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ABSTRACT. The purpose of this paper is to study the biharmonicity of maps
to or from almost contact manifolds. It also gives some results on the D-
homothetic bi-warping. We establish necessary and sufficient conditions under
which a map of the product of a Riemannian manifold and an almost contact
metric manifold is harmonic or biharmonic and we have constructed several

examples.
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1. INTRODUCTION

The notion of D-homothetic warping was introduced by D. E. Blair [4] where he
gave some basic properties and examples of various structures. Recently, Beldjilali
and Belkhelfa [2] introduced the notion of D-homothetic bi-warping and proved
some results of certain geometric structures, which is a generalization of Blair’s

results. This paper is organized as follows. In section 2, we give a basic definition
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about almost contact manifolds and some properties of Kenmotsu manifolds; in the
same section, we recall definitions of the harmonic and biharmonic maps among Rie-
mannian manifolds. In section 3, we consider the product of a Riemannian manifold
(M™, g) and an almost contact metric manifold (N2"+1, p, &,m, h) where we prove
some results about the D-homothetic bi-warping metric and Levi-Civita connections
(Proposition 1 and 2). Next, we study the particular case when (NQ"“, w,&,m, h) is
a Kenmotsu manifold and this is an important class of almost contact Riemannian
manifolds introduced by K. Kenmotsu in [8], and we give the relations among the
Riemannian curvature tensors (Theorem 3.5, Corollary 3.6 and 3.7). In [9], the au-
thor studies the harmonic maps and harmonic morphisms on Kenmotsu manifolds
and she gives some results on the spectral theory of harmonic maps for which the
target manifold is a Kenmotsu space-form. Moreover, in [11] the author gives some
extensions of the results in [9] and some concrete examples and he characterizes the
harmonicity between two almost Kenmotsu manifolds. Recently, in [12] the authors
have studied the biharmonicity between Kéahlerian and Kenmotsu manifolds where
they constructed an example for the biharmonic maps of a three-Kenmotsu man-
ifolds. In the last section, using the D-homothetic bi-warping, we will study the
biharmonicity of certain maps. We start with the first and the second projection
(Theorem 4.1 and 4.9) where we give some concrete examples. Finally, we determine

the conditions of the biharmonicity of the inclusion map (Theorem 4.11).

2. PRELIMINARIES.

2.1. Almost contact manifolds. Let (NQ”‘“7 v, &,m, h) be an almost contact Rie-
mannian manifold, where ¢ is a (1, 1) tensor field, & is the structure vector field, n
is a 1-form and h is a Riemannian metric. We know that ¢, £, n and h satisfy the

following equations (see [8])
p?=—ld+n®¢ n(X)=h(XE),
n€) =1 =0, nop=0
and
h(pX, oY) =h(X,Y)=n(X)n(Y),
for all X, Y € T'(T'N). If moreover

(Vxp)Y = -h(X,pY)§—n(Y)pX
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and

(N et o €, h) is called a Kenmotsu manifold. In a Kenmotsu manifold, we have

the following properties :

n(RY(X,Y)Z) =n(Y)h(X,Z) —n(X)h(Y,2),
RN (X,V)E=n(X)Y —n(Y) X,

RN (6,X)Y =5 (Y) X —h(X,Y)¢
and
SY(X,€) = —2nn (X)),

where RY is the Riemannian curvature tensor and S¥ is the Ricci tensor.

2.2. Harmonic and biharmonic maps. Let ¢ : (M,g) — (N, h) be a smooth

map. ¢ is said to be harmonic if it is a critical point of the energy functional :

1
B = 5 [ 1ol

By the Euler-Lagrange equation associated to the energy functional, ¢ is harmonic

if and only if
T(¢) =TryVdo =0,

7(¢) is called the tension field of ¢. The bi-energy functional of the map ¢ is defined
by

1
Ba0) =5 [ [r(@)Pdu,.
M
The critical points of Ey are called biharmonic maps. ¢ is biharmonic if and only if
2
72(¢) = =Ty (V) 7(¢) — Try RN (1(8), d¢)d¢ = 0.

T2(¢) is called the bi-tension field of the map ¢.
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3. SOME PROPERTIES OF THE D-HOMOTHETIC BI-WARPING.

For the functions a, 8 € C*° (M), we consider (M x N, é) the product of Rie-
mannian manifolds (M™, g) and an almost contact metric manifold (N2"*1, ¢, &, n, h),

where

é=g+o¢2h+o¢2 (,82 — 1)n®77.
(M X N, é) is called a D-Homothetic Bi-Warping. Denote by V, V' and V the
Levi-Civita connections on (M™, g), (N2"+1,<p7§,777h) and (M x N, é) respec-

tively. Using the Koszul formula for the Levi-Civita connection, we obtain the

following proposition :
Proposition 3.1. For all X1,Y1,Z, € T'(TM) and X5,Ys,Z5 € T (T'N), we have

G<V(X1 (Y17 ) (ZI7O)> :g(le}/iﬂzl)7

& (Voo (o,m(o,za)=a2h(vx2Y2,zz)+a (62 = 1) 0 (Z2)n (Vi Y2)
+2a (8% = 1) n(X2) {h (V3,6 Z2) — h (V7,6 Y2) }
+ 507 (82 = 1) 0 (%) {1 (V6 2) — h (Vi X))}
+ 502 (B2 = 1) (Z) {h (Vi,6.Y2) + 4 (V€ X))

G (%(xl,o) (0,Y2), (0, Zz)> = ah (Yz, Z3) X1 (a) + a (6% = 1) 1 (Y2) n (Z2) X1 (a)
+a”Bn (Ya) n(Z2) X1 (8),

G (6(0,X2) (Y1,0), (0, Zz)> = ah (X2, Z2) Y1 (a) + o (8% = 1) 1(X2) 1(Z2) Vi (a)
+a?pn (X2)n(Z2) Y1 (B),

G (6(0,X2) (0,Y2), (Zho)) = —ah (Xs,Y2) Z1 (@) — a (8% = 1) 1(X2) 1 (Y2) Z1 (a)
—a?Bn (X2)n(Y2) Z1 (B)

and

G (Vexi0) (11,0).0,22)) = G (Vix0 (0,Y2),(21,0)
=G (§(O,X2) (Y1,0), (Z170)> =0

Based on the equations of Proposition 3.1, we obtain the following result.
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Proposition 3.2. If we consider {e;},<;,,, and {f;, ¢f;, §}1<j<n two orthonormal
frames on (M, g) and (N, h) respectively, then {(ei, 0),2(0,f),2(0,0f), (XI—B (0, 5)}
is an orthonormal frame on (M X N, é) . The following equations give us the re-

lation between V, V and V'

1) Vixi0) (¥Y1,0) = (Vx,¥1,0),

Vi0.x) (0,Y2) = (0,V, Y2)

1) 1 (x2) (0.93,8) +0(%2) (0.9%,6))

_ @ {n(X3) (0, Trph (V'€,Ys) ) + 1 (Ya) (0, Trph (V'E, X5) )}

2 (82 -1)
@ O

2 _
wwl) {1 (V.6 72) + 1 (Vi€ X5) } (0,6)
— ah (X2, Ys) (grada,0) — a (82 — 1) n (X2) n (Y2) (grada, 0)

— a?Bn (X2)n (Yz) (gradp, 0),

+

+

g Vi) (0.2) = X1 (@) (0.Y2) + 31(¥2) X1 (8) (0,6)
and
¥ Vio.xn (¥1.0) = 1 0) (0.Xa) + 31 (Xa) V2 () (0,6).

For all X1,Y, € T'(TM) and X5,Y> € T (TN).

Proof. The proof of the equations (1), (3) and (4) is not complicated. For

equation (2), we have

Vo, (0,%2) = G (Vo x, (0, Y2) , (e6,0) ) (€4, 0)

1 ~ /= 1 ~ /~
+ —5G (Voo (0,72),00.4)) (0, £5) + —G (Vo) (0.Y2) (0,08)) (0, 01;)

+ a%ﬁgé (ﬁ(O,Xz) (075/2) ) (Oa€)> (075) .
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We will study this last equation term by term. From Proposition 3.1, we have
G (Vioxa) (0.Y2), (€0,0)) (€,0) = —ah (Xa, Y2 e () (¢1,0)
—a (8% =1)n(X2)n (Y2) ei (@) (e5,0) — o?Bn (X2) 1 (Y2) €; (B) (e;,0)
= —ah (X,,Y2) (grada,0) — a (8% — 1) n (X2) n (Y2) (grade, 0)
(

— a?Bn (X2)n (Y2) (gradB,0),

o 2 2 _ 1
G (V(O,Xg) (O,}/g) s (O,f])> (O,f]) = %W (}/2) h (v;(2§7fj) (vaj)
9 2 1 2 2 1
+ %n(&) h (V& 15) (0, f3) — %W(XQ) h (v}jf’n) (©.73)
2 2 _
_ wn(yz) h (V}jf,Xz) (0, f;) +a®h (V'x, Y2, f5) (0, f;)
N 2 2 _
a (V(o,x2> (0,Ya) (o,wfj)) 0,0f)) = wrl (Y2) h (Vx, & 0f;) (0,0 f7)
o2 (52 _ 1) , 9 ,
+ 0 (X2) h (V3,8 015) (0, 08)) + 0®h (Vx, Y2, 05) (0, 0f;)
2 2 _ 1
_ %n(xz) h (v’mg,n) (0.f;)
2 2 _ 1
_ %)n(yz) h (v;,fjf,Xz) (0, ¢f5)

and
G (V0,60 (0,%2),(0,6)) (0,6)
= a’h (V'x,Y2,€) (0,€) + o (582 = 1) 1 (Vi,Y2) (0,€)

D ) {1 (Th,6) B (Vi 15)} 0.6)
o’ (ﬁz - 1) / ’
+ T (0) {0 (V6. 6) — (V6 X2)}0,6)

o? (ﬁ; U 4 (V6 2) + B (Vi Xa) (0,6)
_ w {h (V& Y2) + h (V5,6 Xa)} (0,€)
B wn (Xa) b (VL€ Ya) (0,6)
S, b (i) 0.9

+a?8%h (Vx, Y2, €) (0,€)
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It follows that

T (0.Y2) = (0.95,%) + 1 3 (x0) (0.93,) 4 04) (0.¥5,))

- @ {(X2) (0, Trah (V€. Y2) ) + 1 (Y2) (0, Trah (V'€ X2) )}

(5 -1)°
+ 2752
(5 1)
232
— a (B = 1) n(Xs) 0 (Ya) (grada, 0) — a?By (Xa) (V) (grads, 0).

{n(X2)h (V& Y2) + 1 (Y2) h (Vi€ X2) } (0,€)

+ {h(V'x,&Y2) + h (V5,& X2)}(0,€) — ah (X2, Ya) (grada, 0)

Note that if § = +1, we obtain the notion of the warped product used in [3] and

[10]. As a particular case of Proposition 3.2, we have :

Lemma 3.3.

ﬁ(ei,o) (eia O) = (veieiv O) ’

~ 2 1
v(O,fj) (Oaf]) = (O,V}J‘f]) - 6777 < /f7fj> (035) - no (g?"ada,()),

2

.aafj) - %n ( :afj@f]) (0,¢) — na(grada,0),

Vios) (0.0f;) = (Oavfpf

J

Ve (0,6) = % (0, V) — aB? (grada, 0) — o*B (gradp,0) ,
~ ~ 1
v(euo) (07 fJ) = V(vaj) (61-, 0) = aei (O‘) (07 f]) )

_ _ 1
Vies,0) (0,0f5) = Vo,p5,) (€:,0) = e (@) (0,9f;)
and

_ _ 1 1
Vier,0) (0,6) = Vo (€i,0) = —ei(a) (0,€) + 56 (8)(0,¢)

Moreover, if (N2”+1, p,&,m, h) is a Kenmotsu manifold, Proposition 3.2 gives the

following remark.

Remark 3.4. Let (N2”+1, v, &,m, h) be a Kenmotsu manifold, then we have

E=Xo—n(X2) €, Vy,E =Y —n(Y2)§ and V£ =0,



288 MOHAMED ELMAHDI ABBES AND SEDDIK OUAKKAS

which gives us
1(X2) (0, Vy,€) +1(Y2) (0, V', &) = n(X2) (0,Y2 — 1 (Y2) §)
+1(Y2) (0, Xz — 1 (X3) £)
=1 (X2)(0,Y2) +n(Y2) (0, X>)
— 21 (X2)n(Y2) (0,€),

Trnh (V6. Y2)- = h (V€. Y2) i + 1 (Vi & Ya) s + (Vi€ Ya) €
=h(f;,Y2) [; + h(ef;, Y2) ¢f;
=Y, —n(Y2)¢,
Trph (V'€ Xa) - = Xo —n(X2) €
and
h(V'x, &, Y2) +h (Vy,& Xa) = h (X2 —n(X2) &, Y2) + h (Yo — 1 (Y2) €, X)
= 2h (X2,Y2) — 2n(X2)n (Y2).

Then the equation (2) becomnes

~ 2 _
Vio,x) (0,Y2) = (0, V,Y2) — (5621)77 (X2)7n(Y2) (0,6)
T Mh (X2, Y3) (0,€) — ah (X2, Ya) (grada, 0)

32
— o (8% — 1) n(X2)n (Y2) (grada, 0)
— a?Bn (Xa) 1 (Y2) (grads, 0).
We also get the following formulas

n(8%-1)
32

n(62 — 1) (
32

Voo, (0, f;) = (O, V}jfj) —na (grada, 0) + 0,¢),

Voos) (0,0f;) = ( of; sﬁfg) — na (grada, 0) + 0,¢)

and

Ve (0,6) = —af? (grada,0) — B (gradp, 0) .

As a first result, we will give the expression of the curvature tensor R of the D-

homothetic bi-warping in the case where (N?"T! ¢, & n, h) is a Kenmotsu manifold.
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Theorem 3.5. Let (N2"+1,g0,§,n, h) be a Kenmotsu manifold; the relations be-

tween E, RM and RN are given by the following formulas:

R((X1,0),(Y1,0)) (Z1,0) = (RM (X1,Y1) Z1,0)

R((X1,0),(0,Y2)) (0, Z2) = —apn (Y2) n (Z2) X1 (B) (grada, 0)
—afn (Ya)1(Z2) X1 () (gradB,0) — a (8% = 1) n (Y2) 1 (Z2) (Vx, grada, 0)
— 81 (Y2)n (Zs) (Vx,gradB,0) — ah (Ya, Zy) (Vx, grada, 0)

- %n (Ya)n (Z2) X1 (B) (0,€) + %h (Ya, Z2) X1 () (0,€)

- %77 (Z2) X1 (8) (0, Ya) + %n (Ya)n (Z2) X1 (B) (0,€).

R((0,X2),(Y1,0)) (Z1,0) = —0%677()@) Z1 (o) Y1(B) (0,€)
1 1
- @77 (X2) Y1 () Z1 (B) (0,€) — B

1
— ag (Z1,Vy, grada) (0, X3) .

n (XQ) g (Zla VYLgTadﬁ) (07 5)

and
R((0,X2),(0,Y2)) (0, Z2) = (0, RN (X5, Y2) Zo) + a;h (Ya, Z2) 1 (X2) (gradp, 0)

2 N
_ %h(Xz,Zz)U(Yz) (gradB,0) + (B b 1)

2 _
- u77(1/2)77(Z2) (0, X2) = h(Ya, Za) |gradal® (0, X»)

62
(5* —1) (5” —1)
ﬂQ

— T (X, 22) (0.Y) +
+h (Xa, Zo) [gradal” (0, Y2) — (87 — 1) 1 (Y2) n(Z2) |gradal® (0, X»)
— apn (Yo) 0 (Z2) da (gradp) (0, Xz) + (8% = 1) 1 (X2) 1 (Z2) |gradal® (0, Y2)

+afn (X2) n(Zs) da (gradB) (0, Ya) — %n (X2) h (Y, Z2) da (gradp) (0, )

+ %77 (Y2) h (X2, Z2) da (gradp) (0,§) .

Proof. Let X1,Y1,Z; € T (TM) and X»,Y5,Z5 € T'(T'N). The equality

h (YQ’ ZQ) (OvXQ)

1(X2)n(Z2) (0,Y2)

R((X1,0),(Y1,0)) (Z1,0) = (RM (X1,Y3) Z3,0)
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is deduced directly from equation (1). For the term R ((X1,0),(0,Y3)) (0, Zs), we

have
R((X1,0),(0,Y2)) (0, Z2) = V(x1,0)V(0,v2) (0, Z2) — V(0,35)V(x1,0) (0, Z2) .

Using equation (2), we obtain

2 _

%((),Y2) (0’ ZQ) = (O, V/YZZQ) + (ﬁﬂQ]-)h (}/27 Z2) (0’5)

— ah (Ya, Z) (grade, 0) — o (8% — 1) n (Ya)  (Z2) (grader, 0)
(5 —1)

— a?Bn (Ya) n (Z2) (gradB,0) — n(Y2)n(Z2) (0,€).

62
It follows that
Vix,.0)Vovs) (0, Z2) = =1 (Ya) 1 (Z2) Vx, 0ya (8% — 1) (grada, 0)

— 1 (Y2) 0 (22) V(x,,00°8 (gradB,0) — h (Ya, Z2) V (x, oya (grade, 0)

6 / — (52 — 1)

+ Vix1,0) (0, Vy, Z2) 4+ h (Yz, Z2) V(Xl,O)T (0,6)
~ 21

—n(Y2)n(Z2) Vix, 00— (8 7 ) (0,6).

Then
Vo Vor) (0, 22)
= —h(Ya, Z) X1 (o) (grada, 0) — (8% = 1) 0 (Y2) 7 (Z2) X1 (@) (grada;, 0)
— 2 (Y2) 1 (Z2) X1 (B) (grade, 0) — a®n (Ya) n (Z) X1 (B) (gradB, 0)
—2apn (Y2) n(Z2) X1 () (gradB,0) — ah (Y2, Z2) (Vx, grade, 0)

—a (8 = 1)1 (Y2)n(Z2) (Vx, grada, 0) o® B (Y2) n (Z2) (Vx, grads, 0)

)X
)X

- (Baﬁ_;)ﬂ(Yz) (Z2) X1 () (0,€) — (8 BJ?’F 1)n(Y2)7I(Zg)X1 (B) (0, )
z_ 2
+ (ﬂaml)h(Y?sz)Xl (@) (0,€) + (5 [;3_ Y h(Ya, Z2) X1 (B) (0,€)

F X0 (0) (0.V4,2) + 20 (V4 22) X (8) (0,6).

1
B
Now calculate the second term ﬁ(O,Yg)ﬁ(Xl,O) (0, Z5); we have

L2 x,8)(0,9).

~ 1
Vix,,0 (0,22) = aX1 (a) (0, Z2) + 5
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which gives us

_ _ 1 _ 1 _
V0,v)Vix1,0) (0, Z2) = aXl (@) V(0,v2) (0, Z2) + BXl (B) Vio,y2)n (Z2) (0,€) .

A similar calculation leads us to

Vioya) Vixs.o (0, Z2)
= —h (Y2, Z2) X1 (a) (grada,0) — (8% — 1) 1 (Y2) 7 (Z2) X1 (@) (grada, 0)
—afn (Yo)n(Z2) X1 (B) (grada,0) — afn (Yo) n (Z2) X1 («) (grads,0)

2 (52 B 1)
—a™n (Y2)n(Z2) X1 (B) (gradp,0) + Tﬁzh(yz, Z3) X1 (@) (0,€)
+ %n (Z2) X1 (8) (0, Y2) — %n (Y2) 1 (Z2) X2 () (0,€) + %Xl (8) 1 (V4 Z2) (0,€)
(8% -1)
aB?

+ %h (Yo, Z2) X1 (8) (0,€) — %n (¥2) 1 (Z2) X2 () (0,€).

X (0) (0,4, %) - 1 (V2)n(Z2) X (@) (0.8)

Finally, we deduce that

R ((le 0) ) (Oa }/2)) (07 ZQ)
= —afn (Y2)n(Z2) X1 (8) (grada, 0) — afn (Y2) n (Z2) X1 (a) (grads, 0)
—a(B® =1)n(Ya)n(Z2) (Vx,9rada,0) — a®B1 (Yz) 1 (Z2) (Vx, grads, 0)

— ah (Ya, o) (V , grada, 0) - %n (Y2) 1 (Z2) X, () (0,€)

+ %h (Yo Z2) X1 (B) (0,€) — %77 (Z2) X1 (8) (0. Y2)
+ %n (Ya)n (Z2) X1 (B) (0,€).

For the term R ((0, X5), (Y1,0)) (Z1,0), we have
E((0,X2), (¥1,0)) (£1,0) = V(0.5 Vv 0) (21,0) = Vv 0)Vio.x) (1,0).
Using the same calculation methods, we obtain

Vi Fr5.0 (21,0) = = (V9 22) (@) 0. X2) + 50 (X2) (V5 21) () (0.6)
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and

V(YI;O)V(O’Xz) (Z17 O)

= L 0(X2) 21 () Vi (B) (0.6) + —=n (X2) i (@) Zu (8) (0.€)

af af
+ %n (X2) (Vs 1) (8) (0,€) + %n (X2) g (Z1, Vs gradB) (0,£)

1 1
+ a (le Zl) (Oé) (0, X2) + &g (Zl, Vylgrada) (O,XQ) .

Then, we conclude that

R ((07 XQ) ) (Ylvo)) (Zla 0)

= —5n(Xa) 21 (@) Y5 (8) (0.€) = 20 (X2) i (0) 21 (8) 0.9
~ 51(X2)3 (71, Vyigradd) 0.6) = 9 (7, Vy,grada) (0,X2).

To complete the proof, we will calculate the term R ((0,X5), (0,Y2)) (0, Zs), we

have
R((0,X2),(0,Y2)) (0, Z2) = Vo.xs)V(0v) (0, Z2) = Vioy) V0.x) (0, Z2)
= Vi.x2), 0] (0, Z2).
Using the following formulas

& 5; 2 {h(X2,Y2) =1 (X2)n (Ya2)}(0,€)

— ah (Xa,Y2) (grada, 0) — a (82 — 1) 5 (X2) n (Va) (grada, 0)

—a”Bn (X2)n (Y2) (gradB,0)

Vio.x) (0,Y2) = (0, Vi, Ya) +

Xz (1(Y2)) = h (X2, Y2) — 0 (X2)n (Y2) + 1 (Vi,Y2),
Vo,x2) (0,€) = (0, X2) =1 (X2) (0,€) —a’n (X2) (grada;, 0)—a® By (X2) (gradB, 0).

~ 1 1
Vio.xs) (grada,0) = = |gradal” (0, X,) + Zda (gradB) n (X2) (0,€)

and

Vio:xy (grad3.0) = -da (grad) (0. Xo) + 5 lgraddl® 1 (X) (0.6),
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we get

R ((07X2> ) (O’ }/2)) (Oa Z2)

2
— (0, RN (X5,Y2) Zs) + %h (Ya, Z2) 1 (X2) (gradB,0)

(8- 1)

62
D) ) 0(2) (0, %) — b (¥a, 22) lgradol? (0, Xo)

52
-y (5 -1)
62

/82
+ 1 (X2, Zs) [gradal® (0,Ya) — (8% — 1) 0 (Ya) n (Z2) |gradal® (0, X»)
— afin (Ya) 0 (Z2) do (gradB) (0, Xz) + (8% — 1) 1 (X2) 1 (Z2) [gradal? (0, Yz)

+ aB (X2) n(Zz) da (gradB) (0, Ya) — %nm)h(n,zz)da (gradB) (0,€)

052
— 5 h (X2, Z5) 0 (Ya) (gradB, 0) +

h(Ys, Z5) (0, X5)

h (X2, Z3) (0,Y2) +

1(X2)n(Z2) (0,Y2)

+ 50 (Y2) b (X, Z2) da (gradB) (0.)

As consequences of Theorem 3.5, we get the following corollaries.
Corollary 3.6.

R((X1,0), (e;,0)) (e:,0) = (Ricei™ (X1),0),

R((X1,0),(0, £;)) (0, f;) = —na (Vx, grada, 0) + %Xl (8) (0,€),

R((X1,0),(0,01)) (0,¢f;) = —na (Vx, grada, 0) + %Xl (8) (0,€)

and

R ((le 0) ) (07 f)) (O’ g) = _aﬁXl (6) (grada, O) - O‘BXl (a) (gradﬁ’ O)
—aB? (Vx, grada,0) — o?B (Vx, gradB,0) .

Then
e .M 2n+1 2n
Ricci (X1,0) = (Ricei™ (X41),0) — (Vx,grada,0) + OzTﬁBXl (B) (0,¢)
1 1 1

~ ap X1 (B) (grade,0) = 5 X, (a) (gradf, 0) — 7

293

(Vx,gradf,0).
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Likewise, we have

R((0.X2), (e,0)) (66,0) = = (8) (0. Xa) = 51 (Xa) (A8) (0.)

_ %7’ (XQ) da (gradﬂ) (07 E) )

- 2

R((0,X2), (0, f)) (0, f;) = (0, RV (X2, ;) f;) + %W(Xﬂ (gradp,0)

2 _
(ﬁ 52 1) h(X27fj) (O’fj)

+ |gradal® h (X2, £5) (0, f;) —n \gradal? (0, X,)

no

— ?77 (X2) da (gradB) (0,€),

2

R((0,X2),(0,0f7)) (0,0f;) = (0, RN (Xa, 0f;) of;) + %n (X2) (gradB, 0)

2 _q 2.1
+n(ﬂ52 L0.x0) - 12 7 a0 005)
+ |gradal® b (Xa,0f;) (0,0f) —n \gradal® (0, X»)
— %7] (X2) da (gradpB) (0, &)

and
R((0,X2),(0,€)) (0,€) = (0, RN (X2,€) €) — afida (gradp) (0, X»)
— 32 |gradal® (0, X2) + %1 (X2) |gradal® (0,€)
+ apfn (X2) da (gradp) (0,€),

which gives us
—— 1 N 1 2n 2
Ricei (0, Xo) = pel (0, Ricci™ (X3)) — o (Aa) (0, X5) — el lgradal” (0, X2)

+ W (0, X2) — %da (gradp) (0, Xz) — %n (X2) (AB) (0,€)
_ 2’;; L (X2) da (gradp) (0,€) + %nn (X2) (gradp, 0)
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Corollary 3.7.
Ricci (X1, X)

2 1 1
nt (Vx, grada,0) — 3

4 %”n (X2) (grads, 0) — aiﬁxl (8) (gradar, 0) — a—lﬂxl (o) (gradp, 0)

2 2n (5% -1
(80) 0% 25 gradal? (0,5 + 25 2

n(X2) da (gradpB) (0,€)

1
= (RicciM (X1), ?RZ.CCZ'N (Xz)) - (Vx,gradg,0)

1
- a (07X2>
2n + 1

— al—ﬂdoz (gradp) (0, X3) —

+ a5 X1 (8) 0.6) = 51 (X2) (48) (0,6)

and

S (X1, X2), (Y1, Ys))

2n (8% —1)
[32

9 (Vx,grada, Y;) - %g (Vx,gradB, Y1) + 0¥ (8) 0 (X2)

B
2n 1 1
+ FXl (B)n (Ya) — ﬁxl (B) Y1 (a) — %Xl (@) Y1 (B)

—a (8% 1) (Aa)n (X2)n (Ya) — 2n (82 — 1) |gradal® n (X2) 1 (Va)

—2(n+ 1) aBda (gradB) n (Xs) 1 (Ya) + %da (gradB)n (Xs) 1 (Ya)

= SM (X1, Y1) + SN (X2, Y2) — n(X2)n(Y2)

2n+1

— a?B(AB) 1 (X2)n (Ya) — a (Aa) h (X3, Ya) — 2n [gradal® b (Xa, Va)

2 _
= %da (gradB) h(Xa,Ya) + 2”(%1)

4. BIHARMONIC MAPS ON THE D-HOMOTHETIC BI1-WARPING.

h’ (XQa }/2) :

As a first result in this section, we will study the biharmonicity of the map & :
(M x N, é) —s (PP, k) defined by ® (z,y) = ¢ (z) where ¢ : (M™, g) —s (PP, k)

is a smooth map.

Theorem 4.1. If we consider a smooth map ¢ : (M™,g) — (PP, k), the tension
and bi-tension field of the map  : (M X N, é’) — (PP, k) defined by @ (z,y) =
¢ (x) are given by

T(®)=7(0) + 2n + 1d¢ (grada) + ld(;S (gradp)

o B
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and

2n+1 1
VgradaT (¢) — B

{Tr,V?d¢ (grada) + TryR” (d¢ (grada) , d¢) de}

72 (®) =72 () - VradsT ()

2n+1

= {Trgv2d¢ (gradp) + TrgRP (d¢ (gradB) , do) d¢}

2n+1 2

(Aa) do (grada) 3_ L \grada\Q d¢ (grada)

52 (AB) dé (gradB) - 25 L \gradBP? dg (gradp)
2n+1

25 do (gradB) d¢ (grada) + da (gradp) de (gradp)

2n
52
4n? —1 2n+1
OéQ vgradad¢ (grada) - Wvgradoqu5 (gradﬂ)
2n+1 1
T TaB 2 Voradpd? (gradp).
Proof. By the definition of ®, we obtain d® (X,Y) = d¢ (X) for any X € I' (T M)
and Y € I'(T'N). The calculation of the tension field is given by

V gradpd®d (grade) +

7(®) =TrsVdd
= V(e,.0)d® (¢;,0) — dD (6(%0) (ei,O))
1 1 ~
+ 5V (0.5) = 2549 (Vo5 (0.5)

1 1 .
+ gv(o,wfj)dq’ (0,9f;) — *d‘I’ (V(o (A wfj))

1
25 V0od® (0,8~ o d(I)( o (0, 5))
Using Lemma 3.3 and the fact that 7 (¢) = V., d¢ (e;) —dé (Ve,e;), we deduce that
(@) =7(¢) + 2n + 1d¢ (grada) + %dqb (gradp) .

Now calculate the bi-tension field; we have
5 (@) = —TrgV>?r (@) — TrgR” (1 (@), d®) d®
= —TrzVr(¢) — TrgR” (7 (¢),d®) d®

2n + 1T SRT (do (grada) , d®) dd

—(2n+1) Trév2ld¢) (grada) —
a

1d¢ (gradf) — lTréRP (d¢ (gradpB) ,d®) d®

— TT@VZﬁ ﬁ
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A simple calculation gives us

TregV3r(8) = Vie,o)Vie,0)T (6) — Ve oo (@)

1
?vﬁ(o,fj)(ij)T (¢)
1
?v%(o,wfj)
! 1
+ QQ—BQV(O,@V(O,@T (¢) — aT@v%,g)(O@)T (4)

1
= veiVEiT (¢) - Vveeﬂ' (¢) - gvﬁ(oyf/‘)(()’fj)T (¢)

1 1

a? ve(o,q»fj)(owfj)T (@) - 22 V%(O,g)(o,g)T ()

1
+ 5V Vo.mT(9) -

1
+ ?v(oﬂﬁfa)v(oﬁﬂfjﬂ— (¢) — 0,087 (¢)

2n+1 1
1 vgradaT ((,b) + E

= TT9V2T (¢) + vgradBT ((rb)

and
TrgRY (1(¢),d®)d® = TryR" (1 (¢),d¢) do.

Similarly, we obtain

1 1
Trév2éd¢ (grada) = aT?‘gVqub (grada) — o) (Aa) do (grada)

~ (@2n-1)
e

(2n—1)

1 1
+ —Vgradpdd (grada) — ——=da (gradf) do (grada),

af a?p

TTGVQ%d(b (gradB) = %TTgVquﬁ (gradB) — % (AB) d¢ (gradp)

+ % \gradpB|? do (gradf) — %ngdgdgb (gradp)
2n+1 o2n+1
af

TrgRP (d¢ (grada) ,d®) d® = TryR” (d¢ (grada) , dg) d¢
and

TrsRY (d¢ (gradB) ,d®) d® = TryR” (d¢ (gradp) , de) de.

297

|g""ad04|2 d¢ (grada) + o2 vgradad¢ (grada)

Vgradndd (gradf) — == da (grad8) do (grads).
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Finally, we deduce that

2n+1 1
ngradBT ((b)

{Tr,V?d¢ (grada) + TryR" (d¢ (grada) , d¢) de}

2 (®) =72 (¢) —
2n+1

VgradaT ((b) -

~3 {TrgV2d¢ (gradB) + TryR" (d¢ (gradp) , d¢) do}

M (Aa) d¢ (gmda) An” _1 \gradal® d¢ (grada)

52 (AB)d¢ (gradB) — —= |9md5| d¢ (gradp)
+ 2"; o (gradf) do (grade) + %5210304 (gradp) do (gradp)
A G o (grada) — O Varatads (grad)
- %Tglvgmdﬂdgb (grada) + %ngdgdqb (gradB).

If 8 = +1, we find the Proposition 2 and the Theorem 4 obtained in [10]. As a

consequence of Theorem 4.1, we have

Corollary 4.2. The first projection P : (M X N, é) — (M, g) is biharmonic if
and only if

2n 1g7"adAa + %gradAﬁ _ + 1 (Aa) grada — @ (Ap) gradp
dn” —1
— "’ |grada|? grado —|— |grad,8| gradf
4n2 -1 2 2
+ Wgrad (\grada\ ) - Wgrad (\gradﬁ\ )
2n+1 /1 1
~ B (ada (gradp) grada + Bda (gradp) grad,@)
2 1
+ % (Vgradagradf + V graqpgrada)

2(2n +1 2
+ (nTHRicciM (grada) + ERiCCiM (gradB) = 0.

Example 4.3. We consider the first projection P : (]R X N, é) — (R,dt2) de-
fined by Py (t,x) =t. By Corollary 4.2, Py is biharmonic if and only if the functions
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a and B satisfy the following differential equation
2n + 10/// + 2(2n+ 1) (n — 1)O/a// _ 4n® —1 (Oz/)?’ 4 lﬁ///

2 85" L (g

o o? o3 Ié; 32 33
2n+1, 2, 2n+1 ,, ,2 2n+1 , , 2n+1 , ,
_ _ + 4+ — =0.
a?p ()5 af? o' (5) af o'p af op

Looking for particular solutions of type o (t) = t* and 3 (t) = t° (a,b € R*), then P,

18 biharmonic if and only if a and b are solutions of the following algebraic equation

2n+1)°a®+2@2n+1)(b—1)a+b* —2b=0,

n b n b—2

a a =
2n+1 2n+1

For this equation, we can distinguish the following cases :

1) Fora = , Py is harmonic and thus biharmonic.
2 +1
(2) For a = we get « (t) = tZT and B(t) = t° for any b € R*. In this

case, the first projection Py is biharmonic non-harmonic.

which is equivalent to

2n+1 )

Example 4.4. We consider the first projection Py : (]Rm\ {0} x N2”+1,C~¥> —
R™\ {0} (m > 2) when we suppose that the functions o and f are radial (o =
a(r),8=0(r),r=|z| for any x € R™\ {0} ). By Corollary 3.6, Py is biharmonic
if and only if the functions o and B satisfy the following differential equation

anj—la,,, n 2(n— 10)[2(271 + 1)0/0/, . (m — 112271 + 1)0/' ~(m T)Q(Qn +1) o
—fm’%?+”mf—“;*mf+gw 2o+ "y

g T () 5 () T+ T g
S @ - (9 =

To solve this equation, we will present two cases.

o First case : We look at particular solutions of the form a(r) = % and

B(r) =2 (a,b € R*); then, Py is biharmonic non-harmonic if and only if
m=n+ 3.

In this case, we deduce that Py is biharmonic non-harmonic if and only if

m =n+3 for all functions of type o (r) = % and f (r) = g (a,b € R*).
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e Second case : Another method to solve this equation is to look at the solu-
tions of the form o (r) = r® and B(r) = r° (a,b € R*); then, P; is bihar-
monic non-harmonic if and only if a and b are solutions of the following

algebraic equation
@n+1)%a® +2@2n+1) (b+m—2)a+ (B> +2(m —2)b) = 0.

For this equation, the solutions are given by :

(1) a= ﬁ, then Py is harmonic so it is biharmonic.
_bt2m-—4

(2) a = _5227:174 (m > 3), soa(r) = r =+ and B(r) = r° for

any b € R*. In this case, the first projection Py is biharmonic non-

harmonic.

Remark 4.5. By Corollary 3.6, we can give some particular cases :
(1) If « = £8, we get the D-homothetically warped metric (see [4]), and the
first projection is biharmonic if and only if
o?gradAa — o (Aa) grada — 2n \grada\Q grada
+ nagrad (|grada|2) + 20’ Ricci™ (grada) = 0.

(2) If B = +1, we obtain a warped product metric and in this case the first

projection is biharmonic if and only if

o?gradAa — o (Ad) grada — (2n — 1) |grada)? grado

2n — 1
+ %agrad (|grada\2) + 202 Ricci™ (grada) = 0.
(8) If a is a constant function, then the first projection is biharmonic if and

only if
BgradAB — B (AB) gradB + |gradB|* gradp
- %ﬂgrad (|gradﬁ|2> + 2B%Ricci™ (gradp) = 0.
Proposition 4.6. Let U : (M x N, é) — (PP, k) be a map defined by V¥ (x,y) =

¥ (y) where ¢ : (N2"+1,h) — (PP, k) is a smooth map. The tension field of the
map W : (M x N, é) — (PP, k) is given by

rw) = ey = 2 g v (©) + L5 vedn ).

o232 o232
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Proof. By definition, we have
T (V) =TrzVd¥
= V(e;,0d¥ (€:,0) — d¥ (%e- 0 (€3, 0))
1
+ 2 V0.)d¥ (0, f5) = d\If ( 1 (0, f]))
1
+ 5 V.ernd¥ (0,0f;) = gd‘l’ (V(o,gofj) (0, sﬂfj))

1 1 ~

Lemma 3.3 gives us

2 _
r0) = Vo (1) - b (V5,5) + St (V) v ©

2 _

b5 Ven b 00) — b (Vo) + S (Vg ot;) a6 ©

1 !
+ g Vet () - Ly (Ve€)

301

1 1 , 1 1 /
= gvfjdiﬁ (fi) — @dlﬁ ( fjfj) + ngjdw (pfi) — ?dw (V@f,.sofj)

1 1 , /82 -1 ,
2.1 2
e (Vo) a0 (© + 5 ;2 Vedis (€)

Finally, by using the definition of div{ and the fact that
(V) = Vi, dvr (f3) = d (V5,5 ) + Veor,dié (0))
—dy (Vg 0f;) + Vedv (§) — v (VE€) |

we conclude that

62
252

r() = Loy - T gy av (©) +

252 v£d¢ (f)

In particular if 3 = 41, we find the expression of the tension field obtained in

Theorem 5 (see [10]). The harmonicity of ¥ is given as follows.

Remark 4.7. The map ¥ is harmonic if and only if

B () — (8% = 1) {(div€) dv (§) + Vedy (€)} = 0.
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Moreover, if 1 is harmonic, then ¥ is harmonic if and only if
Vedip (§) + (divg) dy (§) = 0.
In particular, if ¥ is the identity map, we obtain

Remark 4.8. The tension field of the second projection is given by
1— 2

a262

then Py is harmonic if and only if

T (P) = {(div€) € + Vet},

Ve + (divg) € = 0.

In the case where (N2”+1,30,§,17, h) is a Kenmotsu manifold, the tension field of

the second projection becomes

2n (82 — 1)
—

Note that if 8 # £1, then the second projection is never harmonic.

T(PQ)Z— §

The following results give us the conditions of biharmonicity of the second pro-
jection and the inclusion map in the case where (N2"+1, v, &,m, h) is a Kenmotsu

manifold.

Theorem 4.9. Let (NQ”H, p, &,m, h) be a Kenmotsu manifold, the second projec-
tion Py : (M X N, é) — (N, h) is biharmonic if and only if the functions o and

B are solutions of the following equation

2(82 -1 P A(n—1) (82 -1 4
<a%2)Aa ~ 2 (AB) + a4ﬁ(2 ) \grada)® + ey \gradp|?
4(n—1) - 282 dn (8% — 1
- na?)—ﬁzgdoz (gradf) + 2%2) = 0.
Proof. By Remark 4.8, we obtain
2n (8% -1
(P ="t (5262 e

To simplify our calculations, we denote f = f;—gzl, then the second projection is

biharmonic if and only if

TreV2 &+ fTrgRYN (€,-)- = 0.
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The calculation of the first term TT§V2 f& gives us

Trév2f§ = Vi(e;,00Vies,00[E — V@(e‘lo)(eiyo)ff
1 1
+ 2 VornVenlE = 5V, ol

1 1
=+ EV(()#pfj)v(O,apfj)fE - @V%( (Q‘Pfj)fg

Oﬁﬁfj)

1 1
+ a232 V.o Ve fé— o232 vﬁ(O,g)(o,f)ff'

Using the equations of Lemma 3.3 and the fact that V’gf =0, we get

f

TreV2fe =eilei (D)€~ (Veer) (NE+ 25V, Vi€

2 1
_ %V’v/f] €+ + da (gradf) € + Bdﬁ (gradf) &
f ! ! f /
+ ? ij ijg v f ‘Pf]g

As (N I+l p Eom, h) is a Kenmotsu manifold, a simple calculation gives us

1=V, €=V f5 =V b+ (Vi fi) €= —ng
and
! X ! é‘ VI ’ 5 —nf
ofi ¥ el o0t
It follows that

2nf 2n+1
@

TréV2ff = <Af — 047 da (gradf) + %dﬂ (gradf)) £.

For the term fTrqg, ,RYN (§,-)-, it is clear that

a,B
FTr6 R (6,) = L5 Ricai® (€).

Then, we conclude that P, is biharmonic if and only if

f

(Af — 2;17][ + 2no—)— 1da (gradf) + ldﬁ (gmdf)) &+ ?RicciN (€ =0.

B

A simple calculation gives

2(B%-1 6(8%—1
Af = (SSﬁQ)AO‘ + (64,82) |grada|2 + 253 (AB)
2ﬁ4 |gmdﬁ| - 353 da (gradpB) ,
2(B% -1
a(gradf) = —(5352) \grada|® + 2ﬁ3 do (gradp)

303
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and
2(p2 -1
dg (gradf) = _(ggﬁz)da (gradB) + 253

We deduce that the second projection P» is biharmonic if and only if

<2(ﬂ2—1)A 4(n—1) (8% 1)

lgradp|® .

2
PETEE a— s |gradal” +

2
a263 (Aﬁ) 254 |g7"adﬂ| >

2n (8% —1)

do (gradB) — Y

4(n—1)—23? BE—-1_. N
+ (oﬁﬁfﬂ &+ T Ricci™ (&) = 0.
Finally, using the fact that Ricci®™ (¢) = —2n&, then the last formula becomes

2(8%2 -1 2 4(n—1)(p%2 -1
WAQ OzQB?’ (AIB) n 45(2 )
dn (B2 —1)

4(n—1)—2p2
atp?

\grada\Q + |grad5|

254

- ————————da(gradp) +

o333 =0.

Remark 4.10. By Theorem 4.9, we can give some particular cases :

(1) If a« = £8, we get the D-homothetically warped metric, and the second

projection is biharmonic if and only if
a(a? —2) Aa+ ((2n —1)a® — 4n + 6) \grada)® + 2n (a? —1) =0.

(2) If B = £1, the second projection is harmonic so it is biharmonic.

(8) If a =1, then the second projection is biharmonic if and only if
B(AB) —2|gradf|® — 2n8% (62 —1) = 0.

Theorem 4.11. Let (N2"+1, ©,&,m, h) be a Kenmotsu manifold, the inclusion map
iy - N — (M x N, é) defined by iz, (y) = (xo,y) is biharmonic if and only if
the following condition is verified

((52 + 2n)2 \grada|® + 20282 |gradB|? + 30 (8% +2n) do (gradﬁ)) grada

+ (azﬂ |grad6|2 +a (362 + 2n) da (gradB) + 20 (ﬁ2 + 2n) |grada|2> gradf

(7~ 1) (541
G

dnPa (B2 — 1)2

33
82+ 2n)*
+ Mgrczd (|grada|2> + grad (\grad,8|2>

agﬁ (62 + 2n) (Vgradagradﬂ + ngd,ggrada) =0.

grada — gradp

OlSﬂQ
2
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and
(B> —=1) (B> +2n) \grada)® + o?8% |gradp|?

+af (2,6’2 +n— 1) da (gradf) + 2n (62 - 1) =0.
Proof. The tension field of i, is given by
7 (igy) = TryViig,
= V0.1 (0:£) = Vo) (0.£1) + Vioer,) (0.01))
— Vo) 0,0f) + Ve (0,€) — Vige) (0,€)

By Remark 3.4, we get

2n (8% —1)

T (igy) = — (2n + 62) (grada,0) — o*B (gradfB,0) + 72

(0,6).

Then i,, is biharmonic if and only if

«Q (2n + [32) (Trh (%)2 (grada, 0) + TThIAé ((grada,0) , diy,) dimo)

(5) +a?B (Trh (%)2 (gradp,0) + Trhﬁ ((gradp,0) ,diz,) dixo)

2n (6% — 1)
—— 5
Using Remark 3.4, we obtain

(Trh (6)2 (0,6) + TraR ((0,€) , din, ) dimo) —0.

Try, (6)2 (grade,0) = — (2n + B7) \gradal® (grada, 0) — af |grada)® (gradg, 0)
— afda (gradp) (grada, 0) — o*da (gradB) (gradg, 0)

+2n(ﬁ2—1)

o laradal® (0.€) + Sda (grad$) (0.6),

B
Try, (6)2 (gradB,0) = — (2n + 62) da (gradf) (grada, 0) — af \gradﬁ\Z (grada;, 0)

— o’ |gradp|* (gradB, 0) — afda (gradB) (gradB, o)

N 2n (8% —1)

o da (gradd) (0.€) + 7 grad3 (0.6

and
Try, (%)2 (0,€) = —2na (ﬁ2 +1) (grade, 0) — 2na’ B (gradp, 0)

— B%|gradal’ (0,€) — a? |gradp|® (0,€)

— 2afda (gradB) (0,€) — % (0,€)
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By definition, we have

TrR ((grada,0) , diy,) dig, = R ((grade, 0), (0, f;)) (0, f;)
+ R((grada,0), (0, 0f;)) (0,1;)
+ R ((grada,0) ,(0,£)) (0,€).

By Remark 3.4, a long calculation gives

R ((grada,0), (0, f;)) (0, f;) = —na (Vgradagrade, 0) + %da (gradpB) (0,¢),

~ n

R ((g'radav 0) , (07 Spfj)) (07 prj) = —h«o (vgradagradaa 0) + ﬁg do (gradﬁ) (0’ 5)
and
R ((grada.,0),(0,£)) (0,€) = —aBda (gradB) (grada, 0) — o |grada|? (gradp, 0)
- aﬁz (vgradagradav 0) - 0425 (vgradagradﬂa 0) .
Then
Tr R ((grade, 0) , dig, )diz, = —afda (gradB) (grade, 0) — af |grada)® (gradg, 0)
-« (2n + ﬁz) (Vgradagrada, 0) — a?B (Vgradagradf,0)

+ Z—Zda (gradpB) (0,¢) .

Similarly, we get
TriR ((gradB,0) , iz, )dis, = —af|gradB|” (grade,0) — aBda (gradB) (gradp, 0)
—a (2n + ﬂ2) (Vgraapgrada,0) — a? B (V graapgrads, 0)

+ % lgradB? (0, €)

and

TriR((0,€), dig,) diz, = TraR((0,€),-)- = 2”60‘2 (gradB,0) — 2n |gradal® (0,€)

- 2 da (grads) 0. -

2n

72 (0,€).
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It follows that

Try, (6)2 (grada,0) + Tr, R ((grada, 0) , dig, ) dig,

= — (2n + ﬂz) |g7"adc34|2 (grada, 0) — 2a8da (gradp) (grada, 0)
(6) —2af |gradal® (gradB,0) — o?da (gradB) (grads, 0)

—a (2n+ £%) (Vgradagrada,0) — o B (Vgradagrad, 0)

P Gl 2n (F2+1)

o loradal’ (0.6) + —;

do: (gradp) (0,€)

Try, (6)2 (gradB,0) + TriR ((gradB,0) , diy, ) dia,

= — (2n + B?) da (gradB) (grada, 0) — 2a3 |gradB|* (grada, 0)
(7) —o?|gradB|* (gradp,0) — 2aBda (gradB) (grads, 0)

— o (2n+ £2) (Vgraasgrada, 0) — o*B (V graasgradp, 0)

PR Gl 2n (F*+1)

a62 53 |grad6|2 (075)

da (gradp) (0,€) +
and
N2 ~
Try (v) (0,€) + TriR((0,€), digy) iz,
= —2na (B* + 1) (grada,0) — (B> + 2n) |grada)? (0, €)

B 2na’ (52 — 1)
g

do (gradp) (0,€)

—a® |gradp|* (0.€)
B 2a (ﬁQ + n) _dn

B p?
By replacing (6), (7) and (8) in (5), we conclude that the inclusion map iy, : N —
(M x N, é) is biharmonic if and only if

(gradp,0)

(0,8)-

((52 + 2n)2 \gradal® + 20282 |gradB|? + 30 (8% +2n) do (gradﬁ)) grada
+ (azﬂ |grad6|2 +a (362 + 2n) da (gradB) + 208 (ﬁ2 + 2n) |grada|2> gradf

n (7~ 1) (541
G

dnPa (B2 — 1)2

33
82+ 2n)*
+ Mgrczd (|grada|2> + grad (\grad,8|2>

+ agﬁ (62 + 2n) (Vgradagradﬂ + ngd,ggrada) =0

grada — gradp

OlSBQ
2
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and
(6% — 1) (8% + 2n) |grada)® + o 8% |gradf|?
+aB (28% +n — 1) da(gradB) + 2n (8% — 1) = 0.

In the case where 5 = +1, we find the results obtained in the two Corollaries 5 and
6 (see [3]).

Finally, we will study the harmonicity of the identity map Id : (M X N, é) —
(M x N,G).

Proposition 4.12. The identity map Id : (M x N, é) — (M x N,G) is har-
monic if and only if

(2n + 1) Bgradoa + agradf = 0

and
Vi€ + (div) € =
Proof. By definition, we have

7(Id) = Ve, 0) (€:,0) = Vie,.0) (€:,0)

F V04 0.) ~ 50 0.1))

1 1 ~
+ OTV(O of:) (07<Pfj) - OTV(O of;) (0,0f5)

+— ,B — Ve (0,6 — /3 ——V(0.e (0,€).
Using Lemma 3.3, we deduce that
2 2
(1) = 22 (grada,0) + % (gradB,0) + — BﬁQ (0.v2¢) — ° > 521 (div€) (0,€).

It follows that the identity map Id : (M X N, é) — (M x N, Q) is harmonic if
and only if
(2n 4+ 1) Bgrada + agradf =0
and

(€ + (divg) € =0

Remark 4.13. In particular, if (N2”+1,g0,£,77,h) 18 a Kenmotsu manifold, the
tension field of the identity map Id is given by

2 1 1 2 21
" (gradas 0) + 5 (grads,0) — = 5;82 = )

T (Id) = (0,€).

We distinguish two cases :
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(1) If B = +1, then the Id : (M x N, é) — (M x N,G) is harmonic if and
only if « is the constant function.

(2) If B # £1, then the identity map is never harmonic.
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