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ABSTRACT. This paper meticulously revisit and study the flux geometry of

any compact connected oriented manifold (M, 2). We generalize several well-

known factorization results, exhibit some orbital conditions under which flux

geometry can be studied, give a proof of the discreteness of the flux group

for volume-preserving diffeomorphisms, derive that any smooth isotopy in the

group of all vanishing-flux volume-preserving diffeomorphisms is a vanishing-

flux path, and show that the kernel of flux for volume-preserving diffeomor-

phisms is C! —closed inside the group of all volume-preserving diffeomorphisms

isotopic to the identity map: We recover several well-known results from sym-

plectic geometry. We use the above studies to construct a right-invariant metric

on the group of all volume-preserving diffeomorphisms isotopic to the identity

map and study the induced geometry. In the case of a symplectic volume form,

the restriction of our metric to the group Ham(N,w), of all Hamiltonian dif-

feomorphisms of a closed symplectic manifold (NN, w), is controlled from above

by the usual Hofer metric in general, while the Hofer-like metric control our

metric in the case where the Riemannian structure is compatible with the sym-

plectic structure (in particular, our construction implies the non-degeneracy of

the Hofer and Hofer-like norms).
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1. INTRODUCTION

On a compact manifold M, given any smooth closed p—form « together with an

isotopy @ = (¢¢), they satisty the following equation

(1) (¢1)"a —a=d(Fua(P)(1))

for all ¢, where d is the usual differential operator such that dod = 0 (see [17]), and

@) Fal®)(t) = / 0 (a(ds))ds.

Note that any smooth isotopy ® = (¢;) of M gives rise to a smooth family of vector
fields (¢¢) on M defined by

3) Bu(0u() = L (0u(a))

for all ¢, and for all x € M.

Equation (1) is deeply rooted in the study of flux theory on the manifold M: Tt
had been used by Moser [12], Banyaga [1, 3], Calabi [7] and others in the study
of the geometry of the group of volume-preserving diffeomorphisms. Banyaga [1],
Thurston [16], and Weinstein [18] works show that if two given volume-preserving
isotopies are homotopic relatively to fix endpoints, then they have the same flux.
So far, this is the most known (not to say the only) condition which guaranties the
equality of the fluxes of two volume-preserving isotopies. What seems to be a bit
ambiguous here is that, the flux of each isotopy is a de Rham cohomology class in
some H*(M,R) (the x—th de Rham group of M with real coefficients), while the
group H*(M,R) only depend on the topology of M, and does not depend on any
differentiable structure on M. One might expect that analyzing the orbits (in M)
of a volume-preserving isotopy of (M, Q) (where Q is the orientation form on M)
may "determine” its flux.

Of course, the difficulty to face (or the price to pay) here is the large number of orbits
generated by a single isotopy on a manifold: Though it looks almost impossible to
describe all of them, nothing is telling to us that such a study is not possible. The
optimal cost here could reside in the way to look at the situation.

The problem we address in this paper is that of the existence of other(s) criterion
(or criteria) under which one can study the flux geometry of a compact oriented
manifold.

We shall see that investigating the above criteria will not only enrich the theory
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of flux geometry, but also the dynamics of volume-preserving diffeomorphisms, and
the theory of Hofer-like geometry of a closed oriented symplectic manifold.

Here are the main results of this paper.

Theorem 1.1. Let (M, Q) be a compact connected oriented manifold. Let a = (cv)
be a smooth family of smooth closed 1—forms, let ® = {¢;}, and ¥ = {1y} be two
elements in Iso(M, Q). The following results hold.

(1) For each t € [0,1], we have,

[ Fa@ioa= eS| ([ a0 (000)as).

where @, is the isotopy s — @, f80, = fos at(d)u) o ¢y du, the map
(,): H (M,R) x H* Y(M,R) — R, (] l—>/a/\,3,

is the usual Poincaré pairing, and Sq is the flux homomorphism.
(2) In particular when OM = 0, then for each t € [0, 1], we have,

/ Far(@)(D)2 = (P(ar), 80 (8)).
M

(3) Assume that OM = 0. Let ¢ € (Go(M)\{idn}). If ©,9 € Iso(p)q and
there exists a point zg € M for which the orbits (9;1; and O‘i} are homotopic
relatively to fix endpoints, then So(®) = So ().

(4) Assume that: OM = (), and Q := o' := a A--- Aa, where a is a closed

l—times

deg(a)—form of degree deg(a) := dim(M)/l such that for each volume-
preserving isotopy
® = {¢,}, the [deg(a) — 1]—form v(¢y)a is closed for each t. Therefore,
(a) if deg(c) is even, then
dim(M)
Sq(®) = dlm((M))P a(( deg(a) ) 1) f () dt

deg(a

)

(b) if deg() is odd, then
(HE(dim(M) )) ((dim(M)) )
Fo(®) = (1) 2deg(@) )] p [ o \\ deg(e) A Y (bt
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where for each positive real number x, E(x) is x minus its fractional part;
and P is the natural projection from the space of all smooth closed x—forms
Z*(M) onto H*(M,R).

Combining the first item and second item of Theorem 1.1 together, we highlight
the impact of the boundary of a compact connected oriented manifold (M, 2) an the
study of flux geometry. On the other hand, the third item in Theorem 1.1 implies
that if ® and ¥ are homotopic relatively to fixed endpoints, then they have the same
flux: This item improves a result found in [2]. Finally, the last item in Theorem 1.1

implies that if (M,w) is a 2l—dimensional symplectic manifold oriented with the
!

w
Liouville volume form g := Nk then taking a := w, one has

gﬂo(q))

FPU[ o) At ),
I _
= msw(cpmp(w(l Dy,

(4)

for all symplectic isotopy ®: The last item in Theorem 1.1 is a generalization of a

factorization result found in [1, 3.

The following theorem is an unpublished result due to Thurston [16]. Here, we

give a prove inspired from Theorem 1.1.
Theorem 1.2. Let (M, ) be a closed oriented manifold. The group I'g is discrete.

In particular, on any Lefschetz closed symplectic manifold (M,w), Theorem 1.2
implies that the Calabi group is discrete: This symplectic case was proved by Ono
for any closed symplectic manifold [13].

Now that it is well known that the symplectic analogue of Theorem 1.2 is also
equivalent to say that the group of all Hamiltonian diffeomorphisms is C'!—closed
in the group of all symplectic diffeomorphisms isotopic to the identity map, then
in the presence of Theorem 1.2, we are tempted to establish the following volume-

preserving analogue.

Lemma 1.3. Let (M,Q) be a closed oriented manifold. The sub-group ker Sq is
C'—closed inside the group Go(M).
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Lemma 1.4. Let (M,Q) be a closed oriented manifold. The sub-group ker §Q 18
C°—closed inside the group Iso(M, Q).

Theorem 1.5. Let (M, Q) be a closed oriented manifold. Then, any smooth isotopy

in ker Sq is a vanishing-flux path.

Theorem 1.5 states that the sub-group ker Sq is path connected through vanishing-
flux paths.

Here is a rigidity result.

Theorem 1.6. Let (M, Q) be a closed oriented manifold. If {®;} is a sequence of
vanishing-flux isotopies which C°—converges to a loop v, then any smooth orbit of

~ is null homologous.

In particular, Theorem 1.6 implies that a continuous Hamiltonian loop has the

property that any of its orbits which is smooth is null homologous [6].

The following result separates orbits of a volume-preserving isotropy from mini-

mal geodesics.

Lemma 1.7. (Fluz-Minimal geodesic) Let (M, Q) be a closed oriented manifold.
Let ® be a volume-preserving isotopy out of ker Sq with time-one map ¢ # idps.
There exists §o>0 which depends on ® such that if the distance (in the C°—topology)
between ® and the constant path identity is less than &g, then none of the orbits of

® is a minimal geodesic between its endpoints.

We organize the paper as follows: In Section 2 we introduce the definitions of
some useful tools that we shall need. The third section is devoted to revisit the
construction of the flux homomorphism of a compact connected oriented manifold
based on Section 2, and generalize several factorization results found in [3, 15]: The
concerned results are, Lemma 3.1, Lemma 3.2, Proposition 3.3, Proposition 3.8, and
Proposition 3.9.

In Section 4, we study the displacements of closed 1—forms (Corollary 4.2, and
Proposition 4.3). This includes the proofs of: Theorem 1.1 (Proposition 4.6) which
gives orbital conditions under which the fluxes of two isotopies with the same end-

points are equal, Theorem 1.2 which states that the flux group for volume-preserving
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diffeomorphisms is a discrete group, Lemma 1.3 which states that the sub-group of
vanishing-flux volume-preserving diffeomorphisms is C!—closed inside the group
of all volume-preserving diffeomorphisms isotopic to the identity map, Lemma 1.4
which states that the sub-group of vanishing-flux volume-preserving isotopies is
C%—closed inside the group of all volume-preserving isotopies. Also, the proof of
Lemma 1.7 which separates the orbits of a non-vanishing flux volume-preserving iso-
topy from minimal geodesics between their endpoints is given. Section 5 is devoted
to the study of the metric geometry of the group of volume-preserving diffeomor-
phisms isotopic to the identity map. Here, we construct a right-invariant metric
on the group volume-preserving diffeomorphisms (Proposition 5.1), and study the
subsequent geometry: In the case of symplectic volume form, we prove that the
restriction of our metric to the group of all Hamiltonian diffeomorphisms is con-
trolled by the usual Hofer metric, and we show that if the Riemannian metric is
compatible with the symplectic structure, then the restriction of our metric to the
group of all symplectic diffeomorphisms isotopic to the identity is controlled by the

usual Hofer-like metric.

2. PRELIMINARIES

Let M be an n—dimensional manifold, and let Q7 (M) be the space of all p—forms
of M. A diffeomorphism ¢ : M — M preserves a p—form «, if ¢*(a) = «. For
any a € QP(M), we shall denote by Dif f*°(M, a) the group of all diffeomorphisms
from M to M that preserve a.

2.1. Isotopies. A smooth isotopy ® = (¢:) of M is a smooth map from [0, 1] into
Dif fo°(M) such that

¢o = idps (see [1, 6, 11] for more details). Let Dif f§°(M) denote the set of all time-
one maps of smooth isotopies in Dif f*° (M), and for each a € QP (M), let Iso(M, «)
denote the space of all smooth isotopies in Dif f°° (M, «), and by G, (M), we denote
the set of all time-one maps of all isotopies of Iso(M, «). For any ¢ € G, (M), we
shall denote by Iso(¢), the set {® € I'so(M,a)|P(1) = ¢}.

2.1.1. Volume-preserving isotopies. When M is an orientable manifold with orien-
tation form €, then an isotopy ® = (¢;) of (M, ) is said to be volume-preserving if

its associated smooth family of smooth vector fields (¢;) consists of free divergence
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vector fields i.e. for each t the (n — 1)—form 1(¢)Q2 is closed. This is equivalent to
require that ® € Iso(M, ).

2.1.2. Concatenation operations for isotopies. Let t € [0,1] (fixed). It is always
possible to construct a smooth increasing function f; : [0,¢] — [0,¢] such that its
restriction to an interval [0,d] vanishes while its restriction to [(t — §),¢] is the
constant function ¢ with 0<d < 3 Assume this done, and consider the smooth
functions A(s) := fi(2s) for all 0 < s < L and 7(s) := f;(2s — t) for all § < s <t.
If & = (¢¢) and ¥ = (¢4) are two given isotopies, then one defines an isotopy
(® «! ¥) with time-one map ¢; o ¢, by setting:

D@y, if 0<s<
¢tow‘r(s)7 Zf %S

(P . T)(s) = {

For each fixed ¢t € [0, 1], the isotopy s — (®*L ¥)(s) constructed above is called the
t—right concatenation of the isotopy ®! : u — ¢, by the isotopy W : u — 1)y,.
Similarly, we can define the ¢—left concatenation of the isotopy ®! : u — ¢,; by

the isotopy U : u — 1y, denoted (U x} @), as map 9 o ¢ by setting:

Pagsy, tf 0<

U+t ®)(s) = y
( : )(S) {Q/JT(S)O(bt? Zf %

When ¢ = 1, the t—right concatenation (resp. t—left concatenation) is called right
concatenation (resp. left concatenation), and denoted (¥ *, @) (resp. (¥ ; P)). An
orbit of a point p € M under (® %, ¥) (resp. under (U %; ®)) is the orbit of p under
® 7glued” with the image under ¢, of the orbit of p under ¥ (resp. is the orbit of
p under ® 7glued” with the orbit of ¢, (p) under ¥). Throughout all the paper, for
each isotopy ® and each point p € M, we shall denote by (’)g) the orbit of p under

the action of ®, while —Og’ will represent the orbit of p under the action of ®~!.

Remark 2.1. Let & = (¢¢) and U = () be two given isotopies. For eacht € [0, 1]
(fixed), and for each z € M, the orbit (’)S*W is exactly the curve OY" L (’)g(z)y
where for each t (fized), the isotopies ®' and V' are defined as ®' : u— ¢yy, and

Ut s+ 9pys. This observation tells us that the set

B(Q, V), = Ute[o,l]o(zb*l‘p,
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forms a smooth 2—chain in M whose boundary consists of the curve OT*¥ .=

Of*}q}, and the curve Uyepo,11¢(¥e(2)) =: OFY.

2.2. Propierties of the smooth function F,(®). We assume that the manifold

M is compact and connected.

Definition 2.2. Let ® = (¢;) be an isotopy of M, and let a be any closed 1—form
of M. For each t € [0,1] (fized), consider the reparameterized path ®° : u +— ¢ys.
Then, we define the smooth function Fo(®)(t) : M — R as: Fo(®)(t)(x) := [Her o

We have the following facts.

Lemma 2.3. Let ® = (¢;) be a given isotopy. For each closed 1—form «, we have
(1) ¢i(e) — a = d(Fa(®)(t)), for each t [12], [4].
(2) If @ = (1) is another isotopy, then

Fa@ W)(p) = [
= fagta—l—fd)t(ogt)a,
- Fa@)(0)(p) + Joyr 7(0)
Fa(@)(B)(p) + four (@ +d (Fal(®)(1)))
= Fal@)O0) + foy @+ fou ([d(Fa(®)(0)
= Fa(¥)(t)(p) + Fa(®)(t) o U(£)(p),
for each p € M. Thus,
Fal® 5, ) (p) = Fal(P)(t) + Fa(®)(t) 0 T(1),
for each closed 1—form «, and for each p € M.
(8) Similarly, we have
() Faol@#] T)(p) = Fa(T)(t) + Fal(P)(t) 0 T(t),

for each closed 1—form «.
(4) Since the isotopies ® *; ¥, and ®' o U have the same endpoints (which are
idpyr, and ¢r o )y ), then we derive from formula (1) (or from item 1) that

(6) Fa(®oW)(t) = FalU)(t) + Fa(®)(t) 0 W(t) + 6:(P, ¥, ),

where 6;(®, ¥, «) is a constant which depends on ®, ¥, « and t.
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Lemma 2.4. Let M be a compact and connected manifold, and let « be a closed

1—form. If ® and U are two isotopies, then we have 6;(®,V,a) =0, for all t, i.e.,
(7) Fo(PoW)(t) = Fal(¥)(t) + Fao(®)(t) 0 W(t),
for all t.

Proof. Let a be a closed 1—form. For each z € M, we derive from Remark 2.1 that

fl(‘b.\lf)z do = 0, and hence it follows from Stokes’ theorem that

0 :/ « :/ « —/ Q.
oM(®,V). oY Opow

That i8, Fo (P o U)(t) = Fuo(P *; U)(t), and this together with (5) yields the desired
result. g

From now on, we assume that (M, ) is a closed oriented manifold, with orien-

tation form €.

3. THE FLUX HOMOMORPHISM REVISITED

According to Lemma 2.4, we have
(8) Fa(@oW)(t) = Fo(¥)(t) + Fa(®)(t) 0 W(2),

for all £. The above equality tells us that for each fixed closed 1—form «, the map
®— [, Fa(®)(1)Q, induces a group homomorphism from the space Iso(M, Q) into
R.

We have the following facts.

Lemma 3.1. For each fized closed 1—form «, and for each volume-preserving iso-
topy ®, the integral fM Fa(®)(1)Q2 is independent of the choice of any representative
B in the de Rham cohomology class [a].

Proof. Let § € [a], i.e., « — B = df for some smooth function f: M — R. Assume
that ® = {¢,}, and derive from a direct computation that,

0= t(d)[(x— B) A = () [(x — B)]Q2 — (e — B) A (). Since the (n —1)—form
() is closed and o — 8 = df, then (a— ) Ae(d)Q = d(fi(dy)Q). Hence, we have
— (1)) ( (qbt)ﬁ) = d(fL(ét) ), and integrating the above relation over M
yields, fM a)) + fM B)Q = fM (fe ¢t) ), where the right hand side

vanishes because of Stokes’ Theorem since M is closed. O
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Lemma 3.2. If ® and ¥ are two isotopies homotopic relatively to fix endpoints,
then Fo(®)(1) = Fo(¥)(1), for each closed 1—form .

Proof. Let a be a closed 1—form; set ¥ = (1)), and ® = (¢;). We have to prove that
Fo(®@)(1)(z) = Fo(T)(1)(x), for all z € M. To that end, we recall that a homotopy
between ¥ and ® is a smooth map H : I x [ — Dif f§°(M) such that H(0,t) = )y,
H(1,t) = ¢ for all t; H(s,0) =idy and H(s,1) = ¢1 = 91 for all s. Thus, for each
x € M, the homotopy H induces a homotopy H, between the orbits O : t s ¢;(z)
and OY : t s ¢y(z); i.e., OF and OY constitute the boundary of a 2—chain in M.
Therefore, Stokes’ theorem implies that fo;f a = fog «, because « is closed. To

conclude, observe that for each x € M, we also have F,(®)(1)(z) = [ s @, and
FalW)(1)(@) = fou o O

3.1. Flux homomorphism Sq. Lemma 2.4 and Lemma 3.1 suggest that: Each
volume-preserving isotopy ® induces an element So(®) € Hom(H'(M,R),R) =
H"~1(M,R), defined as follows: To any

[a] € H'(M,R) one assigns So(®)([a]) := [\, Fal(®) (1)

Thus, we have a group homomorphism Sq Iso(M,Q) — H" *(M,R). The inves-
tigation of an explicit formula for the flux homomorphism motivated the following

factorization result that generalizes Proposition 2.4—[15].

Proposition 3.3. (Factorization I) Let (M,) be a closed oriented manifold.
Let o = (ay) be a smooth family of smooth closed 1—forms, and let & = {¢1} €
Iso(M,QY). Then, for each t € [0,1], we have,

t
| Fa@n= (e[| o («69) ds).
M 0
where O, is the isotopy s — ¢, and the map
(s HYMR) x B (M R) > B (al, 8) = [ ans,
M
1s the usual Poincaré pairing.

Proof. Fix an arbitrary ¢ in [0, 1]. Since the form a; A Q is of degree (n 4+ 1) on an
n—dimensional manifold, then it is trivial. This implies that oy (¢s)Q—ayAL(ds)Q =
0, for each s € [0,¢]. Composing each member of the above equality by ¢* gives

©) 0% (u(6,)) @ = 63 () 7 07 (ud0)2) =0,
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for each s € [0,t]. Using (1), one deduces that for each s € [0, ¢], we have

(10) Psa) = +df s,y 0,0

where f7,, = N @ (¢y) 0 dydu. Observe that (9) and (10) together implies that,
D) 6 (il89) 2= ar A 6% (1SR + dffy 0, A 6% (169).

for each s € [0, t]. Thus,

(12) /M </Ot 0% (au(0)) ds> 0= /M s A </Ot 5 (13.9) ds)
+/M </Ot (0 (16)92) A dFis,y.00) ds) ‘

On the other hand, since the form ¢* (L(qﬁb)ﬂ) is closed, then

) [ [ 61 (1009) Aty ets = [ a1 Foy o0 (1809) 5]

and since M is without boundary, then Stokes’ theorem implies

/ /f{‘“}“t (6:)0 ds //f{m,at @)) s =0,

for each t. Combining (12), (13), and (14) together yields

w) ([ (wa)as)a= [ an([ o (us00)as).
For each ¢, (15) becomes [, Fq, (®)(t)Q2 = ([ay], fo ot ( ) ds]), for all t. O

From Proposition 3.3, we derive the following explicit definition of the flux ho-

momorphism.

Definition 3.4. We have a group homomorphism

Sq : Iso(M, Q) — H" (M, R),

vi= (o) o [ 6 (00) ]

called the flurz homomorphism.
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3.1.1. Surjectivity of flur homomorphism. Let us mention that for each closed 1—form
« (fixed), we have a surjective mapping ® — [, Fuo(®)(1)Q, from Iso(M, ) onto
H"1(M,R). Let r be a real number: If = 0, then take ® to be the constant path
identity. Suppose r # 0: This means that there exists at least ® = {¢'} € Iso(M, )
such that [, Fo(®)(1)Q # 0. With Proposition 3.3, this is equivalent to say that
f01<P(a),P(L(q5t)Q)>dt # 0, where P : Z1(M) — HY(M,R),a ~ [a] i.e., there
exists a to € [0,1] such that (P(a), P(t(X)Q)) # 0, with X := ¢, Let ¥ be
the flow generated by X, and define another conservative vector field by setting:
Y :=rX/(P(a), P(t«(X)Q)). If © stands for the flow generated by Y, then one has:

JuFa(®)1)Q = (P(), 5a(©))

(16)

Furthermore, for each non-exact closed 1—form « (fixed), since the linear map
Lo : H""V(M,R) 3§+ (P(a),B) €R,

is non-trivial, hence the latter is surjective. If we denote by H, the surjective
mapping ® — [, Fo(®)(1)Q, then by Proposition 3.3 we have H, = Lq 0 Sa,
which is surjective. The flux homomorphism is as well a surjective map:

This comes from the fact that the map which assigns to each vector field X the
(n — 1)—form ¢x is onto : In fact, let 8 be a (n — 1)—form, we have to find Y
such that tyQ = . Consider any chart (U, ¢) of M such that for each z € U,
the vectors 6%1‘1, ey %Im’ forms a basis of the tangent space T, M at x so that
doi(55) = 67, the kronecker symbol. Write Y in the form Y, = >1, Y g5
Our main task is to determine Y; with respect to the chart (U, ¢). Let o be any
closed 1—form, and derive that a(Y)Q2 = a Aty Q. This together with the condition
tyQ) = ( implies that a(Y)Q = a A 5. In particular, for & = d¢p;, we have that
YiQ = do;(Y)Q = dé; A B. Since Q is a volume form on M, then for each z € U,
there exist vector fields Xy, ..., X,, on M such that Q(X,...,X,)(z) # 0. That is,

(dpi A B) (X1,...,Xn)(2)
Q(Xl,,Xn)(Z) ’

Yi(z) =



HOFER-LIKE GEOMETRY AND FLUX THEORY — JDSGT VOL. 19, NUMBER 2 (2021) 239

In particular, when ( is a closed form, then the vector field Y determined as above

is conservative, and so its generating flow ®y is a volume-preserving isotopy so that

So(®y) = [8].

3.1.2. C! continuity of the flur homomorphism. Let {®; = (¢%)} C Iso(M,) be a
sequence that converges in the C!—topology to

® = {¢'} € Iso(M,Q), i.e., ;0 P! C—1> Id. Then, it is not hard derive with the
help of Lemma 3.10-[15] that,

lim |/ Fo(®; 0 @ 1)(1)Q] < 4|aloVolg(M)de (; 0 &1 Id)Q — 0,0 — oo.
v M

Thus, by Proposition 3.3, this means that for each closed 1—form «, we have
lim; (P(a), Sq(®; 0 ®71)) = 0, ie. (P(a),lim; So(®; o ®1)) = 0, for all closed
1—form «. Hence, lim; §Q<‘bi) = §Q(<I>): The map S, is a continuous group homo-

morphism. M

The homomorphism Sq, have been studied by Weinstein [18] and Thurston [16].
Set I'n = Sq (m1(Ga(M))), and derive from elementary group theory that the map

Sq descends to the quotient into a map Sq so that the following diagram commutes:

Go(M) =% HO-D(MR)
(17) Pl 1P
Go(M) % H"D(M.R)/Tq,
where C?g (M) represents the quotient space of Iso(M, Q) with respect to the equiv-

alent relation "homotopic relatively to fixed endpoints”; P; are projection maps.

The following facts are well-known:

e The sub-group Iq is discrete, (unpublished result of Thurston): We shall
give the proof of this result later on.

e The group ker S, has the fragmentation property, [16].

e As a consequence of Moser’s theorem, the group G (M) is locally connected
by smooth arcs, [3].

e Boothby proved that the group G (M) is p—transitive, [9)].

Proposition 3.3 gives a short proof of Lemma 2.4: (6) implies that
Sy Fa(@oW)()Q2 = [, Fa(U)()Q+ [y Fal(®)(t) 0 W)+ 6:(2, ¥, ) [, 2,
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for all ¢, and according to Proposition 3.3, we have

fM Fo(®oU) ()2 = fM Fao(O)()Q 4+ fM Fa(®)(t)Q2.

So, we see that 6,(®, ¥, a) [,, Q2 =0, for all ¢; this implies that 6,(®, ¥, a) = 0, for
all ¢. "

Here are some consequences of Proposition 3.3.

Lemma 3.5. Let ® € Iso(M,Q) be a loop at the identity map. For each closed

1—form «, the smooth function x foq) « s constant and agrees with

1
VolaD) £

where P : ZY(M) — HY(M,R),a + [a].

Sa(®),

Proof. Let « be a closed 1—form. If P(«a) = 0, then foq, a =0, for all z € M since
O2 is a closed curve. On the other hand, suppose P(a);é 0, and set H = S(P(w)),
where S is any linear section of the projection P. Since ®(0) = ®(1) = idp, by
formula (1) the map = — [, @ = Fo(¥)(1)(z) is constant. Thus, Proposition 3.3
implies that '

Volg(M) foga = Volg(M) fong
Jor Fa (@) (102
(P(H), Sa(®)),
for all x € M. (]

(18)

Remark 3.6. Geometrically, Lemma 3.5 seems to suggest that on a closed oriented
manifold (M, ), the set w1 (Go(M))\(ker SoN1 (Go(M)) measures the obstruction
that impeaches the orbits generated by all the elements of w1 (Ga(M)) to be all null
homologous in M. X

Lemma 3.7. Let (M,Q) be a closed oriented manifold. Let ® € Iso(M,Q) be a
loop at the identity. Then, §Q(<I>) =0, if and only if, there exists z € M such that

the orbit OF is null homologous.

1 ~
Proof. As in the proof of Lemma 3.5, we have W(F(a), Sa (@) = fo;f a, for
each closed 1—form a: If z € M is such that the orbit OF is null homologous, then

Stokes’ theorem implies that [ oe @ = 0 for each closed 1—form a; and this imposes
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that (P(a),So(®)) = 0, for all closed 1—form a, i.e. So(®) = 0. Conversely, if
§Q(<I>) = 0, then we immediately see that 0 = foq> a, for all closed 1—form «, and

for all z € M. This implies that the orbit OF must be null homologous. O

Proposition 3.8. (Factorization II) Let (M,Q)) be a compact connected ori-
ented manifold with boundary. Let « = (ay) be a smooth family of smooth closed

1—forms, and let ® = {¢;} € Iso(M,Q)). Then, for each t € [0, 1], we have,

Fou(@)(1)2 = (P(ar), S0(®))) fM 2 (160)9) ds
M oM

where O, is the isotopy s — ¢, and Io.0, = fos at(gz.bu) o ¢y du.

Proposition 3.9. (Factorization III) Let (M,) be a closed oriented manifold

with Q == a! := @ A --- A a, where a is a closed deg(a)—form of degree
—_———

l—times

deg(a) := dim(M)/l such that for each volume-preserving isotopy ® = {4},
the [deg(a) — 1]—form u(¢y)a is closed for each t. Therefore,

(1) if deg(«) is even, then

. <<d1m(M)> 1)
gg@zddf;%)p a\\des(a) J0) 0t aar

)

(2) if deg(«) is odd, then
(HE(dim(M) )) <<dim(M)> )
Sa(@) = (-1) 2deg(a) ) ) p | o \\ degl@) ) ) A 1y (d)adt | |

where for each positive real number x, E(x) is x minus its fractional part; and P is
the natural projection P : Z*(M) — H*(M,R).

Proof. Assume « is a closed deg(a)—form of even degree, and let 5 be any closed

1—form. From B A = 0, we derive as in the proof of Proposition 3.3 that

0. (8(8)) Q@ = GL(BAUB)D),
BA G (U(0:)Q) + dfs 5 N 6L (1(6:)92),
181 6% (1)) A 67 (o 71) + dfi s A 63(1(0)9),

(19)
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for each s € [0, 1], with | = dim(M)/ deg(«). Thus,

e [ ( / 61 (86) ds)ﬂ:z / m( / 61 (stdanat) ds)
/aM/ Fi.00% (1(62)2) ds)

By the means of Proposition 3.8, we derive that,

). 3a) = [ ([ o1 (3600 as) 0= (P10 (o 1 [ stdiraas )

for all closed 1—form . Therefore, the non-degeneracy of (,) implies that
Sa(®) :zp( =LA (s ads)
For the second item, assume that « is a closed deg(a)—form of odd degree, and let

B be any closed 1—form. Similar calculations lead to
(21) 67 (B(ds)) 2 = (~1)62(8) A 6% (U)o ) A9 (') + dfis 5 A 62(0(6,)9),

dim(M
for each s € [0,1], with e := (14 F w , where for each positive real
2 deg(a)

number x, E(x) is  minus its fractional part.

4. THE GEOMETRY OF DISPLACEMENTS OF CLOSED 1—FORMS

In this section, we assume that OM = (). Let ¢ € Dif f°°(M), for each fixed
p € M (such a point is called a base point), and for all z € M, let £, denote
a geodesic from p to z. Then, for each closed 1—form «, the following smooth
function

Vﬁ"‘:M—)R,zH A W'a—a),
is well-defined since it does not depend on the choice of any curve from p to z. The

real number |, ¢ (¥"a — ) can be viewed (in a certain sense) as the displacement of

« under the action of ¥ along a curve &.

For further investigations, consider the following function defined on Dif f5° (M)
as follows: For each p € M and a € Z* (fixed), we assign to each ¢ € Dif f§° (M),
the quantity A(t, @), defined by:

0, ifa—O

(22) Ay, a)p = Sy if ae (ZY(M)\{0}),

IIaH 2
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where |||z is the L2—Hodge norm of a. The above formula is well-defined for
each p € M and all a € Z1(M).

Remark 4.1. Note that given a Riemannian metric g on an oriented manifold M,
let dVol, denote the volume element induced by the Riemaniann metric, and by b
denote the isomorphism induced by the metric g from the space of vector fields to
that of all 1—forms so that b(X) := 1xg. The inverse mapping of b will be denoted
§. So, one can equip the space of 1—forms with a metric tensor g defined by:

gla1, az) = g(fa, faz),

for all differential 1—forms a1, as. Thus, the L?>—Hodge norm of o is defined by:

(23) a2 = /Mgwa,na)dwg.

Corollary 4.2. Fiz a pointz € M, and a € (Z'(M)\{0}). For each ¢ € Go(M),

we have

Ap.a)s = T (Pla), Sa(e) - S0 [ o

 lallze leell 2
and the real number Ay, ), does not depend on any choice of an isotopy ¥ €

Iso(¥)q.

Proof. Fix a point € M. Formula (1) implies that if &, U € Iso(¢))gq, then
Fo(U)(1)(y) = Fa(®)(1)(y) + cte, for all y € M, i.e.

Fo(T)()(y) = Fa(¥)(1)(2) = Fal(®)(1)(y) — Fa(®)(1)(2),

for all y € M. On the other hand, if & denotes any curve from x to y, then it
follows that

for all y € M, i.e.

Fa()(1)(y) = Fa(¥)(1)(2) = v (y) = Fa(@)(D)(y) — Fal(@)(1)(2),

for all y € M. Hence, integrating the above relation over M yields,

Fa(W)(1)Q - Fo(W)(1)(2) /Mﬂ - /M e

M
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- / Fal®)(19Q — Fo(®)(1)(2) / Q.
M M

Therefore, multiplying the above equality on both sides by 1/|l«|r2 yields

L _ Vola(M) o = [ e
el e T C I g M
(24)
= [ m@mo - L2 5 w)0)w)
ledlzz Jas el 2
for all ®, ¥ € Iso(1))q. Proposition 3.3 implies that, [,, Fo(®)(1)Q = (P(), So(®)).

O

Let ® be an isotopy, for each positive integer [, we shall write ® to mean the

[—fold of the isotopy @, i.e., ®' = ®o--- o ®. Similarly, for each diffeomorphism ¢
———
l—times
and for each positive integer k, we shall write ¢* to mean ¢* = ¢o---0¢.
—_———

k—times

Proposition 4.3. (Fragmentation) For each x € M (fized), and for each o €
ZYM)\{0}, the mapping A(., ), : Go(M) = R, — A(h, a)y, has the following
properties:

(1) For all !, ... 4% € Go(M), we have

A(’(/Jl o --~O’(/Jk,a)m = A((ﬁk,a)x + Z A(?/Ji,a)(d,wrlo...owk)(z).

(2) In particular,

[
A(zpl 01/)27001; = A(wlaa)r + A(?/J2,Oé)z V|Toz§T|L2 (/O‘I’ / )
w"‘(z)

for all ® € Iso(y!)q.
(8) For alll € Z*, and for each ¥ € Go(M), we have

el 1
AW, a), = 1A(, ), + Y220 / / al,
Tl \Jor T 2 Jow

1=

where ® € Iso(v)q, and € := sign(l), and Y =) o ---0)°.
—_——

i—times
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Proof.
For the first item, we proceed by induction: For k = 2, we derive from Corollary
4.2 that

AWt o2, a)y = —— (P(a), o (W # ®)) - M/ o
[l 2 lallze Jox-®
where ® +; U € Iso(y! o 1)?)q is the left concatenation of ¥ € Iso(1)?)q by ® €
Iso(')q. Observe that So (W % ®) = So(¥) 4+ So(®); and 0¥ = OY| | O (a5
and deduce that A(¢' o 2, ) = A(W? @), + A(', @) y2(p). Let k>2: Assume
that
AWl ool a)y = AP a3 AW ) gt opietya,

k—2>i>1

set ¢ :=lo--- 0¥~ and compute
A(¢ o wka a)l‘ = A(wka O‘)x + A(¢7 O[)wk(l)

= AW", @)e + AW )iy + DL AW, Q) it tomopE-1)(a);

k—2>i>1

= + Y AW a)pirieopr 1) (a)-
k—1>i>1

For the second item, a direct computation with the help of Corollary 4.2 shows that

AW, )y = —1—(P(a), Sa(®)) - VOZQ(M)/O@ o

fallz» alle Jor,
VOZQ
- Ay, o), + L0la0) ( [, )
L 9 w2<m)
For the third item, assume [ positive, and for each ¢ = 0,1,...,] — 1; consider

a smooth increasing function A;, defined from [i/l,i + 1/I] onto [0,1]. Define an
isotopy @' as follows: ®!(t) = ®(\;(t)) o ¢*, whenever t € [i/l,i + 1/l], and i =
0,1...,1—1. Since ® € I'so(1))q, we have ® € Iso(¢!)q. So, we obtain Sq(®!) =
150(®), and (’)'i’ Ul : (’)‘1’ : this in turn with Corollary 4.2 implies that

[l 2 lev]| 2

AW, a)y = ;<P(a),§g(¢’l)> - VOZQ(M)/O@ @

_ l a ~ . VOZQ
= ol P (@) Saf@) Z /o )

Talle & Jor,
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- Volo(M
=AW, o)z + HaHLz </<9¢’ Z/Oq)’w) )

When € = —1, i.e., [ is negative, the result follows from similar arguments. [l

Remark 4.4. Since M is compact, the C°—compact-open topology on Dif f§°(M)
is metrizable [10]: we shall denote the corresponding metric by dco, and call it the

CO—metric.

Lemma 4.5. For each x € M (fized), and for each o € Z1(M), the map
A(,a)y + Dif fe(M) — R,y — A, )y, is continuous with respect to the
C°—metric on Dif f$°(M).

Proof. Let (¢;) C Dif f§°(M) be a sequence which converges to ¢ € Dif f§° (M)
with respect to the C°—metric. Suppose that for 4 sufficiently large

(25) deo (i, ) <r(9)/i,

where r(g) is the injectivity radius of the Riemannian metric g on M (fixed). Since
for all ¢ sufficiently large, the metric condition in (25) holds, then for all y € M,
the points v;(y) and 1(y) can be connected through a unique minimal geodesic X;.
Let z be any point of M which realizes the supremum of the function

y = ¥ (y) — v¥(y)|, and for all i sufficiently large, denote by #(z,,;,1)) the
smooth 2—chain delimited by the curves ¥;(7.), ¥(7.), x°, and x%, where ~, is any

smooth curve x to z. Compute,

iz =) = [ i) - / V() = /w e /w e

and since « is closed, derive from Stokes’ theorem that

0 z/ da :/ a,
d(z,2,9:,9) OM(z,2,%i,9)
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ie.,
sup ¥ (y) — b (y)| = | / i) / v*(a)|
Yy z z
= | oz—/ al
wi(’yz) w("/z)
— [ a= [
X X&
< | / ol + | / o
X% X%
(26) < 2ol aden (i, ),

because the length of a minimal geodesic is bounded from above by the distance

between its endpoints. Hence,

Vola(M)
[l 22

< QVOZQ(M)dco (’l/)“ 1)[)) — 0,7 — o0.

AW, @) — A, a)a| < sup [ (y) — vy ()|
Y

4.1. Flux geometry through orbits.

4.1.1. The de Rham groups, projection, and linear sections. Fix a linear section S of
the natural projection P : Z*(M) — H*(M,R). That is, S : H*(M,R) — Z2*(M) is
a linear map such that P oS = idg«(pr). Therefore, each a € Z*(M) decomposes

(27) a=S8(P(a)) + (= S(P(a)),

with P(S(P(a))) = P(a) and P((ov — S(P())) = 0. Note that a form a such that
P(a) = 0is called an exact form. In the decomposition above, for each a € Z*(M),
the form S(P(«)) is called the non-exact part of o while (o — S(P(«)) is called the
exact part of a. Let H*(M, S) denote the image S(P(Z*(M)) C Z*(M): H*(M,S)
is isomorphic to H*(M,R), and it follows from Hodge’s theory that the latter set
is a finite dimensional vector space over R whose dimension is denoted b, (M), and
is called the *—th Betti number of the manifold M [17]. For * = 1, we fix a basis
(H;)1<i<b, (ary on H' (M, S) and equip it with a norm |.|.

We shall also write m to mean the closure of the open unit ball B5(0,1) of

the finite dimensional vector space H*(M,S): The set B5(0,1) is compact.
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Proposition 4.6. Let (M,Q) be a closed oriented manifold. For each

v € (Ga(M)\{idp}), let © and U be two volume-preserving isotopies in Iso(p)q.
If there exists a point zg € M for which the orbits (’)Z) and (’);I:J are homotopic
relatively to fix endpoints, then

Sa(®) = So(V).
Proof. Suppose that the 1—cycle (—OF )| |O2 is null homologous. Consider « to

be any closed 1—form such that P(a) # 0. Corollary 4.2 implies that

(28) Algra)sy = (P(a), Gn(0)) — Vo2 [ e
Tallzs Tallze Jos

for all © € Iso(p)q. In particular, since each of the isotopies ® and ¥ belongs to
Iso(p)q, we then obtain from (28) that

200 (P(a), 50(®)) - Vola(M) / a = (p(a), Ba(1)) — Volg(M) / a,

o, oz,
(30) (P(a), Sa(¥) — So(®)) = Volg(M) / .

(-o%)uog
for all closed 1—form «. But, since (—(’);I:)) L] OZ is null homologous, and « is closed,
one derives from Stokes’ theorem that: f(—o;l’o)l_lofo a =0, ie., (P(a),gg(\ll) —

Sa(®)) =0, for all closed 1—form . This implies that Sq(¥) = So(P). O
Proof of Theorem 1.2 : The Poincaré pairing
(,): H'(M,R) x H""Y(M,R) — R,
being a continuous bilinear mapping, let o denote any positive constant such that
31 (A, B)| < poll All 2| Bll 2,

for all (A, B) € H'(M,R) x H™ Y (M,R). Let a (fixed) be any closed 1—form

such that P(a) € B5(0,1), and consider the continuous linear mapping
Lo : HY(M,R) = R, B~ (P(a), B).
It follows from (31) that

(32) |La(B)| = [(P(), B)| < pol| Bl 2,
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for all B € H™=Y(M,R) because P(a) € B5(0,1).

Since by construction the set I is countable, we can assume that I contains more
than one element. Otherwise, I'g = {0}, and hence discrete. Let 38,3 € I'n: From
the characterization of elements in of I, there exist ®, ¥ € m1(Gq(M)) such that
8= §Q(<I>), and § = §Q(\Il) We define another loop at the identity by setting

O := & %, U1 and we have the following two possibilities:

Either: There exists a zo € M such that the 1—cycle 02 = 02 | |(-O2) is null
homologous; in this situation, Lemme 3.5 implies that

1 (P(), — B> = W(P(ang(@» = fo?o a = 0, for all closed

Volg (M)
1—form «, i.e., 8 = 6.

Or: For each y € M, the 1—cycle O? is not null homologous; in this case, since
B8 # B, assume in addition that they are arbitrarily closed in the natural topology
of I', i.e., in the topology induced by the vector space structure of H™= Y (M, R).
Since H(~1(M,R) is a finite dimensional real vector space, all the norms on
H®=1(M,R) are equivalent, in particular, we shall equip H™~V (M, R) with the
L?—Hodge norm ||, ||z2: Let [ be any arbitrary positive integer, and assume that
Vol (M)

(33) 18 - Bl <527

where pg is the constant defined in (31). On the other hand, let z € M (fixed) and
choose any closed 1—form ag on M with P(ag) € B5(0,1) such that [,e ag # 0:
This is also possible because OF is a non-null homologous loop by assumption.

With the help of Lemma 3.5 together with (33), we derive that

[
o2

VOZQ(M)

Ho 5
Faans Al

1/(2),

o
A

(34)

IN

for all positive integer [. This is a contradiction because the top right-hand side of
the above inequalities tends to zero as [ tends to infinity. Therefore, we have proved

that in I'n two elements are arbitrarily closed, if and only if, they are equal. O
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Proof of Theorem 1.5 : Let ¥ = {4*} be any smooth isotopy in ker Sq, and for
each fixed ¢, consider the reparametrized path ¥, : s — 1Y), Since M is compact,
the map Ly : t — W, is Lipschitz continuous with respect to the C®—metric, and
by Proposition 3.3, the map gg is continuous with respect to the C®—metric. On
the other hand, since V¥ is a path in ker Sq, then for each ¢, we have ¥;(1) € ker Sq,
ie., gg(\:[/t) € I'q for each t. Thus, the composition §Q o Ly is a continuous map
from the connected topological space [0, 1] into the discrete topological space I'g:

hence, this map must be a constant map. That is,

(SooLy)(t) = (SaoLy)0),
_—
(35)

for all t. In particular, for t = 1, we have

O = (gg)OL\I;)(].),
= So(W).

Proof of Lemma 1.3 : Let {¢;} C ker Sq be a sequence which converges in the
Cl—metric to some ¢ € Go(M). Let {®; = (¢!)} be a sequence of vanishing-flux
isotopies with ®; € I'so(¢;)q for each i, and let ® := (¢;) € I'so($)q be an arbitrary
element. Since the group G (M) is locally connected by smooth arcs (see [3]), fix
a small path connected open neighborhood of the identity map, say V(idy), and
since ' 1= ¢; 0 ¢! C—1> idps, we may assume that for all ¢ sufficiently large, one
has " € V(idys). For each i sufficiently large, one can choose a smooth curve o;
from 1)? to the identity, lying inside V(idps) such that o; tends to the constant
path identity in the C'—metric as i tends to infinity (if necessary, when o; is only
C", then approximate it in the C>°—topology by another curve g; having the same
endpoints than o;, [10]). Assume this done.

Fix any sufficiently large integer i, define ! : ¢t s (¢! o ¢, 1), and consider the

following juxtaposition of paths,
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(/\(t)) 0<
= { o, o be
where A : [0,1/2] — [0,1], and 7 : [1/2,1] — [ 1]
A(1/2) =1=17(1), and A\(0) =0 = 7(1/2).

By construction, we have J;(0) = idy; = J;(1), i.e., g@(ﬁz) € I'n. That is, for all ¢

1
2
1

VARVAN

t
t

are smooth functions such that

sufficiently large, we have
(%) : 0 = dist(Sq(3:), ) = dist(Sq(o:) — Sa(®), I),

because So(J;) = Salo:) + So(®;) — So(®), and gg(tl)j) = 0 for all j, where
dist(a,b) stands for the distance between a and b. Taking the limit in () as 4
tends to infinity yields,

0 = limdist(Sa(o;) — Sa(®), Iy)

dist(lim Sa(0;) — Sa(®), Ia)
= dist(—=Sa(®), I0),
(37)
because by construction, o; tends to the constant path identity in the C! —metric as
i — 00. That is, So(®) € T, and this implies that S (®) € It because by Theorem

1.2, the group I, is closed. Finally, we have proved that any volume-preserving iso-

topy from the identity to ¢ must have its flux in I'g: This means that ¢ € ker Sq. O

Proof of Lemma 1.4 : Let {®;} be a sequence of vanishing-flux isotopies which
converges uniformly to a volume-preserving isotopy ®. We have to show that

§Q(<I>) = 0. Since @ is smooth, then for each closed 1—form «, we have

(38) |/f m<|/f Wal+| [ Fa@)) - Fu@) 9l
<0+ 4V0lQ(M)Ha||deco(<I>i,®) 50,0 - oo,

because by Proposition 3.3 we have, 0 = (P(«) = [, F Y 1)Q, for each

i, and since limgo (®;) = @, it follows from Lemma 3.10—[15] that
|/ Fa ((2:)(1) = Fa(®)(1)) Q| < Vola(M) sup |Fo(®:)(1)(z) — Fal(®)(1)(2)],
M zeEM

< 4Volo(M)||a| r2dco (P, @),



252 STEPHANE TCHUIAGA

for i large enough. Thus, the right-hand side in (38) tends to zero as ¢ goes at infinity,
and hence the left-hand side in (38) vanishes. Since ® is a volume-preserving isotopy,
it follows from Proposition 3.3 that, 0 = [,, Fu(®)(1)Q = (P(a), Sa(®)), for each
closed 1—form . That is, (P(8), So(®)) = 0, for all closed 1—form 3, which implies
that Sqo(®) = 0. O

4.1.2. Application to quasi-morphisms for symplectic closed 2—surfaces. We assume
that (M,w) is a 2—dimensional closed symplectic manifold. Firstly, observe that
Proposition 4.3 implies that for each non-trivial closed 1—form «, and each z € M,

we have

(39)  A@Wog¢,a), =AY, a), + A(¢, ), + Vﬁfxﬂllw </0“/ / )
d>(r

for all ¢¥,¢ € G (M), and for all ¥ € Iso(v),, where G, (M) is the identity
component in the group of all symplectic diffeomorphisms of (M,w). That is, the
quantity (fog' a— fof(z) a | seems to impeach A(., @), to have the properties of a
homomorphism in the usual sense. However, the goal of this subsection is to check
whether A(.,a), can give rise to a quasi-morphism or not.

Let G be a group. A mapping A : G — R is a quasi-morphism if there exists a real
number R>0 such that |A(fg) — A(f) — A(g)] < R, for all f,g € G.

In addition, if A(f™) = mA(f), for each f € G an for each m € Z, then A is called
a homogeneous quasi-morphism (see [8]). The minimal value of the real number R
in the above definition is sometimes called the defect of the quasi-morphism A. This
is due to the fact that if R = 0, then A will be a homomorphism in the usual sense.
Furthermore, for each quasi-morphism A, the map ¥ — lim,,_,{AW™)/m},

induces a homogeneous quasi-morphism.

Proposition 4.7. Assume (M,w) to be a 2—dimensional closed symplectic man-
ifold with HI(M, R) # 0. Let o be a non-trivial closed 1—form and p € M be any
point. Therefore, the mapping A(., &), : GW(M) — R, ¢ — A(Y, @)y, is a contin-
uwous quasi-morphism whose defect is less than or equal to twice the square of the

symplectic area of M.

Proof.
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Let a be a non-trivial closed 1—form and p € M. Proposition 4.3 implies that
for all ¢, ¢ € Gw(ﬁ), we have

1

LA os.a), - AGa), - A<t el [ el

vaz9< g v - ol oy Talzs
1
for each ® € Iso(¢),. Since [,y ———a (resp. fo\p ———a) is the algebraic
v lallz o [|af| 2
value of the symplectic area swept by the orbit Op (resp. O d>(p)) under the sym-
1 1
plectic flow generated by the closed 1—form ———a, then | [,y ——a| (resp.
el 2 v flallz:
| [ou H ” ———q|) is less than or equal to the symplectic area A(M) of M. There-
¢(p) ||CX|| L2

fore,

(40)  |A@W o ¢,a), — AW, )y — A(¢, a)y| < 2A(M)Volo(M) = 2[A(M)]?,
for all ¢, ¢ € G, (M ) because here the area form is the volume form. O

Remark 4.8. Let h be any smooth function of a compact manifold M. If ¢ is any
diffeomorphism of M isotopic to the identity map with respect to an isotopy ® :=
{&+}, then the smooth function x — Fap(P)(1)(x) is supported in supp(¢). Assume
on the contrary that there exists z € supp(Fan(P)(1)) such that z ¢ supp(p). Then,
0 £ Fu(@® 1)) = [ dh= (o) = h(e),
which is a contradiction since z ¢ supp(¢), implies that h($(z)) — h(z) = h(z) —
h(z) = 0. In particular, given any oriented closed manifold (M,<), and any smooth
function h of M, then for any vanishing-flux volume-preserving diffeomorphism 1,

we have that

supp(A(, dh)) C supp(i)).

Proof of Theorem 1.6 : Let z € M be a point whose orbit under « is smooth, i.e.,
07 is smooth. By definition of 7 := (v¢)¢c[0,1], there exists ®; = (¢}) a sequence of
vanishing flux isotopies which converges uniformly to the loop . Since v; = idyy,
then the sequence of time-one maps {¢}} converges uniformly to the identity map
idpr, and then it follows from Lemma 4.5 that limco A(¢}, a), = A(idyr, ), = 0.
On the other hand, by Corollary 4.2, we also have

lall 2 A}, o). = —von(M)/q)_ o,

z
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for each ¢, and for all non-trivial closed 1—form «. Hence, combining the above
arguments give limgo ( f oFi a) = 0, for all non-trivial closed 1—form «. Observe
that, | [y o < |fofi a— foral+ |fofi al, for all 4, and derive that [, a =0,
because limgo ( /. ori a) = 0, and as in the proof of Lemma 4.5, for i sufficiently
large, one can construct a smooth 2—chain whose boundary consists of 0, O%:
and a minimizing geodesic x* that connects 71 (2) to ¢} (2); and derive from Stokes’
theorem that | [ye; a— [,y af = |in a| < |lal|pzdeo(y, ®;) — 0,i — oo. Therefore,
we have proved that fOZ o = 0, for all closed 1—form ¢, i.e., the 1—cycle O7 is a

boundary. O

Proof of Lemma 1.7 : Let ® be a volume-preserving isotopy out of ker gﬂ, and
let ¢ denote its time-one map. Since So(®) # 0, and (,) is non-degenerate, we can
choose a harmonic 1—form Ho such that (P(#), So(®)) # 0. Assume this done.

Let r(g) be the injectivity radius of the Riemannian metric g on M, and put

(41) 5y = - min{r(g), L2 (o), Sa(®))]

0 ’ HHO”]}VOZQ(M)},

for some By € [4,+o0[. If dgo(®,Id) < dp, then one deduces as in the proof of
Lemma 4.5 that for all x € M, we have

(42) |A(p, Ho)x — 0] = |A(d, Ho)z — Alidar, Ho)z| < 2Vola(M)deco (P, Id),

because dgo (¢, idyr) < deo(®, Id). On the other hand, derive from (42) and Corol-
lary 4.2 that

(P(30). Sa(@))] 1 I
Vet (ol = Tty A o) [, Pl

(43)

< 2dco(®, Id) + length(OF),

for each z € M. Now, when z € M is such that the length of the orbit OF with
respect to the Riemannian metric ¢ minimizes the distance between its endpoints,

then length(O%) < deo(®, Id), and this together with (43) implies that,
(44) Bo<3.

This is a contradiction. O
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5. METRIC GEOMETRY FOR VOLUME-PRESERVING DIFFEOMORPHISMS

The goal of this section is to introduce and study a right-invariant metric on

Gq(M). In particular, we shall establish several comparison results in the context

of Hofer and Hofer-like geometries [4], [15].

5.1. Norm on the group Gg(M). For each ¢ € Go(M), set

(45) )= sup <sup|A<¢,a>z|) |

aeB(1l) \zeM

where A(Y, ), := ||a||2A(1), @), and
B(1) :={a € ZY (M) : ||af|> = 1}.
We have the following facts.

Proposition 5.1. The rule ||.||° has the following properties:
(1) Positivity: ||¢]|*°> 0, for all ¢ € Go(M).

(2) Triangle inequality: ||v o ¢||*<[[P[*+[6[|*°; for all ¢, ¢ € Ga(M

(3) Duality: |[p=H|°=|v[|*, for all v € Ga(M).
(4) If [[>°= 0, then o = idy.
(5) Right-invariance: The following rule

(46) d®(¢,9) =] d o™,

for all ¢, € Go(M).

Hence, the norm ||.||* induces a right-invariant metric on Gqo(M).

Proof. (1) Positivity: This follows from the definition of ||, ||*°.

).

(2) Triangle inequality: Let ¢, ¢ € Go(M), a € B(1), and derive with the help

of Proposition 4.3 that:

[A(Y 0 ¢, )| = |A(p, ). + A(Y), @) ()| < [A(@, @)z] + [A(Y), @)z,

for all z € M, which implies the desired inequality.
(3) Duality: From Proposition 4.3, we derive that

0= A(idr,a) = Al o™ @) = A(Y™ a) + A(p,a) o™,

ie., A(Yp™1 a) = —A(, ) o9p~L. This implies that the desired equality.
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(4) Non-degeneracy: If ||¢]|*°= 0, then A(x), ) = 0, for all « € Z*(M). With
the above vanishing condition, it follows from Corollary 4.2 that
(P(a), So(0)) = Volg(M) Jou a, for all z € M, for all a € Z'(M), and
for each ¥ € Iso(®)q. Now, Iassume that there exists zg € M such that
¥(20) # zo. Then, pick an open neighborhood U,, of zp that does not
contain (zg), and consider a bump function p supported in U, such that
p(z0) # 0. In particular, for o = dp, we derive from the above arguments
that

0= (P(a).Sa(®)) = Vola(M) | o= plu(z0) = o).
20
for each U € Iso()q. Thatis, p((z0)) = p(20) # 0: This is a contradiction
because the open neighborhood U, of zy does not contain ¥(zp), and the
bump function p is supported in U,,. If necessary, in case ||dp||r2 # 1, then
replace the function p by the function g := ”dp%.
L

(5) Right-invariance: We have,

dUpoppop) = |(pop)o(wop) |
(47) = lgopop=toyt|®,
= d%(¢, ),
for all p,, ¢ € Go(M).

Here is a consequence of the proof of Lemma 4.5.
Corollary 5.2. If ¢ € ker Sq is sufficiently C°—closed to the identity map, then

(48) [¥[1%°< 2Vola(M)dco (¢, idnr).
6. COMPARISON WITH OTHER METRICS

6.1. Comparison with the usual Hofer norm. In this subsection, we assume
that Qg := ;w", where w is a symplectic form, and ||.|| gofer denote the usual Hofer
norm defined on the group Ham(M,w), of Hamiltonian diffecomorphisms: for any
Hamiltonian isotopy ® = {¢;} such that .5 w = dHy, for each ¢, its L>°—Hofer

(resp. L(1:>°) —Hofer) length is defined by

(49) 7 (@) = mtaxosc(Ht),
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and

(50) 1(129) () — / " ose(H ).

For any diffeomorphism ¢ € Ham(M,w), its Hofer norm is defined by

(51) [ lloper = inf (157 (@) = inf (15 (@)) |

where the infimum is taken over all the Hamiltonian isotopies ® with time one map
o (see [14]).
We have the following fact.

Proposition 6.1. Let Q) := %w", where w is a symplectic form. Then, for any
¢ € Ham(M,w), we have

(52) [611°° < 2/l o ger-

In particular, our construction implies the non-degeneracy of the Hofer-norm.

Proof. Assume that Volg(M) = 1. Let ¢ € Ham(M,w). For each o € B(1), we

have

b
&
L
8
Il
|
T
%
Q

(53) - / (e, Xa) 0 dy()dt,

for any Hamiltonian isotopy ® = {¢;} with time-one map ¢ such that ¢ HW = dHq,
for each t, where 1x_w = a. Let U, = {19} be the symplectic flow generated by
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Xo. Then, (53) implies that

1
sup [A(p, ) ()| = sup| [ w(d, Xa) o ¢r(x)dt]
reM zeM 0

1

= sup | dH(X ) o ¢¢(x)dt]
zeM 0

IN

/0 sup |dH (X o) (2)|dt

zeM

- | 1 (sup 411X, w50 ) . for cach s,

yeM

(54)

/01 (1sup 15 (w2 )1 ) . for cac .

yeM ds
which implies that
1 1 d

sup Ao < [ ([ sup 4 s ias) ar
for any Hamiltonian isotopy ® = {¢;} with time-one map ¢ such that ¢ HW = dHq,
for each t. On the other hand, for each s fixed, let «2 . (resp. z¢,.) be the
point of M at which the function z — - (H,(1)%(z)) realizes its minimum (resp.
maximum). We know that: either sup, ¢, |- (Hy (¥S(2))] = £ (H (W2 (25000)),
or D,y |4 (H(62 (2))] = — & (H(62 (,5,)). That s, cither

[ sup 1 (s = [ L (H 0 @) = H(0F (2har)) ~ Hilaha)
0 zeM 0

or

[ sup 1 2 s = [ (0 i) s = ~H 08 (hin) 4 Hr ).

zeM

Therefore, we derive from the above estimates that,

sSup |A(¢,(X)(Z‘)| < max (/O ( Ht(wl ( mzn)) + Ht( mzn)) dt7/(; (Ht(w?(x'}naa:)) - Ht(xgnaw)) d

zeM

1
< 2/ osc(Hy)dt,
0

for any Hamiltonian isotopy ® = {¢;} with time-one map ¢ such that ¢ 4w = dHy,

for each t. Thus, we derive that

o[>

IN

2 inf (l(l"x’)¢>>
@e[l?o((;s)w wo(®)

(55) 2H¢||H0fer-
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6.2. Comparison with the Hofer-like metric. In this subsection, we assume

1
nl

again that gy := —5w™. Let ey denote the usual Hofer-like energy defined on the
group G, (M) [4], [15]. Also, let us recall the definition of the supremum norm (i.e.,
the uniform sup norm) of a 1—form a: for each x € M, we know that « induces a

linear map oy : T, M — T, M, whose norm is given by
(56) [l |7 := Sup{az(X)Ig ; X e T M, |[X|ly = 1}7

where || - || is the norm induced on each tangent space T, M (at the point z) by
the Riemannian metric g: The uniform sup norm of «, say ||y, is defined as
(57) lalo := sup [log 9.

reM

We shall need the following results.

Proposition 6.2. Let (M,w) be a closed symplectic manifold of dimension 2n.

Then, the mapping
W'l HY (M, R) — H? (M, R),[a] — [w™ Y A,

s continuous as a linear map defined on a finite dimensional real-vector space: there

exists a positive constant C(w) that depends on w such that
W™ Adlllze < C@)lladllzz = Clw) el 2.

Proposition 6.3. Let (M,w) be a closed symplectic manifold of dimension 2n.
Let X be a harmonic vector field (i.e., a vector field such that txw is a harmonic
1—form). Then, for all closed 1—form «, there exists a positive constant which

depends on o such that
(X))o := SHAQIQ(X)(Z)I < Cla)lexwl 2.
zE

Proof. Let by(M) the first Betti number of the manifold M, and let hy, ..., hy, (ar)
be a basis of the space of harmonic 1—forms such that |||z = 1, for all i. Let
a be a closed 1—form such that ¢x_ w = a for some symplectic vector field X, [4],

[15]. Assume that
by (M)

LxWwW = Z )\JLZ,
i=1
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where \js are real numbers, and derive from the properties of the symplectic form

that

sup |a(X)(2)] = sup |ex,w(X)(2)|
zeM zeM
= sup | — ixw(Xa)(2)]
zeM
b1 (M)
< ; ; .
(58) = Zz:; ‘Al| 1§21?§M)th(Xa)”CO
(59)

Since the space of harmonic 1—forms is a real-vector space of finite dimension, then
any given two norms on the latter are equivalent that is, there exist a positive

constant C such that Zi.”:(lM) |Ai| < Cyllexw| 2. This implies that

Joller < (€1 _max (Xl ) vl
Take C(O{) = Cl maxlgigbl(M)||hi(Xa)HCo.

O

We shall say that a Riemannian metric g is compatible with the symplectic form
w if there exists a complex structure J such that g(X,Y) = w(X, JY), for all vector
fields X, Y.
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Lemma 6.4. (Continuous dependence of C(a) on o, and local bounded-
ness) Let (M,w) be a closed symplectic manifold of dimension 2n. Assume that

the Riemannian metric g is compatible with the symplectic form w. Then,

(1) the map o — C(«) is Lipschitz continuous with respect to the L?>—Hodge

norm, with Lipschitz constant

o C1 maxy<i<p, (m) [hilo
L b

Voly,(M)

which depends on a certain fized basis hi,...,hy, (ar) of the space of all
harmonic 1—forms,

(2) there exists a positive constant n which depends on a certain fized basis
ha, ... hy (ary of the space of all harmonic 1—forms such that for all

a € B(1), we have C(a) < 1, with

Cy mMaxXy <;<p, (M) |hi|0

=2 + C(hy).
" Vol, (M) ()
Proof. Let a, 8 be two closed 1—forms. Compute,
|IC(a) =C(B)] = ClIKggX [[hi (X )Ilco—1§ggl>§M)\|hi(Xﬁ)llco\
< C hi(Xo — X
< 11<gg3>§M)|| ( 8)llco
60 < O h; X, — X
(60) < o _max il [ X0 = X5l
Thus
|C(a) — C(B)*Voly, (M) = / C(B)|*dVol,
< h; X, — Xjs|2dVol
< (o mps, I0do) [ 1% Xaliavel,
2
(61) - < 1<lr£1?1xM)|h |0> /Mg(Xa—Xg,Xa—Xg)dVolg.

From the fact that (1x_ w) (Z) = a(Z) = g(X%, Z), for all vector field Z, where X
is the vector field such that b(X%) = «, and with the compatibility of the metric g,

we derive that

9(JXo, Z) = w(Xa, Z) = g(X*, Z),
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for all vector field Z: Hence, X, = —J(X%). It follows from the above estimates
that,

2
_ 2 <
|C(a) = C(B)|*Volg(M) < (Cl 1<E?§M) ) 9(Xo — X3, X0 — Xp)dVolg,
2
= - X9, J( x> - XP
(cn, e i) [ ata0xe - X%, = X¥pavl,
2
_ B et B
= (Cll<zn<1?1XM)|h |0> /Mg —XP, XY —XP)dVol,
2
= (o o) [ ateta =810 - gavel,
2
(62 = (o, _mw Thdo) = S
That is,
Cymax;<i<p, (ar) |Pilo
Cla) - C(B)] < S2asisnon oy gy

Voly(M)
for all closed 1—forms «, 5. For the second item, we derive from the assumption

lall2 =1 =||8]|L2, that we have

Crmaxy <j<p, (ar) |hilo

|C(e) = C(B)| < Vol,(M)

llov = Bl 2

Crmaxy <ij<p, (ar) |hilo (
Voly (M)

allgz + [18]lz2) ,

C1max;<;<p, (amr) |hilo
Voly(M)

. _ . C1maxi<i<py (M) hi |0
In particular, for 8 = hq, it follows that C(a) < 2 e, OD) +C(hy). O

Theorem 6.5. Let (M,w) be a closed symplectic manifold of dimension 2n. As-
sume that the Riemannian metric g is compatible with the symplectic form w. For

all p € G,(M), we have

C1 max; <j<p, () |Pilo

~< 3 2,C(w),2
il < 8 max{2, C(w) EEREYS

+ C(h)tenr(p),

where C(w) and C(hy) are constants in Proposition 6.2 and Proposition 6.3; and

ey s the Hofer-like energy.
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Proof. In this proof we assume that Volg(M) = 1 for simplicity. Let ¢ € G, (M),

and ® = (¢;) be any symplectic isotopy from the identity to . Assume that

¢ = proty, be the Hodge-decomposition of ® where p := (p;) is a harmonic isotopy

(i.e., tp,w =: My, is @ harmonic 1—form for all ¢) and ¥ = (¢¢) is a Hamiltonian

isotopy (i.e., ¢, w = dUy, for all t) [4], [15]. We have

el =

IA

(63) +

Supaes) (sgﬁwzp,au) ,
z

1
SUPaeB(1) (Sup<[a/\w(n_l)]’ [/ Hydt]) —/ 04|>
zeEM 0 o

1
SuPacs) sup\<[am<"*l>1,[/ Hodt]) / o - / ol ).
zeM 0 O;II O51(2)

1
SUPaeB(1) (sup|<[a Aw®=], [/ thtDI) + Supacn() (supl a) :
0

zeM zeM Jo¥

SUPaeB(1) (SSAI; o a|>-
z

r1(2)

Therefore, we use Proposition 6.2 and Proposition 6.3 to derive that

el <
_|_

<

<

(64) <

1
SUPaeB(1) (Su}a[l([aAw("”L [/ ’tht]>l> + supacs(1) (Supl a) ;
z€ 0

zeM JOY
SUPaeB(1) sup\/ al |,
zeM JO*

p1(2)

C(w) In?,X”H,gan + thax osc(Ut) + nm?X||’}-lt||L2,

3max{C(w),n,2} (m?XH’HtHLz + max osc(Ut)> )
3 max{c(w)v 7, Q}Z?ioL ((I))a

for all symplectic isotopy from the identity to ¢, where C'(w) and n are constants

in Proposition 6.2 and Lemma 6.4, I%5;, is the L° —version of the Hofer-like length

[4], [15]. Finally, taking the infimum over the set of all symplectic isotopies from

the identity to ¢ in the above estimate yields,

el < 3max{2, C(w),2

Crmaxy <i<p, (ar) |hilo
Voly (M)

+C(h1)}enr(p)-



264 STEPHANE TCHUIAGA

6.3. Displacement energy.

Definition 6.6. For each non-empty open subset U C M, we define the displace-

ment energies of U as:

(65) EU) = inf{|[[|: ¢ € Ga(M),pU)NU = 0},
and
(66) EqU) := inf{||¢||*°: ¥ € ker Sq,p(U) NU = 0}.

Theorem 6.7.
For each non-empty open subset U C M, we have E*(U)>0.

The proof of the above theorem will follow from an adaptation of similar result
from symplectic geometry. First, let us generalize the a result due to Polterovich
[14] (see Proposition 1.5.B. [5]).

Proposition 6.8. For any non-empty open subset B C M, there exists a pair of
vanishing-flux volume-preserving diffeomorphisms ¢, and v each of which supported
in B such that the commutator [¢,] := =L o ¢~ o) o ¢ is different from the
identity map.

We shall say that a map 1) displaces a non-empty subset U C M if »(U)NU = 0.
Let us denote by Dq(U) the set of all ¢ € G (M) that displace U. We have following

fact.

Proposition 6.9. Consider a non-empty open subset B in M. Let ¢ and ¢ be
defined as in Proposition 6.8 and let f € Dq(B). We have [[f, d)’l],w] = [, ).

Proof.

This is a verbatim repetition of the proof of similar fact found in [5]. O
We shall need the following arguments which can be found in [15].
Let z € M (fixed), for all e>0, for each x € M, choose a curve 7, from z to
1
such that its length I(~,) := / 172 (s)||gds satisfies
0

(67) U(v:) < diam(M)(1 + ¢€),
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where diam (M) stands for the diameter of M with respect to the Riemannian metric
g. For any smooth isotopy ® = {¢;}, and any family of closed 1—forms o = {c},
we have

(68)

¢
tren[g)f] osc (/ () o ¢udu) < 2(1 + e)diam(M)(1 + sup [T}, (s) Do) max ||af||L2
s 0 s,V

where osc(f) = max f—min f, y is a certain point of M, and T, (5, is the tangent

map of ¢, at v,(s) (see [15]).

Corollary 6.10.
Let (M, Q) be a closed oriented manifold. For any vanishing flux isotopy ® =

{#+}, and for any closed 1—form «, we have

(1) min ((/Ola(qsu) o ¢udu) (x)) <0, and

2 0 < max (( [ oty o outn))) <ose [ athu) o suan).

Proof.
Since <I> = {d)t} has a trivial flux and for any closed 1—form «, we have that
S ( fo 0 ¢pudu)Q = (P(a),Sq(®)) = 0. Thus, the min-max principle for

integral 1mphes that

min ((/Ola(géu)oqsudu)(x)) /MQ < /M </01a(¢5u)o¢udu>9
(69) < max ([ at)coutw) [ o

1 .
i.e., min (/ (o) oqi)udu) (r) €0 < max(
x 0

x

/ o) o ¢>udu) (). For (2), we
have

ose | Calda) o bun) = max ([ “a(du)o duu) (&) ~ i | Cada) o bui)) (2)

(70 > o ([ o) o guan) o)

1
since — min </ () o gbudu) (z) = 0, from item (1). O
r 0

We are able to give the proof of Theorem 6.7
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Proof of Theorem 6.7 : For each non-empty open subset U C M, either Dq (i)
is empty, or non-empty. In the case, Do (U) = ), we have E*(U) = +oo : We are
done. Assume that Dq (i) is non-empty. By the characterization of the infimum,
for each positive integer k, there exists a volume-preserving diffeomorphism f; such

that
1
() |5l <E W) + 1.

and fr € Do(U). Fix the integer k large enough, and apply Proposition 6.8 with
B :=U, to derive that there exists a pair of volume-preserving diffeomorphisms ¢,
and 1 each of which supported in U such that the commutator

[0, 9] := ™ Lop™Lorpog is different from the identity map, and since fi € Do (U), we
derive from Proposition 6.9 that for k large enough, we have [[fx, o], ] = [¢,v].
On the other hand, compute

[

= |llfe, 07 9]

= |lfr ¢ Toy™ o [fr, o7 7 ol

S 17798 2 KoK e R (1798 S IR
= 2|[fr, oI

A fell>

Combining (71) together with (72), implies that

(73) 0< WOIZ e < moa) + 1

for k large enough. Q.E.D. O

I, ¥l

(72)

IN

6.4. Some geometric aspects of G, (M). The following theorems show that us-
ing the metric d* induced by the norm |.||>°, one can determine the volume preser-
vation nature of the uniform limit of a sequence of vanishing-flux volume-preserving

diffeomorphisms.

Theorem 6.11.
Let {¢;} C ker Sq, let ¢ € ker Sq, and let » : M — M be any map such that
o {¢;} EO% Y and
o d%(i, ) = |lgi 0™ H|>® — 0,7 — oo,
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Then, we must have ¢ = ¢.

Proof :  Assume that o¢~! # idy;. That is, there exists a non-empty open sub-
set B C M such that o~ € Do(B). Since ¢; o 4, then ¢; 06~ < ho g1
Choosing an integer k large enough, we may assume ¢y o ¢~* € Dq(B). Thus,
the positivity result of the displacement energy E, implies that 0 < E(B) <
|r o ¢~ 1[|°°, for all k large enough. The latter inequalities contradicts each other
as k tends to infinity. Q.E.D. O

Definition 6.12. Let ® = {¢}, and ¥ = {4} be two vanishing-fluz isotopies. Then,

we define the distance between them as :

dvol(q)a\:[j) ‘= Ssup dﬂ(¢tawt)~
te[0,1]

We have following fact.

Theorem 6.13.
Let ®; = {¢!} be a sequence of vanishing-flux paths, let ¥ = {1} be another
vanishing-flux path, and let p = {p;} be any family of maps from M to M such that
o §, £0—> p, and
o dyoi(P;, ¥) — 0,5 —> o0.

Then, we must have ¥ = p.

Proof.

Assume that po W1 £ Id, i.e., there exist ¢y €]0, 1] such that p;, o zpt_ol #idpy.
Since ¢!° C—O> Pty then @10 o w;l C—O> Pty © ’(/Jt_ol. On the other hand, the fact that
Aot (P, ¥) — 0 when i — oo, implies that by the right-invariance of d? that
d2(pl o w;}l,idM) — 0 when ¢ — oo. Therefore, we have

3
t -1 C° 1
* 90 77[Jto — Pto © wtg , and
o d¢l o wt;)17id2w) — 0 when i — oo,

which by the mean of Theorem 6.11 implies that p, o wgl =idpy. (]

In the following result we estimate the metric d**.
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Lemma 6.14.

Let (M,Q) be a closed oriented manifold equipped with a Riemannian metric g.
Let diam(M) be the Riemannian diameter of M with respect to g, and let ¢, €
ker Sq. There exists a positive constant K(¢, g,v) which depends on g, ¢, and 1)
such that d*(¢,1) < 2(1 + €)diam(M)k(¢, g,v), for all positive ¢.

Proof.
Let ¢,7 € kerSq, and let p = {p;} be any vanishing-flux isotopy from the

identity to ¢ o ¢p~!. By definition,
L)
o2

Apply formula (68) and Corollary 6.10 together with the above equalities to derive

/ Z “
or

for all positive €, for some point y € M. Take

%6, 9) = $o v = sup <sup

acB(1) \zeM

d(¢,¢) = sup (sup

acB(1) \zeM

> < 2(1 4 e)diam (M) (1 + sup |T,yy(s)pv|),

k((bmgaw) = (1+SUP‘Tyy(s)Pv|) )

inf
pElso(goyp1)
where Iso(¢ o 1)~1) is the space of all smooth vanishing-flux isotopies from the
identity to ¢ o 1. [l

Lemma 6.15.
Let (M;,8;), i = 1,2 be two closed oriented manifolds. If © : My — M is a
smooth diffeomorphism such that ©*(Q2) = Qq, and O* maps closed forms onto

closed forms, then

(1) for each ¢ € ker Sq,, we have H@oqﬁo@‘lnzo < 2|83,
(2) for each v € ker Sq,, we have  ||©7 oo G)HC;O <2|1¥)15° and
(8) for each ¢ € ker Sq,, we have

sll@cgpo0 | <ol <2|@0 o0t .

Proof.
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Let Z1(M;) be the space of closed 1—form of M;, and let 8 € Z1(Ms). Then,
6°(8) € Z'(My), and for each ¢ € ker So, , we have ¢*(6%(8))—6*(8) = d(A1(6, 0 (8))),

ie.,
d(25(6 06007, 8)) = (©0h0 0 (8) - B = d(Ai(6,07(8) 0 O7).

Thus, osc (Ag(@ opo®1, B)) = osc (Al(qS, 0*(8)) o @’1) , implies that

sup (o0sc(A2(©0¢po07!, B)))

BEB(1)2

= sup (osc(Ai(¢,0%(B))))

BEB(1)2

(74) < sup (o0sc(A1(d,))).
a€B(1)

That is, [|© o ¢ 0 O~ 1| < 2[|¢||$°, because osc (f) < 2sup|f(x)|. Similarly, one

(CEXTICH

N

proves the item 2 and completes the proof of Lemma 6.15 by proving item 3 which

follows form the combination of items 1 and 2. O
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