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Abstract. In this paper, we discuss some properties of almost contact metric

submersion of contact CR-submanifolds of generalized quasi-Sasakian mani-

fold and derive some results based on their curvatures’s differential geometry.
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Sasakian manifold under the submersion.
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1. Introduction

An interesting topic in the differential geometry is the theory of submersion in

spaces endowed with additional structures. In 1966, O’Neill [9] studied Riemann-

ian submersion between Riemannian manifold. After that Chinea defined almost

contact Riemannian submersion between almost contact metric manifolds [4]. In

[16] Watson defined almost Hermitian submersion between almost Hermitian man-

ifolds and in most cases he show that the base manifold and each fiber has the

same kind of structure as the total space. He also show that the vertical and
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horizontal distributions are invariant. In [6] S. Kobayashi studied submersion of

CR-submanifold and obtained interesting results. In 1989, N. Paghiuc was studied

the submersion of semi-invariant submanifolds of a Sasakian manifold [11]. More-

over, Semi-Riemannian submersion were introduced by O’Neil in [10]. It is well

know that semi-Riemannian submersions are of interest in physics, owing to their

application in the Yang-Milles theory, Kaluza-Klien theory, supergravity and super-

string theory (see [3], [5], [12]). Submersion of semi-invariant submanifolds of trans-

Sasakian manifold have been proposed by Shahid et al., [14]. In 2014, [8] Massamba

and Matamba studied the submersions of contact CR-submanifolds with symplectic

structures manifolds. Furthermore, in [15] Shahid et al., also have discussed some

properties of submersions of CR-submanifolds of almost Hermitian manifolds which

is closely related to this topic.

Motivated by the above studies, in this paper we study submersion of contact

CR-submanifold of generalized quasi-Sasakian manifold which is a generalized form

of almost contact metric manifolds. It consist, Sasakian manifolds, Kenmotsu man-

ifolds and cosympletic manifolds.

2. Preliminaries

Let M be an odd dimensional smooth manifold endowed with an almost contact

metric structure (φ, ξ, η, g), where φ is a (1, 1) tensor field, ξ is a vector field, η is a

1-form and g is a compatiable Riemannian metric on M such that

(1) φ2U = −U + η(U)ξ, φξ = 0, η ◦ φ = 0, η(ξ) = 1, g(U, ξ) = η(V )

(2) g(U, φV ) = g(φU, V ), g(φU, φV ) = g(U, V )− η(U)η(V )

for any vector filed U, V tangent to M , where I is the identity operator on tangent

space of M . Throughout the study, all differentiable functions belongs to the class

C∞(M) and algebra of smooth function on M denoted by F(M) also by Γ(E) the

F(M) module of set of vector bundle E over M .

Nφ denoted the Nijenhuis tensor with respect to the tensor field φ is given by

(3) Nφ(U, V ) = [φU, φV ] + φ2[U, V ]− φ[φU, V ] + φ[U, φV ]

for all U, V ∈ Γ(TM) and the fundamental 2-form is given by Φ(U, V ) = g(U, φV )

for all U, V ∈ Γ(TM).
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Definition 2.1.(a) If Nφ(U, V ) + 2dη(U, V )ξ = 0, then an almost contact metric

manifold M (φ, ξ, η, g) is called normal [2] for all U, V ∈ Γ(TM) or equivalently [1]

(∇Uφ)V = φ(∇Uφ)V − g(∇Uξ, V )

for all U, V ∈ Γ(TM).

(b) If dΦ = dη = 0, then a normal almost contact metric manifold is called cosym-

pletic [1].

An almost contact metric manifold M is said to be generalized quasi-Sasakian

manifold if and only if Reeb vector field ξ is Killing, such that ([1], [15], [18])

(4) (∇̄Uφ)V = g(∇̄φUξ, V )ξ − η(U)∇̄φUξ

for all U, V ∈ Γ(TM)

Moreover, F is a tensor field of type (1, 1) defined as FU = −∇Uξ, for all

U, V ∈ Γ(TM).

Definition 2.2.[17] A submanifold M is said to be contact CR-submanifold of

generalized quasi-Sasakian manifold M̄ if ξ is tangent to M and there exists a

differential distribution D : x→ Dx ⊂ TxM such that

(1) Dx is invariant under φ i.e. φDx ⊂ Dx, for each x ∈M ,

(2) the orthogonal complementary distribution D⊥ : x → D⊥x ⊂ TxM of the

distribution D on M is totally real i.e. φD⊥ ⊂ T⊥x M ,

(3) TM = D ⊕ D⊥ ⊕ {ξ}, where TxM and T⊥x M are tangent space and the

normal space of M at x, respectively.

We call D(resp. D⊥) the horizontal (resp. vertical) distribution. We denote g

the metric tensor field of M as well as the induced on M . Let ∇̄(resp. ∇) be the

covariant differentiation with respect to the Levi-Civita connection on M̄ (resp. M).

The Gauss and Weingarten formulas for M are respectively given by

(5) ∇̄UV = ∇UV + h(U, V ),

(6) ∇̄UN = −ANU +∇⊥UN

for U, V ∈ TM , N ∈ T⊥M , where h : Γ(TM) × Γ(TM) → Γ(TM⊥) is normal

bundle valued symmetric bilinear form on M , the linear operator AN is fundamental

form tensor of Wiengarten with respect to the normal section N , and the differential
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operator ∇⊥ defines a linear connection on the normal bundle TM⊥, called the

normal connection on M . Moreover , we have

(7) g(h(U, V ), N) = g(ANU, V ).

The submanifold M is said to be totally geodesic if h vanishes identically.

The projection of TM to D and D⊥ are denoted by h and v, respectively, i.e.

for any X ∈ Γ(TM), we have

(8) U = hU + vU + η(U)ξ.

Applying φ to U ,we have

(9) φU = PU +QU,

where PU = φhU and QU = φvU are tangential and normal components of φU ,

respectively.

The normal bundle to M has the decomposition

(10) TM⊥ = φD⊥ ⊕ µ,

where µ denotes the orthogonal complementary distribution of φD⊥ and is an in-

variant normal submanifold of TM⊥ under φ, for any V ∈ TM⊥, we put

(11) N = pN + qN

pN ∈ φD⊥, qN ∈ µ. From the above equation, we have

(12) φN = fN + nN, ∀N ∈ TM⊥,

where fN = φpN ∈ D⊥ and nN = φqN ∈ µ.

3. Contact CR-Submersions from submanifold of a generalized

quasi-Sasakian manifold

In this section, we deals with some properties of contact CR- submersions from

submanifold of a generalized quasi-Sasakian manifold.

Let ψ : (M,φ, ξ, η, g) → (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submerions be-

tween the contact CR-submanifold M of a generalized quasi-Sasakian manifold

M̄(φ, ξ, η, g) and an almost contact metric manifold M
′
with the almost contact
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metric structure (φ
′
, ξ
′
, η
′
, g
′
) [10]. Now, we discuss the properties of following

distributions [13].

(1) If ψ∗ : TM → TM
′

is the tangent mapping to ψ, then D⊥ = ker(ψ∗).

(2) ψ∗ : Dx ⊕ {ξ} → Tψ(x)M
′

is an isometry for each x that satisfies ψ∗ ◦ φ =

φ
′ ◦ ψ∗, η = η

′ ◦ ψ∗, ψ∗(ξx) = ξ
′

ψ(x), where Tψ(x)M
′

denotes the tangent

space of M
′

at ψ(x).

A vector field U on M is said to be basis if U ∈ Γ(Dx ⊕ {ξ}) and U is ψ-realted

to a vector field on M
′
, then there exists a vector field U∗ ∈ TM

′
such that

ψ∗(Ux) = U∗ψ(x), for each x ∈ M . By the above definition 2.2, it shows that

the structural vector field ξ is a basis vector field.

Lemma 3.[11] Let ψ : (M,φ, ξ, η, g) → (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-

submerions and ∇ and ∇∗ are denoted by the Levi-Civita connection on M and

M
′
, respectively. If U and V be the basic vector fields, ψ-related to U∗ and V∗.

Then we have

(i) g(U, V ) = g
′
(U∗, V∗) ◦ ψ

(ii) h([U, V ]) is a basic vector field ψ-related to [U∗, V∗].

(iii) [W,U ] ∈ D⊥, for any W ∈ D⊥;

(iv) h(∇UY )ξ is a basic vector field ψ-related to ∇∗U∗U∗.

We define operator ∇̃∗ corresponding to ∇∗ for any basic vector field in M . Adopt-

ing for any U, V ∈ Γ(D ⊕ {ξ)},

(13) ∇̃∗UV = h(∇UV ) + η(∇UV )ξ.

Using (iv), ∇̃∗UV is a basic vector field, and we turn up

(14) π∗(∇̃∗UV ) = ∇̃∗U∗V∗.

Define the tensor field S by, for any U, V ∈ Γ(D ⊕ {ξ)},

(15) ∇UV = (∇̃∗UV ) + S(U, V ),

where S(X,Y ) is the vertical part of ∇UV . It is know that S is skew-symmetric

and satisfies

(16) S(U, V ) =
1

2
v[U, V ], U, V ∈ Γ(D ⊕ {ξ}).

Now, we want to discuss the effect of a given structure define on ambient M̄ on

the determination of the corresponding structure on the contact CR-submanifold
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M and the base space M
′
.

The curvature tensors R, R∗ of the connection∇ , ∇∗ on M and M
′
, respectively,

are related by [13], for any U, V, Z,W ∈ Γ(D ⊕ {ξ)}

(17) R(U, V, Z,W ) = R∗(U∗, V∗, Z∗,W∗)− g(S(V,Z), S(U,W ))

+g(S(U,Z), S(V,W )) + 2g(S(U, V ), S(Z,W )),

where φ∗U = U∗, φ∗V = V∗, φ∗Z = Z∗ and φ∗W = W∗. Now, we notice

that the ambient manifold , namely generalized quasi-Sasakian manifold. First of

all, we have, for any U, V ∈ Γ(D ⊕ {ξ}),

∇̄UV = ∇UV + h(U, V ) = ∇UV + ph(U, V ) + qh(U, V )

(18) = ∇̃∗UV + S(U, V ) + ph(U, V ) + qh(U, V ).

Using this, we have

(19) φ∇̄U = φ∇̃∗UV + φS(U, V ) + φph(U, V ) + φqh(U, V ).

Setting V with φV into the equation (27), we turn up

(20) ∇̄UφV = ∇̃∗UφV + S(U, φV ) + ph(U, φV ) + qh(U, φV ).

On the other hand using the definition of generalized quasi-Sasakian manifold. If

M̄ is a generalized quasi-Sasakian manifold, we find

(21) (∇̄Uφ)V = ∇̄UφV − φ(∇̄UV ) = g(∇̄φUξ, V )ξ − η(V )(∇̄φUξ).

Substituting (28) and (29) in (30), we turn up

(22) ∇̃∗UφV + S(U, φV ) + ph(U, φV ) + qh(U, φV )

−φ∇̃∗UV − φS(U, V )− φph(U, V )− φqh(U, V )

= g(∇̄φUξ, V )ξ − η(V )(∇̄φUξ)

Comparing the following distributions (D ⊕ {ξ}), D⊥, φD⊥ and µ on both side in

the above equation, we turn up the following:

Theorem 3.5. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

from submanifold of generalized quasi-Sasakian manifold M̄ onto an almost contact

metric manifold M
′
. Then we have

(23) ∇̃∗UφV = η(V )∇̃∗φUξ + η(V )S(φU, ξ) + η(V )h(φU, ξ)
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+g(∇̃∗φUξ, V )ξ + g(C(φU, ξ), V )ξ + g(h(φU, ξ), V )ξ,

(24) S(U, φV ) = φph(U, V ),

(25) φS(U, V ) = ph(U, φV ),

(26) φqh(U, V ) = qh(U, φV )

for any U, V ∈ (D ⊕ {ξ}).

Proof. If M̄ is a generalized quasi-Sasakian manifold , we have

∇̄φUξ = ∇φUξ + h(φU, ξ)

(27) = ∇̃∗φUξ + S(φU, ξ) + S(φU, ξ) + h(φU, ξ)

for any U, V ∈ Γ(D ⊕ {ξ}). Putting (41) into (31), we turn up

(28) ∇̃∗UφV + S(U, φV ) + ph(U, φV ) + qh(U, φV )

−φ∇̃∗UV − φS(U, V )− φph(U, V )− φqh(U, V )

= η(Y )∇̃∗φUξ + η(V )S(φU, ξ) + η(V )h(φU, ξ)

+g(∇̃∗φUξ, V )ξ + g(S(φU, ξ), V )ξ + g(h(φU, ξ), V )ξ.

Comparing the following distributions (D ⊕ {ξ}), D⊥, φD⊥ and µ respectively, on

both sides of (37), we get (32), (33), (34) and (35). �

Lemma 3.6. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

from submanifold of generalized quasi-Sasakian manifold M̄ onto an almost con-

tact metric manifold M
′
. Then we have S(ξ, ξ) = 0, h(ξ, ξ) = 0 and S(U, ξ) =

φph(φU, ξ) ∀X ∈ (D ⊕ {ξ}).

Proof. Putting V = ξ in (34) and using the fact φξ = 0, we get φ(φU, ξ) = φS(U, ξ).

Applying φ to this equation and using (1), we have for any U ∈ (D ⊕ {ξ}),

φph(φU, ξ) = φ2S(U, ξ) = S(U, ξ)− η(S(U, ξ))ξ = S(U, ξ),

since η(S(U, ξ)) = 0 due to the fact that S is vertical and ξ is a basic vector, and

this proves the last relation. The first two relations are obvious. �
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Theorem 3.7. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

from submanifold of generalized quasi-Sasakian manifold M̄ onto an almost contact

metric manifold M
′
. Furthermore, if M̄ is generalized quasi-Sasakian manifold,

then M
′

is also a generalized quasi-Sasakian manifold.

Proof. Using (3.19) of Theorem 3.5, we have for any U, V ∈ (D ⊕ {ξ}),

(∇̃∗Uφ)V = η(V )∇̃∗φUξ + η(V )S(φU, ξ) + η(V )h(φU, ξ)

+g(∇̃∗φUξ, V )ξ + g(S(φU, ξ), V )ξ + g(h(φU, ξ), V )ξ.

Applying ψ∗ to the above equation and using Lemma 3.4, and equation (23), we

turn up

ψ∗((∇̃∗Xφ)V ) = ψ∗(η(V )∇̃∗φUξ) + ψ∗(η(V )S(φU, ξ)) + ψ∗(η(V )h(φU, ξ))

+ψ∗(g(∇̃∗φUξ, V )ξ) + ψ∗(g(S(φU, ξ), V )ξ) + ψ∗(g(h(φU, ξ), V )ξ).

That is,

(∇∗U∗φ
′
)V∗ = η

′
(V∗)∇∗φ′U∗ξ

′
+ η

′
(V∗)S

′
(φ
′
U∗, ξ

′
) + η

′
(V∗)h

′
(φ
′
U∗, ξ

′
)

+g
′
(∇∗

φ′U∗
ξ
′
, V∗)ξ

′
+ g

′
(S
′
(φ
′
U∗, ξ

′
), V∗)ξ

′
+ g

′
(h
′
(φ
′
U∗, ξ

′
), V∗)ξ

′
,

which proves that M
′

is a generalized quasi-Sasakian manifold

(∇̃∗U∗φ
′
)V = g

′
(∇∗

φ′U∗
ξ
′
, V∗)ξ

′
− η

′
(V∗)(∇∗φ′U∗ξ

′
).

From (34) φ(U, V ) = 0 and qh(U, V ) = 0, and therefore h(U, V ) = 0 ∀U, V ∈
(D ⊕ {ξ}). This proves that M is (D ⊕ {ξ})-totally geodesic. �

Theorem 3.8. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

between submanifold of generalized quasi-Sasakian manifold M̄ and an almost con-

tact metric manifold M
′
. Then we have

(i) ph(U, φV ) + ph(φU, V ) = 0,

(ii) ph(φU, φV ) = ph(U, V ),

(iii) qh(φU, φV ) = −qh(U, V ),

(iv) S(φU, φV ) = S(U, V )

for any U, V ∈ (D ⊕ {ξ}).
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Proof. (i) Interchanging U and V in (34) gives

φS(V,U) = ph(V, φU) = ph(φU, V ).

Then

ph(U, φV ) + ph(φU, V ) = φS(U, V ) + φS(U, V ) = φS(U, V )− φS(U, V ) = 0.

(ii) Puting U = φU in (35), we turn up

ph(φU, φV ) = φS(φU, V ) = −φS(V, φU)

using (33) in the above equation, we deduce

ph(φU, φV ) = −φS(V, φU) = −φ(φph(V,U)) = −φ2ph(V,U)

= ph(V,U)− η(h(U, V ))ξ = ph(V,U).

(iii) Putting U = φU in (35) and using again same equation, we find

qh(φU, φV ) = φqh(φU, V ) = φqh(V, φU) = φ2qh(V,U) = −qh(U, V ).

(iv) Putting U = φU in (33) and using (34) yields

S(φU, φV ) = φph(φU, V ) = φphh(V, φU) = φ2S(V,U)

= −S(V,U) + η(S(V,U)ξ)) = S(U, V ).

�

B.Y. Chen [3] proposed, that the anti-invariant distributionD⊥ on a CR-submanifold

of a Kahler manifold is always integrable. This is still valid for a CR-submanifold

of a locally conformal kahler manifold [12]. Now, we have following result

Theorem 3.9. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

from the submanifold of generalized quasi-Sasakian manifold M̄ onto an almost

contact metric manifold M
′
. If the vertical distribution D⊥ and the horizontal dis-

tribution D ⊕ {ξ} are parallel and integrable, respectively, then M is CR-product

manifolds.

Proof. Since the horizontal distribution D ⊕ {ξ} is integrable, then for any U, V ∈
D ⊕ {ξ}, we have [U, V ] ∈ D ⊕ {ξ}. Therefore v[U, V ] = 0. Now using (26),

we have S(X,Y ) = 0,∀U, V ∈ D ⊕ {ξ}. Using the value of S(U, V ) in (25), we

have ∇UV = ∇̃∗UV ∈ D ⊕ {ξ}, which shows that D ⊕ {ξ} is parallel. Since the



90 M. DANISH SIDDIQI

horizontal distribution D ⊕ {ξ} and vertical D⊥ are both parallel. Thus, using

Rham’s Theorem, it follows that M is product M1 ×M2, where M1 is invariant

submanifold of M̄ and M2 is the totally real submanifold of M̄ . Hence M is CR-

product. �

4. Curvature characteristics of generalized quasi-Sasakian manifold

The outline of this section, is the study of φ-sectional curvature of generalized

quasi-Sasakian manifold M̄ .

Theorem 4.1. Let ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

from the submanifold of generalized quasi-Sasakian manifold M̄ onto an almost con-

tact metric manifold M
′
. Then the φ-bisectional curvature of M̄ and M

′
are related

by
1

2
B̄φ(U, V ) =

1

2
B
′

φ(U∗, V∗)− ‖ph(U, V )‖2 − ‖qh(U, φV )‖2

−g(ph(U,U), ph(V, V )) + ‖qh(U, V )‖2 ,

where U, V ∈ D ⊕ {ξ}.

Proof. We know that

B̄φ(U, V ) = R̄(U, φU, φV, V ).

Put V = φU,Z = φV,W = V in Gauss equation

R̄(U, V, Z,W ) = R(U, V, Z,W )− g(h(U,W ), h(V,Z)) + g(h(U,Z), h(V,W )),

we turn up

R̄(U, φU, φV, V ) = R(X,φU, φV, V )− g(h(U, V ), h(φU, φV ))

+g(h(U, φV ), h(φU, V )).

Substituting h = ph+ qh in the above equation and using (26), we derive

R̄(U, φU, φV, V ) =

R(U, φU, φV, V )− g(ph(U, V ) + qh(U, V ), ph(φU, φV ) + qh(φU, φV ))

+g(ph(U, φV ) + qh(U, φV ), ph(φU, V ) + qh(φU, V ))

= R(U, φU, φV, V )− g(ph(U, V ), ph(φU, φV ))− g(qh(U, V ), ph(φU, φV ))

−g(qh(U, V ), ph(φU, φV ))− g(qh(U, V ), qh(φU, φV ))

+g(ph(U, φV ), ph(φU, V )) + g(ph(U, φV ), qh(φU, V ))
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+g(qh(U, φV ), ph(φU, V )) + g(qh(U, φV ), qh(φU, V ))

= R(U, φU, φV, V )− g(ph(U, V ) + qh(U, V ), ph(φU, φV ) + qh(φU, φu))

+g(ph(U, φV ), ph(φU, V )) + g(qh(U, φV ), qh(φU, V ))

= R(U, φU, φV, V )− g(ph(U, V ) + qh(U, V ), ph(φU, φV ) + qh(φU, φV ))

+g(ph(U, φV ), ph(φU, V )) + g(φqh(U, φV ), φqh(φU, V ))

(29) = R(U, φU, φV, V )− ‖ph(U, V )‖2 + 2 ‖qh(U, V )‖2 − ‖ph(U, φV )‖2 .

Now by putting V = φU , Z = φV , W = V in (26) it follows

R(U, φU, φV, V ) = R∗(U∗, φ
′
U∗, φ

′
V∗, V∗)− g(S(φU, φV ), S(U, V ))

+g(S(U, φV ), S(φU, V )) + 2g(S(U, φU), S(φV, V ))

= R∗(U∗, φ
′
U∗, φ

′
V∗, V∗)− g(S(φU, φV ), S(U, V ))

(30) −g(S(U, φV ), S(V, φU))− 2g(S(U, φU), S(V, φV )).

Applying φ to equation φS(U, V ) = ph(U, φV ), we get

φ2S(U, V ) = φph(U, φV ).

This gives

−S(U, V ) + η(S(U, V ))ξ = φph(U, φV )

or

S(U, V ) = −φph(U, φV ).

Using above relation in (39), we conclude

(31) R(U, φU, φV, V ) = R∗(U∗, φ
′
U∗, φ

′
V∗, V∗)− ‖ph(U, V )‖2

−‖ph(U, φV )‖2 − 2g(ph(U,U), ph(V, V )).

Put this value of R(U, φU, φV, V ) in (38), we obtain

R(U, φU, φV, V ) = R∗(U∗, φ
′
U∗, φ

′
U∗, V∗)− ‖ph(U, V )‖2 − ‖ph(U, φV )‖2

−2g(ph(U,U), ph(V, V ))− ‖ph(U, V )‖2 + 2 ‖qh(U, V )‖2 − ‖ph(U, φV )‖2 ,

which implies that

(32) B̄φ(U, V ) = B
′

φ(U, V )− 2 ‖ph(U, V )‖2 − 2 ‖ph(U, φV )‖2

−2g(ph(U,U), ph(V, V )) + 2 ‖qh(U, V )‖2 .
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�

Corollary 4.2. [15] Let ψ : (M,φ, ξ, η, g) → (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-

submersion from submanifold of generalized quasi- Sasakian manifold M̄ onto an

almost contact metric manifold M
′
. Then the φ-bisectional curvature of M̄ and M

′

are related by

1

2
K̄(X) =

1

2
K
′
(X∗)− 2 ‖ph(U,U)‖2 + ‖qh(U,U)‖2 ,

where U ∈ (D ⊕ {ξ}).

Proof. Putting U = V in the equation (41), we turn up

B̄φ(U, V ) = K̄(U) = K
′
(X∗)− 2 ‖ph(U,U)‖2 − 2 ‖ph(U, φU)‖2

−2g(ph(U,U), ph(V, V )) + 2 ‖qh(U, V )‖2 .

= K
′
(U∗)− 4 ‖ph(U,U)‖2 − 2 ‖ph(U, φU)‖2 + 2 ‖qh(U, V )‖2 .

Putting V = U in (34) of Theorem 3.5,

ph(U, φU) = φS(U,U) = 0.

Thus we get

K̄(X) = K
′
(U∗)− 4 ‖ph(U,U)‖2 + 2 ‖qh(U,U)‖2 ,

�

Theorem 4.3. ψ : (M,φ, ξ, η, g)→ (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a contact CR-submersion

between submanifold of generalized quasi-Sasakian manifold M̄ and an almost con-

tact metric manifold M
′

with integrable distribution (D⊕{ξ}). Then the φ-sectional

curvature K̄ and K
′

of M̄ and M
′
, respectively, satisfying

(33) K̄(U) ≥ K
′
(U∗), ∀U ∈ (D ⊕ {ξ}), ‖U‖ = 1, φ∗U = U∗,

and the equality holds if and only if M is (D ⊕ {ξ})-totally geodesic.

Proof. The first assertion holds from (40). The equality holds if and only if

h(U,U) = 0 and h(U, φU) = 0, for any U ∈ (D⊕{ξ}), ‖U =‖ = 1. From h(U,U) =

0, U ∈ (D⊕{ξ}), ‖U‖ = 1, and linearity of h it follows immediately that h(U, V ) =

0, for any U, V ∈ (D ⊕ {ξ}), and proves that M is (D ⊕ {ξ})-totally geodesic. �
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5. de-Rham Cohomology of contact CR submersion of generalized

quasi-Sasakian manifold

This section, discuss the submersion ψ : (M,φ, ξ, η, g) → (M
′
, φ
′
, ξ
′
, η
′
, g
′
) of con-

tact CR-submanifold M with minimal horizontal distribution (D⊕{ξ}) effects the

topology of M [14].

Assume that M be a contact CR-submanifold of a generalized quasi-Sasakian

manifold M̄ with almost contact metric structure (φ, ξ, η, g) with dim(D ⊕ {ξ}) =

2p+ 1 and dimM = m. Let us choose a local orthonormal frame

{(e1, e2, ...ep, φe1, φe2, ...φep, e2p+1 = ξ, e2p+2, ....em} on M such that

{(e1, e2, ...ep, φe1, φe2, ...φep, e2p+1 = ξ} is a local orthonormal frame of (D ⊕ {ξ})
and {e2p+2, e2p+3, ...., em} is that of D⊥. Let

{
ω1, ω2, .....ω2p+1, ω2p+2, ....ωm

}
be

the dual frame of 1-from to the above local orthonormal frame. Define 2p+ 1 form

Ω on M by [14]

(34) Ω = ω1 ∧ ω2 ∧ ..... ∧ ω2p+1,

which is globally defined on M .

Definition [15] Let D be a distribution on a Riemannian manifold M of dimension

q. If
∑q
i=1∇eiei ∈ D, then the distribution D is said to be minimal, where ∇ is the

Riemannian connection on M and {e1, e2, ...eq} is a local orthonormal frame of D.

Theorem 5.2. Let M̄ be a generalized quasi-Sasakian manifold and M be a closed

contact CR-submanifold of M̄ with minimal (D⊕{ξ}). Let M
′

be a almost contact

metric manifold and ψ : (M,φ, ξ, η, g) → (M
′
, φ
′
, ξ
′
, η
′
, g
′
) be a submersion. Then

the 2p + 1-from Ω is closed which define a canonical de Rham cohomology class

[Ω] ∈ H2p+1(M,R), where 2p+ 1 = dim(D⊕{ξ}). Moreover the cohomology group

H2p+1(M,R) is non-trivial if D⊥ is minimal.

Proof. From definition (43) of Ω, we have

(35) dΩ =

2p+1∑
i=1

(−1)i−1ω1 ∧ ω2 ∧ ..... ∧ ω2p+1.

From the above equation it follow that dΩ = 0 if and only if [12]

(36) dΩ(Z,W,E1, ....E2p) = 0, and dΩ(Z,E1, .....E2p+1) = 0
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for Z,W ∈ D⊥ and E1, ....E2p+1 ∈ (D ⊕ {ξ}). Choosing the vectors E1, ....E2p+1 ∈
(D ⊕ {ξ}) as a local orthonormal frame

{(e1, e2, ...ep, φe1, φe2, ...φep, e2p+1 = ξ} of (D ⊕ {ξ}) to which
{
ω1, ω2, .....ω2p+1

}
works as dual frame of 1-forms, we get by a straightforward computation that the

first equation (44) holds if and only if (D ⊕ {ξ}) is minimal. However, from the

definition of submersion it follows that D⊥ is integrable. The hypothesis of theorem

gives that (D ⊕ {ξ}) is minimal. Hence the form Ω is closed, and it defines a de

Rham cohomology class [Ω] ∈ H2p+1(M,R) [14].

Now suppose that D⊥ is minimal and we proceed to show that in this case

H2p+1(M,R) 6= 0.

To accomplish this we show that the form Ω is harmonic which would then make

the cohomology class [Ω] non-trivial. Define a (m−2p−1)-form Ω⊥ on M by setting

Ω⊥ = ω2p+2 ∧ ..... ∧ ωm,

where
{
ω2p+2, ......ω2

}
is the dual frame to the local orthonormal frame

{e2p+1, ....em} of D⊥. Then with the similar argument for Ω, it follows that dΩ⊥ = 0

if (D⊕{ξ}) is integrable and D⊥ is minimal. It should be noted that minimality of

(D⊕{ξ}) implies its integrability. Since both conditions are met, we have dΩ⊥ = 0.

this proves that the 2p+ 1-from Ω is co-closed, that is δΩ = 0. Since dΩ = δΩ = 0

and M is closed submanifold, we get that Ω is harmonic 2p + 1-form; and this

complete the proof.

�
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