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ABSTRACT. In Vedic mathematics, digital root of a number is known as Bee-
jank. Before the development of computer devices, the idea was used to check
the results of mathematical operations.

In this paper, we highlight the properties of digital root of a number and
some results of digital roots. There are many interesting properties of digital
root of a number. Perfect square number and a perfect cube number have
specific digital roots.

In modern mathematics, digital roots make partition of the set of natu-
ral numbers. Nowadays digital root of a number has many applications in

generation of random sequence of numbers.

AMS Classification: 11A67.
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1. INTRODUCTION

The Beejank or digital root of a natural number n is obtained by computing the
sum of its digits, then computing the sum of the digits of the resulting number, and

so on, till a single digit number is obtained denoted by B(n).
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Digital root, also known as seed number, is a value obtained from a positive
integer by adding the digits of that number repeatedly until a single digit is obtained.
Digital root of a natural root is the digital root of the sum of the digits of the number.

For example:

1) B(83) = B(8 + 3) = B(11) = B(1+1) = B(2) = 2. So, B(83) =2
2) B(5138) = B(5+1+3+8) = B(17) = B(1+7) = B(8) = 8
3) B(183573) = B(14+8+3+5+7+3) = B(27) = B(2+7)=B(9) = 9

In Vedic mathematics, digital root of a natural number is known as Beejank, Bee-
jank means seed number. Mathematical operations such as addition, subtraction,
multiplication and division are verified using Beejank. Before the development of
computer devices, the idea was used to check the results of mathematical operations.

In this paper, we will discuss the properties of Beejank of number.

2. SOME PROPERTIES OF DIGITAL ROOT

2.1. Property. If n € N = {1,2,3,...}, 1 <n <9, then B(n) = n and for any
n € N, then B(n) € {1,2,3,4,5,6,7,8,9}.

This is true because digital root is a single digit number.

2.2. Property. If a natural number is not divisible by 9 then the digital root is
the remainder when it is divided by 9 and if the natural number is a multiple of 9,
then its digital root is 9.
In other way, ”The difference between any number n and B(n) is a multiple of 9”
i.e., n — B(n) = 9k, where k is non-negative number.

Proof: For any number n = ag + 10a; + 100as + 1000as + ..., digital root is
obtained by sum of digits B(n) = B(ag + a1 + a2 +az +...).
Then, n — (ap + a1 +az +az+...) = (10 — 1)a; + (100 — 1)as + (1000 — 1)ag + . . .,
each term is divisible by 9.

Hence it follows that n — B(n) is divisible by 9.

Note: 1. Above result is true for (ag + a1 + a2 + a3z +...) in place of n.
2. If n € N is divided by 9 and r is the (least non-negative) remainder, i.e. by
Division Algorithm, there exist unique non-negative integers ¢, r such that n = 9¢+r

where 0 < r < 9, then



ROLE OF DIGITAL ROOT ... — JDSGT VOL. 19, NUMBER 1 (2021) 53

Bn) = r, if r#0
)9, ifr=0"

Now, for any n € N,k € N U{0}; both n and n + 9% have same remainder, so
B(n) = B(n+ 9k) = B(B(n)).
The above findings can be used to get simple proof of the following property.

2.3. Property. For any two natural numbers m and n, following relations are true
B(m +n) = B(B(m)+ B(n)) and B(m x n) = B(B(m) x B(n)).

From the Property 2.2, if number n is not divisible by 9, then B(n) is equal to
remainder. When number n is divisible by 9 or if number n is multiple of 9, then
remainder is 9, which clearly states that B(m + n) = B(B(m) + B(n)).

Similarly, we can extend this idea for multiplication B(m x n) = B(B(m) x B(n)).

Proof: Let m,n € N any.

Case (i): If 9|m then B(m) = 9.

Then B(m +n) = B(n) = B(B(n)) = B(9+ B(n)) = B(B(m) + B(n)).
And B(mn) =9= B(9- B(n)) = B(B(m) - B(n)).
Similarly, the result follows for 9|n.
Case (ii): Consider 91 m, 9t n.
Then by Division Algorithm, we have non-negative integers p,r, ¢, s such that
m =9p+r,n =9q + s where r, s € {1,2,3,4,5,6,7,8},
i.e. B(m)=r, B(n)=s and
m+n=9p+q)+r+s, mn=99pqg+r+s)+rs, which give
B(m+n) = B(r+s) = B(B(m) + B(n)) and B(mn) = B(rs) = B(B(m) - B(n)).

2.4. Property. Any number multiple of 3 has digital root 3, 6 or 9.

If the number is multiple of 3, then the sum of digits of the number is always
divisible by 3. Continuing the same process for bigger number, single digit number
which is divisible by 3 are 3, 6 or 9. So the digital roots of any number which is
multiple of 3 are 3, 6 or 9.

2.5. Property. The digital root of a triangular number is one of the 1, 3, 6 or 9.

Proof: Triangular numbers are the number of objects arranged in an equilateral
triangle. Triangular numbers or Triangular number sequence is given by 1, 3, 6, 10,
15, 21, 28, ... .

Any triangular number in this series is obtained by the formula n = W,

m € N.
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If we divide m by 6, we have six different forms of m, which are 6k, 6k + 1,6k +
2,6k + 3,6k + 4,6k + 5.

If m = 6k, 6k + 2,6k 4 3,6k + 5, then one of the factor in m(m + 1), which is m
or m+ 1 is always a multiple of 3. In this case, the triangular numbers are multiple
of 3 and hence, triangular number has digital root 3, 6 or 9.

If m = 6k + 1, then n = DO — (Gh 4 1)(3k + 1) = 9(2k2 + k) + 1, which
when divided by 9, the remainder is always 1. Hence, in this case, the digital root
of a triangular number is 1.

If m = 6k + 4, then

= CRHAORE) — (3% + 2)(6k + 5) = 18k2 + 27k + 10 = 9(2k2 + 3k + 1) + L.
Hence, in this case also, digital root of a triangular number is 1.

Thus, the digital roots of a triangular number are one of the 1, 3, 6 or 9.

Note: For the triangular numbers which are multiple of 3 have digital root 3, 6

or 9 and the triangular numbers which are not multiple of 3 have digit root 1.

2.6. Property. If number n is a perfect square, then B(n) is one of the 1, 4, 7 or
9.

2, If we divide m by 9, we

Given number n is a perfect square, so that n = m
obtain 9 forms of m depending on the remainder, which are 9k, 9k + 1,9k £ 2,9k +
3,9k £ 4. Squaring these expressions and obtaining the remainder after division by
9, we find that the remainder is one of the 1, 4, 7 or 9.

Hence the digital root of a perfect square is one of the 1, 4, 7, 9.

Note: The unit place of a perfect square number is always 1, 4, 9, 6, 5 or 0. If
the unit place of any number is 2, 3, 7 and 8, it is never a perfect square.
Similarly, if the digital root of a natural number is one of 2, 3, 5, 6 and 8, then

is also never a perfect square.

2.7. Property. If number n is perfect cube, then B(n) is one of the 1, 8 or 9.
It can be proved by above method of property 6.

2.8. Property. If number n is perfect sixth power, then B(n) is one of the 1 and
9.
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If number n is perfect sixth power, then it is a perfect square as well as a perfect
cube. Hence B(n) belongs to {1,4,7,9} and {1, 8,9}, and hence in the intersection
of these two sets, i.e., B(n) belongs to {1,9}.

2.9. Property. If N is the set of natural numbers and D = {1,2,3,4,5,6,7,8,9},
then the function B(n) : N — D is well defined.

Let a,b € N and a = b, then digits of a and b are same, and the sum of digits of
a is equal to the sum of digits of b. Hence B(a) = B(b). Therefore, B(n) : N — D
is well defined.

3. EQUIVALENT NUMBERS

Two numbers a and b are said to be equivalent numbers if and only if both

numbers have same digital root.
ie,a~b< Bla) = B(b).

3.1. Property. Digital roots partition the set of positive integers.
OR, The relation digital root is an equivalence relation.
Proof: We define this relation as aRb < a ~ b < B(a) = B(b).
R is reflexive: B(a) = B(a) © a ~ a < aRa.
R is symmetric: aRb < a ~ b < B(a) = B(b) & B(b) = B(a) < b~ a < bRa.
R is transitive: aRb and bRc — aRc.

aRb = B(a) = B(b) and bRe = B(b) = B(c). Hence, B(a) = B(c) = aRc.
Therefore, the relation digital root is an equivalence relation and it partition the

set of non-negative integers.

4. INVERSE OF DIGITAL ROOT
Inverse image of a digital root r € {1,2,3,4,5,6,7,8,9} under B is
B Yr)=7r+9; k=0,1,2,....
For any n € N; B~Y(B(n)) = {B(n) + 9k : k=0,1,2,3,...}.
Example: B~1(4) =4 + 9k = {4,13,22,31,...}.

5. PSEUDO-RANDOM GENERATORS

There are several random computational generators, which generate numbers in

a pseudo-random chain. Among them, the congruent generator and the Fibonacci
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sequence, which are two bad generators and are used in composition to the digital

root for the creation of a generator better than the originals.
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