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1. Introduction

Spline functions occupy an important role in the theory of numerical approxi-

mations as they have number of applications primarily in computing the smooth

approximations of boundary value problems. A class of singular perturbation prob-

lem with the singularity of the form given below is considered.

(1) εϕ
′′
(t) +

k

t
ϕ

′
(t) + q(t)ϕ(t) = r(t), 0 ≤t≤ 1,

with boundary conditions

(2) ϕ(0) = γ1, ϕ(1) = γ2

where γ1, γ2 are given constants, ε is a perturbation parameter such that 0 < ε << 1

and q(t), r(t) are regular functions. Let p(t) = k
t . If p(t) ≥ M̃ > 0 throughout the

domain [0, 1], where M̃ is a positive constant, then the boundary layer exist in the

neighbourhood of t = 0.

If p(t) ≤ Ñ < 0 throughout the interval [0, 1], where Ñ is a negative constant,

then the boundary layer will be in the neighbourhood of t = 1.

The coefficient of diffusion term in many important physical problems is small

compared to convention term. Sources of these include problems with heat trans-

port with large peclet numbers, fluid flow problems with large Reynolds and high

Hartman problems for MHD ducts. These problems solutions depict the layer be-

haviour near the boundary of the domain where the solution derivatives are varying

very rapidly is known as perturbation problems. Problems of the above type of

Eq. (1) belongs to a similar class of singular perturbation problem in addition with

having singularity at t = 0. A wide range of books and papers have been pub-

lished, including [2-3,10, 13, 14], detailing various approaches for solving singularly

perturbed double-point boundary value issues.

Difference schemes based on cubic spline functions for the second order differ-

ential equations, which are exhibiting the boundary layer behaviour at near the

end of the domain and having singularity at t = 0, are studied by many authors.

Such as, the researchers in [4] generated uniform mesh with the help of fitted mesh

technique and used B-splines to solve such problems, Rashidinia and his team [12]

derived second order accuracy method using the uniform mesh cubic polynomial

spline. In [9], researchers used tension spline to develop non-uniform mesh nu-

merical methods and to solve problems in both rectangular and polar coordinates,
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authors in [8] reported three convergent numerical schemes of second order using

spline in tension, Mohanty and his team [7] derived difference schemes for the both

singular and nonsingular problems using spline in compression. In [11], Phaneendra

and his team presented fourth order Non-polynomial spline finite difference method

on uniform mesh for the same type of the problems. Also, some difference schemes

using spline functions are developed by Kadalbajoo and Patidar in [5], Bava in [1]

to solve singularly perturbed boundary value problems and Kadalbajoo and Reddy

[6] used deviating argument technique for the similar type of problems.

In this paper we used non-polynomial spline to derive a non-uniform mesh finite

difference scheme for the solution of the proposed Eq. (1) and (2). The structure

of this paper is as follows: In section 2, we describe non-polynomial spline and its

truncation error. In section 3, the description of the numerical method for solving

Eq. (1) is presented. Section 4 provides the error analysis of the derived scheme

and section 5 provides numerical results with maximum absolute errors. Finally, in

the last segment, discussions and conclusion are given.

2. Non-Polynomial Spline

Partition the interval [ 0, 1] with variable step size hi = ti − ti−1 for i = 1 to

n and hi+1 = σi hi into the subdivision of the form 0 = t0 < t1 < t2 < .... < tn−1 <

tn = 1

The exact and approximate solution of the Eq.(1) is ϕ(t), ϕi obtained by the

non-polynomial cubic spline ψi(t) passing through the points (tiϕi) and (ti+1ϕi+1)

respectively. The polynomial ψi(t) satisfies interpolatory conditions at ti and ti+1,

also the condition of the class C1 at the common nodes (ti, ϕi).

The cubic non-polynomial spline function ψi(t) has the form for each ithsegment

(3) ψi(t) = ãi + b̃i(t− ti) + c̃i sinκ(t− ti) + d̃i cosκ(t− ti), i= 0, 1, 2, ...,n− 1

where ãi, b̃i, c̃i and d̃i are constants and κ is a free parameter.

A non-polynomial function ψ(t) of class C2 [0, 1] interpolates ϕ(t) at the grid

points ti, i = 0, 1, 2, ...., n is based on a parameter κ and reduces ψ(t) to ordinary

cubic spline in [0, 1] as κ→ 0.
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In order to derive the expression for the coefficients of Eq. (3) in terms of ϕi,

ϕi+1, Mi and Mi+1, we first express

ψi(ti) = ϕi, ψi(ti+1) = ϕi+1, ψ
′′

i (ti) = Mi, ψ
′′

i (ti+1) = Mi+1

Then, we get the following expressions for the unknowns through algebraic manip-

ulation

ãi = ϕi +
Mi

κ2
, b̃i =

ϕi+1 − ϕi
h

+
Mi+1 −Mi

κθ̃
, c̃i =

Mi
˜cos θ −Mi+1

κ2 ˜sin θ
, d̃i = −Mi

κ2

where θ̃ = κhi+1, i= 0, 1, 2, ...,n− 1.

Using the condition of the class C1 at (ti, ϕi), i.e. ψ′i−1(ti) = ψ′i(ti) for i =

1, 2, ...., n− 1 we get the following relationship.

(4) σ ϕi−1 − (1 + σ)ϕi + ϕi+1 = hihi+1

[
α̃1Mi−1 + β̃(1 + σ)Mi + α̃2σMi+1

]
where

α̃1 =
−1

κ2h2i
+

1

κhi sin (κhi)
β̃ =

1

κhiθ̃
+

sinκ (hi + hi+1)

κ (hi + hi+1) sin(κhi)sinθ̃

α̃2 =
−1

θ̃2
+

1

θ̃sinθ̃
Mj = ϕ?(tj), j=i, i±1 and θ̃ = κhi+1

Noticed that, if κ → 0 the non-polynomial spline relation (4) is compatible with

the normal cubic spline that is α̃1 = α̃2 = 1
6 , β̃ = 1

3

The local truncation error T̃i(h)in relation to our scheme (4) is

T (h) =[
−σ2 (1 + σ) + σ2

(
α̃1 + β̃ + α̃2

)]
ϕ
(2)
i h2i +

[
−σ6

(
−1 + σ2

)
− σ2 (α̃1 − σα̃2)

]
ϕ
(3)
i h3i

+
[
− σ

24

(
1 + σ3

)
+ σ2

2

(
α̃1 + σ2α̃2

)]
ϕ
(4)
i h4i

+
[
− σ

120

(
−1 + σ4

)
− σ2

6

(
α̃1 − σ3α̃2

)]
ϕ
(5)
i h5i + 0

(
h6
)

For the choice of

α̃1 =
1 + σ − σ2

12σ
α̃2 =

σ2 + σ − 1

12σ2
β̃ =

σ3 + 4σ2 + 4σ + 1

12σ2

the above scheme Eq. (4) indicates third order convergent and the truncation error

will be

(5) T̃i(h) =
1

360

[
σ
(
σ2 − 1

)
(σ + 2) (2σ + 1)

]
ϕ
(5)
i h5i + 0

(
h6
)
.
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3. Description of the method

At the grid points ti, Eq. (1) may be discretized by εϕ
′′

i + p(ti)ϕ
′

i + q(ti)ϕi = ri

Using spline’s second derivatives, we have

(6) εMj = r(tj)− p(tj)ϕ
′

j − q(tj)ϕj for j=i, i±1

Using Eq. (6) in Eq. (4) and with the help of the following approximations to the

first derivative of ϕ

ϕ
′

i+1 =
1

hi+1

[
2σ + 1

σ + 1
ϕi+1 − (1 + σ)ϕi +

σ2

1 + σ
ϕi−1

]

ϕ
′

i =
1

hi

[
1

σ(σ + 1)
ϕi+1 +

σ − 1

σ
ϕi −

σ

σ + 1
ϕi−1

]

ϕ
′

i−1 =
1

hi

[
−1

σ(σ + 1)
ϕi+1 +

1 + σ

σ
ϕi −

2 + σ

1 + σ
ϕi−1

]
(7)

We get the tridiagonal system

(8)

(
−εσ − α̃1 pi−1 hi

(
2σ2+σ3

1+σ

)
− β̃ pihi

(
σ3

σ+1

)
+ α̃2pi+1hi

(
σ3

σ+1

)
+

α̃1qi−1h
2
i

(
σ2
)
ϕi−1

+
(
ε (1 + σ) + α̃1 pi−1 hi

(
σ + σ2

)
+ β̃ pihi

(
σ2−

σ − α̃2pi+1hi
(
σ + σ2

)
+ β̃ qih

2
i

(
σ2
)
ϕi

+
(
−ε− α̃1 pi−1 hi

(
σ

1+σ

)
+ β̃ pihi

(
σ
σ+1

)
+ α̃2pi+1hi

(
2σ2+σ
σ+1

)
+

α̃2qi+1h
2
i

(
σ2
)
ϕi+1

=− h2i+1

(
α̃1ri−1 + β̃ ri + α̃2ri+1

)
,

where hi+1 = σ hi.

For i = 1, the coefficients ϕi−1, ϕi andϕi+1becomes infinity in Eq. (8), thus we

need to develop a boundary formula for this case. By using L-Hospital rule, from
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Eq. (6), we get

(9) ϕ
′′

i =
qiϕi + ri
ε− k

i.e., Mi =
qiϕi + ri
ε− k

Again using (4), we get the following boundary formula for i = 1

(10)

[
−σ +

α̃1 h
2
2q0

ε−k

]
ϕ0 +

[
(1 + σ) +

β̃ h2
2q1

ε−k

]
ϕ1 +

[
−σ +

α̃2 h
2
2q2

ε−k

]
ϕ2

=
−h2

2

ε−k

[
α̃1 r0 + β̃ r1 + α̃2 r2

]
Along with the Eq.(10), We solve the tridiagonal scheme (8) for i = 1, 2,. . . ,n-1 to

find the estimates ϕ1,ϕ2, ϕ3, ...., ϕn−1 of the solution ϕ(t) at t1, t2, ..., tn−1.

Remark: For ε = 1 (regular problem), σ= 1 (uniform mesh), p(t) = 0,we have(
−1 + h2

12pi−1

)
ϕi−1 +

(
2 + 10h2

12 pi

)
ϕi +

(
−1 + h2

12pi+1

)
ϕi+1

=h2

12 (qi−1 + 10 qi + qi+1)

which is Numerov method of order four for the regular problem

ϕ
′′
(t) = p(t)ϕ(t) + q(t) ,with ϕ(0) =γ0 , ϕ(1) =γ1

4. Error analysis

With the help of approximations of ϕ given in (7), we get

(11)

ê′i−1 = ϕ′(ti−1)− ϕ′i−1 =
(
σ2+2σ+1
6(1+σ)

)
h2iϕ

(2)(ti) +
(
σ3−3σ−2
24(1+σ)

)
h3iϕ

(3)(ti)

+
(
σ4+4σ+3
120(1+σ)

)
h4iϕ

(4)(ξ
(i)
1 )

(12)

ê′i+1 = ϕ′(ti+1)− ϕ′i+1 =
(
σ3+2σ2+σ
6(1+σ)

)
h2iϕ

2(ti) +
(

2σ4+3σ3−σ
24(1+σ)

)
h3iϕ

3(ti)

+
(

3σ5+4σ4+σ
120(1+σ)

)
h4iϕ

4(ξ
(i)
2 )

(13)

ê′i = ϕ′(ti)− ϕ′i = −σ6h
2
iϕ

(2)(ti) +
(
σ(1−σ)

24

)
h3iϕ

(3)(ti)−
(
σ3−σ2+σ

120

)
h4iϕ

(4)(ξ
(i)
3 )
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where ti−1 < ξ
(i)
1 , ξ

(i)
2 , ξ

(i)
3 < ti.

Substituting εMj = p(tj)ϕ
′
(tj) + q(tj)ϕ(tj) + r(tj) , j=i, i±1 in Eq. (3), we get

ε σϕi−1 − ε(1 + σ)ϕi + εϕi+1 = h2i+1

[
α̃1

(
pi−1ϕ

′

i−1 + qi−1ϕi−1 + ri−1

)]
+h2i+1

[
β̃
(
piϕ

′

i + qiϕi + ri

)]
+h2i+1

[
α̃2

(
pi+1ϕ

′

i+1 + qi+1ϕi+1 + ri+1

)]
(14)

Putting exact solution in Eq. (14), we get

ε σϕ(ti−1)− ε(1 + σ)ϕ(ti) + εϕ(ti+1)(15)

= h2i+1[α̃1

(
pi−1ϕ

′
(ti−1) + qi−1ϕ(ti−1) + ri−1

)
]

+h2i+1[β̃
(
piϕ

′
(ti) + qiϕ(ti) + ri

)
]

+h2i+1[α̃2

(
pi+1ϕ

′
(ti+1) + qi+1ϕ(ti+1) + ri+1

)
](16)

+T̃i(h)(17)

where

T̃i(h) =
ε

360

[
σ
(
σ2 − 1

)
(σ + 2) (2σ + 1)

]
ϕ
(5)
i h5i + 0

(
h6
)

(18)

for the choice of α̃1 = 1+σ−σ2

12σ , α̃2 = σ2+σ−1
12σ2 , β̃ = σ3+4σ2+4σ+1

12σ2

Subtracting Eq. (14) from Eq. (15) and putting êj = ϕ(tj) − ϕjj = ii ± 1, we

get

(19)(
εσ − σ2h2i α̃1qi−1

)
êi−1 +

(
−(1 + σ)ε− σ2h2β̃qi

)
êi +

(
ε− σ2h2i α̃2qi+1

)
êi+1 =

h4i

(
α̃1

(
σ4+2σ3+σ2

6(1+σ)

)
pi−1 − β̃

(
σ3

6

)
pi + α̃2

(
σ5+2σ4+σ3

6(1+σ)

)
pi+1

)
ϕ(2)(ti)

+h5i

(
α̃1

(
σ5−3σ3−2σ2

24(1+σ)

)
pi−1 − β̃

(
σ3−σ4

24

)
pi + α̃2

(
2σ6+3σ5−σ3

24(1+σ)

)
pi+1

)
ϕ(3)(ti)

+O(h6i ) + T̃i(h)

Let pi+1 = pi+hi+1p
′

i+
h2
i+1

2 p
(2)
i (η

(i)
1 ), pi−1 = pi−hip

′

i+
h2
i

2 p
(2)
i (η

(i)
2 ) where ti−1 <

η
(i)
1 η

(i)
2 < ti. Using these expressions and Eq. (19), we have

(20)(
εσ − σ2h2i α̃1qi−1

)
êi−1+

(
− (1 + σ) ε− σ2h2β̃qi

)
êi+
(
ε− σ2h2i α̃2qi+1

)
êi+1 = T̃i (h)
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where

T̃i(h) = h4i

(
α̃1

(
σ4 + 2σ3 + σ2

6(1 + σ)

)
− β̃

(
σ3

6

)
+

α̃2

(
σ5 + 2σ4 + σ3

6(1 + σ)

)
piϕ

(2)(ti) + 0(h5i )

It can be seen easily that T̃i(h) = O(h4) for the choice of

α̃1 =
1 + σ − σ2

12σ
α̃2 =

σ2 + σ − 1

12σ2
β̃ =

σ3 + 4σ2 + 4σ + 1

12σ2

Let J̃ = trid [σε −(1+σ)ε ε],D̃ = trid[σ2α̃1 σ2β̃ σ2α̃2] are n−1×n−1 tridiagonal

matrices and Ê = (q̂1, q̂2, ..., q̂n−1)
t
, Ê = (ê1, ê2, ..., ên−1)

t
are vectors of order n-1.

The matrix vector form of Eq. (10) can be written as

(21)
(
J̃ + h2D̃G̃

)
Ê = T̃i(h)

Following [3], for small enough h, we have∥∥∥∥(J̃ − h2D̃G̃)−1∥∥∥∥ ≤ ∥∥∥J̃−1∥∥∥ ≤ 1

6

(
1

8h2
+

1

2

)
.

Hence, ∥∥∥Ê∥∥∥ ≤ ∥∥∥∥(J̃ − h2D̃G̃)−1∥∥∥∥ ∥∥∥T̃i(h)
∥∥∥

Therefore
∥∥∥Ê∥∥∥ = 0(h2) for the choice of α̃1, α̃2, β̃ mentioned above and it is

concluded that our approach gives a second order convergent method.

5. Numerical examples

In order to test the viability of the proposed method, we consider two problems of

the type Eq.(1). The mesh ratio σ is chosen based on the location of the boundary

layer. We choose the starting value of the step length given by h1 = σ−1
σN−1 for σ > 1

as it gives more mesh points near the left end t = 0 and h1 = 1−σ
1−σn for σ < 1 as it

gives more mesh points near the right end t = 1.

Example 1. −εϕ′′
+ 1

tϕ
′
+ (1 + t2)ϕ = f(x), 0 <t<1.

The exact solution is y(x) = exp(x2). The errors are tabulated in Table 1 for various

values of ε and h.

Example 2. −εϕ′′
+ 1

tϕ
′

= f(x), 0 <x< 1.

The exact solution of this problem is y(x) = x sinhx. The errors are tabulated in

Table 1 for various values of ε and h.

Example 3. εϕ
′′

+ 1
t ϕ

′
+ ϕ = 0, 0 ≤ t ≤ 1 with boundary condition y (0) =
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Table 1. Maximum absolute errors for different values of ε and h

ε ↓ n → 23 24 25 26 27 28

Example-1

2−3 7.00e-003 1.70e003 4.39e00-4 1.04e004 4.66e-005 5.18e005

2−4 1.00e-002 2.22e-003 5.51e-004 1.34e-004 4.04e-005 4.97e-005

2−5 1.29e-002 3.00e-003 6.57e-004 1.60e-004 3.82e-005 4.58e-005

2−7 1.48e-002 4.70e-003 1.10e-003 2.08e-004 4.81e-005 2.69e-005

2−10 1.39e-002 5.10e-003 1.50e-003 4.07e-004 1.16e-004 3.56e-005

Example-2

2−3 3.40e-003 9.05e004 2.28e00-4 5.60e005 2.40e-005 2.61e005

2−4 4.30e-003 9.94e-004 2.50e-004 6.18e-005 2.14e-005 2.51e-005

2−5 5.40e-003 1.20e-003 2.72e-004 6.71e-005 1.65e-005 2.33e-005

2−7 5.30e-003 1.80e-003 4.10e-004 7.68e-005 1.83e-005 1.43e-005

2−10 4.30e-003 1.70e-003 5.60e-004 1.56e-004 4.69e-005 1.54e-005

0, y (1) = e−1/2, whose exact solution is not known. The numerical results are

shown in Table 2 different values of ε = 10−3, 10−4 with h = 0.01.

6. Discussions and conclusion

In this paper, We used non-polynomial spline with variable mesh to establish a

numerical scheme for the solution of boundary value problem with singularity. The

discrete equation of the problem is developed based on the condition of the class

C1 of non-polynomial spline at the inner nodes and it is not valid for singularity.

At singularity t = 0, the problem is modified in order to have a three term relation-

ship. The method’s tridiagonal scheme is analyzed using the well-known discrete

imbedding invariant algorithm. The maximum absolute errors are tabulated for the

existing regular examples selected from the literature to demonstrate the method.

From the results it is found that for a smaller value of ε, the present approach

estimates the exact solution very well.
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Figure 1. Example 1 with n = 64 and ε = 2−10.

TABLE 2: Numerical results of Example-3 for h = 0.01

t Numerical solution for ε = 10−3 Numerical solution for ε = 10−4

0 1.000000000000000 1.000000000000000

0.01 0.999772228361881 0.999946592135979

0.02 0.999444580200142 0.999793200434538

0.03 0.999465553276671 0.999548547716945

0.04 0.998774128867018 0.999192091597038

0.05 0.998726799464504 0.998750572964155

0.10 0.994482617560363 0.995001488280677

0.20 0.979721373054119 0.980185336926093

0.30 0.955680312797009 0.955983757211175

0.40 0.922921941301340 0.923103753381187

0.50 0.882371275944413 0.882486523926594

0.90 0.666971776842780 0.666976221569099

0.95 0.636830569944083 0.636845242296312

0.96 0.630778222548422 0.630778723888910

0.97 0.624720810558951 0.624734130487353

0.98 0.618659586650185 0.618659622904657

0.99 0.612595792839100 0.612608201255755

1.00 0.606530659712633 0.606530659712633
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Figure 2. Example 2 with n = 64 and ε = 2−10.

Figure 3. Example 3 with n = 100 and ε = 10−3.
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