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ABSTRACT. L.c.q.K. manifolds were investigated by ([4], [7], [6], [8]) and anti-
invariant Riemannian submersion was studied in ([10],[1]). The present note
aims to work on anti-invariant and Lagrangian Riemannian submersion of lo-
cally conformal quaternion Kaehler manifolds. Further, the geometry of fo-
liation is discussed and some decomposition results for such submersions are

obtained.
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1. INTRODUCTION

In 1976, I. Vaisman [12] initiated the work on l.c.K (locally conformal Kaehler)
manifolds (also see: [4]) and l.c.q.K (locally conformal quaternion Kaehler) mani-
folds were taken to investigation by ([7], [6], [8]) and their submanifolds in ([11],[3]).

One can recall 1.c.q.K. manifolds by means of manifolds of quaternion Hermitian
type that have metric which holds conformal property with quaternion Kaehler

metric in some neighborhood of any given point. In case, any l.c.q.K. manifold
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satisfies compact property, one may fix Lee form parallel without any restrictions
[4] and this one is the reason that set it apart from l.c.K. manifold [4].

On the other side, for Riemannian manifolds M and g, Prof. B. O’Neill was
the researcher who produced the concept of Riemannian submersion 7 : M — B.
In 2010, B. Sahin [10] earned the credit by working on anti-invariant Riemann-
ian submersions defined from almost Hermitian manifold onto some Riemannian
manifold. Our note aims to work on anti-invariant and Lagrangian Riemannian
submersion of l.c.q.K. manifolds. Further, geometry of foliation is discussed and

some decomposition results for such submersions are obtained.

2. PRELIMINARIES

We begin with l.c.q.K. manifold.

Definition 2.1. Let us identify by Jy, Jo and J3 almost complex structures and
by (Mv, Jz,9),a € {1,2,3}, any quaternion Hermitian manifold for sub-bundle S of
End (TMV) that has rank equals to 3 and spanned by Jz, @ € {1,2,3}. A quaternion
Hermitian metric g for which the Levi-Civita connection V holds the condition
VS c S’, is called as quaternion Kaehler metric.

Any l.c.q.K. manifold might be constructed by quaternion Hermitian manifold
u,=elgi,
for any quaternion Kaehler metric g; on U;. Here, one can locally define the Lee

form " as follows w' |y, = df;, so that the following hold 7]

equipped with a metric g such that over neighborhoods U; covering Mv, g

do' =w' N0 and dw' = 0.

When one identifies associated Levi Civita connection with V, we see [7]

o

(Va, Ja)Xo = L{0/() X1 — /(X)) JxXy — g(X1, Xo) A — Q(Xy, Xo) BY
(1) +Qap(X1) Ty X + Qao(Xy) JXo, VX, Xy € TM,

in this case, Qq4 is used for a skew symmetric matrix of local forms and Lee vector

field B assures the relation g(X;, B) = w/'(Xy). Also, 0/ = w'oJx and A = —JzB.
Assume (M™, g) and (gb,gg) to be Riemannian manifolds with m > b. Then,

7 : M — B of maximal rank defines a Riemannian submersion from M onto B if

lengths of horizontal vectors are preserved by the differential 7.
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Also, 7T 1(px),px € li represents a submanifold of M famously known as fiber
with dimension equals to (m — b). Also, when vector field X' is always tangent to
fibers, it is named as vertical and if X is always orthogonal to fibers, it is known as
horizontal.

Further, horizontal vector field becomes basic when 7.&), = Xz, Vp € Mv,
wherein X, identifies a vector field on B.

Next, suppose V and H represents projection morphisms on ker7, and (kerw, )",

respectively. Then we have [5]

Lemma 2.2. When we identify Riemannian submersion between Riemannian man-
ifolds M and B by T : M — B. On Riemannian manifold g, we also identify by
V* a Levi-Civita connection. One notices the following

(a): gV1,d2) = g5V, Vo, )oT,

(b): ([V1,Y2)) = (V14s Vou),

(c): when V represents vertical field of kerm., then [V, V1] is also vertical,

(d): in corresponds with V3, Yo, H(Vy, V2) represents a basic vector field.
In this case, Y1,Ys stand for basic vector fields on M.
For Riemannian submersion identified by 7 between Riemannian manifolds M

and B. A characterization for geometry of 7 with the help of O’Neills tensors T

and A can be done as

2) ApFo = HV 5 VEy + VY, i HE,

(3) T Fa = MY 5 VS + VYV w1,

F) and F; are written for vector fields on M. One can also note that if 7~ vanishes
identically then and only then fibres of 7 are totally geodesic. Further, consider
that VF, € F(TMV), then on this set of all sections on the tangent bundle, identify
skew-symmetric operators by T and Az so that horizontal distribution and ver-
tical distribution are reversed. Additionally, observe T to be vertical and A to be

horizontal, T = Tz, A= A, z. We also have

(4) ToW = TwU,YU,W € I'(kerm,)

(5) ArY = —ApX = %Wc,y},vx,y € (T(kerm)b).

Next, we have the following relations.
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Lemma 2.3. Let us suppose that Yy, Vs € (I'(ker®.)"), then

(a): VoW = oW + V5W

(b): Vg1 = HVg + Todh

(c): Vy,V=uUyV+VVy V

(d): Vy, Vo =HVy, Vo + Ay, Vo, YV, W € I'(kerr.,).
In this case, @VW = VVVW and when we identify a basic vector field by Y1, then
HVGY = Ay, V.

3. ANTI-INVARIANT RIEMANNIAN SUBMERSIONS

Definition 3.1. [10] Consider complez almost Hermitian manifold (M™, g, .J) and
suppose (E, gg) identifies any Riemannian manifold. The Riemannian submersion
produced by T : M — B for which J(kerm,) C (kerm,.)* holds, is known as anti-

invariant Riemannian submersion.

Now, consider anti-invariant Riemannian submersion 7 : M — Bandin (kerm, )™,
one might identify the orthogonal complementary distribution of J(kerm,) with p.
Then above definition results J(kerm.)t N (kerm.) # 0, producing

(6) (kerm,) ™ = J(ker®,) @ .

One might also write

(7) JX = BX + GX, VX € T'((kerw,)*), BX € T'(kerw,),GX € T'(p),
and using the fact that 7, ((kerm,)t) = T8 and in light of (7), we can show
95(T. JV,7.GX) = 0,VV € I'(kerm,) proposing

(8) TB =7, (J (ker®,)) ® 7 (1)

Next, harmonic maps are considered among manifolds (Mv ,g) and (g, g5) equipped
with Riemannian structures [2]. Take smooth map ¢ between M and B and give
the pullback bundle by ¢~ (TB) having fibres (¢~ (TB)),y = Ty(p)B, 1’ € M, then
one might view the differential of ¢ as a section of Hom(TM, ¢~ (TB)) — M.

Also, Hom(T M, ¢~1(TB)) induces V from the Levi-Civita connection written by

VM and pullback connection. One also has the second fundamental form for ¢

(9) (V)1 ) = V5, 6.(V2) — 6.(VH D).

Now, we write.
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Lemma 3.2. Let us suppose that (Mv,g, Jz) represents any l.c.q. K. manifold and
(g, gg) any Riemannian manifold. Then, for anti-invariant Riemannian submer-
sion T : M — g, we have

(i): g(GW, J5V) =0

(ii): g(VzGW, J5V) = —g(GW, JzAzV) + 1/ (V)g(GW,GZ)

(iii): g(VgBW,GZ) = g(GZ,T3zBW) = —g(BW, TG Z2),
VZ,W e T'((kerm.)t),V € I'(kerm.). In this case, w' means globally defined closed
1-form of manifold M.

Proof. Let Z,W € T'((kerm.)":).
(i) Equation (7) presents

g(GW, JEV) = g(JaW — BW, JEV)
= g(JaW, JEV), YV e F(kerﬁ*)7

because BW € T'(kerr.,), JaV € I'((kerm,)t). Also, g(JaW, J5V) = gW, V) =0,
completing the proof.
(ii) Consider B € I'(ker7,) and use (1) to produce

g(VzGW, JzV) = —g(GW,VzJ5Y)
= —g(GW,JzVzV) + %w’(V)g(GW, Jz2),
here part (i) has been used. Now, thanks to (7) we get
G(V2OW, J-V) = —g(GW, JuV5T) + %w'(V)g(GW, BZ+G2)
= —g(GW,J5VzV) + %w’(V)g(GW, GZ2),

since GW € T'(n) and BZ € T'(ker7,). So, Lemma 2.3 presents
g(VzGW, J5V) = —g(GW, J5AzV) — (GW, JgVV V) + %w’(V)g(GW, GZ2).
As JzVVzV € T'(Jgkerm.,), we arrive at

g(VzGW, J5V) = —g(GW, JzAzV) + %w'(V)g(GW, GZ2)

that proves the result. O
From now, we suppose Be (kerm,) and during the proofs of the results, horizon-

tal vector fields are considered as basic whenever required. Also, kerm, is integrable.
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Theorem 3.3. Let us suppose that (Mv, g, Jz) represents any l.c.q. K. manifold and
(g, gg) any Riemannian manifold. Then, for anti-invariant Riemannian submer-
sion 7 : M — g, we have the following equivalent assertions for V € T'(ker®,):
(a): (kerm.)* is integrable,
(b): g5((VT. )W, BZ), 7. JzV) = g5((VT.)(Z, BW), T JzV)+g(GW, JzAzV)
~9(GZ, JaAwV) — 59(BW, B)g(2, JzV)
+ 39(BZ, B)gW, J=V),
(¢): g(AWwBZ — AzBW, J5V) = —g(GW, JzAzV) + g(GZ, Jz AwY)
+39(BW. B)g(2, JaV)~39(BZ, B)gW. JaV),
VZ, W € T((kerm,)t).

Proof. Definition 3.1 produces JoW € T'(kerm, @ u) and J5V € T'((kerm,)’).

So, use of (1) gives

g([Z,W],V) g(JE[ZﬂWLJEV)

g(JaVZW, JEV) - Q(JEVWZ; JEV)
1 _
= g(VzJzW, JzV) — iﬁl(W)g(Z, JzV)
1 _
—9(VwJaZ, JaV) + 59/(3)9(7/\/7 JaV)

in the present case, g(Z,é) =w'(2), 0 = w'oJz and Q(Z,W) = g(Z, JzgW), so
B e I'(kerw,) and (7) implies
_ _ 1 , _
g([ZW,V) = g(VzJaW, JaV) — g(VwiaZ, JaV) — 59(BW,B)9(Z, J&V)
1 o _
—|—*g(BZ7 B)g(W7 JEV)

2

—9(VwGZ, J5V) — %g(BW, B)g(2,J5V)
+%g(BZ, B)gW, J5V).
Because T represents a Riemannian submersion, one achieves
g([ZW),V) = g(@VzBW, 7 J5V) 4+ g(VzGW, J5V) — g5(T.VWBZ, 7. J5V)

— 1 o _
*Q(VWGZ, JEV) - §Q(Bwa B)Q(Za JEV)

1 o _
+§9(327 B)gW, J&V).
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Finally, Lemma 3.2 helps us to find

J(ZWT) = ga(—(V7.)(Z, BW) + (V7.)(W, BZ), 7. JzV)
—g(GW, JzAzV) + g(GZ, JeAWV)
1 . - 1 . —
—59(BW, B)g(2, JaV) + 59(BZ, B)g(W, JaV)
showing that (a)<(b).
Next, taking account of Lemma (2.3), we observe
(V@) (Z2,BW) — (V@) (W,BZ)
= —ﬁ*(VZBW) + f*(VWBZ)
= —7.(VzBW-VwBZ)
= T.(AwBZ — AzBW).

Therefore, it is written as

95(VT)(Z,BW) — (V7,)W,BZ),7.J5V)
= 95T (AWBZ — AzBW), 7. J5V)
= g(AwBZ — AzBW, J5V).

But, AzBW — AywBZ € I'((kerT,)") establishing equivalence of (b) and (c). O

Definition 3.4. Anti-invariant Riemannian submersion T becomes Lagrangian Rie-
mannian submersion provided Jg(kerw,) = (ker®.):. Moreover, submersion 7

represents proper anti-invariant Riemannian submersion if p # {0}. [10]
Taking help of Theorem 3.3 produces:

Corollary 3.5. Assume that (Mv7g,Ja) represents l.c.q.K. manifold and (g, 97)
any Riemannian manifold (g, gg). Then, for anti-invariant Riemannian submer-

sion T : M — g, we have the following equivalent assertions:

(a): (kerm.)* is integrable
(b): (V7 (2, JaW) = (V) W, JxZ) — $9(BW, B)Z + Lg(BZ, B)W
(¢): TulAzJaW — AwJzZ) = g(BW,B)Z — Lg(BZ, B)W,

VZ,W e I ((kerm.)?b).



152 MAJID ALI CHOUDHARY

Proof. YV € I'(kerT.), one observes JzV € I'((kerm.)+). Therefore, (1) shows
g([Z2WV) = g(Ja[Z2, W], JzV)
= g(JaVzW, J5V) — g(JaVwZ, JzV)
= g(VzJW, J5V) — g(VwJzZ, JzV)
5 9(BW, B)g(2, 1) + Lo(BZ, Bg(W, JaT).
Equation (9) helps us to derive
g([ZW),V) = gz(@VzJaW, T JaV) — 957 VwJaZ, T dzV)
—%g(BW, B)g(Z,J5V) + %g(BZ, B)gW, J=V)
= (VA (Z, JaW), 7 JaY) + g5 (VE) W, S5 Z), 7o S5 V)
—59(BW, B)g(2, 1Y) + J9(BZ, Blg(W, J:T).
Thus, (ker7. )" is integrable iff
95(VT)(Z, W), T JzV) = g5(VT.) WV, JzZ), T JzV)
—%g(BW, B)g(Z,J5V) + %g(BZ, B)g(W, JzV)
proving that(a)<(b).
Now, for Z, W € I'((ker7.)"), taking help of (9), it is easy to see
(VTOW,JzZ2) — (V7)(Z, JaW)
= —T(VwJaZ)+7(VzJaW)
= T (H(VzJaW) - H(VwIzZ))
= T (AzJaW — AwJaZ)

implying that (b)<(c). O
4. TOTALLY GEODESICNESS ON Mv

Theorem 4.1. Assume by (Mv,g, Jz) any l.c.q. K. manifold and by (g, gg) any
Riemannian manifold. Then, for anti-invariant Riemannian submersion T between
M and B, one has these equivalent assertions for V € T'(kerm,):
(a): totally geodesic foliation is defined by (kerm.): on M ,
(b): g(AzBW, J5V) = g(GW, JzAzV) — mani foldw' (V)g(GW,GZ)
+ 39(BW, B)g(Z, JaV) + $9(Z2,W)9(B, V),
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(€): gz(VT)(Z, JaW), TuJaV) = —g(GW, JzAzV) + L/ (V)g(GW, GZ)
— 39(BW, B)g(Z,J5V) — $9(2,W)g(B, V),
VZ,W e I ((kerm.)?b).

Proof. Equation (7) leads to

1 . | .
= g(VzJaW, JzV) — gg(BW, B)g(Z,J5V) — 59(27 W)g(B,V)

— — 1 - —
= g(VzBW,JzV) + g(V=zGW, JgV) — ig(BW,B)g(Z, J=zV)
1 0 —
— — 1 _
= g(AzBW, J5V) - g(GW, JeAzT) + 5w (V)g(GW, GZ)

1 o — 1 o
759(BWaB)g(Za JEV) - 59(27W)9(B7V)

where Lemma 2.3 and Lemma 3.2 have been used. In this way, a totally geodesic
foliation is defined by (ker7,)* on M iff

_ 1
g(AzBW,JzV) = g(GW, JzAzV) — iw’(V)g(GW, GZ)
1 . — 1 -
+39(BW, B)g(Z, Ja¥) + 59(2,W)g(B,7).
So, we have (a)<(b). Now, considering (9), presents

g(AzBW,JsV) = g(VzBW,J5V)

= g(VzJW, JaV) — g(V=GW, J5V)

= 95T NVzJW, 7 JzV) — g(VzGW, J5V)

= —g5((VT)(Z, JaW), TdaV) + g5(VET.(JaW), TuJaV)
—g(VzGW, J5V)

= —g5((VT)(Z, JaW), 7T JaV) + g(VzGW, JzV)
—g(VzGW, J5V)

= —g95((VT)(Z, JaW), T\ J5V)

concluding that (b) is equivalent to (c). O

The next result is for Lagrangian Riemannian submersion.
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Corollary 4.2. Assume by (Mv,g, Jz) any l.c.q.K. manifold and by (g, gg) any
Riemannian manifold. Then, for Lagrangian Riemannian submersion T between

M and B, one has these equivalent assertions for V e T'(kerm,):

(a): totally geodesic foliation by (kerm. )’ is defined on Mv,

(b): gz(AzJald, JxV) = Lo(Jsld, B)g(Z, JaV) + 1g(Z,U)g(B,V),

(©): 95((VT)(Z, Jall), T V) = —59(Jalh, B)g(Z, V)~ 4 9(Z,U)g(B, V),
VZ,U € T((kerm,)*t).

Proof. Assume VZ,U € T'((ker,)t). Then, (1) produces

g(VzU,V) = g(JzVzU,J5V)
= 1 — 1 .
— g(V2JU, JaV) = 30 W2, J) = S9(2.U)g(B.T)

= G5Vl T TsT) — 28 U9, TaT) — 59(Z,Ug(B,T)
= g (A2 Jalh), T i) — 30 U)g(2,JaT) — 592 Ug(B,V).
In this way, totally geodesic foliation by (ker7,)* is defined on M iff
05(AzJad, JoY) = 20/ U)g(Z, JeV) + Lo(Z,U)g(B,7)
establishing equivalence between (a) and (b). Next, taking help of (9), we get

gE(AZJEZ/{7 JEV) = gE(VZJEu, JEV)
= 95T VzJald,T.J5V)
= —g5((VT)(Z, JaUl), 7. V)

showing
= 1 — 1 o
95(VT)(2, JaU), T JaV) = =50’ U)g(2, JaV) = 59(2,U)g(B,V)

concluding (b) is equivalent to (c). O
Assume Z € I'(p). Then, (9) produces

(V@ )(L, 2) = VI7, 2 — m Vi 2, VL € T(kerz,).
Also,

(V7)) (Z2,L) = V7. L — 7. VzL.
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Taking into consideration symmetry of second fundamental form, one gets
(10) V%W*Z =0.
Next, we state

Theorem 4.3. Assume by (Mv,g, Jx) any l.c.q. K. manifold and by (B, gg) any
Riemannian manifold. Then, for anti-invariant Riemannian submersion T between

M and g, one has these equivalent assertions for V,U € T'(kerm.,):

(a): (kerw,) is used to define a totally geodesic foliation on M,
(b): TgBZ + AgZV =0 or TyBZ + AcZV € I'(p),
(©): g5(VT)(V, J5Z), 7 J5U) = 0, VZ € D((kerm.)*).

Proof. Equation (1) gives

9(V5U,2) = g(JaVyU, JzZ2)
9(VgJ5U, JzZ)

—g(J5U, Vg J=Z)

€

where we used that (kerm,) and (kerm,)— are orthogonal. Next, (7) and Lemma

2.3 bring us at

= —9(JaU, TgBZ) — g(JaU, Ag=zV)

concluding that (a)<(b). Now, taking help of (9), we observe

9(TgBZ,J50) + g(AgzV,Jz0)
= g(H(VgBZ),J50) + g(H(V5GZ), J50)
= g(VgBZ, JzU) + 9(VgGZ, J=U)
= 95T VgBZ, 7. J50) + 957 VgGZ, 7. JzU)
= —g95((VT)(V,B2),7,J50) — g5(V7.)(V,GZ), 7. J5U)
+95(VIT.GZ, 7. J5U)
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which in the light of (10) gives
9(TgBZ,J50) + g(AgzV,Jz0)
= —g95((V7.)(V,BZ2),7.J50) — g5((V7.)(V,GZ), 7. J5U)
= —g95((VT)(V, Jz2), 7. Jz0)
proving equivalency between (b) and (c). O

For Lagrangian Riemannian submersion 7, (8) produces TB = 7, (Jz(ker,)).

So, one writes

Corollary 4.4. Assume by (.//\>l/,g7 Jz) any l.c.q.K. manifold and by (E, gg) any
Riemannian manifold. Then, for Lagrangian Riemannian submersion T between
M and B, one has these equivalent assertions for U,V € T'(kerm,):

(a): totally geodesic foliation by (kerT,) is defined on M,

(b): TJ=U =0,

(c): (VT)(V,Jz2) =0, VZeT((kerm.)b).

Proof. From Theorem 4.3 (a) < (b) is obvious. We prove (b) < (c¢). Taking into

account (9) and Lemma 2.3 and using the orthogonality of (kerw.) and (kerw.)*,

we obtain
9V dal, JsZ) = —g(JaT,ViaZ)
= —g95(7J50, T VgJz2)
= s 2T, (YT, JaZ))
9(T5JaU,Ja2) = g5(@Jal, (VT)(V, JaZ))
since Ty JzU € T'(kerw.), it implies (b) is equivalent to (c). ]

Definition 4.5. [2] For any two Riemannian manifolds presented by M and g,
respectively. The differential map T between them becomes totally geodesic provided
V7, =0.

Theorem 4.6. Assume by (M, g, Jz) any Lc.q. K. manifold and by (B, gg) any
Riemannian manifold. Then, for Lagrangian Riemannian submersion T between
M and g, one has for U,V € I'(kerT,):

U [ .
T J=U + §w’(IU)JaV +3 (V. DA+ Qus(VN)JyU + Que(V)J.U =0
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and

1, 1
AzJsU + 5/ (0)JaZ + 52 0)B + Qe (2) U + Que(2).1.U =0,

iff T is totally geodesic. Where VZ, W € T'((kerm,)*).

Proof. The following relation holds for 7
(11) (VTEN(Z, W) =0
Thanks to (1), (9) and (10), for V,U € (ker7.), we derive

(V) (V,U0) = VIm.(U)-7.(V50)
= —T.(V5U0)
= T(Jz(Ja(V5D))
(Vi JzU) + 1w "(0)J=V + g(V 0)4
(V)JyU + Qac( )J.U))
(T J= U)+2w(U)J V+ g(V,U)A
(V)JU + Qac(V)JU)).

7 (;
+Qab
«(J;

I
Al

(12)
Also, (9) produces
(V7)) (2,0) = VZ7.(U) -7.(Vz0)

= -7 (VzD)

= T (Ja(Jz(VzD))

= T.(Jx(VzJ50) + %w'(ﬁ)JEZ + %Q(Z,@)Jé

+Qab(2)JyU + Qac( )J.U))

— A (Ja(As D) + w (T JaZ + %Q(Z,@)é

(13) +Qab(2) U + Qac( )J.0)),

and so Jg is non-singular and required result holds by (11),(12) and (13). O

5. SOME DECOMPOSITION RESULTS

Definition 5.1. [9] Let g represents Riemannian metric tensor associated with
N = MxB and identify by D 57 and Dg the canonical foliations that perpendicularly

intersect everywhere. Then, one can identify by g the metric tensor of
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(i): twisted product M X g B iff Dg and Dyy are totally umbilical and totally
geodesic foliations, respectively;

(il): warped product M X ¢ B iff Dg and Dz are is a spherical foliation and
totally geodesic foliations, respectively;

(iii): usual product of Riemannian manifolds iff Dg and Dz are totally geo-

desic foliations.

Theorems 4.1 and 4.3 lead to the following result for locally conformal quaternion

Kaehler manifold.

Theorem 5.2. Assume by (/W,g, Jz) any l.c.q. K. manifold and by (B, gg) any
Riemannian manifold. Then, for anti-invariant Riemannian submersion T between

M and g, M represents a locally product manifold iff

—_

gg((Vﬁ*)(Zv J@L{), ﬁ>f<JEV) = 79(Gu7 JEAZV) + iw/(v)g(Guv GZ)
1 . — 1 -
~39(BU, B)g(Z, JaV) ~ S9(2,U)g(B,7)

and
95(V7)(V, Jz2), 7. J50) = 0, VZ,U € I ((kerm,)*),VV,U € I'(kerr.).
The following result also follows from Corollary 4.2 and Corollary 4.4.

Theorem 5.3. Assume (M,g, Jz) represents l.c.q.K. manifold and (g, gg) iden-
tifies any Riemannian manifold. Then, for Lagrangian Riemannian submersion
M — g, M is locally product manifold iff

05((V7)(Z, JaW), 7da¥) = — L g(JaW, BYg(Z, J) ~ 30(2, W)g(B,7)
and
(V7 )V, JzZ) =0, VZ,W € T((kerm.)*),VV,U € T'(kert.).
Next, one has

Theorem 5.4. Assume (./T/lJ,g7 Jz) represents l.c.q. K. manifold and (g, gg) means
any Riemannian manifold. Then, for Lagrangian Riemannian submersion T : M=

g, M identifies a locally twisted product manifold /f\/lv(keﬁ*)L X g /f\\/l/(ke,.ﬁ*) iff

ToJzZ = —g9(Z, ToV)||V|| 2 JzV, VU,V € I'(kerr.)
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and
— 1 . 1 .
9g(AzJaW, J5V) = Qg(JaW, B)g(Z, JgV) + 59(37 W)g(B,V),

VZ,W e T'((kerm.)*t). Wherein .//\/lv(ke.,-f*)L X § .//\/lv(keﬁ*) is used to denote integral
manifold of (kerm.): and (ker®.).

Proof. Assume VZ € T'((ker,)t),V,U € I'(kerw,) and consider that (kerm, )+
nd L

and (kerm,) are orthogonal. Then, (1) a emma 2.4 propose

g(vvﬁ7 Z) = -9 VVZa ﬁ)

(

—g(JxVsZ, J5D)

= —g(VeJaZ, J50)

= —g(TgJ=Z, JzU).

Hence, totally umbilical condition hold on (kerw,) iff

(14) TodaZ = —Z(\)J7V,

\ being a function on M. This way, (14) gives
(2N, V) = g(TotaZ, JoV)

(
—ZWIVI? = g(TyJaZ, JaV)
= g(VeJzZ, JaV)
(

= g(JaVgZ,JzV)
= —9(2,THY)
(15) zZ() = g2, R/HYIV]|~?
wherein (1) has been taken into use. Therefore, (14) and (15) produce
Tota2 = —g(2, V)|V 5V
and so result follows with the help of Corollary 4.2. m|

Next, for Lagrangian Riemannian submersion, we study:

Theorem 5.5. Assume (./T/IJ,g7 Jz) represents l.c.q. K. manifold and (E, gg) means
any Riemannian manifold. Then, Lagrangian Riemannian submersion T : M= B
does not exist such that M be representing a locally proper twisted product manifold

Mermyr X f Mgers.)-
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Proof. Set VZ € I'((kerm.)*),V,U € I'(ker7.,). Further, identify by M alocally
twisted product //\/lv(keﬁ*)L xf/T/l/(keﬁ*). So, with def. 5.1, one finds M(ker?*)L and
.//\/lv(keﬁ*) to be totally umbilical and totally geodesic foliations, respectively. Also,
one can see g(VzW,V) = g(h(Z,W),V), h represents the second fundamental form

of M, (kerm, )L~ Taking view of totally umbilical foliation M, (kerm,)L, one writes

in present case, H has been used for the mean curvature vector field of M (kerm, )L -

Also, taking help from (1) and Lemma 2.3, one obtains

g(VzW, V) = —g(W, VzV)

—g(JaW, JzV zV)

Therefore, (16) and (17) produce

_ _ 1 _
JHTDYEW) = —g(JaW, AzJaV + 5/ (V) JZ)
_ _ 1 _

_ _ 1 _
—g(HV)Z|? = g(AzJV + W (V)JaZ, JsZ)

= 1
= g(JEVZV, JzZ)
= —g(V, sz)

Hence, one concludes
g(H,V)[|Z]* = g(V, Az 2).

In addition, (5) implies AzZ = 0, resulting g(H,V)||Z||?> = 0. As H € T'(kert.),
using Riemannian metric g, one obtains H = 0 that establishes (kerm.)® to be

totally geodesic and M becomes usual product of Riemannian manifolds. O
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