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ABSTRACT. The main objective in this paper is to investigate some Pachpatte-
Gamidov-type inequalities in two independent variables.The obtained inequal-
ities can be used as handy tools to study the properties of certain differential

and integral equations.
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1. INTRODUCTION

Integral inequalities play a dominant role in the study of qualitative and quantita-
tive properties of differential and integral equations, see [1,10,11,13 — 16,19 — 22]
and the references given therein. During the past few years an enormous amount
of effort has been devoted to the discovery of new types of inequalities and their
applications in various branches of ordinary and partial differential and integral

equations see [2 — 9, 18].
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In [11], Sh.G.Gamidov discussed the following integal inequality :

t b
(1.1) x(t) Sa—i—/ h(s)x(s)ds—i—/ m(s)z(s)ds,

for t € [a,b], under some suitable conditions on the functions involved in (1.1).

Pachpatte in [17], established the following inequality :

t b
(1.2) z(t) < a(t) —|—/ \I/(t,s)aj(s)ds—l—/ m(s)z(s)ds.

K. Cheng, C. Guo in [8] also has a result in two independent variables as follows

(1.3)
s t A B
w@ﬂﬁa@ﬁ+M&ﬂADAW@JWWJMMHﬁ@ﬂA A m(n, 7z (n,)dndr,

for (s,t) € [0, 4] x [0, B].

In this paper, we derive some new results on Pachpatte-Gamidov-type inequal-
ities, which can be used in the analysis of differential and integral equations To
show the feasibility of the obtained inequalities, some illustrative examples are also
introduce.We mentionne that the results obtained in this paper are extensions of
the paper [6].

Now, we give some Lemmas which are used in our work.

Lemma 1. [8] Assume z(s,t), a(s,t), v(s,t), m(s,t) € C([0,A] x [0,B],[0,00))

and

A B
s(s,t) < als,)+5(s.0) [ [ mln. vyalo. vy
o Jo
for (s,t) in [0, A] x [0, B].
If fOA fOB (1, 7)g(n, 7)dndr < 1, then the following estimate

(s, 1) fOA foB a(n, 7)m(n, T)dndr
L= [ fy (0, m)m(n, 7)dndr

x(s,t) < afs,t) +

hold for (s,t) € [0, 4] x [0, B].
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Lemma 2. [12] Assume that 0 >0, p > q >0 and p # 0, then

(1.4) a%gg[(%a—l—u[(%,
p

bS]

for any K > 0.

2. MAIN RESULTS

In what follows, R denotes the set of real numbers Ry = [0,00),J; = [0, 4], and
Jo = [0, B] are given subsets of R. Let I' = J; x Jy, C(W, X) denotes the collection

of continuous functions from W to X. Now we state the main results of this work.

Lemma 3. Let z(s,t), a(s,t), y(s,t), m(s,t) € C(T',Ry) and S : R3_Rybe a

continuous function which satisfies the condition

(2.1) 0<S(s,t,x) —S(s,t,y) < R(s,t,y)(x —y),

for x > y > 0, where R(s,t,y) is a nonnegative continuous function defined for
S, t, Yy S R+.
If x(s,t) satisfies

A B
(2.2) z(s,t) < als,t) + ’y(s,t)/o /0 m(n,7)S(n, 1, z(n,7))dndr,

for (s,t) € ', then

s, t) [ f min,7)S(n, 7, aln,7))dndr
1— [ [2 5, 7ym(n, 7 R(n, 7, a(n, 7))dndr’

holds for (s,t) € T', when fOA fOBv(n,T)m(n,T)R(n,T,a(n,T))dndT <1

(2.3) x(s,t) < as,t) +

Proof. 1t is clear that JOA fOB m(n,7)S(n, 7, z(n, 7))dndr is a constant.
Setting

A B
(2.4) 6= / / m(n, 7)S(n, 7, x(n, 7)) dndr,

from (2.2), we obtain

(2.5) x(s,t) < a(s,t) + (s, t)o.
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and
(2.6) 0<5(s,t,2(s,t)) < S(s,t,a(s, ) +7(s,1))9),
using (2.1), we have
(2.7) 0 < S(s,t,z(s,1)) < S(s,t,a(s, 1) + R(s, t,a(s, t))y(s, t) .
As m(s,t) is positive function, then
(2.8)
m(s,t)S(s,t,x(s,1)) < m(s, 1) {S(s,t,a(s, 1)) + R(s, t,as, 1))y(s, 1)} -

Integrating botth sides of (2.8) on I', we get

(2.9)
@ = fo Jym S(n,7,xz(n,7))dndr
<o 2 [Py, (n,T)R(n,T,a(m m)dndr + [ [ m(n,7)S(n, 7, a(n, 7))dndr .

It is easy to see that

dnd
(2.10) b < S mn )8, 7, aln, 7))dndr .
1- fo fo 'Y n,T m, )R(naTa Q(W,T))dndT
Substituting the inequality (2.10) into (2.5), we get the desired inequality
(2.3).This completes the proof. O

Remark 1. Setting S(s,t,x(s,t)) = x(s,t),we see that the obtained inequality is
as seen in in Lemma 1 and if we replace S(s,t,x(s,t)) by n(x(s,t)) where n is
is a differentiable increasing function on |0, +oo[ with continuous decreasing first

derivative on ]0,4o00[, one can easily derive Lemma 2.1 in [6].

Theorem 1. Suppose that a(s,t), B(s,t), ¥(s,t),¥(s,t), m(s,t) € C(T',Ry) and
a(s,t), B(s,t), y(s,t) are nondecreasing in s and t. If x(s,t) € C(T',R}.) satisfies
(2.11) z(s,t) < ( t) + B(s,t) fo fo ,7)dndr

f() fO 7777— x(nu ))dndT

then
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(2.12)
2(s,t) < M*(s,t) + N*(s,1) x i fO S, 7, M*(n, 7)) dndr ,
— o O N (77, T)R(n, 7, M*(n, 7))dndr
for (s,t) €T, where
(2.13) M*(s,t) = a(s,t)expqpB(s,t) [, fo T)dndr ¢ ,
N*(s,t) =~(s,t)expq (s, fo fo T)dndr ¢,

and S (also R) is introduced as in Lemma 3,with

A B
(2.14) /O/ON*(n,T)m(n,T)R(n,T,M*(n,T))dndT<1.

Proof. Fixing any arbitrary (S,7) € I' | then for (s,t) € I'y = [0,5] x [0,T],
from (2.11) and taking into account the fact that «(s,t), B(s,t), and v(z,y) are

nondecreasing functions in s and ¢, we have

z(s,t) < a(S,T)+B(S,T) [; fot U(n, 7)x(n, 7)dndr

2.15
(2.15) +7(S,T) fOA fOB m(s,t)S(n, 7, z(n,7))dndr.

Define a function z(s,t), (s,t) € I'y by the right side of (2.15). It is easy to

see that z(s,t) is postive and nondecreasing in s and ¢ , then

(2.16) x(s,t) < z(s,t),

further, one gets

A rB

(2.17) 2(0,1) = a(S,T) +~(5,T) ] m(n,7)S(n, 7, x(n, 7))dndr,

L2(s,t) =pB(S,T) fot (s, 7)z(s,7)dT
(2.18) < B(S.T) [y W(s,7)z(s, T)dr

< B(S,T) [5 U(s,7)dT)2(s,1).

Since z(s,t) is nondecreasing in ¢, from (2.18), we have
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(0/0s) z(s,t) ¢
(2.19) D < pis, T)/O (s, 7)dr,

keeping ¢ fixed in (2.19), letting s = 7, and integrating it from 0 to s, we obtain

(2.20) z(s,t) < 2(0,t) exp {B(S’,T)/O /0 \I/(n,r)dndr}.
Combining (2.16) and (2.17), we have
(2.21)
2(s,t) < [a(s T) + (S, T) fOA 1 m( 77)S(n,7,x(n,7))dnd7]
xexp{ B(S,T) fo fo dsdt}
= oS, T)exp {B (S,T) fo fo dndr}
+~(5,T) exp{ B(S,T) [y fo d’l]dT}
Xfo fo S(n, 7, z(n, ))dndT
= M (s,t, S, T) + Ni(s,t,8,T fOA fOB m(n, 7)S(n, T, x(n, 7))dndr,
where

(2.22) Mi(s,t,8,T) :a(S,T)expgﬁ T) [y fo T)dndr ¢,

N1($7an7Y) :’Y(S,T)GXP B fO fO d’f]dT
Using Lemma 3 from (2.21), one gets

x(s,t) < My(s,t,5,T)+ Ni(s,t,5,7T)

(2.23)
I JE m(n,7)S (0,7, M1 (n,7,5,T))dndr
1—[& [ My (n,7,5,T)m(n,7)R(n,7, M1 (n,7,5,T))dndr’

since the inequality (2.23) holds for all (s,t) € I'; , taking s =5 and t =T, we

X

have

(2.24)
2(S,T) < M(S,T,S,T)+ Ny (S,T,S,T)

I3 JE m,) S, My (n,7,8,T))dndr
1 fo fo 7]T)N1(7]TST)R(7]TM1(T]TST))dndT

s " S [B m(n,m)S(n,m,M* (n,7))dndr
= M¥(S,T) + N*(8,T) % 1—f0‘*}OBJ%%nx)m(n,f)R(nx,M*<w>>dnd7’

for (S,T) € T, where M*(S,T), N*(S,T) are defined as in (2.13).
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Taking into account the fact that t S and T are arbitrary, we replace S and T by
s and t , respectively, one gets the desired inequality. This completes the proof. [

Remark 2. If we take S(s,t,x(s,t)) = x(s,t), Theorem 1 will be reduced to The-
orem 2 in [8] and if we replace S(s,t,x(s,t)) by n(x(s,t)) where n is defined as in

Remark 1, one can easily derive Theorem 2.1 in [6].

Theorem 2. Assume a(s,t), f(s,t), v(s,t), ¥(s,t) and m(s,t) are defined as in
Theorem 1. If z(s,t) € C(I',Ry) satisfies

xP(s,t) < ( fo fo , T)dndT

(2.25)
fo fo S(n,, 93(17, ))dndﬂ

where p > ¢ > 0, p > 1 and p, q are constants, then

(2.26)
fo fo 77»7— M*(??, ))dndT
L= J 7 N (g, > (n, T)R(n, 7, M*(n,7))dndr’

x(s,t) < M*(s,t) + N*(s,t) x

holds for (s,t) € T', where

(2.27) M*(s,t) = M;(s,t)exp { t [ fo U*(n, 7 dndT}
| N*(z,) = Ni(s,1)exp { Bas g2 v r)ddr }
and
(2.28)
M (s, t) = 1K 7 B(s, t) ) Jy fo [QK(‘I PPa(n, ) + bd K’I/p] dndr
+%K“T”a(s,t) + LK,
Bi(s,t) = LK@ P/PB(s.1),  Ni(s,t) = LK 7 (s,1),

U*(s,t) = U(s,t), m*(s,t) =m(s,t),

and S (also R) is introduced as in Lemma 3,with
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A B
|| Nt rim o m) R, 7,00 7)) < 1.
o Jo
Proof. Define a function 6(s,t) as follows :

0(s,t) = B(s,t) [y fo ©(n,7)x?(n,7)dndr

2.29
(229 (s, ) [i o mn, )8 (0, 7, 2(n, 7)) dndr,

for (s,t) € T, then, from (2.29) ,we obtain

(2.30) aP(s,t) < afs,t) + 0(s,t).

Applying Lemma 2, we have

(2.31)
x(s,t) < (afs,t) + 0(s, )P < %K%(a(s,t) +0(s,t)) + ”%K%
= A(s, ).
x1(s,t) < (afs, t) + 0(s, )P < %K(q_p)/p (afs,t) +0(s,t))
_~_% Ka/p,

LK 50(s,1) < A(s,t).

Using (2.31), we easily obtain

(2.32)
0s,t) < Bs,0) 5 fo Win,7) x [SK@P/P (aln,7) + 0(n,7)) + 252 K9/P| dndr
(s, ) [1 7 m(n,m)S (0,7, A, ) dndr,

from the last inequality of (2.31), we deduce that
s _ — q/p
0(s,t) < B(s,t) [, fot U(n,T) [%K(‘l P)/Po(n, ) + ELK } dndr
(2.33) +qK@D/PB(s,t) [ [0 (n, )N, T)dndT
A B
+y(s,t) fo Jo m(n,7) S(n, 7, A, 7))dndr,
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By a simple computation, we obtain

A(s,t) < My(s,t) + Bi(s,t) [ fo w*(n, 7)\(n, 7)dndr
(2.34)

N (s, ) [ L2 (n,7)S (7, A, 7)) dnd,

where Ay (s, 1), B1(s,t), Ni(s,t), ¥*(s,t) and m*(s,t) are defined as in (2.28).
Remarking that A;(s,t), Bi(s,t) and Ny(s,t) are nonnegative, continuous, and
nondecreasing functions for (s,t) € I".A suitable application of Theorem 1 to (2.34)

gives

z(s,t) < A(s,t) < M*(s,t) + N*(s,t)
(2.35) I P ) S M (7))
1— [ [B N*(n,7)ym* (n,7)R(n,7,M*(n,))dndr’

where M*(s,t) and N*(s,t) are defined as in (2.27). O

Remark 3. If we take S(s,t,2(s,t)) = x(s,t),p = 2,q = 1, Theorem 2 will be re-
duced to corollary 8 in [8] and if we replace S(s,t,x(s,t)) by n(x(s,,t)) wheren is is

defined as in Remarkl, one can easily derive Theorem 2.2 in [6] .

3. ILLUSTRATIVE EXAMPLES

In this section, we apply some inequalities obtained in the previous sections to
investigate certain properties of the solution of integral equation in two independent

variables.

Example 1. Consider the following intergral equation:

(3.1)
s t A B
x(s,t) = (s, t) + B(s, t) /0 /o O(n, 1, z)dndr + (s, t)/o /o H(n,,z)dndr,

for (s,t) € T', where z(s,t) € C(T,R), a(s, t), 8(s,t),v(s,t) € C(T',Ry) such that
a(x,y), B(s,t), v(s,t) are nondecreasing functions in s and ¢t and ®(s, ¢, x), H(s,t,x) €
C(T x R,R).

Theorem 3. Assume that the functions ® and H in (3.1) satisfy the conditions



22 KHALED BOUKERRIOUA AND AMIRA AYARI

(3.2) |D(s,t,x)| < U(s,t)|z|, |H(s,t,z)| <m(s,t)S(s,t,x),

where S| R : Ri x R — R, are nonnegative continuous function satisfy the

following properties

S(s,t,v) < S(s,t,u),(s,t) € R2,v <u,u,v€R
S(s,t,u) — S(s,t,v) < R(s,t,v)(u—v),(s,t) €RZ,0 < v <.

where U(s,t) and m(s,t) are defined as in Theorem 1.

If x(s, ) is the unique solution of (3.1) ,then

(3.4)

7, M*(n, 7))dnd
(s, )] < M*(s,t) + N*(5,1) x fO fO St.m, M(n, T)dndr
— S TN (77, T)R(n, 7, M*(n, 7))dndr
for (s,t) € ' where M*(s,t), N*(s,t) are defined as in (2.13), with

A B
(3.5) /0/ON*(n,T)m(n,T)R(n,T,M*(n,T))dndT<1.

Proof. Assume that z(s,t) is the unique solution of (3.1), from (3.2) and (3.3) we

have

2(s,0)] < als,t) + B(s, ) [y Jy ©(n,7) |a(n, 7)| dndr
(3.6)

v(s,t) fo fo 7, |z(n, 7)|)dndr.

Now by applying Theorem 1 to (3.6), the required estimation (3.4) is obtained.
O

Proposition 1. Assume that the functions F' and H in (3.1) satisfy the conditions

(3.7
|D(s,t,x) — D(s,t,7)| < V(s,t)|z—7T|, |H(s,t,z) — H(s,t,7)| < m(s,t)S(s,t,2—7),

where U(s, t), m(s,t) are defined as in Theorem 1 with S(s,¢,0) = 0. If
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A B
/ / N*(n, 7)m(n, 7)R(n, 7, M*(n,7))dsdt < 1,
o Jo
where M*(s,t)and N*(s,t) are defined as in Theorem 1, and (s, t) is a solution

of (3.1), then (3.1) has at most one solution.

Proof. Let x(s,t) and Z(s,t) be two solutions of (3.1), then

z(s,t) = a(s,t) + B(s,t) [, fo (n, 7, 2)dndr + (s, t) fo fo (n, 7, x)dndr,
Z(s,t) = a(n,7) + B(s,t) fo fo (n, 7, Z)dndr + v(s,t) fo fo (n, 7,7)dndT,

From (3.8), we have

jw(s,t) = (s, )| < B(s,1) [y Jo |@(n,7,2) — ®(n, 7,7)| dndr
(s, t) [ )0 IH n,7,x) — H(n,7,7)| dndr
<ﬂstf0f0 7) |z — Z| dndr
+7(s,t) fo fo m 7’],7') (n, 7, |x —Z|)dndr.

According to Theorem 1, we obtain that |z(s,t) — Z(s,t)| < 0, which implies
x(s,t) = T(s,t) for (s,t) € T.

(3.9)

O
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