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Abstract. This paper meticulously revisit and study the flux geometry of

any compact connected oriented manifold (M,Ω). We generalize several well-

known factorization results, exhibit some orbital conditions under which flux

geometry can be studied, give a proof of the discreteness of the flux group

for volume-preserving diffeomorphisms, derive that any smooth isotopy in the

group of all vanishing-flux volume-preserving diffeomorphisms is a vanishing-

flux path, and show that the kernel of flux for volume-preserving diffeomor-

phisms is C1−closed inside the group of all volume-preserving diffeomorphisms

isotopic to the identity map: We recover several well-known results from sym-

plectic geometry. We use the above studies to construct a right-invariant metric

on the group of all volume-preserving diffeomorphisms isotopic to the identity

map and study the induced geometry. In the case of a symplectic volume form,

the restriction of our metric to the group Ham(N,ω), of all Hamiltonian dif-

feomorphisms of a closed symplectic manifold (N,ω), is controlled from above

by the usual Hofer metric in general, while the Hofer-like metric control our

metric in the case where the Riemannian structure is compatible with the sym-

plectic structure (in particular, our construction implies the non-degeneracy of

the Hofer and Hofer-like norms).
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1. Introduction

On a compact manifold M , given any smooth closed p−form α together with an

isotopy Φ = (φt), they satisfy the following equation

(1) (φt)
∗α− α = d (Fα(Φ)(t))

for all t, where d is the usual differential operator such that d ◦d = 0 (see [17]), and

(2) Fα(Φ)(t) :=

∫ t

0

φ∗s(α(φ̇s))ds.

Note that any smooth isotopy Φ = (φt) of M gives rise to a smooth family of vector

fields (φ̇t) on M defined by

(3) φ̇t(φt(x)) :=
d

dt
(φt(x)),

for all t, and for all x ∈M .

Equation (1) is deeply rooted in the study of flux theory on the manifold M : It

had been used by Moser [12], Banyaga [1, 3], Calabi [7] and others in the study

of the geometry of the group of volume-preserving diffeomorphisms. Banyaga [1],

Thurston [16], and Weinstein [18] works show that if two given volume-preserving

isotopies are homotopic relatively to fix endpoints, then they have the same flux.

So far, this is the most known (not to say the only) condition which guaranties the

equality of the fluxes of two volume-preserving isotopies. What seems to be a bit

ambiguous here is that, the flux of each isotopy is a de Rham cohomology class in

some H∗(M,R) (the ∗−th de Rham group of M with real coefficients), while the

group H∗(M,R) only depend on the topology of M , and does not depend on any

differentiable structure on M . One might expect that analyzing the orbits (in M)

of a volume-preserving isotopy of (M,Ω) (where Ω is the orientation form on M)

may ”determine” its flux.

Of course, the difficulty to face (or the price to pay) here is the large number of orbits

generated by a single isotopy on a manifold: Though it looks almost impossible to

describe all of them, nothing is telling to us that such a study is not possible. The

optimal cost here could reside in the way to look at the situation.

The problem we address in this paper is that of the existence of other(s) criterion

(or criteria) under which one can study the flux geometry of a compact oriented

manifold.

We shall see that investigating the above criteria will not only enrich the theory
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of flux geometry, but also the dynamics of volume-preserving diffeomorphisms, and

the theory of Hofer-like geometry of a closed oriented symplectic manifold.

Here are the main results of this paper.

Theorem 1.1. Let (M,Ω) be a compact connected oriented manifold. Let α = (αt)

be a smooth family of smooth closed 1−forms, let Φ = {φt}, and Ψ = {ψt} be two

elements in Iso(M,Ω). The following results hold.

(1) For each t ∈ [0, 1], we have,

∫
M

Fαt(Φ)(t)Ω = 〈P (αt), S̃Ω(Φ̄t)〉+

∫
∂M

(∫ t

0

fsΦ,αtφ
∗
s

(
ι(φ̇s)Ω

)
ds

)
,

where Φ̄t is the isotopy s 7→ φst, f
s
Φ,αt

:=
∫ s

0
αt(φ̇u) ◦ φudu, the map

〈, 〉 : H1(M,R)×Hn−1(M,R)→ R, ([α], [β]) 7→
∫
M

α ∧ β,

is the usual Poincaré pairing, and S̃Ω is the flux homomorphism.

(2) In particular when ∂M = ∅, then for each t ∈ [0, 1], we have,∫
M

Fαt(Φ)(t)Ω = 〈P (αt), S̃Ω(Φ̄t)〉.

(3) Assume that ∂M = ∅. Let ϕ ∈ (GΩ(M)\{idM}). If Φ,Ψ ∈ Iso(ϕ)Ω and

there exists a point z0 ∈M for which the orbits OΨ
z0 and OΦ

z0 are homotopic

relatively to fix endpoints, then S̃Ω(Φ) = S̃Ω(Ψ).

(4) Assume that: ∂M = ∅, and Ω := αl := α ∧ · · · ∧ α︸ ︷︷ ︸
l−times

, where α is a closed

deg(α)−form of degree deg(α) := dim(M)/l such that for each volume-

preserving isotopy

Φ = {φt}, the [deg(α)− 1]−form ι(φ̇t)α is closed for each t. Therefore,

(a) if deg(α) is even, then

S̃Ω(Φ) =
dim(M)

deg(α)
P

α
dim(M)

deg(α)

−1


∧
∫ 1

0
ι(φ̇t)αdt

 ,

(b) if deg(α) is odd, then

S̃Ω(Φ) = (−1)

1+E

 dim(M)

2 deg(α)


P

α
dim(M)

deg(α)

−1


∧
∫ 1

0
ι(φ̇t)αdt

 ,
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where for each positive real number x, E(x) is x minus its fractional part;

and P is the natural projection from the space of all smooth closed ∗−forms

Z∗(M) onto H∗(M,R).

Combining the first item and second item of Theorem 1.1 together, we highlight

the impact of the boundary of a compact connected oriented manifold (M,Ω) an the

study of flux geometry. On the other hand, the third item in Theorem 1.1 implies

that if Φ and Ψ are homotopic relatively to fixed endpoints, then they have the same

flux: This item improves a result found in [2]. Finally, the last item in Theorem 1.1

implies that if (M,ω) is a 2l−dimensional symplectic manifold oriented with the

Liouville volume form Ω0 :=
ωl

l!
, then taking α := ω, one has

S̃Ω0
(Φ) =

l

l!
P (

∫ 1

0

φ∗t (ι(φ̇t)ω)dt ∧ ω(l−1)),

=
1

(l − 1)!
S̃ω(Φ) ∧ P (ω(l−1)),

(4)

for all symplectic isotopy Φ: The last item in Theorem 1.1 is a generalization of a

factorization result found in [1, 3].

The following theorem is an unpublished result due to Thurston [16]. Here, we

give a prove inspired from Theorem 1.1.

Theorem 1.2. Let (M,Ω) be a closed oriented manifold. The group ΓΩ is discrete.

In particular, on any Lefschetz closed symplectic manifold (M,ω), Theorem 1.2

implies that the Calabi group is discrete: This symplectic case was proved by Ono

for any closed symplectic manifold [13].

Now that it is well known that the symplectic analogue of Theorem 1.2 is also

equivalent to say that the group of all Hamiltonian diffeomorphisms is C1−closed

in the group of all symplectic diffeomorphisms isotopic to the identity map, then

in the presence of Theorem 1.2, we are tempted to establish the following volume-

preserving analogue.

Lemma 1.3. Let (M,Ω) be a closed oriented manifold. The sub-group kerSΩ is

C1−closed inside the group GΩ(M).
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Lemma 1.4. Let (M,Ω) be a closed oriented manifold. The sub-group ker S̃Ω is

C0−closed inside the group Iso(M,Ω).

Theorem 1.5. Let (M,Ω) be a closed oriented manifold. Then, any smooth isotopy

in kerSΩ is a vanishing-flux path.

Theorem 1.5 states that the sub-group kerSΩ is path connected through vanishing-

flux paths.

Here is a rigidity result.

Theorem 1.6. Let (M,Ω) be a closed oriented manifold. If {Φi} is a sequence of

vanishing-flux isotopies which C0−converges to a loop γ, then any smooth orbit of

γ is null homologous.

In particular, Theorem 1.6 implies that a continuous Hamiltonian loop has the

property that any of its orbits which is smooth is null homologous [6].

The following result separates orbits of a volume-preserving isotropy from mini-

mal geodesics.

Lemma 1.7. (Flux-Minimal geodesic) Let (M,Ω) be a closed oriented manifold.

Let Φ be a volume-preserving isotopy out of ker S̃Ω with time-one map φ 6= idM .

There exists δ0>0 which depends on Φ such that if the distance (in the C0−topology)

between Φ and the constant path identity is less than δ0, then none of the orbits of

Φ is a minimal geodesic between its endpoints.

We organize the paper as follows: In Section 2 we introduce the definitions of

some useful tools that we shall need. The third section is devoted to revisit the

construction of the flux homomorphism of a compact connected oriented manifold

based on Section 2, and generalize several factorization results found in [3, 15]: The

concerned results are, Lemma 3.1, Lemma 3.2, Proposition 3.3, Proposition 3.8, and

Proposition 3.9.

In Section 4, we study the displacements of closed 1−forms (Corollary 4.2, and

Proposition 4.3). This includes the proofs of: Theorem 1.1 (Proposition 4.6) which

gives orbital conditions under which the fluxes of two isotopies with the same end-

points are equal, Theorem 1.2 which states that the flux group for volume-preserving



232 STÉPHANE TCHUIAGA

diffeomorphisms is a discrete group, Lemma 1.3 which states that the sub-group of

vanishing-flux volume-preserving diffeomorphisms is C1−closed inside the group

of all volume-preserving diffeomorphisms isotopic to the identity map, Lemma 1.4

which states that the sub-group of vanishing-flux volume-preserving isotopies is

C0−closed inside the group of all volume-preserving isotopies. Also, the proof of

Lemma 1.7 which separates the orbits of a non-vanishing flux volume-preserving iso-

topy from minimal geodesics between their endpoints is given. Section 5 is devoted

to the study of the metric geometry of the group of volume-preserving diffeomor-

phisms isotopic to the identity map. Here, we construct a right-invariant metric

on the group volume-preserving diffeomorphisms (Proposition 5.1), and study the

subsequent geometry: In the case of symplectic volume form, we prove that the

restriction of our metric to the group of all Hamiltonian diffeomorphisms is con-

trolled by the usual Hofer metric, and we show that if the Riemannian metric is

compatible with the symplectic structure, then the restriction of our metric to the

group of all symplectic diffeomorphisms isotopic to the identity is controlled by the

usual Hofer-like metric.

2. Preliminaries

Let M be an n−dimensional manifold, and let Ωp(M) be the space of all p−forms

of M . A diffeomorphism φ : M → M preserves a p−form α, if φ∗(α) = α. For

any α ∈ Ωp(M), we shall denote by Diff∞(M,α) the group of all diffeomorphisms

from M to M that preserve α.

2.1. Isotopies. A smooth isotopy Φ = (φt) of M is a smooth map from [0, 1] into

Diff∞(M) such that

φ0 = idM (see [1, 6, 11] for more details). Let Diff∞0 (M) denote the set of all time-

one maps of smooth isotopies in Diff∞(M), and for each α ∈ Ωp(M), let Iso(M,α)

denote the space of all smooth isotopies in Diff∞(M,α), and by Gα(M), we denote

the set of all time-one maps of all isotopies of Iso(M,α). For any ψ ∈ Gα(M), we

shall denote by Iso(ψ)α the set {Φ ∈ Iso(M,α)|Φ(1) = ψ}.

2.1.1. Volume-preserving isotopies. When M is an orientable manifold with orien-

tation form Ω, then an isotopy Φ = (φt) of (M,Ω) is said to be volume-preserving if

its associated smooth family of smooth vector fields (φ̇t) consists of free divergence
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vector fields i.e. for each t the (n− 1)−form ı(φ̇t)Ω is closed. This is equivalent to

require that Φ ∈ Iso(M,Ω).

2.1.2. Concatenation operations for isotopies. Let t ∈ [0, 1] (fixed). It is always

possible to construct a smooth increasing function ft : [0, t] → [0, t] such that its

restriction to an interval [0, δ] vanishes while its restriction to [(t − δ), t] is the

constant function t with 0<δ ≤ t

8
. Assume this done, and consider the smooth

functions λ(s) := ft(2s) for all 0 ≤ s ≤ t
2 , and τ(s) := ft(2s− t) for all t

2 ≤ s ≤ t.
If Φ = (φt) and Ψ = (ψt) are two given isotopies, then one defines an isotopy

(Φ ∗tr Ψ) with time-one map φt ◦ ψt by setting:

(Φ ∗tr Ψ)(s) =

{
φλ(s), if 0 ≤ s ≤ t

2 ,

φt ◦ ψτ(s), if t
2 ≤ s ≤ t.

For each fixed t ∈ [0, 1], the isotopy s 7−→ (Φ∗trΨ)(s) constructed above is called the

t−right concatenation of the isotopy Φt : u 7−→ φut by the isotopy Ψt : u 7−→ ψut.

Similarly, we can define the t−left concatenation of the isotopy Φt : u 7−→ φut by

the isotopy Ψt : u 7−→ ψut, denoted (Ψ ∗tl Φ), as map ψt ◦ φt by setting:

(Ψ ∗tl Φ)(s) =

{
φλ(s), if 0 ≤ s ≤ t

2 ,

ψτ(s) ◦ φt, if t
2 ≤ t ≤ t.

When t = 1, the t−right concatenation (resp. t−left concatenation) is called right

concatenation (resp. left concatenation), and denoted (Ψ ∗r Φ) (resp. (Ψ ∗l Φ)). An

orbit of a point p ∈M under (Φ ∗r Ψ) (resp. under (Ψ ∗l Φ)) is the orbit of p under

Φ ”glued” with the image under φ1 of the orbit of p under Ψ (resp. is the orbit of

p under Φ ”glued” with the orbit of φ1(p) under Ψ). Throughout all the paper, for

each isotopy Φ and each point p ∈ M , we shall denote by OΦ
p the orbit of p under

the action of Φ, while −OΦ
p will represent the orbit of p under the action of Φ−1.

Remark 2.1. Let Φ = (φt) and Ψ = (ψt) be two given isotopies. For each t ∈ [0, 1]

(fixed), and for each z ∈ M , the orbit OΦ∗tlΨ
z is exactly the curve OΨt

z t OΦt

ψt(z)
,

where for each t (fixed), the isotopies Φt and Ψt are defined as Φt : u 7−→ φut, and

Ψt : u 7−→ ψut. This observation tells us that the set

�(Φ,Ψ)z := tt∈[0,1]O
Φ∗tlΨ
z ,
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forms a smooth 2−chain in M whose boundary consists of the curve OΦ∗lΨ
z :=

OΦ∗1lΨ
z , and the curve tt∈[0,1]φt(ψt(z)) =: OΦ◦Ψ

z .

2.2. Propierties of the smooth function Fα(Φ). We assume that the manifold

M is compact and connected.

Definition 2.2. Let Φ = (φt) be an isotopy of M , and let α be any closed 1−form

of M . For each t ∈ [0, 1] (fixed), consider the reparameterized path Φt : u 7−→ φut.

Then, we define the smooth function Fα(Φ)(t) : M → R as: Fα(Φ)(t)(x) :=
∫
OΦt
x
α.

We have the following facts.

Lemma 2.3. Let Φ = (φt) be a given isotopy. For each closed 1−form α, we have

(1) φ∗t (α)− α = d (Fα(Φ)(t)) , for each t [12], [4].

(2) If Ψ = (ψt) is another isotopy, then

Fα(Φ ∗tr Ψ)(p) :=
∫
OΦ∗trΨ
p

α

=
∫
OΦt
p
α+

∫
φt(OΨt

p )
α,

= Fα(Φ)(t)(p) +
∫
OΨt
p
φ∗t (α)

= Fα(Φ)(t)(p) +
∫
OΨt
p

(α+ d (Fα(Φ)(t)))

= Fα(Φ)(t)(p) +
∫
OΨt
p
α+

∫
OΨt
p

(d (Fα(Φ)(t)))

= Fα(Ψ)(t)(p) + Fα(Φ)(t) ◦Ψ(t)(p),

for each p ∈M . Thus,

Fα(Φ ∗tr Ψ)(p) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t),

for each closed 1−form α, and for each p ∈M .

(3) Similarly, we have

(5) Fα(Φ ∗tl Ψ)(p) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t),

for each closed 1−form α.

(4) Since the isotopies Φ ∗tl Ψ, and Φt ◦Ψt have the same endpoints (which are

idM , and φt ◦ ψt), then we derive from formula (1) (or from item 1) that

(6) Fα(Φ ◦Ψ)(t) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t) + δt(Φ,Ψ, α),

where δt(Φ,Ψ, α) is a constant which depends on Φ, Ψ, α and t.
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Lemma 2.4. Let M be a compact and connected manifold, and let α be a closed

1−form. If Φ and Ψ are two isotopies, then we have δt(Φ,Ψ, α) = 0, for all t, i.e.,

(7) Fα(Φ ◦Ψ)(t) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t),

for all t.

Proof. Let α be a closed 1−form. For each z ∈M , we derive from Remark 2.1 that∫
�(Φ,Ψ)z

dα = 0, and hence it follows from Stokes’ theorem that

0 =

∫
∂�(Φ,Ψ)z

α =

∫
OΦ∗lΨ
z

α−
∫
OΦ◦Ψ
z

α.

That is, Fα(Φ ◦Ψ)(t) = Fα(Φ ∗l Ψ)(t), and this together with (5) yields the desired

result. �

From now on, we assume that (M,Ω) is a closed oriented manifold, with orien-

tation form Ω.

3. The flux homomorphism revisited

According to Lemma 2.4, we have

(8) Fα(Φ ◦Ψ)(t) = Fα(Ψ)(t) + Fα(Φ)(t) ◦Ψ(t),

for all t. The above equality tells us that for each fixed closed 1−form α, the map

Φ 7→
∫
M
Fα(Φ)(1)Ω, induces a group homomorphism from the space Iso(M,Ω) into

R.

We have the following facts.

Lemma 3.1. For each fixed closed 1−form α, and for each volume-preserving iso-

topy Φ, the integral
∫
M
Fα(Φ)(1)Ω is independent of the choice of any representative

β in the de Rham cohomology class [α].

Proof. Let β ∈ [α], i.e., α− β = df for some smooth function f : M → R. Assume

that Φ = {φt}, and derive from a direct computation that,

0 = ι(φ̇t)[(α− β)∧Ω] = ι(φ̇t)[(α− β)]Ω− (α− β)∧ ι(φ̇t)Ω. Since the (n− 1)−form

ı(φ̇t)Ω is closed and α−β = df , then (α−β)∧ ι(φ̇t)Ω = d(fι(φ̇t)Ω). Hence, we have

−(ι(φ̇t)α)Ω + (ι(φ̇t)β)Ω = d(fι(φ̇t)Ω), and integrating the above relation over M

yields, −
∫
M

(ι(φ̇t)α)Ω +
∫
M

(ι(φ̇t)β)Ω =
∫
M
d(fι(φ̇t)Ω), where the right hand side

vanishes because of Stokes’ Theorem since M is closed. �
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Lemma 3.2. If Φ and Ψ are two isotopies homotopic relatively to fix endpoints,

then Fα(Φ)(1) = Fα(Ψ)(1), for each closed 1−form α.

Proof. Let α be a closed 1−form; set Ψ = (ψt), and Φ = (φt). We have to prove that

Fα(Φ)(1)(x) = Fα(Ψ)(1)(x), for all x ∈M . To that end, we recall that a homotopy

between Ψ and Φ is a smooth map H : I × I → Diff∞0 (M) such that H(0, t) = ψt,

H(1, t) = φt for all t; H(s, 0) = idM and H(s, 1) = φ1 = ψ1 for all s. Thus, for each

x ∈M , the homotopy H induces a homotopy Hx between the orbits OΦ
x : t 7→ φt(x)

and OΨ
x : t 7→ ψt(x); i.e., OΦ

x and OΨ
x constitute the boundary of a 2−chain in M .

Therefore, Stokes’ theorem implies that
∫
OΦ
x
α =

∫
OΨ
x
α, because α is closed. To

conclude, observe that for each x ∈ M , we also have Fα(Φ)(1)(x) =
∫
OΦ
x
α, and

Fα(Ψ)(1)(x) =
∫
OΨ
x
α. �

3.1. Flux homomorphism S̃Ω. Lemma 2.4 and Lemma 3.1 suggest that: Each

volume-preserving isotopy Φ induces an element S̃Ω(Φ) ∈ Hom(H1(M,R),R) ∼=
Hn−1(M,R), defined as follows: To any

[α] ∈ H1(M,R) one assigns S̃Ω(Φ)([α]) :=
∫
M
Fα(Φ)(1)Ω.

Thus, we have a group homomorphism S̃Ω : Iso(M,Ω)→ Hn−1(M,R). The inves-

tigation of an explicit formula for the flux homomorphism motivated the following

factorization result that generalizes Proposition 2.4−[15].

Proposition 3.3. (Factorization I) Let (M,Ω) be a closed oriented manifold.

Let α = (αt) be a smooth family of smooth closed 1−forms, and let Φ = {φt} ∈
Iso(M,Ω). Then, for each t ∈ [0, 1], we have,∫

M

Fαt(Φ)(t)Ω = 〈[αt], [
∫ t

0

φ∗s

(
ι(φ̇s)Ω

)
ds]〉,

where Φ̄t is the isotopy s 7→ φst, and the map

〈, 〉 : H1(M,R)×Hn−1(M,R)→ R, ([α], [β]) 7→
∫
M

α ∧ β,

is the usual Poincaré pairing.

Proof. Fix an arbitrary t in [0, 1]. Since the form αt ∧ Ω is of degree (n+ 1) on an

n−dimensional manifold, then it is trivial. This implies that αt(φ̇s)Ω−αt∧ι(φ̇s)Ω =

0, for each s ∈ [0, t]. Composing each member of the above equality by φ∗s gives

(9) φ∗s

(
αt(φ̇s)

)
Ω− φ∗s(αt) ∧ φ∗s

(
ι(φ̇s)Ω

)
= 0,
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for each s ∈ [0, t]. Using (1), one deduces that for each s ∈ [0, t], we have

(10) φ∗s(αt) = αt + dfs{φt},αt ,

where fs{φt},αt :=
∫ s

0
αt(φ̇u)◦φudu. Observe that (9) and (10) together implies that,

(11) φ∗s

(
αt(φ̇s)

)
Ω = αt ∧ φ∗s

(
ι(φ̇s)Ω

)
+ dfs{φt},αt ∧ φ

∗
s

(
ι(φ̇s)Ω

)
,

for each s ∈ [0, t]. Thus,

(12)

∫
M

(∫ t

0

φ∗s

(
αt(φ̇s)

)
ds

)
Ω =

∫
M

αt ∧
(∫ t

0

φ∗s

(
ι(φ̇s)Ω

)
ds

)

+

∫
M

(∫ t

0

(
φ∗s

(
ι(φ̇s)Ω

)
∧ dfs{φt},αt

)
ds

)
.

On the other hand, since the form φ∗s

(
ι(φ̇s)Ω

)
is closed, then

(13)

∫
M

∫ t

0

φ∗s

(
ι(φ̇s)Ω

)
∧ dfs{φt},αtds =

∫
M

d[

∫ t

0

fs{φt},αtφ
∗
s

(
ι(φ̇s)Ω

)
ds],

and since M is without boundary, then Stokes’ theorem implies

(14)

∫
M

d[

∫ t

0

fs{φt},αtφ
∗
s

(
ι(φ̇s)Ω

)
ds] =

∫
∂M

∫ t

0

fs{φt},αtφ
∗
s

(
ι(φ̇s)Ω

)
ds = 0,

for each t. Combining (12), (13), and (14) together yields

(15)

∫
M

(∫ t

0

φ∗s

(
αt(φ̇s)

)
ds

)
Ω =

∫
M

αt ∧
(∫ t

0

φ∗s

(
ι(φ̇s)Ω

)
ds

)
.

For each t, (15) becomes
∫
M
Fαt(Φ)(t)Ω = 〈[αt], [

∫ t
0
φ∗s

(
ι(φ̇s)Ω

)
ds]〉, for all t. �

From Proposition 3.3, we derive the following explicit definition of the flux ho-

momorphism.

Definition 3.4. We have a group homomorphism

S̃Ω : Iso(M,Ω)→ Hn−1(M,R),

Φ := {φt} 7→ [

∫ 1

0

φ∗s

(
ι(φ̇s)Ω

)
ds],

called the flux homomorphism.
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3.1.1. Surjectivity of flux homomorphism. Let us mention that for each closed 1−form

α (fixed), we have a surjective mapping Φ 7→
∫
M
Fα(Φ)(1)Ω, from Iso(M,Ω) onto

Hn−1(M,R). Let r be a real number: If r = 0, then take Φ to be the constant path

identity. Suppose r 6= 0: This means that there exists at least Φ = {φt} ∈ Iso(M,Ω)

such that
∫
M
Fα(Φ)(1)Ω 6= 0. With Proposition 3.3, this is equivalent to say that∫ 1

0
〈P (α), P (ι(φ̇t)Ω)〉dt 6= 0, where P : Z1(M) −→ H1(M,R), α 7→ [α] i.e., there

exists a t0 ∈ [0, 1] such that 〈P (α), P (ι(X)Ω)〉 6= 0, with X := φ̇t0 . Let Ψ be

the flow generated by X, and define another conservative vector field by setting:

Y := rX/〈P (α), P (ι(X)Ω)〉. If Θ stands for the flow generated by Y , then one has:

∫
M
Fα(Θ)(1)Ω = 〈P (α), S̃Ω(Θ)〉

= 〈P (α), P (ι(Y )Ω)〉,
= r〈P (α), P (ι(X)Ω)〉/〈P (α), P (ι(X)Ω)〉
= r.

(16)

Furthermore, for each non-exact closed 1−form α (fixed), since the linear map

Lα : H(n−1)(M,R) 3 β 7→ 〈P (α), β〉 ∈ R,

is non-trivial, hence the latter is surjective. If we denote by Hα the surjective

mapping Φ 7→
∫
M
Fα(Φ)(1)Ω, then by Proposition 3.3 we have Hα = Lα ◦ S̃Ω,

which is surjective. The flux homomorphism is as well a surjective map:

This comes from the fact that the map which assigns to each vector field X the

(n − 1)−form ιXΩ is onto : In fact, let β be a (n − 1)−form, we have to find Y

such that ιY Ω = β. Consider any chart (U, φ) of M such that for each x ∈ U ,

the vectors ∂
∂φ1 |x

, . . . , ∂
∂φn |x

, forms a basis of the tangent space TxM at x so that

dφj(
∂
∂φi

) = δji , the kronecker symbol. Write Y in the form Y|U =
∑n
i=1 Yi

∂
∂φi

.

Our main task is to determine Yi with respect to the chart (U, φ). Let α be any

closed 1−form, and derive that α(Y )Ω = α∧ ιY Ω. This together with the condition

ιY Ω = β implies that α(Y )Ω = α ∧ β. In particular, for α = dφi, we have that

YiΩ = dφi(Y )Ω = dφi ∧ β. Since Ω is a volume form on M , then for each z ∈ U ,

there exist vector fields X1, . . . , Xn on M such that Ω(X1, . . . , Xn)(z) 6= 0. That is,

Yi(z) :=
(dφi ∧ β) (X1, . . . , Xn)(z)

Ω(X1, . . . , Xn)(z)
.
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In particular, when β is a closed form, then the vector field Y determined as above

is conservative, and so its generating flow ΦY is a volume-preserving isotopy so that

S̃Ω(ΦY ) = [β].

3.1.2. C1 continuity of the flux homomorphism. Let {Φi = (φti)} ⊂ Iso(M,Ω) be a

sequence that converges in the C1−topology to

Φ = {φt} ∈ Iso(M,Ω), i.e., Φi ◦ Φ−1 C1

−−→ Id. Then, it is not hard derive with the

help of Lemma 3.10-[15] that,

lim
i
|
∫
M

Fα(Φi ◦ Φ−1)(1)Ω| ≤ 4|α|0V olΩ(M)dC1(Φi ◦ Φ−1, Id)Ω→ 0, i→∞.

Thus, by Proposition 3.3, this means that for each closed 1−form α, we have

limi〈P (α), S̃Ω(Φi ◦ Φ−1)〉 = 0, i.e. 〈P (α), limi S̃Ω(Φi ◦ Φ−1)〉 = 0, for all closed

1−form α. Hence, limi S̃Ω(Φi) = S̃Ω(Φ): The map S̃Ω is a continuous group homo-

morphism. z

The homomorphism S̃Ω have been studied by Weinstein [18] and Thurston [16].

Set ΓΩ = S̃Ω(π1(GΩ(M))), and derive from elementary group theory that the map

S̃Ω descends to the quotient into a map SΩ so that the following diagram commutes:

(17)

∼
GΩ (M)

S̃Ω−→ H(n−1)(M,R)

P1 ↓ ↓ P2

GΩ(M)
SΩ−→ H(n−1)(M,R)/ΓΩ,

where
∼
GΩ (M) represents the quotient space of Iso(M,Ω) with respect to the equiv-

alent relation ”homotopic relatively to fixed endpoints”; Pi are projection maps.

The following facts are well-known:

• The sub-group ΓΩ is discrete, (unpublished result of Thurston): We shall

give the proof of this result later on.

• The group kerSΩ has the fragmentation property, [16].

• As a consequence of Moser’s theorem, the group GΩ(M) is locally connected

by smooth arcs, [3].

• Boothby proved that the group GΩ(M) is p−transitive, [9].

Proposition 3.3 gives a short proof of Lemma 2.4: (6) implies that∫
M
Fα(Φ ◦Ψ)(t)Ω =

∫
M
Fα(Ψ)(t)Ω +

∫
M
Fα(Φ)(t) ◦Ψ(t)Ω + δt(Φ,Ψ, α)

∫
M

Ω,
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for all t, and according to Proposition 3.3, we have∫
M
Fα(Φ ◦Ψ)(t)Ω =

∫
M
Fα(Ψ)(t)Ω +

∫
M
Fα(Φ)(t)Ω.

So, we see that δt(Φ,Ψ, α)
∫
M

Ω = 0, for all t; this implies that δt(Φ,Ψ, α) = 0, for

all t. z

Here are some consequences of Proposition 3.3.

Lemma 3.5. Let Φ ∈ Iso(M,Ω) be a loop at the identity map. For each closed

1−form α, the smooth function x 7→
∫
OΦ
x
α is constant and agrees with

1

V olΩ(M)
〈P (α), S̃Ω(Φ)〉,

where P : Z1(M) −→ H1(M,R), α 7→ [α].

Proof. Let α be a closed 1−form. If P (α) = 0, then
∫
OΦ
x
α = 0, for all x ∈M since

OΦ
x is a closed curve. On the other hand, suppose P (α) 6= 0, and set H = S(P (α)),

where S is any linear section of the projection P . Since Φ(0) = Φ(1) = idM , by

formula (1) the map x 7→
∫
OΦ
x
α = Fα(Ψ)(1)(x) is constant. Thus, Proposition 3.3

implies that

V olΩ(M)
∫
OΦ
x
α = V olΩ(M)

∫
OΦ
x
H

=
∫
M
Fα(Ψ)(1)Ω

= 〈P (H), S̃Ω(Φ)〉,

(18)

for all x ∈M . �

Remark 3.6. Geometrically, Lemma 3.5 seems to suggest that on a closed oriented

manifold (M,Ω), the set π1(GΩ(M))\(ker S̃Ω∩π1(GΩ(M)) measures the obstruction

that impeaches the orbits generated by all the elements of π1(GΩ(M)) to be all null

homologous in M . z

Lemma 3.7. Let (M,Ω) be a closed oriented manifold. Let Φ ∈ Iso(M,Ω) be a

loop at the identity. Then, S̃Ω(Φ) = 0, if and only if, there exists z ∈ M such that

the orbit OΦ
z is null homologous.

Proof. As in the proof of Lemma 3.5, we have
1

V olΩ(M)
〈P (α), S̃Ω(Φ)〉 =

∫
OΦ
x
α, for

each closed 1−form α: If z ∈M is such that the orbit OΦ
z is null homologous, then

Stokes’ theorem implies that
∫
OΦ
z
α = 0 for each closed 1−form α; and this imposes
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that 〈P (α), S̃Ω(Φ)〉 = 0, for all closed 1−form α, i.e. S̃Ω(Φ) = 0. Conversely, if

S̃Ω(Φ) = 0, then we immediately see that 0 =
∫
OΦ
z
α, for all closed 1−form α, and

for all z ∈M . This implies that the orbit OΦ
z must be null homologous. �

Proposition 3.8. (Factorization II) Let (M,Ω) be a compact connected ori-

ented manifold with boundary. Let α = (αt) be a smooth family of smooth closed

1−forms, and let Φ = {φt} ∈ Iso(M,Ω). Then, for each t ∈ [0, 1], we have,

∫
M

Fαt(Φ)(t)Ω = 〈P (αt), S̃Ω(Φ̄t)〉+

∫
∂M

(∫ t

0

fsΦ,αtφ
∗
s

(
ι(φ̇s)Ω

)
ds

)
,

where Φ̄t is the isotopy s 7→ φst, and fsΦ,αt :=
∫ s

0
αt(φ̇u) ◦ φudu.

Proposition 3.9. (Factorization III) Let (M,Ω) be a closed oriented manifold

with Ω := αl := α ∧ · · · ∧ α︸ ︷︷ ︸
l−times

, where α is a closed deg(α)−form of degree

deg(α) := dim(M)/l such that for each volume-preserving isotopy Φ = {φt},
the [deg(α)− 1]−form ι(φ̇t)α is closed for each t. Therefore,

(1) if deg(α) is even, then

S̃Ω(Φ) =
dim(M)

deg(α)
P

α
dim(M)

deg(α)

−1


∧
∫ 1

0
ι(φ̇t)αdt

 ,

(2) if deg(α) is odd, then

S̃Ω(Φ) = (−1)

1+E

 dim(M)

2 deg(α)


P

α
dim(M)

deg(α)

−1


∧
∫ 1

0
ι(φ̇t)αdt

 ,

where for each positive real number x, E(x) is x minus its fractional part; and P is

the natural projection P : Z∗(M)→ H∗(M,R).

Proof. Assume α is a closed deg(α)−form of even degree, and let β be any closed

1−form. From β ∧ Ω = 0, we derive as in the proof of Proposition 3.3 that

φ∗s

(
β(φ̇s)

)
Ω = φ∗s(β ∧ ι(φ̇s)Ω),

= β ∧ φ∗s(ι(φ̇s)Ω) + dfsΦ,β ∧ φ∗s(ι(φ̇s)Ω),

= lβ ∧ φ∗s
(
ι(φ̇s)α

)
∧ φ∗s

(
αl−1

)
+ dfsΦ,β ∧ φ∗s(ι(φ̇s)Ω),

(19)
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for each s ∈ [0, 1], with l = dim(M)/ deg(α). Thus,

(20)

∫
M

(∫ 1

0

φ∗s

(
β(φ̇s)

)
ds

)
Ω = l

∫
M

β ∧
(∫ 1

0

φ∗s

(
ι(φ̇s)α ∧ αl−1

)
ds

)

+

∫
∂M

∫ 1

0

(
fsΦ,αtφ

∗
s

(
ι(φ̇s)Ω

)
ds
)
.

By the means of Proposition 3.8, we derive that,

〈P (β), S̃Ω(Φ)〉 =

∫
M

(∫ 1

0

φ∗s

(
β(φ̇s)

)
ds

)
Ω = 〈P (β), lP

(
αl−1 ∧

∫ 1

0

ι(φ̇s)αds

)
〉,

for all closed 1−form β. Therefore, the non-degeneracy of 〈, 〉 implies that

S̃Ω(Φ) = lP
(
αl−1 ∧

∫ 1

0
ι(φ̇s)αds

)
.

For the second item, assume that α is a closed deg(α)−form of odd degree, and let

β be any closed 1−form. Similar calculations lead to

(21) φ∗s

(
β(φ̇s)

)
Ω = (−1)εφ∗s(β) ∧ φ∗s

(
ι(φ̇s)α

)
∧ φ∗s

(
αl−1

)
+ dfsΦ,β ∧ φ∗s(ι(φ̇s)Ω),

for each s ∈ [0, 1], with ε :=

(
1 + E

(
dim(M)

2 deg(α)

))
, where for each positive real

number x, E(x) is x minus its fractional part. �

4. The geometry of displacements of closed 1−forms

In this section, we assume that ∂M = ∅. Let ψ ∈ Diff∞(M), for each fixed

p ∈ M (such a point is called a base point), and for all z ∈ M , let ξz denote

a geodesic from p to z. Then, for each closed 1−form α, the following smooth

function

νψ,αp : M → R, z 7→
∫
ξz

(ψ∗α− α) ,

is well-defined since it does not depend on the choice of any curve from p to z. The

real number
∫
ξ

(ψ∗α− α) can be viewed (in a certain sense) as the displacement of

α under the action of ψ along a curve ξ.

For further investigations, consider the following function defined on Diff∞0 (M)

as follows: For each p ∈M and α ∈ Z1 (fixed), we assign to each ψ ∈ Diff∞0 (M),

the quantity ∆(ψ, α)p defined by:

(22) ∆(ψ, α)p :=

 0, if α = 0
1

‖α‖L2

∫
M
νψ,αp Ω , if α ∈

(
Z1(M)\{0}

)
,
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where ‖α‖L2 is the L2−Hodge norm of α. The above formula is well-defined for

each p ∈M and all α ∈ Z1(M).

Remark 4.1. Note that given a Riemannian metric g on an oriented manifold M ,

let dV olg denote the volume element induced by the Riemaniann metric, and by [

denote the isomorphism induced by the metric g from the space of vector fields to

that of all 1−forms so that [(X) := ιXg. The inverse mapping of [ will be denoted

]. So, one can equip the space of 1−forms with a metric tensor g̃ defined by:

g̃(α1, α2) := g(]α1, ]α2),

for all differential 1−forms α1, α2. Thus, the L2−Hodge norm of α is defined by:

(23) ‖α‖2L2 :=

∫
M

g(]α, ]α)dV olg.

Corollary 4.2. Fix a point x ∈M , and α ∈
(
Z1(M)\{0}

)
. For each ψ ∈ GΩ(M),

we have

∆(ψ, α)x =
1

‖α‖L2

〈P (α), S̃Ω(Ψ)〉 − V olΩ(M)

‖α‖L2

∫
OΨ
x

α,

and the real number ∆(ψ, α)x does not depend on any choice of an isotopy Ψ ∈
Iso(ψ)Ω.

Proof. Fix a point x ∈M . Formula (1) implies that if Φ,Ψ ∈ Iso(ψ)Ω, then

Fα(Ψ)(1)(y) = Fα(Φ)(1)(y) + cte, for all y ∈M , i.e.

Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x) = Fα(Φ)(1)(y)−Fα(Φ)(1)(x),

for all y ∈ M . On the other hand, if ξy denotes any curve from x to y, then it

follows that

νψ,αx (y) = Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x),

for all y ∈M , i.e.

Fα(Ψ)(1)(y)−Fα(Ψ)(1)(x) = νψ,αx (y) = Fα(Φ)(1)(y)−Fα(Φ)(1)(x),

for all y ∈M . Hence, integrating the above relation over M yields,∫
M

Fα(Ψ)(1)Ω−Fα(Ψ)(1)(x)

∫
M

Ω =

∫
M

νψ,αx Ω
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=

∫
M

Fα(Φ)(1)Ω−Fα(Φ)(1)(x)

∫
M

Ω.

Therefore, multiplying the above equality on both sides by 1/‖α‖L2 yields

1

‖α‖L2

∫
M

Fα(Ψ)(1)Ω− V olΩ(M)

‖α‖L2

Fα(Ψ)(1)(x) =
1

‖α‖L2

∫
M

νψ,αx Ω,

(24)

=
1

‖α‖L2

∫
M

Fα(Φ)(1)Ω− V olΩ(M)

‖α‖L2

Fα(Φ)(1)(x),

for all Φ,Ψ ∈ Iso(ψ)Ω. Proposition 3.3 implies that,
∫
M
Fα(Φ)(1)Ω = 〈P (α), S̃Ω(Φ)〉.

�

Let Φ be an isotopy, for each positive integer l, we shall write Φl to mean the

l−fold of the isotopy Φ, i.e., Φl = Φ ◦ · · · ◦ Φ︸ ︷︷ ︸
l−times

. Similarly, for each diffeomorphism φ

and for each positive integer k, we shall write φk to mean φk = φ ◦ · · · ◦ φ︸ ︷︷ ︸
k−times

.

Proposition 4.3. (Fragmentation) For each x ∈ M (fixed), and for each α ∈
Z1(M)\{0}, the mapping ∆(., α)x : GΩ(M) → R, ψ 7→ ∆(ψ, α)x, has the following

properties:

(1) For all ψ1, . . . , ψk ∈ GΩ(M), we have

∆(ψ1 ◦ · · · ◦ ψk, α)x = ∆(ψk, α)x +
∑

1≤i≤k−1

∆(ψi, α)(ψi+1◦···◦ψk)(x).

(2) In particular,

∆(ψ1 ◦ ψ2, α)x = ∆(ψ1, α)x +∆(ψ2, α)x +
V olΩ(M)

‖α‖L2

(∫
OΦ
x

α−
∫
OΦ
ψ2(x)

α

)
,

for all Φ ∈ Iso(ψ1)Ω.

(3) For all l ∈ Z∗, and for each ψ ∈ GΩ(M), we have

∆(ψl, α)x = l∆(ψ, α)x +
V olΩ(M)

‖α‖L2

(
l

∫
OΦε
x

α−
εl−1∑
i=0

∫
OΦε

ψεi(x)

α

)
,

where Φ ∈ Iso(ψ)Ω, and ε := sign(l), and ψεi = ψε ◦ · · · ◦ ψε︸ ︷︷ ︸
i−times

.
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Proof.

For the first item, we proceed by induction: For k = 2, we derive from Corollary

4.2 that

∆(ψ1 ◦ ψ2, α)x =
1

‖α‖L2

〈P (α), S̃Ω(Ψ ∗l Φ)〉 − V olΩ(M)

‖α‖L2

∫
OΨ∗lΦ
x

α,

where Φ ∗l Ψ ∈ Iso(ψ1 ◦ ψ2)Ω is the left concatenation of Ψ ∈ Iso(ψ2)Ω by Φ ∈
Iso(ψ1)Ω. Observe that S̃Ω(Ψ ∗l Φ) = S̃Ω(Ψ) + S̃Ω(Φ); and OΦ∗lΨ

x = OΨ
x

⊔
OΦ
ψ2(x),

and deduce that ∆(ψ1 ◦ ψ2, α)x = ∆(ψ2, α)x + ∆(ψ1, α)ψ2(x). Let k>2: Assume

that

∆(ψ1 ◦ · · · ◦ ψk−1, α)x = ∆(ψk−1, α)x +
∑

k−2≥i≥1

∆(ψi, α)(ψi+1◦···◦ψk−1)(x),

set φ := ψ1 ◦ · · · ◦ ψk−1, and compute

∆(φ ◦ ψk, α)x = ∆(ψk, α)x +∆(φ, α)ψk(x)

= ∆(ψk, α)x +∆(ψk−1, α)(ψk(x)) +
∑

k−2≥i≥1

∆(ψi, α)(ψi+1◦···◦ψk−1)(x),

= ∆(ψk, α)x +
∑

k−1≥i≥1

∆(ψi, α)(ψi+1◦···◦ψk−1)(x).

For the second item, a direct computation with the help of Corollary 4.2 shows that

∆(ψ1, α)ψ2(x) =
1

‖α‖L2

〈P (α), S̃Ω(Φ)〉 − V olΩ(M)

‖α‖L2

∫
OΦ
ψ2(x)

α

= ∆(ψ1, α)x +
V olΩ(M)

‖α‖L2

(∫
OΦ
x

α−
∫
OΦ
ψ2(x)

α

)
.

For the third item, assume l positive, and for each i = 0, 1, . . . , l − 1; consider

a smooth increasing function λi, defined from [i/l, i + 1/l] onto [0, 1]. Define an

isotopy Φl as follows: Φl(t) = Φ(λi(t)) ◦ ψi, whenever t ∈ [i/l, i + 1/l], and i =

0, 1 . . . , l − 1. Since Φ ∈ Iso(ψ)Ω, we have Φl ∈ Iso(ψl)Ω. So, we obtain S̃Ω(Φl) =

lS̃Ω(Φ), and OΦl

x =
⋃l−1
i=0OΦ

ψi(x): this in turn with Corollary 4.2 implies that

∆(ψl, α)x =
1

‖α‖L2

〈P (α), S̃Ω(Φl)〉 − V olΩ(M)

‖α‖L2

∫
OΦl
x

α

=
l

‖α‖L2

〈P (α), S̃Ω(Φ)〉 − V olΩ(M)

‖α‖L2

l−1∑
i=0

∫
OΦ
ψi(x)

α
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= l∆(ψ, α)x +
V olΩ(M)

‖α‖L2

(
l

∫
OΦ
x

α−
l−1∑
i=0

∫
OΦ
ψi(x)

α

)
.

When ε = −1, i.e., l is negative, the result follows from similar arguments. �

Remark 4.4. Since M is compact, the C0−compact-open topology on Diff∞0 (M)

is metrizable [10]: we shall denote the corresponding metric by dC0 , and call it the

C0−metric.

Lemma 4.5. For each x ∈M (fixed), and for each α ∈ Z1(M), the map

∆(., α)x : Diff∞0 (M) → R, ψ 7→ ∆(ψ, α)x, is continuous with respect to the

C0−metric on Diff∞0 (M).

Proof. Let (ψi) ⊆ Diff∞0 (M) be a sequence which converges to ψ ∈ Diff∞0 (M)

with respect to the C0−metric. Suppose that for i sufficiently large

(25) dC0(ψi, ψ) ≤ r(g)/i,

where r(g) is the injectivity radius of the Riemannian metric g on M (fixed). Since

for all i sufficiently large, the metric condition in (25) holds, then for all y ∈ M ,

the points ψi(y) and ψ(y) can be connected through a unique minimal geodesic χiy.

Let z be any point of M which realizes the supremum of the function

y 7→ |νψi,αx (y)− νψ,αx (y)|, and for all i sufficiently large, denote by ♠(z, x, ψi, ψ) the

smooth 2−chain delimited by the curves ψi(γz), ψ(γz), χ
i
z, and χix, where γz is any

smooth curve x to z. Compute,

νψi,αx (z)− νψ,αx (z) =

∫
γz

ψ∗i (α)−
∫
γz

ψ∗(α) =

∫
ψi(γz)

α−
∫
ψ(γz)

α,

and since α is closed, derive from Stokes’ theorem that

0 =

∫
♠(z,x,ψi,ψ)

dα =

∫
∂♠(z,x,ψi,ψ)

α,
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i.e.,

sup
y
|νψi,αx (y)− νψ,αx (y)| = |

∫
γz

ψ∗i (α)−
∫
γz

ψ∗(α)|

= |
∫
ψi(γz)

α−
∫
ψ(γz)

α|

= |
∫
χiz

α−
∫
χix

α|

≤ |
∫
χiz

α|+ |
∫
χix

α|

≤ 2‖α‖L2dC0(ψi, ψ),(26)

because the length of a minimal geodesic is bounded from above by the distance

between its endpoints. Hence,

|∆(ψi, α)x −∆(ψ, α)x| ≤
V olΩ(M)

‖α‖L2

sup
y
|νψi,αx (y)− νψ,αx (y)|

≤ 2V olΩ(M)dC0(ψi, ψ)→ 0, i→∞.

�

4.1. Flux geometry through orbits.

4.1.1. The de Rham groups, projection, and linear sections. Fix a linear section S of

the natural projection P : Z∗(M)→ H∗(M,R). That is, S : H∗(M,R)→ Z∗(M) is

a linear map such that P ◦ S = idH∗(M,R). Therefore, each α ∈ Z∗(M) decomposes

as

(27) α = S(P (α)) + (α− S(P (α)),

with P (S(P (α))) = P (α) and P ((α− S(P (α))) = 0. Note that a form α such that

P (α) = 0 is called an exact form. In the decomposition above, for each α ∈ Z∗(M),

the form S(P (α)) is called the non-exact part of α while (α−S(P (α)) is called the

exact part of α. Let H∗(M,S) denote the image S(P (Z∗(M)) ⊂ Z∗(M): H∗(M,S)

is isomorphic to H∗(M,R), and it follows from Hodge’s theory that the latter set

is a finite dimensional vector space over R whose dimension is denoted b∗(M), and

is called the ∗−th Betti number of the manifold M [17]. For ∗ = 1, we fix a basis

(Hi)1≤i≤b1(M) on H1(M,S) and equip it with a norm |.|.
We shall also write B∗S(0, 1) to mean the closure of the open unit ball B∗S(0, 1) of

the finite dimensional vector space H∗(M,S): The set B∗S(0, 1) is compact.
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Proposition 4.6. Let (M,Ω) be a closed oriented manifold. For each

ϕ ∈ (GΩ(M)\{idM}) , let Φ and Ψ be two volume-preserving isotopies in Iso(ϕ)Ω.

If there exists a point z0 ∈ M for which the orbits OΨ
z0 and OΦ

z0 are homotopic

relatively to fix endpoints, then

S̃Ω(Φ) = S̃Ω(Ψ).

Proof. Suppose that the 1−cycle (−OΨ
z0)
⊔
OΦ
z0 is null homologous. Consider α to

be any closed 1−form such that P (α) 6= 0. Corollary 4.2 implies that

(28) ∆(ϕ, α)z0 =
1

‖α‖L2

〈P (α), S̃Ω(Θ)〉 − V olΩ(M)

‖α‖L2

∫
OΘ
z0

α,

for all Θ ∈ Iso(ϕ)Ω. In particular, since each of the isotopies Φ and Ψ belongs to

Iso(ϕ)Ω, we then obtain from (28) that

(29) 〈P (α), S̃Ω(Φ)〉 − V olΩ(M)

∫
OΦ
z0

α = 〈p(α), S̃Ω(Ψ)〉 − V olΩ(M)

∫
OΨ
z0

α,

i.e.,

(30) 〈P (α), S̃Ω(Ψ)− S̃Ω(Φ)〉 = V olΩ(M)

∫
(−OΨ

z0
)
⊔
OΦ
z0

α,

for all closed 1−form α. But, since (−OΨ
z0)
⊔
OΦ
z0 is null homologous, and α is closed,

one derives from Stokes’ theorem that:
∫

(−OΨ
z0

)
⊔
OΦ
z0

α = 0, i.e., 〈P (α), S̃Ω(Ψ) −

S̃Ω(Φ)〉 = 0, for all closed 1−form α. This implies that S̃Ω(Ψ) = S̃Ω(Φ). �

Proof of Theorem 1.2 : The Poincaré pairing

〈, 〉 : H1(M,R)×H(n−1)(M,R)→ R,

being a continuous bilinear mapping, let µ0 denote any positive constant such that

(31) |〈A,B〉| ≤ µ0‖A‖L2‖B‖L2 ,

for all (A,B) ∈ H1(M,R) × H(n−1)(M,R). Let α (fixed) be any closed 1−form

such that P (α) ∈ B1
S(0, 1), and consider the continuous linear mapping

Lα : H(n−1)(M,R)→ R, B 7→ 〈P (α), B〉.

It follows from (31) that

(32) |Lα(B)| = |〈P (α), B〉| ≤ µ0‖B‖L2 ,
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for all B ∈ H(n−1)(M,R) because P (α) ∈ B1
S(0, 1).

Since by construction the set ΓΩ is countable, we can assume that ΓΩ contains more

than one element. Otherwise, ΓΩ = {0}, and hence discrete. Let β, β̃ ∈ ΓΩ: From

the characterization of elements in of ΓΩ, there exist Φ,Ψ ∈ π1(GΩ(M)) such that

β = S̃Ω(Φ), and β̃ = S̃Ω(Ψ). We define another loop at the identity by setting

Θ := Φ ∗r Ψ−1, and we have the following two possibilities:

Either: There exists a z0 ∈ M such that the 1−cycle OΘ
z0 = OΦ

z0

⊔
(−OΨ

z0) is null

homologous; in this situation, Lemme 3.5 implies that
1

V olΩ(M)
〈P (α), β − β̃〉 =

1

V olΩ(M)
〈P (α), S̃Ω(Θ)〉 =

∫
OΘ
z0

α = 0, for all closed

1−form α, i.e., β = β̃.

Or: For each y ∈ M , the 1−cycle OΘ
y is not null homologous; in this case, since

β 6= β̃, assume in addition that they are arbitrarily closed in the natural topology

of ΓΩ, i.e., in the topology induced by the vector space structure of H(n−1)(M,R).

Since H(n−1)(M,R) is a finite dimensional real vector space, all the norms on

H(n−1)(M,R) are equivalent, in particular, we shall equip H(n−1)(M,R) with the

L2−Hodge norm ‖, ‖L2 : Let l be any arbitrary positive integer, and assume that

(33) ‖β − β̃‖L2<
V olΩ(M)

2µ0l
,

where µ0 is the constant defined in (31). On the other hand, let z ∈M (fixed) and

choose any closed 1−form α0 on M with P (α0) ∈ B1
S(0, 1) such that

∫
OΘ
z
α0 6= 0:

This is also possible because OΘ
z is a non-null homologous loop by assumption.

With the help of Lemma 3.5 together with (33), we derive that

0 < |
∫
OΘ
z

α0|

= | 〈P (α0), S̃Ω(Θ)〉
V olΩ(M)

|

≤ µ0

V olΩ(M)
‖β − β̃‖L2

≤ 1/(2l),(34)

for all positive integer l. This is a contradiction because the top right-hand side of

the above inequalities tends to zero as l tends to infinity. Therefore, we have proved

that in ΓΩ two elements are arbitrarily closed, if and only if, they are equal. 2
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Proof of Theorem 1.5 : Let Ψ = {ψt} be any smooth isotopy in kerSΩ, and for

each fixed t, consider the reparametrized path Ψt : s 7→ ψ(st). Since M is compact,

the map LΨ : t 7→ Ψt is Lipschitz continuous with respect to the C0−metric, and

by Proposition 3.3, the map S̃Ω is continuous with respect to the C0−metric. On

the other hand, since Ψ is a path in kerSΩ, then for each t, we have Ψt(1) ∈ kerSΩ,

i.e., S̃Ω(Ψt) ∈ ΓΩ for each t. Thus, the composition S̃Ω ◦ LΨ is a continuous map

from the connected topological space [0, 1] into the discrete topological space ΓΩ:

hence, this map must be a constant map. That is,

(S̃Ω ◦ LΨ)(t) = (S̃Ω ◦ LΨ)(0),

= 0,

(35)

for all t. In particular, for t = 1, we have

0 = (S̃Ω ◦ LΨ)(1),

= S̃Ω(Ψ).

(36)

2

Proof of Lemma 1.3 : Let {φi} ⊂ kerSΩ be a sequence which converges in the

C1−metric to some φ ∈ GΩ(M). Let {Φi = (φti)} be a sequence of vanishing-flux

isotopies with Φi ∈ Iso(φi)Ω for each i, and let Φ := (φt) ∈ Iso(φ)Ω be an arbitrary

element. Since the group GΩ(M) is locally connected by smooth arcs (see [3]), fix

a small path connected open neighborhood of the identity map, say V(idM ), and

since ψi := φi ◦ φ−1 C1

−−→ idM , we may assume that for all i sufficiently large, one

has ψi ∈ V(idM ). For each i sufficiently large, one can choose a smooth curve σi

from ψi to the identity, lying inside V(idM ) such that σi tends to the constant

path identity in the C1−metric as i tends to infinity (if necessary, when σi is only

C1, then approximate it in the C∞−topology by another curve %i having the same

endpoints than σi, [10]). Assume this done.

Fix any sufficiently large integer i, define Ψi : t 7→ (φti ◦ φ
−1
t ), and consider the

following juxtaposition of paths,
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Ji(t) =

{
Ψi(λ(t)), if 0 ≤ t ≤ 1

2 ,

σi(τ(t)), if 1
2 ≤ t ≤ 1,

where λ : [0, 1/2] → [0, 1], and τ : [1/2, 1] → [0, 1] are smooth functions such that

λ(1/2) = 1 = τ(1), and λ(0) = 0 = τ(1/2).

By construction, we have Ji(0) = idM = Ji(1), i.e., S̃Ω(Ji) ∈ ΓΩ. That is, for all i

sufficiently large, we have

(F) : 0 = dist(S̃Ω(Ji), ΓΩ) = dist(S̃Ω(σi)− S̃Ω(Φ), ΓΩ),

because S̃Ω(Ji) = S̃Ω(σi) + S̃Ω(Φi) − S̃Ω(Φ), and S̃Ω(Φj) = 0 for all j, where

dist(a, b) stands for the distance between a and b. Taking the limit in (F) as i

tends to infinity yields,

0 = lim
i
dist(S̃Ω(σi)− S̃Ω(Φ), ΓΩ)

= dist(lim
i
S̃Ω(σi)− S̃Ω(Φ), ΓΩ)

= dist(−S̃Ω(Φ), ΓΩ),

(37)

because by construction, σi tends to the constant path identity in the C1−metric as

i→∞. That is, S̃Ω(Φ) ∈ ΓΩ, and this implies that S̃Ω(Φ) ∈ ΓΩ because by Theorem

1.2, the group ΓΩ is closed. Finally, we have proved that any volume-preserving iso-

topy from the identity to φ must have its flux in ΓΩ: This means that φ ∈ kerSΩ. 2

Proof of Lemma 1.4 : Let {Φi} be a sequence of vanishing-flux isotopies which

converges uniformly to a volume-preserving isotopy Φ. We have to show that

S̃Ω(Φ) = 0. Since Φ is smooth, then for each closed 1−form α, we have

(38) |
∫
M

Fα(Φ)(1)Ω| ≤ |
∫
M

Fα(Φi)(1)Ω|+ |
∫
M

(Fα(Φi)(1)−Fα(Φ)(1)) Ω|

≤ 0 + 4V olΩ(M)‖α‖L2dC0(Φi,Φ)→ 0, i→∞,

because by Proposition 3.3 we have, 0 = 〈P (α), S̃Ω(Φi)〉 =
∫
M
Fα(Φi)(1)Ω, for each

i, and since limC0(Φi) = Φ, it follows from Lemma 3.10−[15] that

|
∫
M

Fα ((Φi)(1)−Fα(Φ)(1)) Ω| ≤ V olΩ(M) sup
x∈M
|Fα(Φi)(1)(x)−Fα(Φ)(1)(x)|,

≤ 4V olΩ(M)‖α‖L2dC0(Φi,Φ),
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for i large enough. Thus, the right-hand side in (38) tends to zero as i goes at infinity,

and hence the left-hand side in (38) vanishes. Since Φ is a volume-preserving isotopy,

it follows from Proposition 3.3 that, 0 =
∫
M
Fα(Φ)(1)Ω = 〈P (α), S̃Ω(Φ)〉, for each

closed 1−form α. That is, 〈P (β), S̃Ω(Φ)〉 = 0, for all closed 1−form β, which implies

that S̃Ω(Φ) = 0. 2

4.1.2. Application to quasi-morphisms for symplectic closed 2−surfaces. We assume

that (M,ω) is a 2−dimensional closed symplectic manifold. Firstly, observe that

Proposition 4.3 implies that for each non-trivial closed 1−form α, and each x ∈M ,

we have

(39) ∆(ψ ◦ φ, α)x = ∆(ψ, α)x +∆(φ, α)x +
V olΩ(M)

‖α‖L2

(∫
OΨ
x

α−
∫
OΨ
φ(x)

α

)
,

for all ψ, φ ∈ Gω(M), and for all Ψ ∈ Iso(ψ)ω, where Gω(M) is the identity

component in the group of all symplectic diffeomorphisms of (M,ω). That is, the

quantity

(∫
OΨ
x
α−

∫
OΨ
φ(x)

α

)
seems to impeach ∆(., α)x to have the properties of a

homomorphism in the usual sense. However, the goal of this subsection is to check

whether ∆(., α)x can give rise to a quasi-morphism or not.

Let G be a group. A mapping ∆ : G→ R is a quasi-morphism if there exists a real

number R>0 such that |∆(fg)−∆(f)−∆(g)| ≤ R, for all f, g ∈ G.

In addition, if ∆(fm) = m∆(f), for each f ∈ G an for each m ∈ Z, then ∆ is called

a homogeneous quasi-morphism (see [8]). The minimal value of the real number R

in the above definition is sometimes called the defect of the quasi-morphism ∆. This

is due to the fact that if R = 0, then ∆ will be a homomorphism in the usual sense.

Furthermore, for each quasi-morphism ∆, the map ψ 7→ limm−→∞{∆(ψm)/m},
induces a homogeneous quasi-morphism.

Proposition 4.7. Assume (M̃, ω) to be a 2−dimensional closed symplectic man-

ifold with H1(M̃,R) 6= 0. Let α be a non-trivial closed 1−form and p ∈ M̃ be any

point. Therefore, the mapping ∆(., α)p : Gω(M̃) → R, ψ 7→ ∆(ψ, α)p, is a contin-

uous quasi-morphism whose defect is less than or equal to twice the square of the

symplectic area of M̃ .

Proof.
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Let α be a non-trivial closed 1−form and p ∈ M̃ . Proposition 4.3 implies that

for all ψ, φ ∈ Gω(M̃), we have

1

V olΩ(M̃)
|∆(ψ ◦ φ, α)p −∆(ψ, α)p −∆(φ, α)p| ≤ |

∫
OΨ
φ(p)

1

‖α‖L2

α|+ |
∫
OΨ
p

1

‖α‖L2

α|,

for each Φ ∈ Iso(φ)ω. Since
∫
OΨ
p

1

‖α‖L2

α (resp.
∫
OΨ
φ(p)

1

‖α‖L2

α) is the algebraic

value of the symplectic area swept by the orbit OΨ
p (resp. OΨ

φ(p)) under the sym-

plectic flow generated by the closed 1−form
1

‖α‖L2

α, then |
∫
OΨ
p

1

‖α‖L2

α| (resp.

|
∫
OΨ
φ(p)

1

‖α‖L2

α|) is less than or equal to the symplectic area A(M̃) of M̃ . There-

fore,

(40) |∆(ψ ◦ φ, α)p −∆(ψ, α)p −∆(φ, α)p| ≤ 2A(M̃)V olΩ(M̃) = 2[A(M̃)]2,

for all ψ, φ ∈ Gω(M̃) because here the area form is the volume form. �

Remark 4.8. Let h be any smooth function of a compact manifold M . If φ is any

diffeomorphism of M isotopic to the identity map with respect to an isotopy Φ :=

{φt}, then the smooth function x 7→ Fdh(Φ)(1)(x) is supported in supp(φ). Assume

on the contrary that there exists z ∈ supp(Fdh(Φ)(1)) such that z /∈ supp(φ). Then,

0 6= Fdh(Φ)(1)(z) =

∫
OΦ
z

dh = h(φ(z))− h(z),

which is a contradiction since z /∈ supp(φ), implies that h(φ(z)) − h(z) = h(z) −
h(z) = 0. In particular, given any oriented closed manifold (M,Ω), and any smooth

function h of M , then for any vanishing-flux volume-preserving diffeomorphism ψ,

we have that

supp(∆(ψ, dh)) ⊆ supp(ψ).

Proof of Theorem 1.6 : Let z ∈M be a point whose orbit under γ is smooth, i.e.,

Oγz is smooth. By definition of γ := (γt)t∈[0,1], there exists Φi = (φti) a sequence of

vanishing flux isotopies which converges uniformly to the loop γ. Since γ1 = idM ,

then the sequence of time-one maps {φ1
i } converges uniformly to the identity map

idM , and then it follows from Lemma 4.5 that limC0 ∆(φ1
i , α)z = ∆(idM , α)z = 0.

On the other hand, by Corollary 4.2, we also have

‖α‖L2∆(φ1
i , α)z = −V olΩ(M)

∫
OΦi
z

α,
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for each i, and for all non-trivial closed 1−form α. Hence, combining the above

arguments give limC0

(∫
OΦi
z
α
)

= 0, for all non-trivial closed 1−form α. Observe

that, |
∫
Oγz α| ≤ |

∫
OΦi
z
α −

∫
Oγz α| + |

∫
OΦi
z
α|, for all i, and derive that

∫
Oγz α = 0,

because limC0

(∫
OΦi
z
α
)

= 0, and as in the proof of Lemma 4.5, for i sufficiently

large, one can construct a smooth 2−chain whose boundary consists of Oγz , OΦi
z

and a minimizing geodesic χiz that connects γ1(z) to φ1
i (z); and derive from Stokes’

theorem that |
∫
OΦi
z
α−

∫
Oγz α| = |

∫
χiz
α| ≤ ‖α‖L2dC0(γ,Φi)→ 0, i→∞. Therefore,

we have proved that
∫
Oγz α = 0, for all closed 1−form α, i.e., the 1−cycle Oγz is a

boundary. 2

Proof of Lemma 1.7 : Let Φ be a volume-preserving isotopy out of ker S̃Ω, and

let φ denote its time-one map. Since S̃Ω(Φ) 6= 0, and 〈, 〉 is non-degenerate, we can

choose a harmonic 1−form H0 such that 〈P (H0), S̃Ω(Φ)〉 6= 0. Assume this done.

Let r(g) be the injectivity radius of the Riemannian metric g on M , and put

(41) δ0 :=
1

β0
min{r(g),

|〈P (H0), S̃Ω(Φ)〉|
‖H0‖L2V olΩ(M)

},

for some β0 ∈ [4,+∞[. If dC0(Φ, Id) ≤ δ0, then one deduces as in the proof of

Lemma 4.5 that for all x ∈M, we have

(42) |∆(φ,H0)x − 0| = |∆(φ,H0)x −∆(idM ,H0)x| ≤ 2V olΩ(M)dC0(Φ, Id),

because dC0(φ, idM ) ≤ dC0(Φ, Id). On the other hand, derive from (42) and Corol-

lary 4.2 that

(43)
|〈P (H0), S̃Ω(Φ)〉|
V olΩ(M)‖H0‖L2

≤ 1

V olΩ(M)
|∆(φ,H0)x|+

1

‖H0‖L2

|
∫
OΦ
x

H0|,

≤ 2dC0(Φ, Id) + length(OΦ
x ),

for each x ∈ M . Now, when z ∈ M is such that the length of the orbit OΦ
z with

respect to the Riemannian metric g minimizes the distance between its endpoints,

then length(OΦ
z ) ≤ dC0(Φ, Id), and this together with (43) implies that,

(44) β0<3.

This is a contradiction. 2



HOFER-LIKE GEOMETRY AND FLUX THEORY — JDSGT VOL. 19, NUMBER 2 (2021)255

5. Metric geometry for volume-preserving diffeomorphisms

The goal of this section is to introduce and study a right-invariant metric on

GΩ(M). In particular, we shall establish several comparison results in the context

of Hofer and Hofer-like geometries [4], [15].

5.1. Norm on the group GΩ(M). For each ψ ∈ GΩ(M), set

(45) ‖ψ‖∞:= sup
α∈B(1)

(
sup
z∈M
|∆̃(ψ, α)z|

)
,

where ∆̃(ψ, α)z := ‖α‖L2∆(ψ, α)z and

B(1) := {α ∈ Z1(M) : ‖α‖L2 = 1}.

We have the following facts.

Proposition 5.1. The rule ‖.‖∞ has the following properties:

(1) Positivity: ‖ψ‖∞≥ 0, for all ψ ∈ GΩ(M).

(2) Triangle inequality: ‖ψ ◦ φ‖∞≤‖ψ‖∞+‖φ‖∞, for all ψ, φ ∈ GΩ(M).

(3) Duality: ‖ψ−1‖∞=‖ψ‖∞, for all ψ ∈ GΩ(M).

(4) If ‖ψ‖∞= 0, then ψ = idM .

(5) Right-invariance: The following rule

(46) dΩ(φ, ψ) :=‖φ ◦ ψ−1‖∞,

for all ψ, φ ∈ GΩ(M).

Hence, the norm ‖.‖∞ induces a right-invariant metric on GΩ(M).

Proof. (1) Positivity: This follows from the definition of ‖, ‖∞.

(2) Triangle inequality: Let ψ, φ ∈ GΩ(M), α ∈ B(1), and derive with the help

of Proposition 4.3 that:

|∆(ψ ◦ φ, α)z| = |∆(φ, α)z +∆(ψ, α)φ(z)| ≤ |∆(φ, α)z|+ |∆(ψ, α)φ(z)|,

for all z ∈M , which implies the desired inequality.

(3) Duality: From Proposition 4.3, we derive that

0 = ∆(idM , α) = ∆(ψ ◦ ψ−1, α) = ∆(ψ−1, α) +∆(ψ, α) ◦ ψ−1,

i.e., ∆(ψ−1, α) = −∆(ψ, α) ◦ ψ−1. This implies that the desired equality.
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(4) Non-degeneracy: If ‖ψ‖∞= 0, then ∆(ψ, α) = 0, for all α ∈ Z1(M). With

the above vanishing condition, it follows from Corollary 4.2 that

〈P (α), S̃Ω(Ψ)〉 = V olΩ(M)
∫
OΨ
x
α, for all x ∈ M , for all α ∈ Z1(M), and

for each Ψ ∈ Iso(ψ)Ω. Now, assume that there exists z0 ∈ M such that

ψ(z0) 6= z0. Then, pick an open neighborhood Uz0 of z0 that does not

contain ψ(z0), and consider a bump function ρ supported in Uz0 such that

ρ(z0) 6= 0. In particular, for α = dρ, we derive from the above arguments

that

0 = 〈P (α), S̃Ω(Ψ)〉 = V olΩ(M)

∫
OΨ
z0

α = ρ(ψ(z0))− ρ(z0),

for each Ψ ∈ Iso(ψ)Ω. That is, ρ(ψ(z0)) = ρ(z0) 6= 0: This is a contradiction

because the open neighborhood Uz0 of z0 does not contain ψ(z0), and the

bump function ρ is supported in Uz0 . If necessary, in case ‖dρ‖L2 6= 1, then

replace the function ρ by the function % := ρ
‖dρ‖L2

.

(5) Right-invariance: We have,

dΩ(φ ◦ ρ, ψ ◦ ρ) = ‖(φ ◦ ρ) ◦ (ψ ◦ ρ)−1‖∞

= ‖φ ◦ ρ ◦ ρ−1 ◦ ψ−1‖∞,
= dΩ(φ, ψ),

(47)

for all ρ, ψ, φ ∈ GΩ(M).

�

Here is a consequence of the proof of Lemma 4.5.

Corollary 5.2. If ψ ∈ kerSΩ is sufficiently C0−closed to the identity map, then

(48) ‖ψ‖∞≤ 2V olΩ(M)dC0(ψ, idM ).

6. Comparison with other metrics

6.1. Comparison with the usual Hofer norm. In this subsection, we assume

that Ω0 := 1
n!ω

n, where ω is a symplectic form, and ‖.‖Hofer denote the usual Hofer

norm defined on the group Ham(M,ω), of Hamiltonian diffeomorphisms: for any

Hamiltonian isotopy Φ = {φt} such that ιφ̇tω = dHt, for each t, its L∞−Hofer

(resp. L(1,∞)−Hofer) length is defined by

(49) l∞H (Φ) = max
t
osc(Ht),
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and

(50) l
(1,∞)
H (Φ) =

∫ 1

0

osc(Ht)dt.

For any diffeomorphism φ ∈ Ham(M,ω), its Hofer norm is defined by

(51) ‖φ‖Hofer := inf
Φ

(l∞H (Φ)) = inf
Φ

(
l
(1,∞)
H (Φ)

)
,

where the infimum is taken over all the Hamiltonian isotopies Φ with time one map

φ (see [14]).

We have the following fact.

Proposition 6.1. Let Ω := 1
n!ω

n, where ω is a symplectic form. Then, for any

φ ∈ Ham(M,ω), we have

(52) ‖φ‖∞ ≤ 2‖φ‖Hofer.

In particular, our construction implies the non-degeneracy of the Hofer-norm.

Proof. Assume that V olΩ(M) = 1. Let φ ∈ Ham(M,ω). For each α ∈ B(1), we

have

∆(φ, α)x = −
∫
OΦ
x

α

= −
∫
OΦ
x

ιXαω

=

∫ 1

0

ω(φ̇t, Xα) ◦ φt(x)dt,(53)

for any Hamiltonian isotopy Φ = {φt} with time-one map φ such that ιφ̇tω = dHt,

for each t, where ιXαω = α. Let Ψα = {ψαt } be the symplectic flow generated by
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Xα. Then, (53) implies that

sup
x∈M
|∆(φ, α)(x)| = sup

x∈M
|
∫ 1

0

ω(φ̇t, Xα) ◦ φt(x)dt|

= sup
x∈M
|
∫ 1

0

dHt(Xα) ◦ φt(x)dt|

≤
∫ 1

0

sup
z∈M
|dHt(Xα)(z)|dt

=

∫ 1

0

(
sup
y∈M
|dHt(Xα)(ψαs (y))|

)
dt, for each s,

=

∫ 1

0

(
sup
y∈M
| d
ds

(Ht(ψ
α
s (y))|

)
dt, for each s,(54)

which implies that

sup
x∈M
|∆(φ, α)(x)| ≤

∫ 1

0

(∫ 1

0

sup
y∈M
| d
ds

(Ht(ψ
α
s (y))|ds

)
dt,

for any Hamiltonian isotopy Φ = {φt} with time-one map φ such that ιφ̇tω = dHt,

for each t. On the other hand, for each s fixed, let xsmin (resp. xsmax) be the

point of M at which the function z 7−→ d
ds (Ht(ψ

α
s (z)) realizes its minimum (resp.

maximum). We know that: either supz∈M | dds (Ht(ψ
α
s (z))| = d

ds (Ht(ψ
α
s (xsmax)),

or supz∈M | dds (Ht(ψ
α
s (z))| = − d

ds (Ht(ψ
α
s (xsmin)). That is, either∫ 1

0

sup
z∈M
| d
ds

(Ht(ψ
α
s (z))|ds =

∫ 1

0

d

ds
(Ht(ψ

α
s (xsmax))ds = Ht(ψ

α
1 (x1

max))−Ht(x
0
max),

or∫ 1

0

sup
z∈M
| d
ds

(Ht(ψ
α
s (z))|ds = −

∫ 1

0

d

ds
(Ht(ψ

α
s (xsmin))ds = −Ht(ψ

α
1 (x1

min))+Ht(x
0
min).

Therefore, we derive from the above estimates that,

sup
x∈M
|∆(φ, α)(x)| ≤ max

(∫ 1

0

(
−Ht(ψ

α
1 (x1

min)) +Ht(x
0
min)

)
dt,

∫ 1

0

(
Ht(ψ

α
1 (x1

max))−Ht(x
0
max)

)
dt

)
,

≤ 2

∫ 1

0

osc(Ht)dt,

for any Hamiltonian isotopy Φ = {φt} with time-one map φ such that ιφ̇tω = dHt,

for each t. Thus, we derive that

‖φ‖∞ ≤ 2 inf
Φ∈Iso(φ)ω

(
l
(1,∞)
H (Φ)

)
= 2‖φ‖Hofer.(55)
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�

6.2. Comparison with the Hofer-like metric. In this subsection, we assume

again that Ω0 := 1
n!ω

n. Let eHL denote the usual Hofer-like energy defined on the

group Gω(M) [4], [15]. Also, let us recall the definition of the supremum norm (i.e.,

the uniform sup norm) of a 1−form α: for each x ∈ M , we know that α induces a

linear map αx : TxM → TxM, whose norm is given by

(56) ‖αx‖g := sup

{
‖αx(X)‖g ; X ∈ TxM, ‖X‖g = 1

}
,

where ‖ · ‖g is the norm induced on each tangent space TxM (at the point x) by

the Riemannian metric g: The uniform sup norm of α, say |α|0, is defined as

(57) |α|0 := sup
x∈M
‖αx‖g.

We shall need the following results.

Proposition 6.2. Let (M,ω) be a closed symplectic manifold of dimension 2n.

Then, the mapping

ωn−1 : H1(M,R) −→ H2n−1(M,R), [α] 7→ [ω(n−1) ∧ α],

is continuous as a linear map defined on a finite dimensional real-vector space: there

exists a positive constant C(ω) that depends on ω such that

‖[ω(n−1) ∧ α]‖L2 ≤ C(ω)‖[α]‖L2 = C(ω)‖α‖L2 .

Proposition 6.3. Let (M,ω) be a closed symplectic manifold of dimension 2n.

Let X be a harmonic vector field (i.e., a vector field such that ιXω is a harmonic

1−form). Then, for all closed 1−form α, there exists a positive constant which

depends on α such that

‖α(X)‖C0 := sup
z∈M
|α(X)(z)| ≤ C(α)‖ιXω‖L2 .

Proof. Let b1(M) the first Betti number of the manifold M , and let h1, . . . , hb1(M)

be a basis of the space of harmonic 1−forms such that ‖hi‖L2 = 1, for all i. Let

α be a closed 1−form such that ιXαω = α for some symplectic vector field Xα [4],

[15]. Assume that

ιXω =

b1(M)∑
i=1

λihi,
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where λ′is are real numbers, and derive from the properties of the symplectic form

that

sup
z∈M
|α(X)(z)| = sup

z∈M
|ιXαω(X)(z)|

= sup
z∈M
| − ιXω(Xα)(z)|

≤

b1(M)∑
i=1

|λi|

 max
1≤i≤b1(M)

‖hi(Xα)‖C0 .(58)

(59)

Since the space of harmonic 1−forms is a real-vector space of finite dimension, then

any given two norms on the latter are equivalent that is, there exist a positive

constant C1 such that
∑b1(M)
i=1 |λi| ≤ C1‖ιXω‖L2 . This implies that

‖α(X)‖C0 ≤
(
C1 max

1≤i≤b1(M)
‖hi(Xα)‖C0

)
‖ιXω‖L2 .

Take C(α) := C1 max1≤i≤b1(M)‖hi(Xα)‖C0 .

�

We shall say that a Riemannian metric g is compatible with the symplectic form

ω if there exists a complex structure J such that g(X,Y ) = ω(X, JY ), for all vector

fields X,Y .
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Lemma 6.4. (Continuous dependence of C(α) on α, and local bounded-

ness) Let (M,ω) be a closed symplectic manifold of dimension 2n. Assume that

the Riemannian metric g is compatible with the symplectic form ω. Then,

(1) the map α 7→ C(α) is Lipschitz continuous with respect to the L2−Hodge

norm, with Lipschitz constant

κ :=
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
,

which depends on a certain fixed basis h1, . . . , hb1(M) of the space of all

harmonic 1−forms,

(2) there exists a positive constant η which depends on a certain fixed basis

h1, . . . , hb1(M) of the space of all harmonic 1−forms such that for all

α ∈ B(1), we have C(α) ≤ η, with

η := 2
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
+ C(h1).

Proof. Let α, β be two closed 1−forms. Compute,

|C(α)− C(β)| = C1| max
1≤i≤b1(M)

‖hi(Xα)‖C0 − max
1≤i≤b1(M)

‖hi(Xβ)‖C0 |

≤ C1 max
1≤i≤b1(M)

‖hi(Xα −Xβ)‖C0

≤ C1 max
1≤i≤b1(M)

|hi|0
∫
M

‖Xα −Xβ‖g.(60)

Thus,

|C(α)− C(β)|2V olg(M) =

∫
M

|C(α)− C(β)|2dV olg

≤
(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

‖Xα −Xβ‖2gdV olg,

=

(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

g(Xα −Xβ , Xα −Xβ)dV olg.(61)

From the fact that (ιXαω) (Z) = α(Z) = g(Xα, Z), for all vector field Z, where Xα

is the vector field such that [(Xα) = α, and with the compatibility of the metric g,

we derive that

g(JXα, Z) = ω(Xα, Z) = g(Xα, Z),
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for all vector field Z: Hence, Xα = −J(Xα). It follows from the above estimates

that,

|C(α)− C(β)|2V olg(M) ≤
(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

g(Xα −Xβ , Xα −Xβ)dV olg,

=

(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

g(J(Xα −Xβ), J(Xα −Xβ))dV olg,

=

(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

g(Xα −Xβ , Xα −Xβ)dV olg,

=

(
C1 max

1≤i≤b1(M)
|hi|0

)2 ∫
M

g(](α− β), ](α− β))dV olg,

=

(
C1 max

1≤i≤b1(M)
|hi|0

)2

‖α− β‖2L2 .(62)

That is,

|C(α)− C(β)| ≤
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
‖α− β‖L2 ,

for all closed 1−forms α, β. For the second item, we derive from the assumption

‖α‖L2 = 1 = ‖β‖L2 , that we have

|C(α)− C(β)| ≤
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
‖α− β‖L2

≤
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
(‖α‖L2 + ‖β‖L2) ,

= 2
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
.

In particular, for β = h1, it follows that C(α) ≤ 2
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
+ C(h1). �

Theorem 6.5. Let (M,ω) be a closed symplectic manifold of dimension 2n. As-

sume that the Riemannian metric g is compatible with the symplectic form ω. For

all ϕ ∈ Gω(M), we have

‖ϕ‖∞≤ 3 max{2, C(ω), 2
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
+ C(h1)}eHL(ϕ),

where C(ω) and C(h1) are constants in Proposition 6.2 and Proposition 6.3; and

eHL is the Hofer-like energy.
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Proof. In this proof we assume that V olΩ(M) = 1 for simplicity. Let ϕ ∈ Gω(M),

and Φ = (φt) be any symplectic isotopy from the identity to ϕ. Assume that

φt = ρt ◦ψt, be the Hodge-decomposition of Φ where ρ := (ρt) is a harmonic isotopy

(i.e., ιρ̇tω =: Ht, is a harmonic 1−form for all t) and Ψ = (ψt) is a Hamiltonian

isotopy (i.e., ιψ̇tω = dUt, for all t) [4], [15]. We have

‖ϕ‖∞ = supα∈B(1)

(
sup
z∈M
|∆̃(ψ, α)z|

)
,

= supα∈B(1)

(
sup
z∈M
|〈[α ∧ ω(n−1)], [

∫ 1

0

Htdt]〉 −
∫
OΦ
z

α|

)

= supα∈B(1)

(
sup
z∈M
|〈[α ∧ ω(n−1)], [

∫ 1

0

Htdt]〉 −
∫
OΨ
z

α−
∫
Oρ
ρ1(z)

α|

)
,

≤ supα∈B(1)

(
sup
z∈M
|〈[α ∧ ω(n−1)], [

∫ 1

0

Htdt]〉|
)

+ supα∈B(1)

(
sup
z∈M
|
∫
OΨ
z

α

)
,

+ supα∈B(1)

(
sup
z∈M
|
∫
Oρ
ρ1(z)

α|

)
.(63)

Therefore, we use Proposition 6.2 and Proposition 6.3 to derive that

‖ϕ‖∞ ≤ supα∈B(1)

(
sup
z∈M
|〈[α ∧ ω(n−1)], [

∫ 1

0

Htdt]〉|
)

+ supα∈B(1)

(
sup
z∈M
|
∫
OΨ
z

α

)
,

+ supα∈B(1)

(
sup
z∈M
|
∫
Oρ
ρ1(z)

α|

)
,

≤ C(ω) max
t
‖Ht‖L2 + 2 max

t
osc(Ut) + ηmax

t
‖Ht‖L2 ,

≤ 3 max{C(ω), η, 2}
(

max
t
‖Ht‖L2 + max

t
osc(Ut)

)
,

≤ 3 max{C(ω), η, 2}l∞HL(Φ),(64)

for all symplectic isotopy from the identity to ϕ, where C(ω) and η are constants

in Proposition 6.2 and Lemma 6.4, l∞HL is the L∞−version of the Hofer-like length

[4], [15]. Finally, taking the infimum over the set of all symplectic isotopies from

the identity to ϕ in the above estimate yields,

‖ϕ‖∞≤ 3 max{2, C(ω), 2
C1 max1≤i≤b1(M) |hi|0√

V olg(M)
+ C(h1)}eHL(ϕ).

�
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6.3. Displacement energy.

Definition 6.6. For each non-empty open subset U ⊂ M , we define the displace-

ment energies of U as:

(65) EΩ(U) := inf{‖ψ‖∞: ψ ∈ GΩ(M), ψ(U) ∩ U = ∅},

and

(66) EΩ(U) := inf{‖ψ‖∞: ψ ∈ kerSΩ, ψ(U) ∩ U = ∅}.

Theorem 6.7.

For each non-empty open subset U ⊂M , we have EΩ(U)>0.

The proof of the above theorem will follow from an adaptation of similar result

from symplectic geometry. First, let us generalize the a result due to Polterovich

[14] (see Proposition 1.5.B. [5]).

Proposition 6.8. For any non-empty open subset B ⊂ M , there exists a pair of

vanishing-flux volume-preserving diffeomorphisms φ, and ψ each of which supported

in B such that the commutator [φ, ψ] := ψ−1 ◦ φ−1 ◦ ψ ◦ φ is different from the

identity map.

We shall say that a map ψ displaces a non-empty subset U ⊂M if ψ(U)∩U = ∅.
Let us denote by DΩ(U) the set of all φ ∈ GΩ(M) that displace U . We have following

fact.

Proposition 6.9. Consider a non-empty open subset B in M . Let φ and ψ be

defined as in Proposition 6.8 and let f ∈ DΩ(B). We have
[
[f, φ−1], ψ

]
= [φ, ψ].

Proof.

This is a verbatim repetition of the proof of similar fact found in [5]. �

We shall need the following arguments which can be found in [15].

Let z ∈ M (fixed), for all ε>0, for each x ∈ M , choose a curve γx from z to x

such that its length l(γx) :=

∫ 1

0

‖γ̇x(s)‖gds satisfies

(67) l(γx) 6 diam(M)(1 + ε),
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where diam(M) stands for the diameter of M with respect to the Riemannian metric

g. For any smooth isotopy Φ = {φt}, and any family of closed 1−forms α = {αt},
we have

(68)

max
t∈[0,1]

osc

(∫ t

0

αt(φ̇u) ◦ φudu
)
6 2(1 + ε)diam(M)(1 + sup

s,v
|Tγy(s)φv|) max

t∈[0,1]
‖αt‖L2 ,

where osc(f) = max f−min f , y is a certain point of M , and Tγy(s)φv is the tangent

map of φv at γy(s) (see [15]).

Corollary 6.10.

Let (M,Ω) be a closed oriented manifold. For any vanishing flux isotopy Φ =

{φt}, and for any closed 1−form α, we have

(1) min
x

((∫ 1

0

α(φ̇u) ◦ φudu
)
(x)

)
6 0, and

(2) 0 6 max
x

((∫ 1

0

α(φ̇u) ◦ φudu
)
(x)

)
6 osc

(∫ 1

0

α(φ̇u) ◦ φudu
)

.

Proof.

Since Φ = {φt} has a trivial flux and for any closed 1−form α, we have that∫
M

(
∫ 1

0
α(φ̇u) ◦ φudu)Ω = 〈P (α), S̃Ω(Φ)〉 = 0. Thus, the min-max principle for

integral implies that

min
x

((∫ 1

0

α(φ̇u) ◦ φudu
)
(x)

)∫
M

Ω 6
∫
M

(∫ 1

0

α(φ̇u) ◦ φudu
)

Ω

6 max
x

(
(

∫ 1

0

α(φ̇u) ◦ φudu)(x)

)∫
M

Ω,(69)

i.e., min
x

(∫ 1

0

α(φ̇u) ◦ φudu
)

(x) 6 0 6 max
x

(∫ 1

0

α(φ̇u) ◦ φudu
)

(x). For (2), we

have

osc

(∫ 1

0

α(φ̇u) ◦ φudu
)

= max
x

(∫ 1

0

α(φ̇u) ◦ φudu
)

(x)−min
x

(∫ 1

0

α(φ̇u) ◦ φudu)

)
(x)

> max
x

(∫ 1

0

α(φ̇u) ◦ φudu
)

(x),(70)

since −min
x

(∫ 1

0

α(φ̇u) ◦ φudu
)

(x) > 0, from item (1). �

We are able to give the proof of Theorem 6.7
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Proof of Theorem 6.7 : For each non-empty open subset U ⊂M , either DΩ(U)

is empty, or non-empty. In the case, DΩ(U) = ∅, we have EΩ(U) = +∞ : We are

done. Assume that DΩ(U) is non-empty. By the characterization of the infimum,

for each positive integer k, there exists a volume-preserving diffeomorphism fk such

that

(71) ‖fk‖∞<EΩ(U) +
1

k
,

and fk ∈ DΩ(U). Fix the integer k large enough, and apply Proposition 6.8 with

B := U , to derive that there exists a pair of volume-preserving diffeomorphisms φ,

and ψ each of which supported in U such that the commutator

[φ, ψ] := ψ−1◦φ−1◦ψ◦φ is different from the identity map, and since fk ∈ DΩ(U), we

derive from Proposition 6.9 that for k large enough, we have [[fk, φ
−1], ψ] = [φ, ψ].

On the other hand, compute

‖[φ, ψ]‖∞ = ‖[φ, ψ]−1‖∞

= ‖[[fk, φ−1], ψ]−1‖∞

= ‖[fk, φ−1] ◦ ψ−1 ◦ [fk, φ
−1]−1 ◦ ψ‖∞

≤ ‖[fk, φ−1] ◦ ψ−1‖∞ + ‖[fk, φ−1]−1 ◦ ψ‖∞

= 2‖[fk, φ−1]‖∞

≤ 4‖fk‖∞.(72)

Combining (71) together with (72), implies that

(73) 0 <
‖[φ, ψ]‖∞

4
6 ‖fk‖∞ < EΩ(U) +

1

k
,

for k large enough. Q.E.D. �

6.4. Some geometric aspects of Gω(M). The following theorems show that us-

ing the metric dΩ induced by the norm ‖.‖∞, one can determine the volume preser-

vation nature of the uniform limit of a sequence of vanishing-flux volume-preserving

diffeomorphisms.

Theorem 6.11.

Let {φi} ⊂ kerSΩ, let φ ∈ kerSΩ, and let ψ : M −→M be any map such that

• {φi}
C0

−−→ ψ and

• dΩ(φi, ψ) := ‖φi ◦ ψ−1‖∞ −→ 0, i −→∞.



HOFER-LIKE GEOMETRY AND FLUX THEORY — JDSGT VOL. 19, NUMBER 2 (2021)267

Then, we must have ψ = φ.

Proof : Assume that ψ◦φ−1 6= idM . That is, there exists a non-empty open sub-

set B ⊂M such that ψ ◦ φ−1 ∈ DΩ(B). Since φi
C0

−−→ ψ, then φi ◦ φ−1 C0

−−→ ψ ◦ φ−1.

Choosing an integer k large enough, we may assume φk ◦ φ−1 ∈ DΩ(B). Thus,

the positivity result of the displacement energy EΩ, implies that 0 < EΩ(B) 6

‖φk ◦ φ−1‖∞, for all k large enough. The latter inequalities contradicts each other

as k tends to infinity. Q.E.D. �

Definition 6.12. Let Φ = {φt}, and Ψ = {ψt} be two vanishing-flux isotopies.Then,

we define the distance between them as :

dvol(Φ,Ψ) := sup
t∈[0,1]

dΩ(φt, ψt).

We have following fact.

Theorem 6.13.

Let Φi = {φti} be a sequence of vanishing-flux paths, let Ψ = {ψt} be another

vanishing-flux path, and let ρ = {ρt} be any family of maps from M to M such that

• Φi
C0

−−→ ρ, and

• dvol(Φi,Ψ) −→ 0, i −→∞.

Then, we must have Ψ = ρ.

Proof.

Assume that ρ ◦Ψ−1 6= Id, i.e., there exist t0 ∈]0, 1] such that ρt0 ◦ ψ−1
t0 6= idM .

Since φt0i
C0

−−→ ρt0 , then φt0i ◦ ψ
−1
t0

C0

−−→ ρt0 ◦ ψ−1
t0 . On the other hand, the fact that

dvol(Φi,Ψ) −→ 0 when i −→ ∞, implies that by the right-invariance of dΩ that

dΩ(φt0i ◦ ψ
−1
t0 , idM ) −→ 0 when i −→∞. Therefore, we have

• φt0i ◦ ψ
−1
t0

C0

−−→ ρt0 ◦ ψ−1
t0 , and

• dΩ(φt0i ◦ ψ
−1
t0 , idM ) −→ 0 when i −→∞,

which by the mean of Theorem 6.11 implies that ρt0 ◦ ψ−1
t0 = idM . �

In the following result we estimate the metric dΩ.
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Lemma 6.14.

Let (M,Ω) be a closed oriented manifold equipped with a Riemannian metric g.

Let diam(M) be the Riemannian diameter of M with respect to g, and let φ, ψ ∈
kerSΩ. There exists a positive constant K(φ, g, ψ) which depends on g, φ, and ψ

such that dΩ(φ, ψ) 6 2(1 + ε)diam(M)k(φ, g, ψ), for all positive ε.

Proof.

Let φ, ψ ∈ kerSΩ, and let ρ = {ρt} be any vanishing-flux isotopy from the

identity to φ ◦ ψ−1. By definition,

dΩ(φ, ψ) := ‖φ ◦ ψ−1‖∞ = sup
α∈B(1)

(
sup
z∈M

∣∣∣∣∫
Oρz
α

∣∣∣∣) .
Apply formula (68) and Corollary 6.10 together with the above equalities to derive

that

dΩ(φ, ψ) = sup
α∈B(1)

(
sup
z∈M

∣∣∣∣∫
Oρz
α

∣∣∣∣) 6 2(1 + ε)diam(M)
(
1 + sup

s,v

∣∣Tγy(s)ρv
∣∣),

for all positive ε, for some point y ∈M . Take

k(φ, g, ψ) := inf
ρ∈Iso(φ◦ψ−1)

(
1 + sup

s,v

∣∣Tγy(s)ρv
∣∣) ,

where Iso(φ ◦ ψ−1) is the space of all smooth vanishing-flux isotopies from the

identity to φ ◦ ψ−1. �

Lemma 6.15.

Let (Mi,Ωi), i = 1, 2 be two closed oriented manifolds. If Θ : M1 → M2 is a

smooth diffeomorphism such that Θ∗(Ω2) = Ω1, and Θ∗ maps closed forms onto

closed forms, then

(1) for each φ ∈ kerSΩ1
, we have

∥∥Θ ◦ φ ◦Θ−1
∥∥∞

2
6 2‖φ‖∞1 ,

(2) for each ψ ∈ kerSΩ2 , we have
∥∥Θ−1 ◦ ψ ◦Θ

∥∥∞
1
6 2‖ψ‖∞2 and

(3) for each φ ∈ kerSΩ1 , we have

1
2

∥∥Θ ◦ φ ◦Θ−1
∥∥∞

2
6 ‖φ‖∞1 6 2

∥∥Θ ◦ φ ◦Θ−1
∥∥∞

2
.

Proof.
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Let Z1(Mi) be the space of closed 1−form of Mi, and let β ∈ Z1(M2). Then,

Θ∗(β) ∈ Z1(M1), and for each φ ∈ kerSΩ1
, we have φ∗(Θ∗(β))−Θ∗(β) = d(∆1(φ,Θ∗(β))),

i.e.,

d(∆2(Θ ◦ φ ◦Θ−1, β)) = (Θ ◦ φ ◦Θ−1)∗(β)− β = d(∆1(φ,Θ∗(β)) ◦Θ−1).

Thus, osc
(
∆2(Θ ◦ φ ◦Θ−1, β)

)
= osc

(
∆1(φ,Θ∗(β)) ◦Θ−1

)
, implies that∥∥Θ ◦ φ ◦Θ−1

∥∥∞
2
6 sup

β∈B(1)2

(
osc
(
∆2(Θ ◦ φ ◦Θ−1, β)

))
= sup

β∈B(1)2

(osc (∆1(φ,Θ∗(β))))

6 sup
α∈B(1)1

(osc (∆1(φ, α))) .(74)

That is, ‖Θ ◦ φ ◦ Θ−1‖∞2 6 2‖φ‖∞1 , because osc (f) 6 2 sup
x
|f(x)|. Similarly, one

proves the item 2 and completes the proof of Lemma 6.15 by proving item 3 which

follows form the combination of items 1 and 2. �
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