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ABSTRACT. In this article, we consider the near-Hamiltonian system
& = —y(ay* + az + 2a2%y® +y* - 32%) + ef (),
§ = x(az* + ay* + 2022y + 22 — 3y?) + eg(z, y),

where a < 0, 0 < |e|] < 1, f(z,y) and g(z,y) are polynomials of degree n

(n =2m, m >3, m € N). The number of isolated zeros of the corresponding

1

Abelian integral for h € (=5,

0) is estimated.
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1. INTRODUCTION AND THE MAIN RESULTS

The latter part of Hilbert’s 16th problem can be expressed as: what is the max-
imum number of limit cycles that a planar n-degree polynomial system may have,

and what are the relative positions of these limit cycles? The limit cycle is that
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the orbits on each side of it approach infinitely close to this isolated closed orbit
when t — oco. Extensive articles on this area has been carried out. For Hamiltonian

system with small disturbance
(1) &= Hy+ep(z,y), )= —Hs +eq(z,y),

where 0 < |¢] < 1, p and ¢ are polynomials of degree n. Arnold [1] raises the
weakened Hilbert’s 16th problem. The Abelian integral can be written as

() I(h) = 75 g(@,y)dz — p(z,y)dy, heT,

where T', is the compact component of the Hamiltonian H(z,y) = h, h € . X is
the range of the closed orbit I',. The number of zeros of the Abelian integral of
system (1) can be obtained by the Poincaré-Pontryagin Theorem, and the upper
bound of the number of limit cycles of the undisturbed system is given.
Khovansky [4] and Varchenko [7], who proved the existence of Z(m,n), give the
common result of dealing with the weakened Hilbert 16th problem, but they can’t
give the exact expression of Z(m,n). There are now a lot of researches on the
special Hamiltonian which don’t have cross terms of « and y. Zhao and Zhang [14]
prove that when H(z,y) = 4y + u(z), the degree u(z) = 4 and the number of
Abelian integrl less than 7n+ 5. However, when H (x,y) has the form x'y’, of those

1 and j are natural numbers, there is little related research. For
H(z,y) = 2* +y* +ax’y® — 2* + 9%, a > -2,

Wu, Zhang and Li [13] prove Z(3,n) < 2[27] + 6[2:2] + 24. Yang and Zhao
[10] prove Z(3,n) < 48n + 12. For more conclusion about Z(H,n), we can see
[2, 3, 5, 6, 8, 9, 11, 12] and references therein.

Below we mainly analyze the following Hamiltonian function

a a a a 1 1 3
3 H __ %6 06 2 42 @ o4 L4 14, 9 209
(3) (z,y) 68 TgY TtV T Ty — vt = gyt Ty

where a < 0. The corresponding system is

) i = —y(ax* + ay* + 2a2%y* + y? — 32?),
y = x(ax* + ay* + 2axy? + 22 — 3y?).

The perturbed Hamiltonian system corresponding to (4) is

) &= —y(az® + ay* + 2a2y® +y* - 32°) + ef(x,y),
y = x(az* + ay* + 2a2’y® + 2% — 3y?) + eg(z,y),
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where a < 0, 0 < |¢| < 1, f and g are polynomials of degree n (n = 2m, m > 3,
m € N). Our next goal is to find an upper bound for the number of zeroes of
the Abelian integral related to system (5). When a < 0 the system (4) has five

singularities. O(0,0) is a is a higher-order singularity. There are four centers

1 1
Crp = (£(-)"2,0), Ca = (0,2(~ 1)),
Curves H(z,y) = 0 and H(z,y) = —155 correspond to singularities O(0,0) and
C; (i=1, 2, 3, 4), respectively. When h € (fﬁ, 0), they correspond to the closed

orbits around the singularity the center C; (i = 1,2,3,4).

The main conclusions of this article are:

Theorem 1.1. The number of isolated zeros of I(h) of system (5) does not exceed

8[252] + 4[™52] + 8 (considering the multiplicity) for h € (—15=,0). The degree of

f(z,y) and g(z,y) in system (5) isn (n=2m, m >3, m € N).

2. THE EXPRESSION OF I(h)

Denote I; ;(h) = frh 2'yIdx, where i and j are natural numbers.

Lemma 2.1. Ifhe X, a<0andi+j=n (n=2m, m >3, m € N), then

(6)  Iniy12j+1(h) = &(h) 11 (h) + B(h)Lis(h), if i+j>1(i+j= g -1),

(7) Inioj(h) = 3(h)Io2(h) + 6(h)Ixa(h), if i+3j>2(i+j= g%

where @(h), B(h), 7(h) and &(h) are real polynomials in h with

deg(h) < [*=7, deg B(h) < |

n—4
6

B

degF(h) < [2=2), degd(h) < |

Proof. Here we only prove (6). We can identify (7) as well. Differentiating (3) with
about x, we have
(8)

0 0
—az® —ay® 9 2ax3y? — ax4y—y —azy* —2az?y® —y° e — 2% 4+ 3xy® +32%y
ox ox ox

Jy
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We can multiply (8) by 2°~%y/dx and integrate it by parts, we get

a(i — 5) i—5 a(2i — j — 10)
aljj= ——=1li 66 + ——li6jrat ————F—"Li_4;
© »J ji+6 6,j+6 i+ 4 6,j+4 i+ 4 4,j+4
3U—itd), o ai=2j-8),
j +9 i—4,5+2 J ) i—2,7+2 i—2,5-

Then, multiply (3) by 2y’ ~%dx and integrate on the closed orbit H(x,y) = h, we

acquire
a a a 1 3
) 6I¢,j = _EIZHLGJ*G - §Ii+4,jf4 - ZIi+4-,jf6 + §Ii+27j74
10
a
—hl; j—6 — Zli,j—Q - §Ii+2,j—2-

From (9) and (10) we obtain
(11)
__ 46 i=5 39

YT i+ i+ 1)
a(2i —j—10) 3a(i—5)

B Vioiia 6(i —5)
J+4 2046)"% T Tite
3(j—i+5) 9(i—5)

hii—s,

+ ( i 16 Mi—ajya+ ( 9 16 Mi—a,jto
,— 27 —5 3a(i —5
N (a(z j+12 ) aj(z+6 ))IHJ+2
3(2—5
-1+ 2((; m 6))) i-2,5];
(12) _ o o

Ii; = m[—%fﬁm—ﬁ - Wli+47j—4 + Whng—zx

2a(i+j+1) 2435 —4

Tog Tl gy fie2 — 6hlil
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Here we can get the result by induction on n. From (11) and (12) we can get
(n = 6,8,10)

Ml s=—28L5—Talsy — %155+ 18151,

_ —l4a 2

o lss = =545 — 5113,
- 2

alsn = Fhs+Ths— 5133131,

Wlr=—Phs— 351 —3als3 — 184135 + 10133 — 6kl 1,

97(1[375 = —%1373 — 9&]7,1 — 604_[5’3 + 24.[571,

5
als 3 =—31 74+ 205 — 8155 — I3 3,

(13) Wl =—ocli5— 2L 5+ Y35 — %055 — 005 — 2h]
717, 35415 — 35035 T 733 — 7 ds3 — 751 — i,
Rehog=—217— 35— 10155 — 22157+ Lls 5 — 6hly 3,
Helsr=—2135— 5171 — 32T 3 — 22155 4+ 12153 — 6hls 1,
als s = =221 g+ 21 7 — 108057 — I35,

Welrg=—br— 38l 7+ Bl35 — 28055+ 2155 — 21 5,
Hafgy=—2I35 — Yol 5+ B3 — 2005 — 217, — %13,1-

It is easy to see that when n= 6, 8, the result is true. If i + 75 < 2l — 2(l > 4),
the conclusion holds. When i + j = 2I(I > 3), taking (i,5) = (1,20 — 1),(3,2l —
3),(5,21 —5),--+, (7,20 — 7) in (12) and (i,5) = (21 — 5,5), (20 — 3,3), (20 — 1,1) in
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(11), respectively, we obtain

1211 ay
I391_3 az
A To—99 | _ 1 -1 |
I 77 a(2k +1) aj—3
121—5,5 aj_o
Ig_33 aj—1
Ioi—11 a
where
1 42 o0 0 -~ 0 0 0 00
0 1 250 .- 00 0 00
qy_l0o o 0o o L2 000
0 0 0 0 01 ¥ 0o
0 0 0 0 0¥ 1 00
0 0 0 0 00 £ 10
0 0 0 0 00 0 21

= (20— 1)(38 611 o1-3 — 3l5.01-7 — MI 3+ 28 g s

2l—5 21—-5
—6h11 9-7),
= (21— 3)(%1&21@75 — 2I7 059 — (1(22117;1)17 2= =24 5 217
— 6hls9_9),
ai_g = 9(Z5 g7 — 1o 53 — a(215+1)121—5,5 + 12";61 Iy 75
— 6hl_g.3),
ap—s = T(Z50 Iy 75 — $Ia-31 — %121—3,3 + (20 +2) 19153
— 6hly_71),
Ao = 11(252 Iy 1,9 — 104459y g g+ A3y g7+ 453800 75

12160
— =g hly115),
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al a-7 12148
a1 = 9(5E g7 — 222 oy g7+ 2Ty g5 — 28Ry g5
1-1
+ 5 1I2-53),
3-1 2 121-36
ar =73 g5 — 240 L 55+ A2y 55 — 123000, 1y

+ 280 54).
Ads al x | matrix and detA = —3 2 0. Thus
I j(h) = @g—a(h) 11 (h) + Bar—a(h) L13(h)
+ héoi—6(h)I11(h) + hBar—6(h)I13(h)
i= g1 (h) I (h) + Ba(h) L13(R),

where ag;—s(h), Bgl_s(h)(s = 4,6) represent the polynomials in h satisfying that

20—s—2 ~ 20—s—4
T], deg Bo1—s(h) < [T]-

Then the following equation satisfies

deg o s(h) < |

. 20—2., 21—6
deg () = max(| =, [F5)),
~ 20—4. 21—8
deg B2:(h) = max(] 5 ], [T])'
We can get
~ [—1 ~ [—2
deg g (h) < [T], deg Ba(h) < [T]-
By the same method we can obtain
. -1 < -2
deg A2 (h) < [T]v deg dai(h) < [T]'

By Lemma2.1, we can get Lemma 2.2.

Lemma 2.2. For a < 0, the expression of Abelian integral I(h) is
(14) I(h) = a(h)I11(h) + B(R)I13(h) +~v(h)lo2(h) + 6(h)I22(h),

where the a(h), 5(h), v(h) and 6(h) are real polynomials in h, I; j(h) = frh riyldx
and fori+j=n m=2m,m >3, meN),
2 n—4

deg a(h) < [n%]’ deg B(h) <[

deg 7(h) < ["22), deg oh) < [*2).
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O
@

Fig. 1. Phase portraits of system (4) for a < 0.

3. PROOF OF THEOREM 1.1

Lemma 3.1. Ifa < 0, the vector function V. = (Iy1, I13)T satisfy the following

Picard-Fuchs eqation
(15) (Bh+C)V' =V,

where
5o 11/18 0
~ \557/(16775a) 54/61)
6/(55a2) 51/(154a)

3989/(25162543) 372949/(4227300a2)

Proof. From Hamiltonian function (3), we can get

@ B 1
oh  —y(ay* + azt + 2ax2y? + 32 — 322)’
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and
. wiyi—2
16 I, = d
(16) W= fi«h —(ay* 4+ az* + 2ax?y? + y? — 322) *
So,

—ztyi 2 (ay* + axt + 2a22y? + y? — 32?%)
Lij = 1 1 202 1 22 3 0T
I —(ay* + az* + 2ax%y? + y? — 322)
From (16), we can get
(17)

P a a 2a 3 1,

j + 2Iz+4 jt+2 ,] + 6‘[1 j+6 ,] + 4Iz+2 Jj+4 + + 2Iz+2 Jj+2 ,] + 4I7J,j+4‘

Multiply (16) by h, we obtain

- :jj{ xiyjf2(_%x6 _ %yﬁ _ ax4y2 ax2y4 1 o iy4 + %xzyz)dx
T, —(ay* + az* + 2az2y? 4+ y? — 322?)
—a a a a
18 =q(—=7 . - — 7. - - — T .
( ) .7(6] i+6,j 6(]—|—6) i,j+6 2(]+2) i+4,5+2 2(,]"'4) i+2,j+4

1 1 3
Sy AN — (A W —
4j i+4,j 4(] 4) Z7J+4) 2(] 2) i+2,j42

In addition,

o j i
I»»:j{ 'yl dr = —- % 'y Ty
N 'n Z+1 IV

J % o290 2 (ay? + az* + 2az%y? + 22 — 3y?)
i+1 —(ay* + az? + 2a2?y? + y? — 322)
j a a 2a 3
— —m(; 1(+6,j + m12{+27j+4 + m 2{+47j+2 - mlz{+2,j+2

1
+ 311{4-4,]')-

dx

By (17) — (19), we obtain

1 35 5 by
20 I = ———(6hl! I . T Y
( ) J Z+]+1( +2 i+4,5 +2 z+2,]+2+2(]+4) 1,J+4)

By (20), we can get
1 ! 1 ! !
I, = §(6h~’11 + 515,1 — I35+ 1011 5)s

1 1 9 3
Lz = g(ﬁhliss + 5%,3 - 31§5 1411 7)-

Noting that (11) and (12), we get the conclusion.
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Lemma 3.2. If I;; # 0, set w(h) = L2 then w(h) satisfies the following equation

I
(21) G(h)W'(h) = my(h)w(h)? + ma(h)w(h) + ms(h),
where
233325a
G(h) = 510300a*h* + 81003a%h + 1541, my(h) = @
211a? 2792
ma(h) = 264600a*h + 58 D L ma(h) =— 795 3 11697a%h.

Equation (21) is called the Riccati equation.

Proof. Differentiating both side of w(h) = ﬁ—i’, we can get

_ i _ w(h) 11y

22 w(h)’ ,
(22) (h) T T

From (15), we can get (21). This ends the proof. O
Proposition 3.3.[15] Let Q = (uy,u2) X (v1,v2). If P(u,v) and Q(u,v) continues
on Q and smoothes in Q. Suppose that P! (u,v) # 0 for (u,v) € Q and Q(u,v) =0

is an orbit of the following equation
Q1 (u,v)dh + Qs (u,v)dy = 0.
Then we can get the number of solutions of system

P(u,v) =0,
OP/ou  OP/dv
Ql(ua U) QQ(ua U)

equal to the number of system

minus 1.

Proof of Theorem 1.1. We only consider the closed trajectory corresponds to
h € (—132,0). By the phase portrait, we get Ipa(h) = 0, Io2(h) = 0. For h €
(—155,0), then

T 12a20

I(h) = a(h)11(h) + B(h)13(h) = L1 (h)(a(h) + B(h)w(h)) = L1 (h)x(h),
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and #I(h) = #(x(h)). Denote #(r(h)) is the number of zeros for r(h) (considering
the multiplicity). Let’s analyze the quantity of zeros of x(h). If the following

equation is satisfied
a(h) =mi(h)a(h), B(h) = m(h)B(h),

then &(h) and B(h) are polynomials of h with degree does not exceed [2=2] — k and
[2=4] — k respectively. Denote #(p(h)) is the number of zeros for p(h) (considering
the multiplicity) at h € (—=5,0), where p(h) represents the real polynomials in A.

T 12a2
Then

a(h) + B(h)w(h) = nr(h)(a(h) + B(h)w(h))

and for h € (— 5=, 0), we can get

#(a(h) + B(R)w(h)) = k + #(a(h) + B(h)w(h)).

If by € (—1552,0) satisfies B(h)) = 0, 0 < I < [25%] — k. Then the interval
(fﬁ,()) is divided into [ + 1 sub-intervals Ji,Jo,---,Ji41. For each interval

Ji (i=1,2,--- 14+ 1), we can obtain

a(h) + B(h)w(h) =0 < w(h) + ?& —0al VT w(fl)h’)
B(h) y= —%.
Let P(h,y) =y + %, Q(h,y) =y —w(h). Above system can be written as
(23) { P(h,y) =0,
Q(h,y) = 0.

Differentiating Q(h,y) = 0 respect to h and combining (21), we get
W'(h) =y = Q(h) " mi(h)w(h)? +ma(h)w(h) + my(h)].
Therefore Q(h,y) = 0 is an orbit of the equation Q1 (h, y)dh+Qa2(h,y)dy = 0, where
{ Qu(h.y) = QM) ~<(h),
Q2(h/7y) = _17
and ¢(h) = my(h)y? + ma(h)y + ma(h). Let’s take J; for instance. Suppose that
J1 = (p1, p2). For any Ve > 0, by using Proposition 3.3 on Ve > 0 to obtain

op/oh  oP/dy | d a(h), .
‘ ‘— Gy~ QU<

Ql(h7y) QQ(h’ay) dh
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Since P, (h,y) = 1 # 0, the quantities of solutions of system (23) haven’t exceed 1
plus the number of solutions of the system

P(h,y) =0,
24 4 (2 h)~¢(h) =0

—ﬁ(m)—Q( )~ 's(h) = 0.

Substituting y = —a(h)/B(h) into the function fd%(%) —Q(h)~ts(h) = 0, we

N

can reckon the quantities of zeros of the f(h), where

d@ _@2 m _O}(ih) m =f
ai iy QU m =)+ ma (= g0+ ma(h)] = 7(h)
Then f(h) = (FQ(R))~f(h), where

f1(h) = my(h)a® — ma(R)aB + ms(h)B* + Q(h)(&'B — af’).
Then we admit degfi(h) < [252] 4 [%52] — 2k + 1. It is easy to see that the degree
of polynomials f(h) about A is no more than [252] + [2z4] — 2k + 1.
Assume that fi(h) has v; zeros on J;. Then w(h) + %
zeros on (p1 + €, p2 — €), which means that a(h) + B(h)w(h) has at most vy + 1

has at most v; + 1

zeros on (p1, po) for any € > 0. Hence for h € UJ;, a(h) + B(h)w(h) has at most
vi+ve+- 41 +I+1 zeros. Noting that vy +vo+- - +vpm 1 < [P5° n=2)y ["64] 2k+1
and a(h;) # 0, we can obtain &(h)+B(h)w(h) = 0 has at most [%52]+2[254]—3k+2

zeros for h € (— 0). According to the phase portraits, when h € (— 0),

1
12a2° 12(12 ’

each h corresponds to four periodic orbits. We acquire

(1), he D) < 8 a2

We can get that I(h) of system (5) doesn’t exceed 8[2z4] + 4[2=2] + 8 if n is even

(n=2m, m >3, m € N) (considering the multiplicity) for h € (— 5z, 0).

| +8.
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