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1. Introduction

Let (Mn, g) be a Riemannian manifold of dimension n and ∇ be the Levi-Civita

connection with respect to the metric g. A Riemannian manifold is called locally

symmetric [3] if ∇K = 0, where K is the Riemannian curvature tensor.

During the last five decades the notion of locally symmetric manifolds have been

weakended by many authors in several ways to extend such as conformally symmet-

ric manifolds by Chaki and Gupta [5], recurrent manifolds introduced by Walker

[19], conformally recurrent manifolds by Adati and Miyazawa [2], conformally sym-

metric Ricci-recurrent spaces by Roter [14], pseudo Riemannian manifolds with
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recurrent concircular curvature tensor by Olszak [17], semi symmetric manifolds by

Tamassy and Binh [18] and many others.

In the paper [6], Chaki and Roy had shown that a general relativistic space-

time with covariant-constant energy-momentum tensor is Ricci symmetric, that is,

∇Ric = 0 where Ric is the Ricci tensor of the spacetime. If however ∇Ric 6= 0, then

such a spacetime may be called pseudo Ricci symmetric. It can be said that the

Ricci symmetric space is a special case of the pseudo Ricci symmetric space. There-

fore, it is interesting to study the properties of pseudo Ricci symmetric spacetimes

in general relativity.

Let R be the Ricci tensor of type (1,1) defined as

(1) Ric(Y, Z) = g(Y,Z),

for all vector fields Y and Z.

A non-flat Riemannian manifold is said to be pseudo Ricci symmetric [13] if

(2) (∇XRic)(Y,Z) = 2A(X)Ric(Y,Z) +A(Y )Ric(X,Z) +A(Z)Ric(Y,X),

where A is non-zero 1-form such that

(3) g(X,µ) = A(X),

for all vector fields X and µ is the associated vector field corresponding to the

1-form A.

A non-flat Riemannian manifold is said to be an almost pseudo Ricci symmetric

[7] if

(4) (∇XRic)(Y, Z) = [A(X)+B(X)]Ric(Y,Z)+A(Y )Ric(X,Z)+A(Z)Ric(Y,X),

where A and B are two non-zero 1-forms and ∇ be the operator of covariant diferen-

tiation with respect to the metric g. In this case A and B are called the associated

1-forms. Such type of manifold is denoted by A(PRS)n.

If B = A, then the equation (4) reduces to (2), that is, A(PRS)n reduces to

a pseudo Ricci symmetric manifold [4]. Thus, pseudo Ricci symmetric manifold

is a particular case of A(PRS)n. Tamassy and Binh [18] introduced the notion

of weakly Ricci symmetric manifold which is the generalization of pseudo Ricci

symmetric manifold in the sense of Chaki. It may be mentioned that an A(PRS)n

is not a particular case of a weakly Ricci symmetric manifold introduced by Tamassy

and Binh [18].
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Let g(X,µ) = A(X) and g(X,σ) = B(X) for all X. Then µ, σ are called ba-

sic vector fields of the manifold corrsponding to the associated 1-forms A and B,

respectively.

Almost pseudo Ricci symmetric manifolds on some structures have been studied

by many authors such as De and Gazi [10], Shaikh, Hui and Bagewadi [16], De and

Mallick [11], De and Pal [12] and many others.

A non-flat Riemannian manifold is called generalized recurrent [15] if

(5) (∇XRic)(Y,Z) = A(X)Ric(Y,Z) +B(X)g(Y,Z).

where A and B are non-zero 1-forms. If the associated 1-form B becomes zero, then

the manifold reduces to a Ricci recurrent manifold, that is

(6) (∇XRic)(Y,Z) = A(X)Ric(Y,Z).

In a Riemannian manifold, the Ricci tensor is called Codazzi type [1] if

(7) (∇XRic)(Y,Z) = (∇Y Ric)(Y,Z).

The Schouten tensor in a Riemannian manifold is given by [9]

(8) P (Y, Z) =
1

n− 2

[
Ric(Y, Z)− r

2(n− 1)
g(Y, Z)

]
.

There is a decomposition formula in which the Riemannian curvature tensor decom-

poses into non-conformally invariant part, the Schouten tensor and a conformally

invariant part, the conformal curvature tensor

(9) K = P � g + C

where C is the conformal curvature tensor of g, and � denotes the Kulkarni-Nomizu

product, K is the Riemannian curvature tensor and P is the Schouten tensor, see

[9]. Since the Weyl tensor is conformally invariant, to study the deformation of the

conformal metric, we only need to understand the Schouten tensor (see [9], [8]).

The above results will be used in next sections.

2. Schouten flat A(PRS)n

Let us assume that our manifold is Schouten-flat, then from (8) we have

(10) Ric(Y,Z) =
r

2(n− 1)
g(Y,Z).
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Assuming that our manifold is A(PRS) admitting Schouten tensor.

Taking covariant derivaative of (10), we get

(11) (∇XRic)(Y, Z) =
1

2(n− 1)
(∇Xr)g(Y, Z).

which in view of (4) and (10) the relation (11) becomes

(12) (∇XRic)(Y, Z) = r{[A(X) +B(X)]g(Y,Z) +A(Y )g(X,Z) +A(Z)g(Y,X)}.

Contracting of (12) over Y and Z, we get

(13) n(∇Xr) = r[(n+ 2)A(X) + nB(X)].

Again, contracting (12) over X and Y , then we have

(14) (∇Zr) = r[(n+ 2)A(Z) +B(Z)].

Replace Z by X in (14) and then comparing from (13), we get

(n− 1)rA(X) = 0.

Since the sscalar curvature r is non-zero, then from above we have A(X) = 0.

Hence we obtain the following theorem:

Theorem 2.1. A Schouten-flat A(PRS)n of non-vanishing scalar curvature reduces

to a recurrent manifold with the recurrence vector field corresponding to the 1-form

B.

3. A(PRS)n admitting non-zero Schouten tensor

In this section, we assume that our manifold A(PRS)n is of non-zero Schouten

tensor.

Taking covariant differentiation of (8) with respect to X, we get

(15) (∇XP )(Y,Z) =
1

n− 2

[
(∇XRic)(Y,Z)− 1

2(n− 1)
(∇Xr)g(Y,Z)

]
.

Contracting of (4) over Y and Z, then we obtain

(16) (∇Xr) = [A(X) +B(X)]r + 2A(R(X)).
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By virtue of (4) and (16) in (15), we get

(∇XP )(Y,Z) =
1

n− 2

{
[A(X) +B(X)]Ric(Y, Z) +A(Y )Ric(X,Z)

+A(Z)Ric(Y,X)− r

2(n− 1)
[A(X) +B(X)]g(Y, Z)

− 1

(n− 1)
A(R(X))g(Y,Z)

}
.

(17)

Contracting of (17) over X and Y , we have

(divP )(Z) =
1

n− 2

[ (4n− 5)

2(n− 1)
A(R(Z)) + r

(2n− 3)

2(n− 1)
A(Z)

+B(R(Z))− r

2(n− 1)
B(Z)

]
.

(18)

If the Schouten tensor P is divergence free, then from (18)

(19)
1

n− 2

[ (4n− 5)

2(n− 1)
A(R(Z)) + r

(2n− 3)

2(n− 1)
A(Z) +B(R(Z))− r

2(n− 1)
B(Z)

]
= 0.

Thus, we are in the position to state the following:

Theorem 3.1. In an A(PRS)n, if the Schouten tensor is divergence free then
r

2(n−1) is an eigenvalue of the Ricci tensor Ric corresponding to the eigenvector σ

where g(X,σ) = B(X) if and only if r(2n−3)
4n−5 is an eigenvalue of Ricci tensor Ric

corresponding to the eigenvector µ where g(X,µ) = A(X).

Let the Schouten tensor P is recurrent then from (6), we have

(20) (∇XP )(Y,Z) = α(X)P (Y,Z),

where α is 1-form. Using (8) and (17) in (20), we obtain

α(X)
[
Ric(Y, Z)− r

2(n− 1)

]
= [A(X) +B(X)]Ric(Y, Z) +A(Y )Ric(X,Z)

+A(Z)Ric(Y,X)− r

2(n− 1)
[A(X) +B(X)]g(Y,Z)

− 1

(n− 1)
A(R(X))g(Y,Z).

(21)

Contracting of (21) over X and Y , we get

α(R(Z))− r

2(n− 1)
α(Z) =

1

2(n− 1)

[
(4n− 5)A(R(Z)) + r(2n− 3)A(Z)

]
+B(R(Z))− r

2(n− 1)
B(Z).

(22)

This leads us to the following:
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Theorem 3.2. In an A(PRS)n, let us assume that the Schouten tensor is recurrent

with the recurrence vector corresponding to 1-form α. If r
2(n−1) is an eigenvalue of

the Ricci tensor Ric corresponding to the eigenvectors both σ and ρ where g(X,σ) =

B(X), g(X, ρ) = α(X) then −r (2n−3)
(4n−5) is an eigenvalue of the Ricci tensor Ric

corresponding to the eigenvector µ where g(X,µ) = A(X).

Let us suppose that the scalar curvature r is non-zero constant, then from (15)

reduces to

(23) (∇XP )(Y,Z) =
1

n− 2
(∇XRic)(Y,Z).

From (4) and (23), we have

(24)

(∇XP )(Y,Z) =
1

n− 2

{
[A(X)+B(X)]Ric(Y,Z)+A(Y )Ric(X,Z)+A(Z)Ric(Y,X)

}
.

Interchanging X and Y in (24) and then subtracting them, we get

(25) (∇XP )(Y, Z)− (∇Y P )(X,Z) =
1

n− 2

[
B(X)Ric(Y,Z)−B(Y )Ric(X,Z)

]
.

If P is Codazzi type then from (7) and (25), we obtain

(26) B(X)Ric(Y, Z)−B(Y )Ric(X,Z) = 0.

Contracting (26) over Y and Z, we get

B(X)r = B(R(X))

which in view of (1) the above relation yields

Ric(X,σ) = rg(X,σ).

This leads to the following theorem:

Theorem 3.3. In an A(PRS)n of non-zero constant scalar curvature, if Schouten

tensor is of Codazzi type then r is an eigenvalue of the Ricci tensor Ric correspond-

ing to the eigenvector σ where g(X,σ) = B(X).

Let r is non-zero constant and Schouten tensor P is covariantly constant, then

from (15) we find that

(27) (∇XRic)(Y,Z) = 0.
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Hence from (4) and (27), we have

(28) [A(X) +B(X)]Ric(Y,Z) +A(Y )Ric(X,Z) +A(Z)Ric(Y,X) = 0.

Contracting of (28) over Y and Z, we get

[A(X) +B(X)]r + 2A(R(X)) = 0

which implies

A(R(X)) = −r
2

[A(X) +B(X)].

Thus we obtain the following theorem:

Theorem 3.4. If an A(PRS)n of non-vanishing constant scalar curvature and the

Schouten tensor is covariantly constant then the Ricci tensor is covariantly constant

and the 1-forms A and B are related by

A(R(X)) = −r
2

[A(X) +B(X)].

4. Existence of A(PRS)n admitting Schouten tensor

We define a Riemannian metric on the 4-dimensional real number space R4 by

the formula

(29) ds2 = ex
1

(dx1)2 + ex
2

(dx2)2 + (dx3)2 + (sin(x3))2(dx4)2.

Then the only non-vanishing components of the Christoffel symbols and the Ricci

tensor are as follows:

(30)

{
1

11

}
=

{
2

22

}
=

1

2
,

{
4

34

}
= cot(x2),

{
3

44

}
= −sin(x3)cos(x3),

and

(31) Ric33 = −1, Ric44 = −sin(x3)2,

It can be easily shown that the scalar curvature of the manifold is −2. Therefore

R4 with the considered metric is a Riemannian manifold whose scalar curvature r is

constant. Then the only non-zero components of the Schouten tensor are as follows:

P11 =
ex

1

6
, P22 =

ex
2

6
, P33 = −1

3
, P44 = − (sin(x3))2

3
.(32)

Taking covariant derivatives of (32) we get Pij,k = 0 for all i, j, k. This means that

Pij are covariantly constant. Also, by taking covariant derivatives of (31), we get

Ricij,k = 0 for all i, j, k.



224 MOHABBAT ALI AND MOHD VASIULLA

Now consider the associated 1-forms A and B are as follows:

(33) A(x) = ex
1+x2

+ ex
3+x4

and B(x) = ex
1+x2

+ 2ex
3+x4

.

Taking covariant derivative of (33), we get

(34) Ai(x) =

ex
1+x2

, if i=1,2

ex
3+x4

, if i=3,4
and Bi(x) =

ex
1+x2

, if i=1,2

ex
3+x4

, if i=3,4.

From (31) and (34) the following equations

A1R11 = −r
2

[A1 +B1], A2R22 = −r
2

[A2 +B2]

and

A3R33 = −r
2

[A3 +B3], A4R44 = −r
2

[A4 +B4]

are satisfied. This justify the Theorem 3.4.

In consequence of the above, one can say that

Theorem 4.1. There exist a manifold (R4, g) which is an A(PRS)n with the con-

stant scalar curvature and covariantly constant Schouten tensor with the above men-

tioned choice of the 1-forms then Theorem 3.4 holds.
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