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each string model. Inhomogeneous Bianchi type-VIo String Cosmological Model for

Stiff Perfect Fluid Distribution in General Relativity have been studied by [27].

Nojiri and Odinstov [20] studied inhomogeneous equation of state of the universe:

Phantom era, future singularity and crossing the phantom barrier. Cosmological

scenarios with a time-varying Λ were proposed by several researchers. A number

of models with different decay laws for the variation of cosmological term were

investigated during last two decades [8, 23, 7, 15, 16].

The present universe is subject to an acceleration, which can be explained in

terms of an ideal fluid (dark energy) weakly interacting with usual matter and

which has an uncommon EOS. The origin of this dark energy is really dark: the

proposed explanations vary from the modifications of gravity to the introduction

of new fields with really strange properties. In the study of celebrated dark energy

problem (for a review, see [9]) the ideal fluid with specific (sometimes, strange)

EOS remains to be the simplest possibility for the description of the current cos-

mic acceleration. Various examples of ideal fluid EOS may be considered for this

purpose: constant EOS with negative pressure, imperfect EOS [6], general EOS

[19, 31], inhomogeneous EOS [20, 21, 5, 3, 25] and so on for extensive review, see

[9]. Moreover, general relativity with ideal fluid of any type may be rewritten in

the equivalent form [5] as modified gravity [17]. Of course, the introduction of ideal

fluid with complicated EOS is somehow phenomenological approach because no ex-

planation of the origin of such dark fluid follows.

Brevik et al. [4] studied a model where there is an ideal fluid with an inhomoge-

neous equation of state of the form p = ω(t)ρ+ Λ(t), in which the parameters ω(t)

and Λ(t) depend linearly on time. One of these proposals deals with dark fluids,

which possess an inhomogeneous EOS that may depend on time [20, 22, 5].

In 2008, Jamila and Rashid [10] have investigated the model of dark energy in-

teracting with dark matter by choosing inhomogeneous equation of state for dark

energy and a nonlinear interaction term for the underlying interaction. The equa-

tions of state have dependencies either on the energy densities, the redshift, the

Hubble parameter or the bulk viscosity. By considering these possibilities the au-

thors have derived the effective equations of state for the dark energy and studied

each case in detail. Recently, Tripathi [34] have investigated Inhomogeneous Bianchi

Type I Cosmological Model for Stiff Perfect Fluid Distribution. Also, FRW viscous
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fluid cosmological model with time-dependent inhomogeneous equation of state have

been studied by [11].

With this motivation in this paper, we have studied the modified Takabayasi

string of the form ρ = (1 + ω)λ+ Λ with limiting case of ω in the presence of bulk

viscous fluid ξ in the framework of Bianchi III spacetime. The outline of the work

is as follows: The brief idea of the introduction is presented in section 1. In section

2, we describe metric and field equations. Section 3 summarizes the results of the

paper, i.e Case i) ω →∞ and Case ii) ω → 0. Our findings are described in section

(4). The paper ends with some concluding remarks in the last section.

2. Metric and Field equations

We consider the Bianchi type-III spacetime of the form

(1) ds2 = −dt2 +A2dx2 +B2e2αxdy2 + C2dz2.

Here, we assume the energy momentum tensor with bulk stress in the form,

(2) Tij = ρuiuj − λxixj − ξθ (uiuj + gij) ,

where, ρ is the energy density, ξ is the coefficient of bulk viscosity and λ is the string

tension. ui is the four velocity vector of the fluid satisfying the relation uiu
i = −1

and the string is assumed in the z-direction i. e. −x3x
3 = −1.

Here we consider modified EoS for Takabayasi string of the following form,

(3) ρ = (1 + ω)λ+ Λ(t).

where we take the cosmological term Λ in quadratic form i. e.

(4) Λ = Λ0 + Λ1H + Λ2H
2.

The Einsteins field equations are given by

(5) Rij −
1

2
Rgij = −Tij ,

For the metric (1) and energy momentum tensor (2) in comoving system of co-

ordinates the field equation (5) yields,

(6)
ȦḂ

AB
+
ḂĊ

BC
+
ȦĊ

AC
− α2

A2
= ρ,

(7)
B̈

B
+
C̈

C
+
ḂĊ

BC
= ξθ,
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(8)
Ä

A
+
C̈

C
+
ȦĊ

AC
= ξθ,

(9)
Ä

A
+
B̈

B
+
ȦḂ

AB
− α2

A2
= λ+ ξθ,

(10)
Ȧ

A
− Ḃ

B
= 0.

Integrating Eq. (10), we get

(11) A = mB,

where m is integrating constant.

We assume that the expansion θ in the model is proportional to shear scalar σ which

leads to the condition,

(12) B = Cn.

Einstein field equations (6) to (9) can be written as,

(13) 2n
C̈

C
+ n (3n− 2)

Ċ2

C2
− α2

m2C2n
= λ+ ξθ.

(14) n (n+ 2)
Ċ2

C2
− α2

m2C2n
= ρ,

(15) (n+ 1)
C̈

C
+ n2 Ċ

2

C2
= ξθ,

For the metric (1), we define the spatial volume V , generalized Hubble parameter H,

expansion factor θ, shear scalar σ2, deceleration parameter q, anisotropy parameter

Ah as,

(16) V = R3 = C2n+1,

(17) H =
1

3
(H1 +H2 +H3) =

(2n+ 1)

3

Ċ

C
,

(18) θ = ui;i = (2n+ 1)
Ċ

C
,

(19) σ2 =
1

2

(
3∑
i=1

H2
i −

θ2

3

)
=

(n− 1)
2

3

Ċ2

C2
,
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(20) q = −RR̈
Ṙ2

= − 3

(2n+ 1)

C̈/C

Ċ2/C2
+

3

(2n+ 1)
− 1,

(21) Ah =
1

3

∑(
∆Hi

H

)2

= 2
(n− 1)

2

(2n+ 1)
2 .

3. Solution of the field equations

From Eq. (13) and Eq. (15), we get the following equation,

(22) λ = (n− 1)
C̈

C
+ 2n (n− 1)

Ċ2

C2
− α2

m2C2n
.

By using modified equation of state from Eq. (3), Eq. (14) becomes,

(23) λ =
1

(1 + ω)

[
n (n+ 2)

Ċ2

C2
− α2

m2C2n
− Λ

]
.

Now, equating Eq. (22) and Eq. (23), we get,

C̈

C
+

[
2n− n (n+ 2)

(n− 1) (1 + ω)

]
Ċ2

C2

(24) − α2ω

m2 (n− 1) (1 + ω)

1

C2n
+

Λ

(n− 1) (1 + ω)
= 0.

With the help of Eq. (4), the above equation reduces to,

C̈

C
+

[
2n− n (n+ 2)

(n− 1) (ω + 1)
+

Λ2 (2n+ 1)
2

9 (n− 1) (ω + 1)

]
Ċ2

C2

(25) +
Λ1 (2n+ 1)

3 (n− 1) (ω + 1)

Ċ

C
− α2ω

m2 (n− 1) (ω + 1)

1

C2n
+

Λ0

(n− 1) (ω + 1)
= 0.

The exact solution of the above differential equation is not possible. Hence, here

we discuss the following two limiting cases depending upon ω as follows:

Case (i): ω →∞ and Case (ii): ω → 0.
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3.1. Case (i): ω → ∞. As ω → ∞, the differential equation (25) can be written

as,

(26)
C̈

C
+ 2n

Ċ2

C2
− A0

C2n
= 0,

where

(27) A0 =
α2

m2 (n− 1)
.

Using the substitution C = eβ in the differential equation Eq. (26), we get

(28) β̈ + (2n+ 1) β̇2 = A0e
−2nβ ,

Again, we put β̇2 = p in Eq. (28), reduces to,

(29)
dp

dβ
+ 2 (2n+ 1) p = 2A0e

−2nβ ,

After integrating, we get,

(30)

∫
dβ√

A0e−2nβ

(n+1) + c0e−2(2n+1)β
= (t− t0) ,

where c0 and t0 are integrating constant.

We are unable to find out the solution of the above differential equation. Therefore,

we take the particular case i.e c0 = 0. Hence, the differntial Eq. (30), becomes

(31)

∫
enβdβ =

√
A0

(n+ 1)
(t− t0) ,

After integrating Eq. (31), we get,

(32) β = logC =
1

n
log

[
n

√
A0

(n+ 1)
(t− t0)

]
,

Substituting the value of A0 from Eq. (27) in Eq. (32), we get,

(33) C =

[
αn

m
√

(n2 − 1)
(t− t0)

] 1
n

.
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3.1.1. Some physical and geometrical aspects. The expression for energy density ρ,

string tension λ, cosmological term Λ and bulk viscosity coefficient ξ is given by,

(34) ρ =
(2n+ 1)

n2

1

(t− t0)
2 .

(35) λ = 0.

(36) Λ = Λ0 +
Λ1 (2n+ 1)

3n

1

(t− t0)
+

Λ2 (2n+ 1)
2

9n2

1

(t− t0)
2 ,

(37) ξ =
1

n (2n+ 1)

1

(t− t0)
,

Similarly, the expression for spatial volume V , Hubble parameter H, expansion

scalar θ, shear scalar σ2 as follows:

(38) V =

[
αn (t− t0)

m
√

(n2 − 1)

] 2n+1
n

,

(39) H =
(2n+ 1)

3n

1

(t− t0)
,

(40) θ =
(2n+ 1)

n

1

(t− t0)
,

(41) σ2 =
(n− 1)

2

3n2

1

(t− t0)
2 .

(42) q =
(n− 1)

(2n+ 1)
,

(43) Ah =
2 (n− 1)

2

(2n+ 1)
2 .



BULK VISCOUS BIANCHI TYPE-III ... JDSGT VOL. 19, NUMBER 1 (2021) 103

3.2. Case (ii): ω → 0. In this case, Eq. (3) reduces to ρ = λ + Λ(t) which is a

modified geometric string.

Hence Eq. (25) reduces to,

(44)
C̈

C
− Z1

Ċ2

C2
+ Z2

Ċ

C
+ Z3 = 0,

where Z1 =
[
n (4− n)− Λ2(2n+1)2

9

]
1

(n−1) , Z2 = Λ1(2n+1)
3(n−1) , Z3 = Λ0

(n−1) .

Solving Eq. (44), we get

(45) C = k2exp

[
Z2t

2 (Z1 − 1)

] [
sec

(
Z4

(
k1 +

t

2

))] 1
Z1−1

where k1 and k2 are constants of integration

and Z4 =
√

4Z3 − 4Z1Z3 − Z2
2 .

3.2.1. Some physical and geometrical aspects. The expressions for energy density ρ,

string tension λ, cosmological term Λ, coefficient of viscosity ξ, the spatial volume V ,

Hubble parameter H, expansion scalar θ, shear scalar σ2, , deceleration parameter

q and anisotropy parameter Ah as follows,

ρ =
n(n+ 2)

4 (Z1 − 1)
2

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]2

(46) − α
2

m2

1[
k2exp

[
Z2t

2(Z1−1)

] [
sec
(
Z4

(
k1 + t

2

))] 1
Z1−1

]2n ,
λ =

Z2
4 (n− 1)

4 (Z1 − 1)
sec2

[
Z4

(
k1 +

t

2

)]
+

(n− 1) (2n+ 1)

4 (Z1 − 1)
2

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]2

(47) − α
2

m2

1[
k2exp

[
Z2t

2(Z1−1)

] [
sec
(
Z4

(
k1 + t

2

))] 1
Z1−1

]2n ,
Λ = Λ0 +

Λ1 (2n+ 1)

6 (Z1 − 1)

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]

(48) +
Λ2 (2n+ 1)

2

36 (Z1 − 1)
2

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]2

,

ξ =
(n+ 1)Z2

4

2 (2n+ 1)

sec2
[
Z4

(
k1 + t

2

)][
Z4tan

[
Z4

(
k1 + t

2

)]
+ Z2

]
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(49) +

(
n2 + n+ 1

)
2 (2n+ 1) (Z1 − 1)

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]
,

(50) V =

[
k2exp

[
Z2t

2 (Z1 − 1)

] [
sec

(
Z4

(
k1 +

t

2

))] 1
Z1−1

]2n+1

,

(51) H =
(2n+ 1)

6 (Z1 − 1)

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]
,

(52) θ =
(2n+ 1)

2 (Z1 − 1)

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]
,

(53) σ2 =
(n− 1)

2

12 (Z1 − 1)
2

[
Z4tan

[
Z4

(
k1 +

t

2

)]
+ Z2

]2

,

(54) q =
−3Z2

4 (Z1 − 1)

(2n+ 1)

sec2
[
Z4

(
k1 + t

2

)][
Z4tan

[
Z4

(
k1 + t

2

)]
+ Z2

]2 − 1,

(55) Ah =
2 (n− 1)

2

(2n+ 1)
2 .

4. Our findings:

Here, we have obtained solutions of the Einstein field equations for two cases:

Case (i): ω →∞

• From the graph (1), it is observed that as t increases, scale factors also

increase while all the other parameters as given by fig (2), fig (3) and fig

(4) i.e energy density ρ, cosmological term Λ and Hubble parameter H

decreases as t increases.

• The energy density condition ρ > 0 is satisfied. Here, from Eq. (35), it is

clear that λ = 0.

• It is observed that the cosmological term Λ is positive and decreases as t

increases.

Case (ii): ω → 0, here we discuss the modified geometric string.

• From the fig (6), it is clear that energy density ρ is a decreasing function

of time t for the range 1 < n < 4 . Also, from Eq. (46), ρ ≥ 0 accordingly

values of constants are chosen.

• As t increases, Hubble parameter H and expansion scalar θ also increases.
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• It is observed that as t→ 0, λ becomes constant.

• It can be seen that the spatial volume is zero as t = 0 for suitable values of

constants and it increases with the increase of t.

• Since limt→∞
σ
θ =constant, the model does not approach isotropy at late

time.

• For the suitable values of constants, we get q < 0 which favours accelerating

models. Hence, we can say that the result is consistent with the current

observations of SNe Ia and CMBR.

• The dynamics of the mean anisotropy parameter depends on the value of

n.

• As n→ 1, q → 0 and Ah vanishes.
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Figure 1. Case (i) ω → ∞: relation between C and time t,

n = 3, α = 1, m = 3, Λ0 = 3, Λ1 = 1, Λ2 = 2, t0 = 1.

Figure 2. Case (i) ω → ∞: relation between ρ and time t,

n = 3, α = 1, m = 3, Λ0 = 3, Λ1 = 1, Λ2 = 2, t0 = 1.
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Figure 3. Case (i) ω → ∞: relation between Λ and time t,

n = 3, α = 1, m = 3, Λ0 = 3, Λ1 = 1, Λ2 = 2, t0 = 1.

Figure 4. Case (i) ω → ∞: relation between H and time t,

n = 3, α = 1, m = 3, Λ0 = 3, Λ1 = 1, Λ2 = 2, t0 = 1.
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Figure 5. Case (ii) ω → 0, relation between C and time t for

n = 3, Λ0 = −3, Λ1 = 1, Λ2 = 0.05, α = 1 , m = 3, k1 = 1, k2 = 2,

Z1 = 1.36, Z2 = 1.16, Z3 = −1.5, Z4 = 0.9024 .

Figure 6. Case (ii) ω → 0, relation between ρ and time t for

n = 3, Λ0 = −3, Λ1 = 1, Λ2 = 0.05, α = 1 , m = 3, k1 = 1, k2 = 2,

Z1 = 1.36, Z2 = 1.16, Z3 = −1.5, Z4 = 0.9024 .
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Figure 7. Case (ii) ω → 0, relation between Λ and time t for

n=3, Λ0 = −3, Λ1 = 1, Λ2 = 0.05, α = 1 , m = 3, k1 = 1, k2 = 2,

Z1 = 1.36, Z2 = 1.16, Z3 = −1.5, Z4 = 0.9024 .

Figure 8. Case (ii) ω → 0, relation between H and time t for

n = 3, Λ0 = −3, Λ1 = 1, Λ2 = 0.05, α = 1 , m = 3, k1 = 1, k2 = 2,

Z1 = 1.36, Z2 = 1.16, Z3 = −1.5, Z4 = 0.9024 .
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5. Conclusion:

In this paper, we have investigated the modified EoS of Takabayasi string of

the form ρ = (1 + ω)λ + Λ(t) in the presence of bulk viscous fluid and obtained

the solution of the field equation in the framework of Bianchi III model. We have

analysed the two interesting cases depending on ω i. e the limiting cases ω → ∞
and ω → 0. It is noted that for ω → ∞, we solved the Eq.(26) for the scale factor

C and obtained the various physical parameters. Similarly, for ω → 0, we solved

the D. E (44) for the value of C and obtained the exact solution and discussed all

the physical parameters in detail by plotting the graphs.

Case (i): ω →∞
From the graph (1), it is observed that as t increases, scale factors also increase

while all the other parameters as given by fig (2), fig (3) and fig (4) i.e energy

density ρ, cosmological term Λ and Hubble parameter H decreases as t increases.

The energy density condition ρ > 0 is satisfied. Here, from Eq. (35), it is clear that

λ = 0. It is observed that the cosmological term Λ is positive and decreases as t

increases.

Case (ii): ω → 0, here we discuss the modified geometric string.

From the fig (6), it is clear that energy density ρ is a decreasing function of time

t for the range 1 < n < 4 . Also, from Eq. (46), ρ ≥ 0 accordingly values of

constants are chosen. As t increases, Hubble parameter H and expansion scalar θ

also increases. It is observed that as t → 0, λ becomes constant. It can be seen

that the spatial volume is zero as t = 0 for suitable values of constants and it

increases with the increase of t. Since limt→∞
σ
θ =constant, the model does not

approach isotropy at late time. For the suitable values of constants, we get q < 0

which favours accelerating models. Hence, we can say that the result is consistent

with the current observations of SNe Ia and CMBR. The dynamics of the mean

anisotropy parameter depends on the value of n. As n→ 1, q → 0 and Ah vanishes.

The model is accelerating for n > 1. Hence, the anisotropy in the models is main-

tained throughout in both the models. Also, the model with negative deceleration

parameter is compatible with recent Supernovae Ia observations that the universe is

undergoing a late time acceleration. Therefore, the model describes a continuously

expanding, shearing and non-rotating universe. The present day observations and

literature favour accelerating model of the universe.
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