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ABSTRACT. Suppose X is a finite discrete space with at least two elements,
I'" is a nonempty countable set, and consider self-map ¢ : I' — I'. We prove
that the generalized shift o, : XU — XU with o, ((Ta)aer) = (Ty(a))aer (for
(Ta)aer € XT) is:
e distributional chaotic (uniform, type 1, type 2) if and only if ¢ : ' = T’
has at least a non-quasi-periodic point,
e dense distributional chaotic if and only if ¢ : I' — I' does not have any
periodic point,
e transitive distributional chaotic if and only if ¢ : I' — IT" is one—to—one
without any periodic point.

We complete the text by counterexamples.
AMS Classification: 54H20.

Keywords: Distributional chaotic; Generalized shift; Li-Yorke chaotic.

1. INTRODUCTION

“CHAOS?” is one of the most famous mathematical terms and concepts that has

been studied in dynamical systems. Regarding these studies one may consider
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different kinds of chaos like Devaney chaos [6, 5], Li—-Yorke chaos [12], topological
chaos (i.e., nonzero topological entropy [17]), distributional chaos etc.. One can
study either general properties of chaotic maps (apart from phase space or phase
map), or special cases. In this paper we deal with different types of distributional
chaos in generalized shift dynamical systems. In next section we bring a collection
of preliminaries, in Section 3 we study distributional chaotic generalized shifts of
type 1 (and 2). In Sections 4 and 5 we study dense distributional chaotic generalized
shifts and transitive distributional chaotic generalized shifts. Finally Section 6 is

covered by counterexamples.

2. PRELIMINARIES

By a topological dynamical system (Y, g) we mean a compact metric space Y and
continuous map ¢ : Y — Y. In dynamical system (Y, g) we say y € Y is a transitive
point if {¢g"(y) : » > 0} is a dense subset of Y and in this case we say (Y, g) is point
transitive. Moreover we say (Y, g) is topological transitive (or simply transitive)
if for all opene (nonempty and open) subsets U,V of Y there exists n > 1 with
g"(U)NV # @. It’s well-known that for compact perfect metric space Y, (Y, g) is
topological transitive if and only if it is point transitive ([15, Proposition 1.1] and
[10]). In dynamical system (Y, g) we say nonempty subset Z of Y is invariant (or

g—invariant) if g(Z) C Z.

Background on generalized shifts. One-sided and two-sided shifts (resp.
{1, kN = {1, kN and {1,...,k}? — {1,...,k}?) are one of the most ap-

(Zn)nen>(Zn+1)nen (Zn)nez—=(Tn+1)nez
plicable tools in dynamical systems and ergodic theory [17]. Generalized shifts have

been introduced for the first time in [1], where for nonempty set A, arbitrary set
Y with at least two elements and self-map 8 : A — A, we call op : YA — YA
with 09((za)aca) = (Tg(a))aca (for (za)aca € Y*) a generalized shift. It’s ev-
ident that if Y is a topological space and Y equipped with product topology,
then op : YA — Y2 is continuous, moreover if Y has a group structure, then
op : YA — YA is a group homomorphism too, so one may study both dynamical

and non-dynamical properties of generalized shifts [3, 9].

Convention 2.1. Henceforth suppose X is a finite discrete set with at least two

elements, T is a nonempty countable set, and ¢ : T' — T is arbitrary. Consider X"
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with product (pointwise convergence) topology and for D C T let:

YD ‘= {((-’L'a)aer‘a (ya)aeF) € XF x XF VaeD (l‘a = ya)} ’

Under the above assumptions X' is compact Hausdorff, so it is unifomizable, more-
over XT is countable product of metrizable spaces, hence it is metrizable, suppose d

is a compatible metric on X', fore > 0 let
ac={(z,y) € X' x XV : d(z,y) < }.
Both of the following sets are compatible uniform structures on X' :
Fp,={BC X" x X": there exists finite subset D of T' with yp C B},

Fi={BCX"xX":3>0(a. CB)}.

Note to the fact that every compact Hausdorff space admits a unique compatible
uniform structure, we have F, = Fq =: F. For more details on uniform spaces

see [7, 8].

Background on distributional chaotic dynamical systems. In compact met-
ric space (Y, d) for continuous map f:Y =Y, 2,y €Y, n € Nand t € R let (by
#A we mean cardinality of A for finite A and +o0o for infinite A):

E(z,y,t,n) =# {2 c{0,....,n—1}:d(f'(2), fi(y)) < t}

and

L t
Foy(t) = limin SELpe ) — i S0 251

n—oo n n—o00

We say x,y € Y are distributional scrambled of type 1, if
e ds >0 (Fyy(s)=0),
o Vs>0 (Fy,(s)=1).
We say x,y € Y are distributional scrambled of type 2, if
o ds>0 (Fuy(s) <1,
o Vs>0 (F;,(s)=1).
We say x,y € Y are distributional scrambled of type 3, if there exist b > a > 0 with
Fuy(s) < Fy,(s) for all s € [a, b].
We say A(C Y') with at least two elements is a distributional scrambled subset of

type @ of Y if for all distinct =,y € A, z,y are distributional scrambled of type i.
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Also we say f: Y — Y is DC%i (resp. DC®i, DC?i) if Y has an uncountable (resp.
infinite, with at least two elements) distributional scrambled subset of type .

If (Y, f) is DC"1 and Y has an uncountable distributional chaotic set of type 1 like
A such that there exists € > 0 with F,,(¢) = 0 for all distinct x,y € A, then we
say (Y, f) is uniform distributional chaotic. On the other hand if (Y, f) is uniform
distributional chaotic and A(C Y') is dense and satisfies all of the above conditions,
then we say (Y, f) is dense distributional chaotic. If (Y, f) is uniform distributional
chaotic A(CY') is dense consisting of transitive points and satisfies all of the above

conditions, then we say (Y, f) is transitive distributional chaotic (see [14] too).

Note 2.2. For h € {u,00,2}, it is clear that if (Y, f) is DC"1, then it is DC"2.
However using the fact that for oll z,y € Y and s,t > 0 with t < s we have
Fuy(t) < Fuy(s), so if (Y, f) is DC"2, then it is DC"3.

Background on Li-Yorke chaotic dynamical systems. In compact metric
space (Y, d) for continuous map f:Y — Y we say z,y € Y are Li-Yorke scrambled
if lgglogfd(f”(x),f"(y)) = 0 and limsupd(f™(z), f"(y)) > 0. We say A(C Y)
with at least two elements is a Li—YTé)?kOg scrambled subset of Y if for all distinct
x,y € A, x,y are Li-Yorke scrambled. Also we say f:Y — Y is LY, chaotic (resp.
LY - chaotic, LY chaotic if Y has an uncountable (resp. infinite, with at least two

elements) Li-Yorke scrambled subset [11].

Remark 2.3. The generalized shift dynamical system (X", 0,) is LY, (resp. LY,
LY3) chaotic if and only if ¢ : T' = T has at least a non-quasi-periodic point [2].

3. DC1 aND DC2 GENERALIZED SHIFTS

In this section we prove that the generalized shift dynamical system (X', 0,) is
uniform distributional chaotic (resp. DC*1, DC*1, DC?1, DC%2, DC>*2, DC?2) if

and only if ¢ : ' = T" has at least a non-quasi-periodic point.
Lemma 3.1. Forz,ye X', n>1, a € F and f: X" — XU let:

C(z,y,anm) = #{i €{0,....n =1} (f'(2). ['(v)) € a}

and
Gayl@) = liminf L2 DT Ge (o) timmsup W .

n—roo n n— 00

Now we have:
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e the following statements are equivalent:

1. there exists s > 0 with Fy,(s) =0,

2. there exists o € F with Ggy(a) =0,

3. there exists finite subset D of I' with Gzy(vp) =0,
e the following statements are equivalent:

4. there exists s > 0 with Fpy(s) <1,

5. there exists o € F with Ggy(a) < 1,

6. there exists finite subset D of I' with Gzy(vp) < 1,
e the following statements are equivalent:

7. for all s >0 we have Fy,(s) =1,

8. for all « € F we have G} (o) =1,

9. for all finite subset D of T we have G, (vp) = 1.

Proof. Note that for s > 0 and n > 1 we have {(z,y,s,n) = ((z,y,as,n), so
Fuy(s) = Guy(as) (and Fy (s) = G}, (as)). Therefore “1 = 27 (and “4 = 57).

By F, = F, for each a € F there exists finite subset D of I' with vp C «, so
Gzy(YD) < Gay(a). Therefore “2 = 3”7 (and “5 = 6”).

By Fp, = Fg, for each finite subset D of I' there exists s > 0 with as € vp, so
Foy(s) = Gaylas) < Ggy(yp). Therefore “3 =17 (and “6 = 47).

“7 = 8” Suppose for all s > 0, F;,(s) = 1. For all @ € F there exists s > 0 with
as Ca,s0l=F;(s) =Gy, (as) <Gy () <1 which leads to G, (o) = 1.

It’s evident that “8 = 9”.

“9 = 77 for all finite subset D of I' we have G}, (yp) = 1. For s > 0 there exists
finite subset D of I' such that vp C as, so 1 = G}, (vp) < G}, (as) = Fy (s) <1
which leads to Fy, (s) = 1. O

Corollary 3.2. Using a similar method described in Lemma 3.1, f : XU — XV is
uniform distributional chaotic if and only if it is DC*1 and X' has an uncountable
distributional chaotic set of type 1 like A such that for all distinct x,y € A there
exists o € F (resp. finite subset D of T') with Gyy(a) =0 (resp. Gauy(yp) =0).

Remark 3.3. There exists uncountable family IC of infinite subsets of N such that
forall A,B € K, AN B is finite [13, 2].
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Lemma 3.4. If o : ' — T has a non-quasi-periodic point, then (X', 0p) is uniform

distributional chaotic.

Proof. Suppose 6 € T' is a non-quasi-periodic point of ¢. Choose an strictly in-
creasing sequence {s, },>1 of natural numbers such that for all n > 1 we have

—1
5n > n . Choose distinct p,q € X. For A C N let:
S14+--+s, n

A P 1€A,
A —
q otherwise.

Now suppose xé‘ =g for B €T\ {p"(0):n >0} and:

A A A A A _A A _A A
($97x¢(9)7$¢2(9)7"'):(Zlv"' 1Rl R0, s R 5 R3, 7237"')

s1 times s times s3 times
Also let 24 := (22)4er. We continue the proof through two claims.
Claim 1. For A, B C N with infinite AN B we have F'y 5 (t) =1 for all t > 0.
Proof of Claim 1. Consider finite subsets
DCT\|J{¢'0):ieZ}, EC{p'(0):i>0}, FC| Je'(0):i>1}.
It’s evident that:
(A) Vn >0 (UZ(QCA),UZ(:UB)) €YD .-

There exists N > 1 with E C {¢%(0) :0<i< N}and F C J{p%(0):1<i < N}.
For allr € ANB\{0,1,...,2N} we have s, > 2N and

SN—-1<r—1+4N<s1+:-+8 1+N<s1+---+s.-—N,

soforall j,kwiths;+---+s, 1+ N<j<s1+--+s—Nand 0< k<N we
have 0 <s14+---+s 1+ N—-k<j<si+---+s+N—-kand s+ - -+s5_1<
j+k—N<s 4+ -+ s.s0

(*) xﬁ(ﬁk—f\m(e) :p:x5<j+k—1\’>(9)~

For a € E there exists 0 < k < N with ©*(§) = a, thus by () for all s; + --- +
Sr—1+ N <j<s1+--+58-—N we have:

B) xﬁ(j—z\r)(a) =p= l”f(j—m(a) :
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For a« € F there exists 1 <[ < N with @l(a) =0, thus by (%) for all 0 < k < N
and s1+---+s._1+N<j<s;+---+s-— N we have:

A
mw(j+k—N)(4pl(a)) =pP= xf(jJrk—N)(@l(a))

let k = N — [, hence:

(€) mﬁ(ﬂz\r)(a) =pr= $f<j+N)(a) :

Therefore:

#{ie{0,...,81+ - +s.—1}: (oé(xA),ofa(xB)) € YDUEUF}
@A)

= #{ie{0,...,81+ - +s-—1}: (a;(o:A),o;(:cB)) € YEur}

((C) and (D))
> #{s1+ - +5_14+2N+1,... .51+ - +s —2N -1}

Hence:

G* +,5(YDUEUF)

#{ie{0,....,n—1}: (U;(%A),U;(LEB)) € YDUEUF }

= limsup
n—o00 n
: #{i€{0,...,s1+ - 45— 1} : (0l (z?), 0L, (¢P)) € vpUpUF}
> lim sup
r—oo,r€E ANB $S1+ -+ S
. s, —4N —1
> limsup ————
r—oo,r€ANB S1 + -t S
-1 AN +1
> lim sup (T - + )=1
r—oo,r€E ANB r S1+ -+ S

So G 4,5(ypurur) = 1 which leads to G, s (va) = 1 for all finite subset M of
I'. Thus by Lemma 3.1, F*, 5(t) =1 for all £ > 0.

Claim 2. There exists ¢ > 0 such that for all A, B C N with infinite A\ B we have
Foa.e(t) =0.

Proof of Claim 2. There exists ¢ > 0 with {(z,w) € X" x X" : d(z,w) < t} C v{q3-

FOI‘T'GA\B and 51+ -+ 8.1 < i < 81 + -+ + S we have x?”/(@) = p and

A) Cri

ol (P ~ro1. Hence we have:
® {6}

Tyie) = B 80 Tiq) # Tgio and (05 (@

FacA;cB (t)
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o #{iG{O,...,n—l}:d(ar;(xA),a;(xB))<t}
= liminf
n— 00 n
; (i (A i (B
lim inf #{Z € {O,...,Tl— 1} : (Ugo(‘r )7O'LP(I )) € 7{9}}
n—oo n
; (i (A i (B

T #{26{0,...,51—|—~--—|—sr—1}.(Uq,(x ),aw(a: )) € Y01}
r—oo,re A\B s1+--+ s,

- S1+ -+ Sr—1

liminf ————
r—oco,r€A\B 81+ -+ S,
Sr

IN

IN

IN

= 1— limsup ———
r—oo,r€A\B 51 +- s

IN

1— limsup =0

r—oo,reA\B T

which leads to Fa,z(t) = 0.

Now we are ready to prove Lemma, by Remark 3.3 there exists uncountable subset
K of infinite subsets of N\ 2N such that for all A, B € K, AN B is finite, thus A\ B
is infinite. Let H := {AU2N : A € K}, then for all distinct C, D € H, both sets
CND,C\D are infinite. Hence by Claims 1 and 2 there exists ¢ > 0 such that for all
distinct C, D € H we have F'c_, = 1 and F,c,o(t) = 0. Therefore {z¢ : C' € H}

is an uncountable distributional scrambled set of type 1. In particular, (X', o,) is

x

uniform distributional chaotic. O

Theorem 3.5. The generalized shift dynamical system (XF,JW) 18 uniform distri-
butional chaotic (resp. DC*1, DC*1, DC*1, DC*2, DC*2, DC*2) if and only if

p:T'—= T has at least a non-quasi-periodic point.

Proof. If (X', 0,) is uniform distributional chaotic (resp. DC¥1, DC*1, DC?1,
DC%*2, DC®2), then it is DC?2 and has a distributional scrambled pair of type 2,
this pair is a Li-Yorke scrambled pair too and (X', 0,,) is LY? and by Remark 2.3
@ : I' — T has at least a non-quasi-periodic point. On the other hand if
¢ : ' — T has a non-quasi-periodic point, then by Lemma 3.4, (X', 0,) is uniform

distributional chaotic and hence DC*1, use Note 2.2 to complete the proof. O

Let’s mention that distributional chaos type 3, depends on chosen compatible met-

ric of phase space [4, Theorem 2]. Now we have the following question:
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Problem. Suppose I' = {81, (2, ...} with distinct 8;s and equip X with compat-

ible metric

D((Fa)acr, (aJaer) = 3 B8 () 1 (adacr € XT)

21
n>1

where §(a,b) = 0 for a # b and 6(a,a) = 1. Under which conditions (X', 0,) is
DC"3 (DC*>3, DC?3)?

4. DENSE DISTRIBUTIONAL CHAOTIC GENERALIZED SHIFTS

In this section we see (X', 0,,) is dense distributional chaotic if and only if o : ' — T’

does not have any periodic point.

Lemma 4.1. If (X', 0,) is dense distributional chaotic, then ¢ : T — T does not

have any periodic point.

Proof. Choose distinct p,q € X, if 6 is a periodic point of ¢, then {¢%(6) : i > 0} is
a finite subset of I' and there exists ¢ > 0 such that {(z,y) € X' x XU : d(x,y) <
t} € Yipi(o):iz0}- If Ais a dense distributional scrambled subset of XT of type 1,

then for open subsets U = [[ U, and V = [] V,, of X! with:
ael ael’

by ac{e"@):n=0}, ] {a} ac{e"(0):n=0},

X ag{e"@®:n>=0}, 7 | X a¢{p"(®):n>0},
then there exist © = (Ta)aer € ANU and y = (Ya)aer € ANV so
{zon@y : n > 0} = {p} and {yyn) : n > 0} = {q}, hence for all i > 0 we
have (0%, (2), 0%, (y)) & Vipi(0):iz0 and d(ol(x),00(y)) > t, thus

a =

#{i €{0,...,n—1} 1 d(o,(2),0L(y)) <t} =0

and F, (t) = Fp(t) = 0 which is a contradiction, hence X* does not have any dense
distributional scrambled subset of type 1, thus (X, 0,,) is not dense distributional

chaotic. 0

Lemma 4.2. For s > 0, there exists r > 0 such that for all v = (Zo)aer,y =
(Ya)aer 2 = (2a)aer € XV if {a €T : 2y # 24} 48 a finite collection of non—quasi
periodic points of p, then Iy, (r) < FZ,(s) and Fyy(r) < F,y(s).
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Proof. Choose s > 0, there exist 51,...,08, € I' and r > 0 with

* {(u,v) € XU x xT. d(u,v) <1} C vy, mr C {(u,v) € X x xT. d(u,v) < s}.

.....

For # = (Za)aer, ¥ = (Ya)aers 2 = (2a)aer € X' suppose {a € T : 24 # 24} is
a finite collection of non—quasi periodic points of ¢, then there exists N > 1 such

that
{a€T 20 # 2o} N{P'{B1,---,Bm}) i >N} =2.
Now we have:
{a €l 20 # 24 N{P"({B1y-- - Bm}) i >N} =2
= VlENV]E{l,7m} (Z’wi(ﬁj) :Zwi(ﬁj)>
= Vi>NVje {1, R 7m} ((mwi(ﬁj) = ywi(ﬁj)) = (z¢i(5j) = ywi(Bj)))
= Vi2 N ((0,(2),054)) € Vip,.m) © (05(2),05(%) € Vpr,.o 6m))
Hence for all n > 1 we have
(0)  [#{i€{0,...,n =1} (0,(2),0L(Y) € VB, B} | —
#{i€{0,....n—1}: (01(2),0L1) € Yprrmny } <N
Using (*) and (**) we have
# {z €e{0,...,n—1}: d(afp(x),oé,(y)) < r}

< #{ie{0,....,n—1}:(0,(2),04(¥)) € ¥p,m) }
< #{ief{0,....,n—=1}:(0(2),0L,(¥) € Vpr,pm}t + N
< #{ief0,....n—1}: d(afp(z),ai,(y)) <sh+N
Therefore:
i €{0,...,n—1} :d(c’(z), 0" <
Po) = sy LS} b0 b0 < 1)
n—oo
< limsup # {z €{0,...,n—1}: d(azo(z),afo(y)) < s} + N
n—00 n
i € {0,...,n—1} : d(c’(2), o? <
B 2 LY (RSSSEVEY G R ) Rty B
n—o00 n
so Fy (r) < F7,(s), and by a similar method Fy,(r) < F.y(s). O

Corollary 4.3. For x = (za)aer € X' choose y* = (y%)acr € X' such that
{a el x4 # Y2} is a finite collection of non—quasi periodic points of ¢. Moreover

consider D C XU and u,v € XT, then:
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1. “for all t > 0 we have F} (t) = 17 if and only if “for all t > 0 we have
Fru.(t) =17,

2. “there exists t > 0 such that for all distinct x,z € D we have F,,(t) =0”
if and only if “there exists t > 0 such that for all distinct x,z € D we have
Fyey=(t) =07,

3. “there exists t > 0 such that for all distinct x,z € D we have F,.(t) < 1”7
if and only if “there exists t > 0 such that for all distinct x,z € D we have
Fyey=(t) <17,

In particular fori € {1,2}, D is distributional scrambled subset of type i if and only

if {y* : x € D} is distributional scrambled subset of type .

Proof. 1. Suppose for all ¢ > 0 we have F; (t) = 1, and consider s > 0, then
by Lemma 4.2 there exist r1,7o > 0 with Fy;, (r2) < Fyu,(r1) < Fju,o(s). Using
1= Fy,(r2) < Fjuye(s) <1 we have Fju,.(s) = 1. Thus for all s >0, Fj.,.(s) =1

is valid.

2. Suppose there exists s > 0 with F,.(s) = 0 for all distinct x,z € D, then by
Lemma 4.2, there exist r1,72 > 0 such that Fyey=(re) < Fy=,(r1) < F,,(s) for all
distinct 2,y € D. Using 0 < Fyey:(r2) < Fy.(s) = 0 we have Fye=y=(r2) = 0 for all
distinct x, 2z € D.

3. Use a similar method described in (2). O

Theorem 4.4. (XF,O'LP) is dense distributional chaotic if and only if o : T — T

does not have any periodic point.

Proof. By Lemma 4.1, if (X', 0,) is dense distributional chaotic, then ¢ : I' — T’
does not have any periodic point. Now suppose ¢ : I' — I does not have any periodic
point, then (X', 0,) is uniform distributional chaotic by Theorem 3.5. Consider un-
countable subset D of XU such that there exists ¢ > 0 with
Fy,(t) =1and Fyy(c) = 0 for all £ > 0 and distinct x,y € D. Since I is countable,
Pan(T") := {A C T : A is finite} is countable too, and using finiteness of X, for all
nonempty finite subset A of I', X4 is finite too. Thus

J = J{X": A€ Pul)\{2}}

is countable. Moreover I is infinite, since I' # @ and ¢ : I' — I' does not have any

periodic point. So J is infinite countable set (note that #X > 2), and there exists



64 Z. NILI AHMADABADI AND F. AYATOLLAH ZADEH SHIRAZI

a bijection ¢ : N — J. Consider a one-to-one sequence {uy}n>1 in D and for all

n > 1 consider v, € XT with (let u,, = (u?)aer and v, = (V?)per):

(%

" ul C(n)GXA/\agéA,
T za ()= (zp)pea EXANaEA.

Let Dy := (D \ {un : n > 1}) N{v, : n > 1}. We have the following two claims:
Claim 1. {v, : n > 1} and hence Dy are dense subsets of XT.

Proof of Claim 1. If + = (24)aer € X' and V is an open neighbourhood of x,

then there exists A € Pg,(T') \ {@} such that H Vo €V, where V,, = {z,} for
aecl
ac€Aand V, = X for a €T\ A4, 50 (Za)aca € J. Let m := ("1 ((0)aca), then

Um € H Vo €V which completes the proof of Claim 1.
acl’

Claim 2. There exists A > 0 such that for all distinct z,w € Dy:
o Vt>0 FI (t)=1,
* Foy(A) =0
Proof of Claim 2. In Corollary 4.3 for x € XU let y%» = v, and y* = z for

T # u1,Us, ..., now use the fact that ¢ does not have any quasi-periodic point

Using claims 1, 2, and uncountablity of D, shows that (X', 0,) is dense distribu-

tional chaotic. O

5. TRANSITIVE DISTRIBUTIONAL CHAOTIC GENERALIZED SHIFTS

In this section we prove (X', 0,) is transitive distributional chaotic if and only if

@ : I' = T is one-to-one without any periodic point.

Remark 5.1. (Xr,ag,) is transitive if and only if ¢ : I' = T is one-to-one without

any periodic point 3, 16].

Lemma 5.2. If ¢ : ' — T is one-to-one without any periodic point then X' has
an uncountable subset of transitive points like M and there exists v > 0 such that
for all distinct x,y € M we have:

o Vt>0 Fy(t) =1,

o Fyy(r)=0.



DISTRIBUTIONAL CHAOTIC ... — JDSGT VOL. 18, NUMBER 1 (2020) 65

Proof. Suppose ¢ : I' — T is one-to-one without any periodic point, by Theorem 4.4,
(X", 0,) is uniform distributional chaotic so there exists ¢ > 0 and uncountable
subset S of X" such that for all distinct 2,y € S we have Fj,(t) =1 (for all t > 0)

and Fy,(g) = 0. Choose transitive point (t,)aer in X', choose distinct p,q € X, an
Sn, n—1

>
s1+- - +s,+n(n—1)/2 n
for all n > 1. Choose A C T such that |J{¢*(A) : i € Z} = T and for all distinct
n,m > 1 and distinct «, 5 € A we have ™ (a) # ¢™(8). For all # € A and nonempty

subset A of N let:

strictly increasing sequence {s,,},>1 such that

(@505 0) 20y )

A A A A A A A A
= (zl sty R] ,t@,Zz IR ) atgattp(e),zii sttty R3 7t97ttp(9)7tap2(9)721 )Ty R] 7)
S——— S———
s1 times so times s3 times s4 times
where:

n P 1€ A,
A
q otherwise .
Also suppose x? =gqfor BT\ {"() :n>0,0 € A}. Now for 22 := (22)4er we

have the following claims.
Claim 1. For nonempty subset A of N, z4 is a transitive point of o, XU — X1

Proof of Claim 1. Suppose U is a nonempty open neighbourhood of (ug)aer(€

XT), there exist aj,...,a, € I' such that H U, C U, where U, = {uy} for
ael
a € {aq,...,any}t and U, = X otherwise. There exist distinct 61,...,0;, € A

and N > 1 such that ay,...,a, € U{{01,...,0k} : |i| < N}. For all a €
U{pH{01,...,0k} : |i]| < N} let V, = {us} and V,, = X for o ¢ [ J{¢™{01,...,01} :
li| < N}. Since (ta)aer is a transitive point of o, there exists A > 0 such that

ol ((ta)acr) € H V.. Moreover since the Hausdorff space X! does not have any

acl’
isolated point, we may consider h arbitrary large, so suppose h > N. Also for all

je{l,...,k} and i € {—N,..., N} with ¢*(6;) # &, we have
Ugi(9;) = Lon+i(e;) -
Letl=s1+14+s20+2+s3+3+ -+ Sp4nN+1, then:

Vm € {0,...,h+ N} Vj (xf;‘Hm({,j) = tom(o,)) -
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Therefore for all j € {1,...,k} and i € {—N,..., N} with ¢'(6;) # @ we have

A _ . — ;
Toivntig,) = t¢h+1(9j) = Upi(8;) which shows

Ya € U{gpz{ﬁl, .. ,ek} : |Z| < N} x£z+h(a) =U

which leads to oLt"(z4) € H Va C H Uy C U and {0l () : i > 0} is a dense
ael ael
subset of X, i.e., 4 is a transitive point of o

Claim 2. For nonempty subsets A, B of N, if AN B is infinite, then F*y 5(t) =1
for all ¢ > 0.

Proof of Claim 2. Consider finite subset F of I', there exists N > 1 with E C
U{p'(0) : =N < i < N,§ € A}. For all m € (AN B)\{0,1,...,2N} we have
Sm > m > 2N and for all j k with s + -+ sp—1 +m(m —1)/2+ N < j <
s1+ -+ 8y +m(m—1)/2— N and 0 < k < 2N we have $£<j+k—w>(9) =p=
@(”k (g for all 6 € A. Thus for all « € U{¥'(@) : =N < i < N,0 € A} and
51+ - +sm_1+m( —1)/24+N<j<si+- -+ 8Sm+m(m—1)/2— N we have
J;;j,-(a) = a5} ), which leads to (oh,(), 0%, (")) € vg. Therefore:
#{ie{0,... 514 Fsm+mim—1)/2 =1} : (oL (z?), 0L (27)) € vp} >

s1+- A+ Smt+m(m—1)/2—N—(s1+- -+ 8m_1+m(m—1)/2+N)-1 =5, —2N -1

Hence:

i #{ie{0,...,n—1}: (afp(xA),afD(xB)) €y}
im sup

n—00 n

lim sup
m—oo,meANB

#{ie{0,..., 514+ sm+m(m—1)/2—1}: (o (z4),0L(zP)) € v}
s1+ -+ Sm+m(m—1)/2

> I Sm —2N —1
imsu
- m—momegﬁle+ +sm+m(m—1)/2
-1 2N +1
> lim sup (m - + )=1
m—oo,meANB M 51+ 4 S, +m(m—1)/2

Thus for all finite subset K of I' we have
1€40,...,n—1 Lot (2B)) €
G;AyA(’}’D) = lim sup # { }: ( ) ga( ) € i}

n—00 n

=1.

By Lemma 3.1 for all £ > 0 we have ¥, 5(t) = 1.
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Claim 3. There exists t > 0 such that for two nonempty subsets A, B of N if A\ B
is infinite, then F a,z(t) = 0.

Proof of Claim 3. Consider § € A, there exists ¢t > 0 with {(z,w) € X' x X :
d(z,w) <t} C ey Form e A\Band s;+---+sp,1+m(m—1)/2 <i < s+ -+
$m +m(m —1)/2 we have p = 93:21'(9) # xf,-(e) = ¢, so and (o}, (z?), 0% (25)) ¢ v{e}-
Using a similar method described in the proof of Claim 2 in Lemma 3.4 we have
Foays(t) =0.

Now we are ready to complete the proof. Using Remark 3.3 there exists uncountable
family /C of infinite subsets of N\ 2N such that for all C,D € K, C' N D is finite
(thus C \ D is infinite for all distinct C, D € K). The set {z4Y2 : A € K} is our

desired uncountable subset of XT. O

Note 5.3. If o : T' = T is one-to-one without any periodic point and x = (To)aer,
Y = (Ya)acr are two points of X' such that {a € T : x4 # Yo} is finite, then
z is a transitive point of o, : XU — XU if and only if y is a transitive point of
Oy X - xT,

Theorem 5.4. (X', 0,) is transitive distributional chaotic if and only if ¢ : T — T

18 one-to-one without any periodic point.

Proof. If (X", 0,) is transitive distributional chaotic, then by Remark 5.1,
¢ : I' = T is one-to—one without any periodic point. In order to complete the

proof use Lemma 5.2, Note 5.3 and a similar method described in Theorem 4.4. [

6. COUNTEREXAMPLES
Using Theorems 3.5, 4.4 and 5.4 we have the following diagram:
(XT,0,) is transitive distributional chaotic

ﬂ

(X', 0,) is dense distributional chaotic
(X', 0,) is uniform distributional chaotic

Now suppose I is infinite so we may suppose I' = {6,, : n € Z} with distinct 6,,s.

Define @1, 92,03 : I' = T with ¢1(0,) = Opt1, ©2(0n) = 0p211, @3(0,) = 0,2 for
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n € Z. Then:
e (X', 0,,) is transitive distributional chaotic,

e (X' 0,,) is dense distributional chaotic and it is not transitive distributional

chaotic,

e (X', 0,,) is uniform distributional chaotic and it is not dense distributional

chaotic.

Distributional chaos and product of the generalized shifts. Consider nonempty count-

able sets A, T and self-maps A : A - A and g : T — T, consider

on %o, XA XY 5 XA x XY
(@,y) = (ox(3),0.(y))
then we have (use the fact that o\ x o, : XA x XT o5 XA x X7 is just oy -
XAI_IT N XALIT):

o (XA x XY, 0y x 0,) is uniform distributional chaotic if and only if (X*,0,) or

(XY, 0,) is uniform distributional chaotic,

o (XA x XT 5\ x 0,) is dense distributional chaotic if and only if (X*, o)) and

(XY, 0,) are dense distributional chaotic,

o (XA x XY 0y x0,)is transitive distributional chaotic if and only if (X*, ) and

(XY, 0,) are transitive distributional chaotic.

Distributional chaos and composition of the generalized shifts. Note that for

n:I' — I' we have o, 0 0,y = 05,00, now we have:

efor \:Z %+Z1, (X%,0y) and (X%, 0y-1) are transitive (dense, uniform) distribu-
n—n

tional chaotic but (X%, oy 0 0y-1) is not transitive (dense, uniform) distributional

chaotic.

o for A\, : Z — 7 with

n+1 n iseven, n+1 n isodd,
A(n) = { wu(n) = {

n—1 n isodd, n—1 n iseven ,
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then neither (X%, o)) nor (X%, 0,) are uniform (dense, transitive) distributional
chaotic but both (X%, 0, 0 0y) and (X%,0) o 0,) are uniform (dense, transitive)

distributional chaotic.
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