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ABSTRACT. Let f be a continuous map on a dendrite D with f(D) = D.
Denote by R(f) and AP(f) the set of recurrent points and the set of almost
periodic points of f, respectively, and denote by w(z, f), A(z, f), I'(z, f) and
Q(z, f) the set of w-limit points, the set of a-limit points, the set of ~v-limit
points and the set of weak w-limit points of z under f, respectively. In this
paper, we show that the following statements are equivalent: (1) D = R(f). (2)
D = AP(f). (3) Q(z, ) = w(x, f) for any z € D. (4) Q(z, f) = I'(z, f) for any
z € D. (5) f is equicontinuous. (6) [c,d] ¢ Q(z, f) for any ¢,d,z € D with ¢ #
d. (7) Q(z, f) is minimal for any = € D. (8) Card(A~!(z, f)N(D—End(D))) <
oo for any x € D, where A=Y (z, f) = {y : * € A(y, )}, End(D) is the set of
endpoints of D and Card(A) is the cardinal number of set A. (9) If x € A(y, f)
with z,y € D, then y € w(z, f). (10) Map h : @ — w(z, f) (z € D) is
continuous and for any z,y € D with « € w(y, f), w(z, f) # w(y, f). Besides,
we also study characteristic of pointwise-recurrent maps on a dendrite with the

number of branch points being finite.
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1. INTRODUCTION

Let f be a continuous map on a compact metric space X (briefly, f € C°(X)). If
every point of X is recurrent, then f is said to be pointwise-recurrent. It is easy to
see that if f is pointwise-recurrent, then f(X) = X. Recently there has been a great
interest in studying pointwise-recurrent maps and flows (see [2,10,18]). In [13], Mai
showed that if G is a graph and f € C%(G), then f is pointwise-recurrent if and
only if one of the following two statements holds: (1) G is a circle and f is a home-
omorphism topologically conjugate to an irrational rotation of the unit circle. (2) f
is a periodic homeomorphism. In [17], Naghmouchi showed that the following two
statements hold: (1) if D is a dendrite whose set of endpoints End(D) is countable
and f € CY(D), then f is pointwise-recurrent if and only if f is a pointwise-periodic
homeomorphism. (2) if D is a dendrite whose set of branch points B(D) is discrete,
then f is pointwise-recurrent if and only if every point of D—End(D) is periodic.
In [6], Blokh showed that if D is a uniquely arcwise connected locally arcwise con-
nected space and f € CY(D), then f is pointwise-recurrent if and only if every point
of D—End(D) is periodic. In [19], Su and Qin studied the pointwise-recurrence and
the equicontinuity of a dendrite flow and obtained some equivalent conditions of an
equicontinuous dendrite flow. In [21], Sun et al. obtained some equivalent condi-
tions of equicontinuous maps on a dendrite with the number of branch points being
finite. For some results on discrete dynamical systems on dendrites, we refer the
readers to see [1,3,4,8,9,12,14,16,20,22-24] and the related references therein. In this
paper, we will study characteristic of pointwise-recurrent maps on a dendrite.

The rest of this paper is organized as follows. In Section 2 we give some definitions
and notations and main result of this paper. In Section 3 we study the minimality
of the set of weak w-limit points of a continuous map on a compact metric space. In
Section 4 we study the pointwise-recurrent maps on a dendrite and give the proof of
the main result. In Section 5 we study the pointwise-recurrent maps on a dendrite

with the number of branch points being finite.
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2. PRELIMINARIES AND STATEMENT OF MAIN RESULT

In the following, we let N denote the set of all positive integers. Set ZT = NU{0}.
Denote by C°(X) the set of all continuous self-maps on a compact metric space
(X,d). For any A C X, denote by A and Card(A) the closure and the cardinal
number of A, respectively. For any = € X and ¢ > 0, write B(z,e) = {y € X :
d(z,y) < e}. For any f € C°(X) and n € N, write f* = fo f*~! where f° is the
identity map on X. For any z € X, the set O(z, f) = {f"(z) : n € ZT} and the set
w(z, f) = {y € X : there exist n; < n2 < mng < --- such that limy__, ™ (x) =y}
are called the orbit and the set of w-limit points of x under f, respectively. The
set P,(f) ={r € X: fi(x) =2 and fi(z) #x forany 1 <i <n—1ifn > 2},
the set R(f) = {x : ¢ € w(z, f)} and the set AP(f) = {x € X : for any ¢ > 0,
there exists an N € N such that B(x,e) N {f™**(x)) : 0 < k < N} # 0 for any
m € ZT} are called the set of n-periodic points, the set of recurrent points and
the set of almost periodic points of f, respectively. By Corollary 5.6 of [5] we
see that € AP(f) if and only if 2 € w(y, f) for every y € w(z, f). A sequence
0 = (zo,x—1, -+ ,T_p,---) of points in X is called a negative orbit through xg
of fif f(x_p) = x_p41 for every n € N. Write o(6, f) = {y € X : there exist
ny < ng < ng < --- such that limy_,oc ©_p, = y}, which is called the set of a-limit
points of 6 under f. Note that in the general case, the negative orbit through z
may not exist and, even if it does exist, it may not be unique. We also need the

following notations:

SA(z, f) = U{a(d,f):0 is anegative orbit through z of f }.
Az, f)

{y : there exist z1,22,--- € X and n; <ng < ---
such that lim z =y and f™*(zx) = z}.

k—> o0
w(z, f) N Az, f).

{y: there exist 21,29, - € X and ny <ng < ---

Iz, f)
Qz, f)

such that lim zp =2 and lim f™ (zx) = y}.
k—>o00 k—s 00

SA(z, f), Mz, f), T'(z, f) and Q(z, f) are called the set of special -limit points,
the set of a-limit points, the set of v-limit points and the set of weak w-limit points
of x under f, respectively. P(f) = U3, P,(f) is called the set of periodic points of
f. Tt is easy to see that
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(1) Q(z, f) D w(z, f) D T(z, f).

(2) Az, f) D L(x, f) and A(z, f) D SA(z, f).
(3) If y € A(z, f), then = € Q(y, f).

(4) R(f) D AP(f) D P(f).

(

5) Qz, f), w(zx, f) and «(0, f) are closed, and f(Q(z, f)) = Uz, f), f(w(x, f)) =
w(z, f) and f(a(8, f)) = a0, f).

In this paper, we write
QEw(f) = {zeX:Q@,f)=w(, f)}
QEL(f) = {veX:Q,f) =T f)}

A locally connected and compact connected metric space is called a dendrite if
it contains no simple closed curve. For any nondegenerate dendrite D and = € D.
Denote by V(z) the number of connected components of D — {z}. z is called an
endpoint of D if V(z) = 1 and a branch point of D if V(z) > 3. Denote by
End(D) and B(D) the set of all endpoints and the set of all branch points of D,
respectively. A space is called an arc if it homeomorphic to [0,1]. By [15] we see
that for any a,b € D with a # b, there is a unique arc in D, denoted by [a, b], such
that End([a, b]) = {a,b}. Write [a,b) = (b,a] = [a,b] — {b} and (a,b) = [a,b) — {a}.
In addition, we write [a, a] = {a}.

Let D be a dendrite. For any x € D and any closed subset A of D, write
d(xz,A) = infycad(z,a). Let U and V' be two closed subsets of D, we define the
Hausdorff metric of U and V' by

Hy(U,V) = max{sup d(u, V), sup d(v,U)}.
uelU veV

Now we state the main result of this paper.

Theorem 4.6 Let D be a dendrite and f € C%(D) with f(D) = D. Then the
following statements are equivalent.

(1) D = R(f).

(2) D = AP(f).

(3) D = QET(f).

(4) D = QEw(f).

(5) f € EC(D) ( see Definition 4.1).
(6) [c,d] ¢ Qx, f) for any ¢,d,x € D with ¢ # d.
(7)

7) Q(z, f) is minimal for any = € D.
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(8) Card(A~!(z, f) N (D—End(D))) < oo for any = € D, where A~} (z, f) = {y :
(9) If z € A(y, f) with 2,y € D, then y € w(z, f).
(10) Map h : © — w(x, f) (x € D) is continuous and for any z,y € D with

z g wly, ), wz, ) # wy, f)-

3. MINIMALITY OF THE SET OF WEAK w-LIMIT POINTS

In this section, we will obtain some equivalent conditions of minimality of the
sets of weak w-limit points of maps on a compact metric space X. Let f € C°(X)

and A C X be non-empty, A is called a minimal set under f if O(z, f) = A for any
x €A

Lemma 3.1 (see [11]) Let f € C°(X). If y € X and x € SA(y, f), then O(z, f) C
SA(y, f)-
Lemma 3.2 Let f € C°(X) and f(X) = X.

(1) If x € w(y, f) for some y € X, then z € Q(z, f).

(2) If X = R(f), then A(z, f) C w(x, f).

B) I X = QFw(f),then X = AP(f) andw(z, f) = Az, f) = SA(z, f) = «(0, f)
for any x € X, where € is any negative orbit through x of f.

Proof (1) If z € w(y, f) for some y € X, then there exists a sequence of positive
integers 11 < r9 < -+ with r,11 —r,, > n for any n € N such that f™(y) — =.
Then fr»1="(f™(y)) = f+(y) — x. Thus z € Q(z, f).

(2)If X = R(f) and y € A(z, f), then there exist a sequence of points x1,xa, - €
X and a sequence of positive integers n; < ng < --- such that limy__, ) = y and
[ (x) = x. Thus zy, € w(xg, f) = w(f™ (zk), f) = w(z, f) for every k € N, which
implies y € w(z, f) since w(z, f) is closed.

(3) Let 9 € X. Then there exists a negative orbit 6 = (zo,x_1, -+ ,T_pn, -*)
since f(X) = X. Tt is easy to see xg € Qy, f) = w(y, f) for any y € (6, f). By
(1) we see xg € Q(zo, f) = w(xg, f), which implies z¢ € R(f). Hence X = R(f).

For any z € X = R(f) and any u € w(z, ), choose r,,, s, € N satisfying r,, —s,, >
n and s, — oo such that f™ = (f*n(z)) = f™(z) — z and f*~(x) — w, which
implies z € Q(u, f) = w(u, f). Thus w(z, f) is minimal and = € AP(f).

Let € X and 6§ = (xg,2_1, - ,Z_p, -+ ) be a negative orbit through zo = =

of f. Then w(x, f) is minimal. Since z_j € w(z_y, f) = w(x, f) for any k € N,
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we have «(0, f) C w(z, f). Note that «(0, f) is closed with f(«(0, f)) = «(0, f)
and w(z, f) D Az, f) D SA(z, f) D a(b, f). Thus w(z, ) = Az, f) = SA(x, f) =
a(0, ). This completes the proof of the Lemma.

Theorem 3.3 Let f € C°(X) and f(X) = X. Then the following statements are
equivalent.

1) Q(z, f) is minimal for any = € X.

(

(2) X =QFw(f).

(3) X =QET(f).

(4) X = R(f) and Q(z, f) = «(0, f) for any negative orbit 0 = (z,y_1,** ,Y—n," " ).
(5) X =R(f) and Q(x, f) = SA(z, f) for any x € X.

(6) X =R(f) and Q(z, f) = Az, f) for any z € X.

(7) For any z € X and any negative orbit 6 = (yo,y—1," " ,Y—n, ) with

Yo € U, f), (0, f) = Uz, f).
Proof (2) = (1) It follows from Lemma 3.2.

(1) = (2) If Q(z, f) is minimal for every z € X, then by Q(z, f) D w(x, f)
and f(w(z, f)) = w(x, f) and w(z, f) being closed we see Q(z, f) = w(x, f) for any
e X.

(2) = (3) If Q(z, f) = w(x, f) for any € X, then by Lemma 3.2 (3) we see
w(z, f) = Az, f), which implies I'(z, f) = w(z, f) = Q(z, f) for any = € X.

()= (2) U'(x, f) = Q(z, f) for any z € X, then by I'(z, f) C w(x, f) C Uz, f)
we have w(z, f) = Q(z, f) for any z € X.

(2) = (4) It follows from Lemma 3.2 (3).

(4) = (5) = (6) = (2) It follows from Lemma 3.2 (2) and (0, f) C SA(z, f) C

Az, f) and w(z, f) C Q(z, f).

(2) = (7) Suppose that X = QFEw(f). Let 0 = (yo,y—1,""* ,Y—n, ) with
yo € Qz, f) = w(z, f). Then by Lemma 3.2 we see X = AP(f) and y_,, €
W(Y—n, f) = w(yo, f) = w(z, ). Thus a(B, f) C w(z, f). Since a(6, f) is closed and
fla(8, f)) = a8, f) and w(z, f) is minimal, we have «(0, f) = w(z, f) = Q(=z, f).

(7) = (2) Suppose that (7) holds. Let € X and yo € w(z, f). Then there exists
a negative orbit 6 = (yo,y—1, " ,Y—n, ) wWith y_,, € w(x, f) for every n € N.
Thus «(f, f) C w(x, f), which follows that w(z, f) = Q(x, f). This completes the
proof of the Theorem.
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4. POINTWISE-RECURRENT MAPS ON A DENDRITE

In this section, we will obtain some equivalent conditions of pointwise-recurrent
maps on a dendrite.

Definition 4.1 (see [13]) Let X be a compact metric space. f € C°(X) is called
equicontinuous (briefly, f € EC(X)) if for any € > 0, there exists an 6 > 0 such
that f"(B(z,0)) C B(f"(x),e) for any € X and any n € N.

The main result of this paper is established through the following lemmas.
Lemma 4.2 (see [7]) If X is a compact metric space and f € EC(X) with f(X) =
X, then X = QFw(f).

Lemma 4.3 (see [6]) Let D be a dendrite and f € C°(D). Then D = R(f) if and
only if D—End(D) C P(f).

Remark 4.4 Let D be a dendrite and f € C°(D). If ¢ € Q(z, f) for some z € D,
then we may choose d € w(x, f), v, € D with z,, = x and k1 < kg < -+ such
that f*»(x,) — c and f*»(2) — d. Furthermore, if ¢ # d, then d(c,d) > 0.
It is easy to verify that for any 7 € (c,d), there exists an N(7) € N such that
7 € (fF(z,,), f¥(x)) for any n > N(7). Thus for every n > N(7), there exists an
Yn € (7, 2) such that f*~(y,) = 7, which implies 7 € Q(z, f) and [c,d] C Q(z, f).
Lemma 4.5 Let D be a dendrite and f € C°(D) with f(D) = D. If D = QEw(f),
then f € EC(D) and for any ¢,d,x € D with ¢ # d, we have [¢,d]  Q(z, f)
Proof Assume that D = QEw(f). Then it follows from Theorem 3.3 and Lemma
4.3 that D = AP(f) and D—End(D) C P(f) and Q(z, f) is minimal for any = € D.
If [e,d] C Q(z, f) for some ¢,d,z € D with ¢ # d, then (¢,d) CD—End(D) C P(f),
from which it follows that Q(z, f) is not a minimal set. This is a contradiction. Now
we show that f € EC(D). Indeed, if f ¢ EC(D), then there exist x,x, € D with
r, — = and k, — oo such that f*(z,) — ¢ € Q(z, f) and f*(z) — d € w(z, f)
with d(e,d) > 0. By Remark 4.4 we see that [c,d] C Q(z, f), which also leads to a
contradiction. This completes the proof of the Lemma.

Now we show the main result of this paper.

Theorem 4.6 Let D be a dendrite and f € C°(D) with f(D) = D. Then the
following statements are equivalent.

(1) D = R().

(2) D = AP(f).

(3) D = QET(f).
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(4) D = QFEw(f).

(5) f € EC(D).

(6) [e,d] ¢ Q(z, f) for any ¢, d,x € D with ¢ # d.

(7) Q(x, f) is minimal for any = € D.

(8) Card(A~!(z, f) N (D—End(D))) < oo for any = € D, where A~} (z, f) = {y :
z € Ay, f)}-

(9) If z € A(y, f) with 2,y € D, then y € w(z, f).

(10) Map h : ¢ — w(x, f) (x € D) is continuous and for any z,y € D with
x g wly, f), wz, ) # w(y, f)-

Proof (2) < (4) It follows from Theorem 3.3.

(4) =

3) &

(2) =

(4) =

(6) = (4) Suppose that (6) holds. If D # QFw(f), then there exists some
x € D such that w(zx, f) # Q(z, f) and by Remark 4.4 we see that there exist
c € Qx, f)—wx, f) and d € w(z, f) C Qz, f) with d(c,d) > 0 such that [¢,d] C
Q(x, f). This will lead to a contradiction.

(1) = (4) If D = R(f), then by Lemma 4.3 we see that (¢,d) C P(f) for any
¢,d € D with ¢ # d since (¢,d) C D—End(D). Assume on the contrary that
w(z, f) # Qz, f) for some x € D. Then by Remark 4.4 we see that there exist
r, € D with z,, — z and k,, — oo such that f*»(z,) = c € Q(x, f) — w(z, f) and

5) It follows from Lemma 4.2 and Lemma 4.5.
4) < (7) It follows from Theorem 3.3.

1) It is obvious.

P

6) It follows from Lemma 4.5.

fF(z) = d € w(x, f). Furthermore, for any a € (c,d), there exist y, — = with
Yn € (7, ) such that fF(y,) = a.

Choose p,q € [c,d] N P(f) such that O(p, f) N O(q, f) = 0. Let p, — z and
Gn — @ with f*(p,) = p and f¥»(g,) = q. Since p, € w(pn, ) = w(f* (pn), f) =
w(p, f) = O(p. f) and gn € w(gn, f) = w(f*(qn), f) = wlg, f) = O(g, f), we see
x € O(p, f) and = € O(g, f). This is a contradiction. Thus D = QFEw(f).

(8) = (4) Suppose that Card(A~!(x, f) N (D—End(D))) < oo for any = € D.
Assume on the contrary that D # QEw(f). Then there exists some 2 € D such that
w(z, f) # Qz, f) and by Remark 4.4 we see that there exist ¢ € Q(z, f) — w(z, f)
and d € w(z, f) C Q(z, f) with d(c,d) > 0 such that (c,d) C A~!(x, f). This is a

contradiction.
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(4) = (8) If D = QEw(f), then it follows from Lemma 3.2 and Lemma 4.3 that
w(x, f) = Az, f) for any x € D and D—End(D) C P(f). Let y € A= Y(x, f) N
(D—End(D)). Then = € Ay, f) = w(y, f) = O(y, f), from which it follows that
z € P(f) and y € O(x, f). Thus A~ (z, f) N (D—End(X)) C O(a, f).

(4) = (9) If D = QFEw(f), then by Lemma 3.2 we have D = AP(f) and w(z, f) =
Az, f) for any x € D. Let x,y € D satisfy @ € A(y, f), then z,y € w(y, f) and
y € w(z, f).

(9) = (4) Suppose that (9) holds. Assume on the contrary that D # QFEw(f).
Then there exists some z € D such that w(z, f) # Q(z, f) and by Remark 4.4 we
see that there exist ¢ € Q(z, f) —w(x, f) and d € w(x, f) C Q(z, f) with d(c,d) >0
such that « € A(y, f) for any y € (¢,d). Thus (¢,d) C w(z, f), from which it follows
¢ € w(zx, f). This will lead to a contradiction.

(4) = (10) If D = QEw(f), then D = AP(f) and f € EC(D). Thus for any
g > 0, there exists an 6 > 0 such that f™*(B(z,d)) C B(f"(z),e/3) for any x € X
and any n € N. For any w € w(z, f) and y € B(x,0), there exist z € w(y, f) and
k, — oo satisfying f*(z) — w and f*»(y) — z. Thus there exists an r € N such
that

fFr(z) € B(w,e/3), f*(y) € B(z,¢/3), f(x) € B(f*(y),e/3).

So w € B(z,¢), which implies that d(w,w(y, f)) < . In a similar fashion, we can

prove that d(z,w(z, f)) < € for any z € w(y, f). Thus

Hy(h(z),M(y)) = Ha(w(z,f),w(y,f))
= max{ sup d(z,w(z,f)), sup d(w,w(y,f))}
zew(y,f) wew(x,f)
< €

and h is continuous.

For any =,y € D with « € w(y, f), we have x € w(x, f) and y € w(y, f). Thus
w(z, f) # w(y, f).

(10) = (4) Suppose that (10) holds. Assume on the contrary that w(z, f) #
Q(z, f) for some x € D. Then by Remark 4.4 we see that there exist x,, € D with
r, — x and k, — oo such that f*~(z,) — w € Q(z, f) —w(x, f) and fF(z) = 2 €
w(z, f) C Qz, f) with d(w, z) > 0. Tt is easy to verify that w € w(z, f) C w(z, f).
Thus w(w, f) # w(z, f) and Hg(w(w, f),w(z, f)) > 0.
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Since h is continuous, for ¢ = Hy(w(w, f),w(z, f))/6 = Hy(h(w), h(z))/6, there
exists an 6 > 0 such that when d(u,v) <6,

Hy(h(u), h(v)) < /3.
Let N € N such that
f*¥(zn) € B(w,6), f*(x) € B(z,6), zn € B(z,6).
Then we have
Hy(h(f* (xn)), h(w)) < /3, Ha(h(f* (2)), h(2)) < /3, Ha(h(zn),h(z)) < /3,
which implies that

Ha(h(w), h(z))

IN

Hy(h(w), h(f* (xx)))
HHa(h(f* (xn)), h(f* (2)))
+Ha(h(f* (2)), h(2))
= Hy(h(w), h(f* (xn)))
+Hq(h(zN), h(z))
+Ha(h(f* (2)), h(2))
< &= Hy(h(w),h(z))/6.
This is a contradiction. This completes the proof of the Theorem.
Example 4.7 In R2, for any k € N, set
Ly ={(z,2/k): 0 <z <1/k}
and
L_y={(z,—x/k): —1/k <z <0}.

Then D = U2, (L U L_g) is a dendrite. Now we define f € C%(D) as following:
(1) For any k > 2 and P = (x,x/k) € Ly, f(P) = (kx/(k — 1), kz/(k — 1)?) €
Li1.
(2) For any P = (z,z) € Ly, f(P)=(—z,2) € L_;.
(3) Forany k € Nand P = (x, —x/k) € L_y, f(P) = (kz/(k+1), —kz/(k+1)?) €
Ly
Write O = (0,0). It is easy to see that f(D) = D, w(P, f) = {O} for any P € D
and Q(O, f) = D. From Theorem 4.6 we see that f ¢ EC(D).
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From Example 4.7 we see that Q(z, f) of Theorem 4.6 (7) can not be replaced by
w(z, f) and (10) of Theorem 4.6 can not be replaced by “Map h : & — w(z, f) (x €
D) is continuous”.

Remark 4.8 After this paper was accepted, we see that there are some equivalences
of Theorem 4.6 has been proved in [7] (for example, (4) < (5) has been proved in
[7, Theorem 4.12], etc.).

5. POINTWISE-RECURRENT MAPS ON DENDRITES D WITH CARD(B(D)) < oo

In this section, we study pointwise-recurrent maps on dendrites D with Card
(B(D)) < oo. In the following, let S = {k; < k2 < ---} be a subsequence of N.
Definition 5.1 (see [24]) Let X be a compact metric space. f € C°(X) is called
S-equicontinuous (briefly, f € SEC(X)) if for any ¢ > 0, there exists an § > 0 such
that f*»(B(x,0)) C B(f*~(x),¢) for any # € X and any n € N.

Lemma 5.2 Let (X, d) be a compact metric space. If f € SEC(X) with f(X) = X,
then X = Ugzexw(z, f).

Proof Let zyp € X. Then we can choose a negative orbit § = (xg,2_1, - ,Z_pn, ")
since f(X) = X and a point y € X and a subsequence r; < r3 < --- of S such
that lim,_ oo —r, = y. Let € and 0 be the same as Definition 5.1. Take z_,.
satisfying d(z_,,,y) < 8. Then d(f™(y), f™(z—-r,)) = d(f™(y),z0) < &, which
implies g € w(y, f). This completes the proof of the Lemma.

Lemma 5.3 Let (X,d) be a compact metric space and m € N. If f € SEC(X),
then there exists a subsequence S; of N such that g = f™ € S; EC(X).

Proof By taking a subsequence we may assume that there exist 0 < r < m
and a subsequence s; < so < --- of S such that s, = r,m + r for any n € N.
Since X is compact and f € SEC(X), we see that for ¢ > 0, there exist 0 <
§ < &1 < e such that f™™*+"(B(u,d1)) C B(f™™*"(u),e) for any u € X and
any n € N, and f™ "(B(z,d)) C B(f™ "(x),01) for any x € X, which implies
that g™t (B(x,8)) C B(g™*i(x),e) for any * € X. Thus g € S$;EC(X) with
S1 ={r1+ 1,72+ 1,---}. This completes the proof of the Lemma.

Lemma 5.4 Let D be a dendrite and f € C%(D). If there exist p € Pi(f) and
x € D such that z € (p, f(z)), then f ¢ SEC(X).

Proof Since f([p,z]) D [p,x], we see that there exist a negative orbit

0 = (zo,z_1, "+ ,Z—p, --) and ¢ € Pi(f) N [p,x) satisfying o = z, [¢,x_n] D
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[¢,7—pn_1] and lim, o x_, = q. Then d(f*(x_y,), f*(q)) = d(z,q) for any
n € N. Thus f ¢ SEC(X). This completes the proof of the Lemma.

Theorem 5.5 Let D be a dendrite with Card(B(D)) < oo and f € C°(D) with
f(D)=D. Then f € SEC(X) if and ounly if D = R(f) = P(f).

Proof = Assume that f € SEC(X).

We claim that End(D) C P(f). Indeed, if End(D) ¢ P(f), then let ¢ €End(D)—
P(f) and by Lemma 5.2 there exist p € P;(f) and y € D and n,m € N with n < m
such that f"(y), f™(y) € (p,q) and f™(y) € (f"(y),q). Write g = f™~™. Then
it follows from Lemma 5.4 that ¢ ¢ S;EC(X) for any subsequence S; of N since
g([p, /™ ()] 2 [p, f™(y)], which contradicts Lemma 5.3.

Now we show that D = P(f). Indeed, if D # P(f), then let w € D — P(f). We
see that there exist p € P;(f) and ¢ €End(D) with ¢ € P,,(f) such that w € (p, q).
Thus w € (q, f™(w)) if f™(w) is in the connected component of D — {w} containing
p and w € (p, f™(w)) if f™(w) is not in the connected component of D — {w}
containing p. Then it follows from Lemma 5.4 that ¢ = f™ ¢ S; EC(X) for any
subsequence S; of N, which also contradict Lemma 5.3.

<= It follows from Theorem 4.6. This completes the proof of the Theorem.

In the end of this section, we propose the following question.

Question 5.6 Obtain some equivalences for f € SEC(X) if we omit the condition
Card(B(D)) < oo in Theorem 5.5.

6. CONCLUSION

In this paper, we study the minimality of the sets of weak w-limit points of maps
on a compact metric space and obtain some equivalent conditions of pointwise-
recurrent maps on a dendrite. Furthermore, we study characteristic of pointwise-

recurrent maps on a dendrite with the number of branch points being finite.
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