrices SA; ¢ Dy density matrices

Matrix Operation A on line vector f = (fy,

L fa) € RY,
left vectors are functions. Action on the left: f — g = f

90) = Liog A ) = L, 5 A f(i) = S Ay f(6) € RY

Ruelle for A: K" — R Holder: acts on continuous
functions f : K™ - R, via g(a) = L4 (f)(x) =

La(f)(x) = [ M) f(ax)dp(a)

“Quantum Ruelle operator” acts on Mj. (L looks like (¢A(2))1/2);
M = ¢ (M) = [y, L(B)'ML(B) p(B)
M self adjoint = ¢} (M) self adjoint

matrix A

(A, )%, acts on right vectors in R
L),

= ma, action on the right

right vectors

are measures 7 on {1,

oA

A: Q- R will induce an operation on measures:
take £ Riesz dual of £
L) = pay i [ gdpz = [ £a(f)dpn, ¥ cont. g,

also defines:
vro LIB)ML(B)! p(B)

p € My, positive matrix => ¢1(p) positive matrix

LM<
M = pp(M) =

Duality: line vector I ¢ column vetor r

Duality: functions <> mesures

Duality of operators: ¢} : My — My & ¢r, : My, — My,

Quantum Ruelle operator < Quantum dual Ruelle operator

@

column stochastic matrix P = (P, ;){,_; = transition kernel,

action: m; — 7 = Py, P preserves prob. on {1,..,d}

A =1log P is called normalized if £f,, (1) = Liog (1) = 1,

if 1 probability on €, then £*(11) = jiz is a probability on @

L stochastic if ¢ (I;) = I. (this L looks like (¢!°57(#))1/2),
if p1 € My, is a density matrix = pp = é(p1) is a density matrix

oL : My = My}

We denote ® = {all stoch

Gi ) = Py, then, Ligg (1)

411 prob on €, then my

1,

,(m1) prob. on

en (i, j, .

log

1f log J is normalized: Liog (1) = 1 =

if 11 prob. on ©, then ji = L, ,(1n) is prob. on ©

If L € @, then, ¢y, is a quantum channel,

indeed p1 — ¢1(p1) is completely positive and preserves trace

(*) initial prob. 7 on {1,2...d}, s. t. Px =, defines

Paan

g-inv prob. m, s.t. m(ar 1 80) = Ta, Payay ,

If log J is normal., m is Gibbs for .J

if Ly s (m) =m

Jyn. called Jacobian of m,

Prob. m is g-inv. There is a bijection m < J,,

if L€ ®, then py, € Dy is called Gibbs density matrix for L,
in the case ¢1(pr) = pi_(pr is GDM for L, for short)

P column stoc., log J = log Py, all Py > 0, Liogs(1)
)P =(1 1, 1)

Stoch. Proces X, transition P, const. on cylinders 7,

1,
s

Jacobian J >0, : Q 5 R, Ligg (1) = 1,

Stoch. Proces X,,, n € N, with transition J(xy. 22, ... 2, ...)

If L € ® is s.t. ¢} is irreducible = transition for a Stoch. Proc.
b (L) L()pr L)' Lw))

Xy € N, the transition is Py (v, w) = EGE e LCI L

m on Q of Definition (*) is o-invar. Shannon-Kolmogorov

=5 i Py log(Pyy) > 0

entropy h(m) = — [ log J,,dm

entropy —oo < H(m) = Hy(m) = — [ log Jyudm <0,
1,..d}, p=1%j, Hu(m)=h(m)—logd <0

in case M =

If L € @ is irreducible, define the entropy of ¢, by
H(61) = — [ tr (L(v)pr.L(v)") P (v, w) log Py (v, w)dpu(v)dp(w)

1A s left eigenvalue: if 17 € R4 A > 0, 5. t. (A4 = A4

If A= P, then M =1 and 14 = (1,1,..,1)

A Q 5 R cigenfunction for £ if £4(f4) = M f4
If A=logJ, then fA =1, =1

o€ SALis SA> 0,5t 01(0) = Ao

If ¢y, stochastic, then, ¢3 (1) =1 = A=1and o = Id

genmatrix for ¢}, if exi

A is right cigenvalue: if 74 € RE AL > 0, s.t. Ard = \pd

If A = P there exists 7 such that Pr =7, A=1

g on Q is eigenprobability for £7, if £3(¢*) = Mq?
In case of normalized A = log.J, then, A = 1, £i,, ; (m) =m;

Bijection relation log J,, < m

p € Dy is eigendensity mat for L, if ¢1(p) = Ap, for some A > 0.
1f L stochastic, there exist GDM py,
5.t ¢u(p) = prand A =1

Perron Theorem: given the matrix A with positive entries
there exist A4 > 0, positive 14, 4 € RY, such that,
A= A, Jpd = p\Apd

Ruelle Theorem: for A : Q2 — R Holder there exists
A4 > 0, probability ¢* on ©, and function f4 >0, s. t.

La(fA) = M4 and £3(g4) = Mg/

Evans-HoeghKrohn: given L, there exist A, > 0, pr.oy € My
r(pL) = AepL, ¢i(oL) = Aror;
1 € Dy, 01, € SA positive

A matrix; @ = (21, 22,23,..) > log A(x) = log A, € R

z = (1,22,

)= A eR

for H : My, O = U (M) = log (n (myH(A\[)p”H(A\I)')) €R

Pressure for log A is P(log A) = sup, i, o {h(m) + [ log Adm}

Pressure of A is B(A) = sup,_yp, o {H(m) + [ Adm}

BH) = suppeq {9(60) + [ Un(0) tr (Lo L)1) du(v)}

A(z) = A(x1,72), Ruelle Theorem: B(log A) = log A4

A:9Q — R, Holder, Ruclle Theorem B(A) = log A

Our theorem: B(H) = log Az, where Ags comes from E-H Theorem

m™ on Qs called equilibrium probability for log A if

Plog A) = h(m?) + [log Adm?
mA is unique because A is Holder.

m* on  is called equilibrium probability for A if

P(A) = Hm™) + [ Adm?
A Holder = m* unique. If A just continuous maybe not unique,

L€ ® equil. mat. for H if
P(H) = H(61) + [Un tr(Lpr L) dp.
Call ¢y, the equil. quantum channel for the Hamiltonian H

Ld}s towd=ArA
=1,2,...d, then mA(7) = 11

init. vec. of prob. 74 in {1,2,
i Ay
=1,

that is

mA equi. for A: then,

vje{l,...d}, m*(G) = [+ dm”

If pr., o1, of Evans-HocghKrohnTheorem are s. t. pr.or, € Dy,

we call pr, oy, € Dy, the equilibrium density matrix for L

mA

P depends on A: log P; = Ay +logl — log1 —log M,

@) = 7 Pay,az +++ Payan_ss Where

or, in an equivalent form P = Sk

mA equil. for A = mA = f4 ¢ Moreover, mA = m'*& /4
mA & log Jy = A+ log 4 — (log f4 0 0) — log A4,

0 an equivalent form J = 4L

Given L, then, L € ®,
is called i

for L,
if L is such that M — L(M) = A=0}/* 2

L(M)oy,

Pr =, all entries P positive, then, m = m”.

m of Definition (*) is o invariant and L, p(m) = m

Ly s, (m) = m and a natural association m & log J,,.

m is o invariant.

For L € ®, a natural association is L + ¢, stochastic operator,

pu the Gibbs dens. matrix for L is, such that, ¢z (p) = pr.

mis ergodic for o & the Process X, is crgodic <
given Borel B, if 0~1(B) = B = m(B) = 0 or m(B) = 1

m is ergodic for o
given Borel B, if 07}(B) = B = m(B) =0 or m(B) = 1

concept: L € @ is ®-Ergodic for ji.

see definition on the paper

generically all P; >0 = a unique 7 s. t, Pr =

C%-generically on A the equilibrium probability m is ergodic

Our theorem: for fixed i, C%-generically L is $-Ergodic for 1

TABLE 1.

An outline of [11] and comparison with the dynamical setting

ﬂ:Zjl‘zo Vi=

Vpoo 0 0

, Vo= ;
0 0 0 0

Liog s(1) =1

=
Vpio 0 0

0 0 0 0
\
VP11

‘Clog J(m) =m

1
H= Zz:l 0v;s

rn—Pri=roandly -1 P=1s

01— @2 = Liog 1 (¢1)

d1a(p) = Lizy VipV and ¢7,(M) = i, VMV,

Po1 1 — poo
1= poo + po1” 1= poo + por

= pe =L () | p=

Po1
1= poo + po1
0

0

1 —poo
1 — poo + poi

is fixed for ¢y,

- Zzl.,:o mipij log(pij) > 0

Hy(m) = — [log J;ndm

N(ra) = — Z:,,‘:O mipijlog(pij) = 0

TABLE 2.

The Markov model in quantum information
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shift o: Q= {1,2,...,d}N O shift o : Q@ = KN — KV Schrodinger; shift o : P(C*)N — P(CF)N,
P(C*) is the projectice space in C*.
Heisenberg; shift o : Q@ = ML — MY

P(X) = a1, Xy = a3..X,, = a,) P(X, € B),Xy € By,...X, € B,) = P(X, € B, X, € By, ... X, € By).
a1,a0, ..., € {1,2,...d} with By € K, ..., B, C K Bi C My, ..., By C My,
or By € P(CY), ..., B, C P(CF)
transition Continuous transition function .J : KN — R L € @, then
P(Xo=az|P(X1 =a1) = Payay log J(z) = A(x1, 22, 23,...), ©; € K trans. pp—1 — pp = %
with probability tr (L(v)pn—1L(v)*)du(v).
Markov Kernel P, i,j = 1,2..,d, Holder Jacobian J > 0 # € P(CF), S C P(C*). Given L € My, s. t.
¢r, is stochastic; Markov Kernel I17(%, S) =
N 2
ka 1s(L(v) - &) || L(v)z|]” du(v),
All Py >0,i,j =1,2..,d, Holder Jacobian J > 0, BFPP Theo: ¢-Erg and purification condit.
unique 7 such that P(r) =« unique m such that £*(m) =m for L € ® = Il has a unique invariant prob.
our theorem: for L €
the purification condition is C%-generic.
W= (W1, .er,Wn,...) > X;(w) ER, i €N w = (Wi, .er,Wn, ...) = X (w) € real matrices M,,, V; : @ — M, the random var. V;(w) = w;,
example of muliplicative random variable: random product of matrices and W, := L(V,,)..L(Vy),
n €N, W, = eX+XettXn X(0" N (w))...X (03 (w) X (0(w) X (w), or, Wy, (w) = L(wy)...L(w1).
Lj,j= d, invert. 2 x 2 real matrices, smooth case: M manifold F': M — M Anosov, 1 Axa Ao ATy, with z; € C*,
independent probability (pi, .., pa), z € M — DF~!(z). Take matrix product, n € N, wedge product. Given X € M, take
w—L" =1Ly, Ly, ..Lo, DF-\(F"~\(z))... DF ' (F(x)) DF~ A"X (21 Ao Azp) = X (1) Ao A X ().
mp initial conditon of Markov Process. smooth case: F': M — M, F Anosov. stoc. process p,(w) = %
7o prob. on {1,2..,d}. If mg = P(mo) = The physical measure: psprg is invariant for F. If po € Dy, satisfies ¢1(po) = po, then,
T invariant for stoch. process X;(w) = w; 1sBr is ergodic and abs. cont. Lebesgue po is invariant for the stoch. process p,,
expansion of vector v € C? dim M =2, F Anosov volume preserving, L e M, ze P(C?,pe{1,2},
by the random product on orbits w € Q, | pspr = Lebesgue. Expansion of vector v € TM,, expansion running the Stochas. Process:
L ()] | DF=(F"~!(2)) ..DF~Y(F(z)) DF~(x) (v) | A" W

Furstenberg-Kesten Theorem: exist v+, Osedelet Theorem: there exist 71 > 0 > 72, s. t. | BFPP Th: ¢-Erg and purification cond. for L,

such that P a.e.w. w € , an all v € R lim,, 2 log | [(DF~*(F"~!(z)) ... DF ! (2)] (v) | = exist 71 > 0> 79, s. t. there exists
limy, o0 %lt)g |[L™(v)| =~ = 71 or Yo, for uspr a.e.w. x, and Vv € TM,,. limy, 00 %hig | /\2 W, | = Zle Y-
Pesin Theorem: Anosov vol. pres. dim M = 2: our Theorem for Markov: 42 = —o0, and
~2= the minimal Lyapunov exponent = lim,, £ log H /\1 W (w) H =y =—39(¢L) =
- h(pspr)=- entropy of uspr - % entropy Markovf% Zl.‘] m;pij log(pij),

TABLE 3. An outline of the present paper and comparison with the dynamical setting
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