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In [11] , Sh.G.Gamidov discussed the following integal inequality :

(1.1) x(t) ≤ α+

∫ t

a

h(s)x(s)ds+

∫ b

a

m(s)x(s)ds,

for t ∈ [a, b], under some suitable conditions on the functions involved in (1.1).

Pachpatte in [17], established the following inequality :

(1.2) x(t) ≤ α(t) +

∫ t

a

Ψ(t, s)x(s)ds+

∫ b

a

m(s)x(s)ds.

K. Cheng, C. Guo in [8] also has a result in two independent variables as follows

:

(1.3)

x(s, t) ≤ α(s, t)+β(s, t)

∫ s

0

∫ t

0

Ψ(η, τ)x(η, τ)dηdτ+γ(s, t)

∫ A

0

∫ B

0

m(η, τ)x(η, τ)dηdτ,

for (s, t) ∈ [0, A] × [0, B] .

In this paper, we derive some new results on Pachpatte-Gamidov-type inequal-

ities, which can be used in the analysis of differential and integral equations To

show the feasibility of the obtained inequalities, some illustrative examples are also

introduce.We mentionne that the results obtained in this paper are extensions of

the paper [6] .

Now, we give some Lemmas which are used in our work.

Lemma 1. [8] Assume x(s, t), α(s, t), γ(s, t), m(s, t) ∈ C([0, A] × [0, B] , [0,∞))

and

x(s, t) ≤ α(s, t) + γ(s, t)

∫ A

0

∫ B

0

m(η, τ)x(η, τ)dηdτ,

for (s, t) in [0, A]× [0, B] .

If
∫ A
0

∫ B
0
γ(η, τ)g(η, τ)dηdτ < 1, then the following estimate

x(s, t) ≤ α(s, t) +
γ(s, t)

∫ A
0

∫ B
0
α(η, τ)m(η, τ)dηdτ

1−
∫ A
0

∫ B
0
γ(η, τ)m(η, τ)dηdτ

,

hold for (s, t) ∈ [0, A]× [0, B] .
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Lemma 2. [12] Assume that σ ≥ 0, p ≥ q ≥ 0 and p 6= 0, then

(1.4) σ
q
p ≤ q

p
K

q−p
p σ +

p− q
p

K
q
p ,

for any K > 0.

2. Main Results

In what follows, R denotes the set of real numbers R+ = [0,∞) , J1 = [0, A] , and

J2 = [0, B] are given subsets of R. Let Γ = J1×J2, C(W,Σ) denotes the collection

of continuous functions from W to Σ. Now we state the main results of this work.

Lemma 3. Let x(s, t), α(s, t), γ(s, t), m(s, t) ∈ C(Γ,R+) and S : R3
+→R+be a

continuous function which satisfies the condition

(2.1) 0 ≤ S(s, t, x)− S(s, t, y) ≤ R(s, t, y)(x− y),

for x ≥ y ≥ 0, where R(s, t, y) is a nonnegative continuous function defined for

s, t, y ∈ R+.

If x(s, t) satisfies

(2.2) x(s, t) ≤ α(s, t) + γ(s, t)

∫ A

0

∫ B

0

m(η, τ)S(η, τ, x(η, τ))dηdτ,

for (s, t) ∈ Γ, then

(2.3) x(s, t) ≤ α(s, t) +
γ(s, t)

∫ A
0

∫ B
0
m(η, τ)S(η, τ, α(η, τ))dηdτ

1−
∫ A
0

∫ B
0
γ(η, τ)m(η, τ)R(η, τ, α(η, τ))dηdτ

,

holds for (s, t) ∈ Γ, when
∫ A
0

∫ B
0
γ(η, τ)m(η, τ)R(η, τ, α(η, τ))dηdτ < 1.

Proof. It is clear that ,
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ is a constant.

Setting

(2.4) φ =

∫ A

0

∫ B

0

m(η, τ)S(η, τ, x(η, τ))dηdτ,

from (2.2), we obtain

(2.5) x(s, t) ≤ α(s, t) + γ(s, t)φ.
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and

(2.6) 0 ≤ S(s, t, x(s, t)) ≤ S(s, t, α(s, t) + γ(s, t))φ),

using (2.1), we have

(2.7) 0 ≤ S(s, t, x(s, t)) ≤ S(s, t, α(s, t)) +R(s, t, α(s, t))γ(s, t)φ.

As m(s, t) is positive function, then

(2.8)

m(s, t)S(s, t, x(s, t)) ≤ m(s, t) {S(s, t, α(s, t))) +R(s, t, α(s, t))γ(s, t)φ} .

Integrating botth sides of (2.8) on Γ, we get

(2.9)

ϕ =
∫ A
0

∫ b
0
m(η, τ)S(η, τ, x(η, τ))dηdτ

≤ φ
∫ A
0

∫ B
0
γ(η, τ)m(η, τ)R(η, τ, α(η, τ))dηdτ +

∫ A
0

∫ B
0
m(η, τ)S(η, τ, α(η, τ))dηdτ .

It is easy to see that

(2.10) φ ≤
∫ A
0

∫ B
0
m(η, τ)S(η, τ, α(η, τ))dηdτ

1−
∫ A
0

∫ B
0
γ(η, τ)m(η, τ)R(η, τ, α(η, τ))dηdτ

.

Substituting the inequality (2.10) into (2.5), we get the desired inequality

(2.3).This completes the proof. �

Remark 1. Setting S(s, t, x(s, t)) = x(s, t),we see that the obtained inequality is

as seen in in Lemma 1 and if we replace S(s, t, x(s, t)) by n(x(s, t)) where n is

is a differentiable increasing function on ]0,+∞[ with continuous decreasing first

derivative on ]0,+∞[ , one can easily derive Lemma 2.1 in [6] .

Theorem 1. Suppose that α(s, t), β(s, t), γ(s, t), ψ(s, t), m(s, t) ∈ C(Γ,R+) and

α(s, t), β(s, t), γ(s, t) are nondecreasing in s and t. If x(s, t) ∈ C(Γ,R+) satisfies

(2.11)
x(s, t) ≤ α(s, t) + β(s, t)

∫ s
0

∫ t
0
ψ(η, τ)x(η, τ)dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ

then
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(2.12)

x(s, t) ≤M∗(s, t) +N∗(s, t)×
∫ A
0

∫ B
0
m(η, τ)S(η, τ,M∗(η, τ))dηdτ

1−
∫ A
0

∫ B
0
N∗(η, τ)m(η, τ)R(η, τ,M∗(η, τ))dηdτ

,

for (s, t) ∈ Γ, where

(2.13)
M∗(s, t) = α(s, t) exp

{
β(s, t)

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}
,

N∗(s, t) = γ(s, t) exp
{
β(s, t)

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}
,

and S (also R) is introduced as in Lemma 3,with

(2.14)

∫ A

0

∫ B

0

N∗(η, τ)m(η, τ)R(η, τ,M∗(η, τ))dηdτ < 1.

Proof. Fixing any arbitrary (S, T ) ∈ Γ , then for (s, t) ∈ Γ1 = [0, S]× [0, T ],

from (2.11) and taking into account the fact that α(s, t), β(s, t), and γ(x, y) are

nondecreasing functions in s and t, we have

(2.15)
x(s, t) ≤ α(S, T ) + β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)x(η, τ)dηdτ

+γ(S, T )
∫ A
0

∫ B
0
m(s, t)S(η, τ, x(η, τ))dηdτ.

Define a function z(s, t), (s, t) ∈ Γ1 by the right side of (2.15). It is easy to

see that z(s, t) is postive and nondecreasing in s and t , then

(2.16) x(s, t) ≤ z(s, t),

further, one gets

(2.17) z(0, t) = α(S, T ) + γ(S, T )

∫ A

0

∫ B

0

m(η, τ)S(η, τ, x(η, τ))dηdτ,

(2.18)

∂
∂sz(s, t) = β(S, T )

∫ t
0

Ψ(s, τ)x(s, τ)dτ

≤ β(S, T )
∫ t
0

Ψ(s, τ)z(s, τ)dτ

≤ β(S, T )
∫ t
0

Ψ(s, τ)dτ)z(s, t).

Since z(s, t) is nondecreasing in t, from (2.18), we have
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(2.19)
(∂/∂s) z(s, t)

z(s, t)
≤ B(S, T )

∫ t

0

Ψ(s, τ)dτ,

keeping t fixed in (2.19), letting s = τ , and integrating it from 0 to s, we obtain

(2.20) z(s, t) ≤ z(0, t) exp

{
B(S, T )

∫ s

0

∫ t

0

Ψ(η, τ)dηdτ

}
.

Combining (2.16) and (2.17), we have

(2.21)

x(s, t) ≤
[
α(S, T ) + γ(S, T )

∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ

]
× exp

{
β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)dsdt
}

= α(S, T ) exp
{
β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}

+γ(S, T ) exp
{
β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}

×
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ

= M1(s, t, S, T ) +N1(s, t, S, T )
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ,

where

(2.22)
M1(s, t, S, T ) = α(S, T ) exp

{
β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}
,

N1(x, y,X, Y ) = γ(S, T ) exp
{
β(S, T )

∫ s
0

∫ t
0

Ψ(η, τ)dηdτ
}
.

Using Lemma 3 from (2.21), one gets

(2.23)

x(s, t) ≤M1(s, t, S, T ) +N1(s, t, S, T )

×
∫ A
0

∫ B
0
m(η,τ)S(η,τ,M1(η,τ,S,T ))dηdτ

1−
∫ A
0

∫ B
0
M1(η,τ,S,T )m(η,τ)R(η,τ,M1(η,τ,S,T ))dηdτ

,

since the inequality (2.23) holds for all (s, t) ∈ Γ1 , taking s = S and t = T , we

have

(2.24)

x(S, T ) ≤M1(S, T, S, T ) +N1(S, T, S, T )

×
∫ A
0

∫ B
0
m(η,τ)Sη,τ,M1(η,τ,S,T ))dηdτ

1−
∫ A
0

∫ B
0
m(η,τ)N1(η,τ,S,T )R(η,τ,M1(η,τ,S,T ))dηdτ

= M∗(S, T ) +N∗(S, T )×
∫ A
0

∫ B
0
m(η,τ)S(η,τ,M∗(η,τ))dηdτ

1−
∫ A
0

∫ B
0
N∗(η,τ)m(η,τ)R(η,τ,M∗(η,τ))dηdτ

,

for (S, T ) ∈ Γ, where M∗(S, T ), N∗(S, T ) are defined as in (2.13).
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Taking into account the fact that t S and T are arbitrary, we replace S and T by

s and t , respectively, one gets the desired inequality.This completes the proof. �

Remark 2. If we take S(s, t, x(s, t)) = x(s, t), Theorem 1 will be reduced to The-

orem 2 in [8] and if we replace S(s, t, x(s, t)) by n(x(s, t)) where n is defined as in

Remark 1, one can easily derive Theorem 2.1 in [6] .

Theorem 2. Assume α(s, t), β(s, t), γ(s, t), Ψ(s, t) and m(s, t) are defined as in

Theorem 1. If x(s, t) ∈ C(Γ,R+) satisfies

(2.25)
xp(s, t) ≤ α(s, t) + β(s, t)

∫ s
0

∫ t
0

Ψ(η, τ)xq(η, τ)dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ,

where p ≥ q ≥ 0, p ≥ 1 and p, q are constants, then

(2.26)

x(s, t) ≤M∗(s, t) +N∗(s, t)×
∫ A
0

∫ B
0
m∗(η, τ)S(η, τ,M∗(η, τ))dηdτ

1−
∫ A
0

∫ B
0
N∗(η, τ)m∗(η, τ)R(η, τ,M∗(η, τ))dηdτ

,

holds for (s, t) ∈ Γ, where

(2.27)
M∗(s, t) = M1(s, t) exp

{
B1(s, t)

∫ s
0

∫ t
0

Ψ∗(η, τ)dηdτ
}
,

N∗(x, y) = N1(s, t) exp
{
B1(s, t)

∫ s
0

∫ t
0

Ψ∗(η, τ)dηdτ
}
.

and

(2.28)

M1(s, t) = 1
pK

1−p
p β(s, t)

∫ s
0

∫ t
0

Ψ(η, τ)
[
q
pK

(q−p)/pα(η, τ) + p−q
p Kq/p

]
dηdτ

+ 1
pK

1−p
p α(s, t) + p−1

p K
1
p ,

B1(s, t) = q
pK

(q−p)/pβ(s, t), N1(s, t) = 1
pK

1−p
p γ(s, t),

Ψ∗(s, t) = Ψ(s, t), m∗(s, t) = m(s, t),

and S (also R) is introduced as in Lemma 3,with
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∫ A

0

∫ B

0

N∗(η, τ)m∗(η, τ)R(η, τ,M∗(η, τ))dηdτ < 1.

Proof. Define a function θ(s, t) as follows :

(2.29)
θ(s, t) = β(s, t)

∫ s
0

∫ t
0

Ψ(η, τ)xq(η, τ)dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ)S(η, τ, x(η, τ))dηdτ,

,

for (s, t) ∈ Γ, then, from (2.29) ,we obtain

(2.30) xp(s, t) ≤ α(s, t) + θ(s, t).

Applying Lemma 2, we have

(2.31)

x(s, t) ≤ (α(s, t) + θ(s, t))1/p ≤ 1
pK

1−p
p (α(s, t) + θ(s, t)) + p−1

p K
1
p

= λ(s, t).

xq(s, t) ≤ (α(s, t) + θ(s, t))
q/p ≤ q

pK
(q−p)/p (α(s, t) + θ(s, t))

+p−q
p Kq/p,

1
pK

1−p
p θ(s, t) ≤ λ(s, t).

Using (2.31), we easily obtain

(2.32)

θ(s, t) ≤ β(s, t)
∫ s
0

∫ t
0

Ψ(η, τ)×
[
q
pK

(q−p)/p (α(η, τ) + θ(η, τ)) + p−q
p Kq/p

]
dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ)S(η, τ, λ(η, τ))dηdτ,

from the last inequality of (2.31), we deduce that

(2.33)

θ(s, t) ≤ β(s, t)
∫ s
0

∫ t
0

Ψ(η, τ)
[
q
pK

(q−p)/pα(η, τ) + p−q
p K

q/p
]
dηdτ

+qK(q−1)/pβ(s, t)
∫ s
0

∫ t
0

Ψ(η, τ)λ(η, τ)dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ) S(η, τ, λ(η, τ))dηdτ,
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By a simple computation, we obtain

(2.34)

λ(s, t) ≤M1(s, t) +B1(s, t)
∫ s
0

∫ t
0

Ψ∗(η, τ)λ(η, τ)dηdτ

+N1(s, t)
∫ A
0

∫ B
0
m∗(η, τ)S(η, τ, λ(η, τ))dηdτ,

where A1(s, t), B1(s, t), N1(s, t),Ψ∗(s, t) and m∗(s, t) are defined as in (2.28).

Remarking that A1(s, t), B1(s, t) and N1(s, t) are nonnegative, continuous, and

nondecreasing functions for (s, t) ∈ Γ.A suitable application of Theorem 1 to (2.34)

gives

(2.35)
x(s, t) ≤ λ(s, t) ≤M∗(s, t) +N∗(s, t)

×
∫ A
0

∫ B
0
m∗(η,τ)S(η,τ,M∗(η,τ))dηdτ

1−
∫ A
0

∫ B
0
N∗(η,τ)m∗(η,τ)R(η,τ,M∗(η,τ))dηdτ

,

where M∗(s, t) and N∗(s, t) are defined as in (2.27). �

Remark 3. If we take S(s, t, x(s, t)) = x(s, t),p = 2, q = 1, Theorem 2 will be re-

duced to corollary 8 in [8] and if we replace S(s, t, x(s, t)) by n(x(s, , t)) where n is is

defined as in Remark1, one can easily derive Theorem 2.2 in [6] .

3. Illustrative Examples

In this section, we apply some inequalities obtained in the previous sections to

investigate certain properties of the solution of integral equation in two independent

variables.

Example 1. Consider the following intergral equation:

(3.1)

x(s, t) = α(s, t) + β(s, t)

∫ s

0

∫ t

0

Φ(η, τ, x)dηdτ + γ(s, t)

∫ A

0

∫ B

0

H(η, τ, x)dηdτ,

for (s, t) ∈ Γ, where x(s, t) ∈ C(Γ,R), α(s, t), β(s, t), γ(s, t) ∈ C(Γ,R+) such that

α(x, y), β(s, t), γ(s, t) are nondecreasing functions in s and t and Φ(s, t, x), H(s, t, x) ∈
C(Γ× R,R).

Theorem 3. Assume that the functions Φ and H in (3.1) satisfy the conditions
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(3.2) |Φ(s, t, x)| ≤ Ψ(s, t) |x| , |H(s, t, x)| ≤ m(s, t)S(s, t, x),

where S,R : R2
+ × R → R+ are nonnegative continuous function satisfy the

following properties

(3.3)
S(s, t, v) ≤ S(s, t, u), (s, t) ∈ R2

+, v ≤ u, u, v ∈ R
S(s, t, u)− S(s, t, v) ≤ R(s, t, v)(u− v), (s, t) ∈ R2

+, 0 ≤ v ≤ u.

where Ψ(s, t) and m(s, t) are defined as in Theorem 1.

If x(s, t) is the unique solution of (3.1) ,then

(3.4)

|x(s, t)| ≤M∗(s, t) +N∗(s, t)×
∫ A
0

∫ B
0
m(η, τ)S(η, τ,M∗(η, τ))dηdτ

1−
∫ A
0

∫ B
0
N∗(η, τ)m(η, τ)R(η, τ,M∗(η, τ))dηdτ

,

for (s, t) ∈ Γ where M∗(s, t), N∗(s, t) are defined as in (2.13), with

(3.5)

∫ A

0

∫ B

0

N∗(η, τ)m(η, τ)R(η, τ,M∗(η, τ))dηdτ < 1.

Proof. Assume that x(s, t) is the unique solution of (3.1) , from (3.2) and (3.3) we

have

(3.6)

|x(s, t)| ≤ α(s, t) + β(s, t)
∫ s
0

∫ t
0

Ψ(η, τ) |x(η, τ)| dηdτ

+γ(s, t)
∫ A
0

∫ B
0
m(η, τ)S(η, τ, |x(η, τ)|)dηdτ.

Now by applying Theorem 1 to (3.6), the required estimation (3.4) is obtained.

�

Proposition 1. Assume that the functions F and H in (3.1) satisfy the conditions

(3.7)

|Φ(s, t, x)− Φ(s, t, x)| ≤ Ψ(s, t) |x− x| , |H(s, t, x)−H(s, t, x)| ≤ m(s, t)S(s, t, x−x),

where Ψ(s, t), m(s, t) are defined as in Theorem 1 with S(s, t, 0) = 0. If
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∫ A

0

∫ B

0

N∗(η, τ)m(η, τ)R(η, τ,M∗(η, τ))dsdt < 1,

where M∗(s, t)and N∗(s, t) are defined as in Theorem 1, and x(s, t) is a solution

of (3.1), then (3.1) has at most one solution.

Proof. Let x(s, t) and x(s, t) be two solutions of (3.1), then

(3.8)

x(s, t) = α(s, t) + β(s, t)
∫ s
0

∫ t
0

Φ(η, τ, x)dηdτ + γ(s, t)
∫ A
0

∫ B
0
H(η, τ, x)dηdτ,

x(s, t) = α(η, τ) + β(s, t)
∫ s
0

∫ t
0

Φ(η, τ, x)dηdτ + γ(s, t)
∫ A
0

∫ B
0
H(η, τ, x)dηdτ,

From (3.8) , we have

(3.9)

|x(s, t)− x(s, t)| ≤ β(s, t)
∫ s
0

∫ t
0
|Φ(η, τ, x)− Φ(η, τ, x)| dηdτ

+γ(s, t)
∫ A
0

∫ B
0
|H(η, τ, x)−H(η, τ, x)| dηdτ

≤ β(s, t)
∫ s
0

∫ t
0

Ψ(η, τ) |x− x| dηdτ
+γ(s, t)

∫ A
0

∫ B
0
m(η, τ)S(η, τ, |x− x|)dηdτ.

According to Theorem 1, we obtain that |x(s, t)− x(s, t)| ≤ 0, which implies

x(s, t) = x(s, t) for (s, t) ∈ Γ.

�
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