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ABSTRACT. In this paper we present novel concept of pointwise weakly mixing
property (PWMP) for autonomous (ADS) and nonautonomous (NDS) dynam-
ical systems. We show that if NDS (X, f1,o0) has PWMP, then proximal cells
are dense in X and in addition NDS is sensitive. Furthermore we conclude
that NDS (X, f1,00) is Li-Yorke sensitive and also densely Li-Yorke chaotic

with pointwise weakly mixing property.
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1. INTRODUCTION

Recently, chaos theory in dynamical systems is regarded as an important subject
that is studied by many researchers. There are many definitions about chaos, for
instance Devaney chaos, topological chaos, omega chaos, Li-Yorke chaos and distri-
butional chaos, for more facts refer to [5],[10],[2]. Weakly mixing property is as one

of the tools to study chaos theory. Iwanik proved that weak mixing property implies
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chaos in the sense of Li and Yorke[9]. Shi and Chen defined the concept of Li-Yorke
chaos for the nonautonomous dynamical systems (NDS)[12]. Many authors studied
behavior of Li-Yorke chaos on NDS, for instance refer to [13],[12],[4],[6]. Balibrea
and Oprocha showed that weak mixing of NDS is sufficient to induce chaos in the
sense of Li and Yorke [3].

Akin and Kolyda introduced concept of Li-Yorke sensitivity and showed that in
weakly mixing dynamical system (X, f), proximal cells is dense in X x X and (X, f)
is Li-Yorke sensitive [1]. They proposed a question with this regard that”are all
Li-Yorke sensitive systems Li-Yorke chaotic?”. By an example, Hanakova demon-
strated that the answer of the mentioned question is negative[7]. Hung and Ye
proved that if proximal pairs of (X, f) is dense in X x X and f is either transitive
with X infinite or sensitive, then f is densely Li-Yorke chaotic [8]. Also they showed
that a topological transitive map with a periodic point is chaotic in the sense of
Li-Yorke.

Rybak showed that if (X, @) is a weakly mixing system and G is an abelian semi-
group, then (X, G) is Li-Yorke sensitive [11]. If NDS (X, f1,00) with abelian condi-
tion, fiof; = fjofs, for any 7,5 € N, has weakly mixing property, then by a similar
strategy of [11], we can show that (X, fi ) is Li-Yorke sensitive. Here we try to
evaluate this matter without abelian condition. Therefore, in this paper, we at-
tempt to introduce a new concept for autonomous and nonautonomous dynamical
systems that is called pointwise weakly mixing property (PWMP). Moreover, we
evaluate the behavior of this property in these systems. We also give an example
that contains PWMP autonomous dynamical system and an example on NDS that
is not abelian but it has PWMP.

In section 2, we express the priliminary concepts in autonomous and nonautonomous
dynamical systems. In section 3, the regarded examples and the main theorems are
expressed. Indeed we demonstrate that if NDS (X, fi,.0) has PWMP, proximal
cells are dense in X and also this system has sensitive property. We show that fi oo
with PWMP is Li-Yorke sensitive. Finally, we show that NDS (X, f1 ) with this
property, could be densely Li-Yorke chaotic.
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2. PRELIMINARIES

A topological dyamical system is a pair (X, f) where X is a nonempty compact
metric space with a metric d and f is a continuous map from X to itself. The
diameter of a set A C X is defined to be diam(A) = sup{d(z,y) : =,y € A}. For
any x € X, orbit of x under f denoted by {f"(z);n € Z,}.

The w-limit set of x € X denoted by

w(z, f) ={y € X; IH{tx} ey, th — 00 such that f* (x) — y}.

Dynamical system (X, f) is topologically transitive if for every pair of nonempty
and open subsets U,V C X, there is a positive integer n such that f*(U) NV # (.
(X, f) is weakly mizing if f x f: X x X — X x X is transitive which means that
for any nonempty open sets Uy, Us, Vi, Vo , there is an integer n > 0 such that
frU)NVE# 0 and f*(Uz) N Vo # 0.

(X, f) is sensitive, if there is § > 0 such that for any 2 € X and neighbourhood U
of z, there is a y € U and n € N such that d(f"(z), f"(y)) > §. A subset E of a
topological space X is said to be of first category in X if E can be written as the

countable union of subsets which are nowhere dense in X.

Definition 2.1. A dynamical system (X, f) has pointwise weakly mixing property
(PWMP) if for any x € X, there exists z € X such that for every nonempty open
subsets U,V C X and for any neighbourhood W of z, there exists n € N such that

frz)yew . fHU)nv #0.

A nonautonomous dynamical system is a pair (X, f1,0) where X is a compact
metric space with metric d and f1,0 = {fn}n>1 is a sequence of continuous maps
fn: X —=>X. Fori,neN

fL=id, fI':= fiyn0fizn—10-- 0 fiy10 fi.

For any x € X, orbit x under fi o is sequence z, fi(z), f2(x), f{(x),... where
1'(@) = faofar0--0fa0fi(z).

Denote nonautonomous dynamical system (X, f1,o0) with NDS. If in NDS (X, f1 o),
fiof; = fjof; for any 4, j € N, then (X, fi ) is said to be an abelian NDS.

We say that a NDS f; o is transitive if for any two nonempty open subsets U, V' C X,
there is a positive integer n such that f7*(U) NV # .
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(X, f1,00) is called weakly mizing if for nonempty open subsets Uy, Vi, Us, V2 of X,
there is n € N such that f*(U1) N Vi # 0 and ff*(Uz) N Vs # 0.

A NDS fi o has sensitive property if there is § > 0 such that for any point z € X
and for each € > 0, there exists y € X and n € N such that d(z,y) < € and

d(fi'(z), f1'(y)) > 0.
A pair (z,y) in X x X is called prozimal for NDS (X, f1 00) if

lim inf d(f7' (2), f"(y)) = 0,
and asymptotic if
lim d(f{'(z), fi'(y)) = 0.
n—,oo
The sets of proximal pairs and asymptotic pairs is explained as following; if V, =
{(z,y) : d(x,y) < €} , we have

o0

Prox(fi,0) = {(x,y) - Miminf d(f{'(x), fi'(4)) = 0} = (Y(|J (A" x fi™)(Ve),

e>0 n=1

Ape= ()" x fiHV),

i=k

Asyme(fr.00) = | Ak.e;
k

Asym(fl,OO) = {(amy), limy, o0 d(fln(:r), f{L(y)) = 0} = me>0 Asymé(fl,m)'

The set Proz(fi,.0)(x) is called the prozimal cell of z. It consists of those points
which are proximal with x.
Let (X, f1,00) be a NDS. A subset S C X is a scrambled set if any z,y € S witch

x # y, are proximal and not asymptotic i.e.
lim inf d(f{'(2). f{'(y)) = 0,
n (oo}

limsup d(f'(z), f'(y)) > 0.

n—oo

[12], [4]. Denote the Li-Yorke relation on fi o by
LYR = PTO‘T(fl,oo) \ Asym(fl,oo)'

f1,00 is Li-Yorke chaotic if there exists an uncountable scrambled set. fi o is

densely Li-Yorke chaotic if there exsists a dense, uncountable scrambled set for
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fl,oo .
f1,00 is Li-Yorke sensitive if there exists € > 0 with the property that any neigh-
bourhood of any z € X contains a point y proximal to = such that orbits of = and

y are separated by e for infinitely many times. Indeed we have
tim inf d(/ («). f{" () = O,

lim sup d(f7'(2), fT'(y)) > €.

n—o0
Definition 2.2. A4 nonautonomous dynamical system (X, f1,00) has pointwise weakly
mizing property (PWMP) if for any x € X, there exists z € X such that for every
nonempty open subsets U,V C X and for any neighbourhood W of z, there exists
n € N such that

fl@)yew . ffU)NV#£0.

Let ¥ = {(sos152---)|sx = 0or 1} be the sequence space on two symbols i.e.
the set of all infinite sequences of ”0” s and ”1”s. Assume s = (sps182---) and
t = (tot1ta - -+ ) be two elements of X. Define the distance between them to be

d(s,t) = Z Lk;k 2 .
k>0
Define the shift map o : Y. — > by o(s) = t where o(sgs152---) = (s15283 -+ ).
o is continuous with the above metric. For any k, the iterate of shift map is
oF(sos182+ ) = (SgSpr15k+2---). The space ¥ with the shift map o,(3,0) is

called the symbol space on 2 symbols or one sided shift space.

3. EXAMPLES AND MAIN RESULTS

Here X be a compact metric space and f; : X — X be homeomorphism maps
on X for any i € N.
The following example shows that there exists a dynamical system with PWMP.

Example 3.1. Symbolic dynamical system (X,0) has PWMP.

Let z € ¥ and consider z € w(x,0) and W be an arbitrary neighbourhood of
z. Suppose that U and V are two arbitrary nonempty open subsets of 3. Take
s = (s08182+-+) € U and t = (tot1ta---) € V. There exists ¢; > 0, 1 <14 < 3, such
that N, (z) C W, N,(s) CU and N, (t) C V. Take 0 < € < min{ey, €2, €3}. Since
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z € w(z,0) there exists n > 0 with 5+ < €, 0" () € Nc(z). Consider s* € U in the
form of
5" = (s08182*** Sp—1totitz ),

Hence, we have 6" (s*) € V. Then (X, 0) has PWMP.

Proposition 3.2. f|  has PWMP if and only if for fited k € N, fi, oo has PWMP.

Proof. Suppose f1,. has PWMP. Fixed k € N. We show that fj ., has PWMP.
For this, for any = € X, let z be in the definition of PWMP for f; . Consider
W be an arbitrary neighbourhood of z and U,V arbitrary nonempty open subsets
of X. There are z’ € X and a nonempty open subset U’ C X such that z =
fe—10---0fr0fi(z') and U = flkfl(U’). Since fi,00 has PWMP, there is m > k
such that f"(z') € W and f{*(U') NV # 0. Then we have f;" *(x) € W and

m=F(U)NV # 0. Hence fi o has PWMP.
Now, suppose that fj . has PWMP. We show that f; . has PWMP. For this, for
any z € X let z be in the definition of PWMP for f;, o.. Consider W be an arbitrary
neighbourhood of z and U,V C X be arbitrary nonempty open subsets. There are
2’ € X and U’ C X such that 2’/ = fy_10--- 0 fr0 fi(z) and U" = fF~1(U). Since
Jk,00 has PWMP, then there is m € N such that f*(z’) € W and f;*(U")NV # 0.

Hence f{"™"(x) € W and f"™(U) NV # 0.
O

In the following example, by using the above propsition we construct a nonau-

tonomous dynamical system which is not abelian NDS but has PWMP.

Example 3.3. Let X be the sequence space on two symbols that is mentioned above
and define hg,h; : X — X by

ho(s) = ho(sos1s2--+) = (0sps152 -+ ),

hi(s) = hi(sgs182-++) = (1sps182+-+),
for any s = (sos152---) € X. Define NDS (X, f1,0) as following. Fized k € N.
fi=hoand for2<i <k, fi="h1 and fori >k, f; =o0.
According to this construction, we have fi o is indeed the NDS in example 3.1. So
by Proposition 3.2 , fi,.0 has PWMP. On the other hand, we can see hgoh; #
hiohg, so fi,o is a nonabelian NDS that has PWMP.
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The following question can be a part of future researches.
Question: Is there any example on dynamical systems that has pointwise weakly
mixing property but is not weakly mixing?
In [11) Theorem 4.2 , for weakly mixing system (X, G) where X is a compact space
and G is an abelian semigroup, it is proved that (X, G) is Li-Yorke sensitive. The

same strategy of Theorem 4.2 [11] can be used for following theorem.

Theorem 3.4. Let (X, f1.00) be an abelian NDS that has weakly mizing property.

Then it is Li- Yorke sensitive.

As a main result of this paper, we ommit abelian condition and use PWMP
instesd of weakly mixing property in the previous theorem to obtain Li-Yorke sen-

sitivity.
Theorem 3.5. If (X, f1,00) has PWMP, then it is Li-Yorke sensitive.

In order to prove of the Theorem 3.5, first we express and prove the following

lemmas.

Lemma 3.6. If (X, fi,.0) has PWMP, then for every x € X, the proximal cell
Prox(f1,00)(x) is dense in X.

Proof. To show that proximal cell Prox(fi «)(x) is dense in X, for nonempty open
subset U C X, it is enough to find a point like that y € U proximal with z.

For any = € X there exists z € X such that for every arbitrary nonempty open
subset U C X and every arbitrary neighbourhood of z, the description of PWMP
is satisfied. For any i € N, we consider an open ball O; of z with radius %

For open set U and open ball Oy, there is n; € N such that
" (xz) € O1 and f"(U)NO; # 0.

Let Uy = U and Uy = Uy N f; " (01). Also because of definition of PWMP, for
open set Uy and open ball Os, there is ny € N such that

12 (z) € Og and f1*(Uy) N Oy # 0.

Let Uy = Uy N f{ "(02). By the following procedure, for open set Uy_; and open
ball Oy, there is ny € N such that

1% () € Ok and fi™*(Ux—1) N Oy # 0,
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let Uy = U—1 N f; " (Oy). If y is a point of the nonempty intersection (), Uy, then
7" (y) € O. Therefore d(f{"*(z), f*(y)) < 1. Thus, y is a point of U which is

proximal to x. 0
Lemma 3.7. If (X, fi,00) has PWMP, then it is sensitive.

Proof. For every x € X consider d(z) = sup{d(z,y) | y € X} and o = min{d(z) |
x € X}. We have a > 0. Take e = §.

Let x € X and open subset U C X be a neighbourhood of x. There exists z € X
such that for any arbitrary nonempty open subsets U,V C X and any arbitrary
neighbourhood of z, PWMP is satisfied. Let W C X be arbitrary neighbourhood
of z. There exists 2’ € X such that d(z,2’) > d(z) — € > a — ¢ = La. Consider
W’ C X be an arbitrary neighbourhood of 2" small enough such that d(W’, W) > §.
By PWMP, there exists n € N such that

fi'(x) € W,

FU) AW £ 0.
Then U N f;"(W') # 0. Consider y € U N f;"(W’). Thus f{*(y) € W and

d(fi'(x), f[1(y)) > e = §.
]

The following theorem is a part of Asymptotic Theorem that stated in [8]. We

express and prove this theorem for NDS based on proof of Asymptotic Theorem.

Theorem 3.8. If NDS (X, f1,0) is sensitive, then there exists a positive € such
that Asyme(fi1,00) s a first category subset of X x X.

Proof. It is sufficient to assume that if Asym.(f1,00) is not of first category, then
NDS fi,00 is not sensitive. For this, by he Baire category Theorem there exists
nonempty open subset U C Ay for some k, where Ay = (o, (ffi X ffl)(ve)
and Asym(fi,00) = Neso A5YMe(f1,00). Then we have U x U C Ay, 2. (By using the
triangle inequality). Now, by shrinking U to an nonempty open subset V' C X, we
have d(fi(z), fi(y)) < 2¢ for all i > 0 and all z,y € V that implies NDS f; », is not
sensitive.

d

Proof of Theorem 3.5.
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Proof. f1 0o has PWMP then by Lemma 3.6, Proz(fi,)(z) is dense in X and by
Lemma 3.7 is sensitive. Hence by Theorem 3.8 Asym.(f1,00) is a first category
subset of X x X. Then Prox(fi,co) \ Asyme(fi,00) is dense by the Baire category
theorem. Hence fi o, with PWMP, is Li-Yorke sensitive. O

Another main result of this paper is the following theorem.

Theorem 3.9. Let (X, f1,0) be a nonautonomous dynamical system that has PWMP,
then (X, fi,00) s densely Li-Yorke chaotic.

In order to prove the Theorem 3.9, it is neccessary to have the following lemmas.

Lemma 3.10. [8] Assume that X is a complete separable metric space without
isolated points. If R is a symmetric relation with the property that there is a dense
G5 subset A of X such that for each x € A, R(x) contains a dense Gs subset., then
there is a dense subset B of X with uncountably many points such that Bx B\ A C
R.

Lemma 3.11. [8] Let R be a relation on a complete separable metric space X,
which contains a dense Ggs subset of X x X. Then there is a dense G5 subset
A of X such that for each x € A, there exists a dense Gs subset A, of X with
{(z,y) :x € A,y e A,} C R.

Proof of Theorem 3.9

Proof. Since (X, f1,00) has PWMP, then by Lemma 3.6, Prox(fi ) is a dense G5
subset of X x X and by Lemma 3.7 is sensitive. Hence by Theorem 3.8 Asym(f1,00)
is a first category subset of X x X, then LY R = Prox(f1,00) \ Asym(f1,00) includs a
dense G subset of X x X. By Lemma 3.11, there is a dense G subset A of X such
that for any = € X, there is a dense G set A, with {(x,y) :x € A,y € A,} C LYR.
Finally, a dense, uncountable, scrambled set for fi o, can be founded using Lemma
3.10.

O
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