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ABSTRACT. In a recent article [J. d” Analyse Math 131, 207, 2017], Olsen
intoduced a generalized notion of multifractal pressure, and also a multifractal
dynamical zeta function, which essentilly consists in considering not all con-

i

figurations, but those which are ”"multifractally relevant”. In this way more

precise information about the multifractal spectrum analyzed is encoded by
the multifractal pressure and the multifratcal zeta function. He applied the
theory for dynamical systems modelled by finite alphabet shifts, in particular
for self conformal iterated systems. Here we continue with this line considering

dynamical systems given by countable Markov shifts.

AMS Classification: 37B10, 37C30
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1. INTRODUCTION

The study of dimension of sets constitutes a major challenge in the area of Dy-
namical Systems. This is carried out by mean of adequate ”characteristic dimen-

sions”, for instance the Hausdorff dimension and the topological entropy, which
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are important invariants to measure the complexity of the systems as well as the
average amount of information. This quantities are particular cases of the general
Carathéodory-Pesin dimension theory[22]. The general Theory of Dimension of Dy-
namical Systems is formulated considering a pair (X, F), where X is a set and F
is a collection of subsets of X. This family satisfies some special conditions and it
is called a C'—structure.

The Multifractal Analysis is a relevant subject in the mentioned area. One of
the main motivations was the study of the behavior of physical measures supported
on strange attractors. To analyze these attractors is done a fractal decomposition
of invariant sets with a complex mathematical structure. Such a decomposition is
performed in the following way: let X be a set and g : X — [—00, +00], now X can

be partitioned in level sets:

Ko=Ka(g) ={z:9(x)=0a}.

Let G be a function defined on sets, and let F (o)) = G (K,), the map F is called
the multifractal spectrum specified by the pair (g, G) . In this real valuated case the

most used spectra are defined by a limit process, for instance:

_ i log (1 (B (2)))
9(x) = Dy () := lim T Tlogr

, the point wise dimension of the measure p, and F («) = dimy K, the Hausdorff
dimension. This is called the point wise dimension spectrum.
Dynamical examples are

Local entropies spectrum: Let f: X — X, in this case

g(x) = hlt (fvx)a F(O‘) = htop (f7KOé)a
where h, (f,z) is the point wise entropy of the measure p and hip (f,.) is the
topological entropy for non-compact nor invariant sets defined by Bowen.
1 ,
Ergodic averages: here g(z) = lim — > ¢ (f*(z)), with ¢ : X — R (often
n—o0 N ;=(

called potentials).

The problem of describing these spectra was extensively studied. Depending
on the properties of the dynamics and the potentials the description can be given

by a map which is the Legendre transform of the multifractal map F («) or by a
variational formula,[2]-[4],[6]-[10],[12],[18]-[20],[27],[28].
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In [13], [14] were introduced zeta functions to analyze fractal objects. Dynamical
zeta functions were initially introduced by Artin and Mazur [1] making an analogy
with Number Theory, then Ruelle considered a kind of zeta functions which can
related with distribution of periodic orbits and also to study Statistical Mechan-
ics models. Parry and Pollicott[21] presented a zeta function by mean of closed
geodesics, to obtain precisely a formula to counting closed geodesic in negatively
curved manifolds, by an analogy by the counting of prime numbers. The novelty
of the functions introduced in [13], [14] is that in the ”partition function” of the
definition are not considered all the configuration, but also that have a ”multifractal
relevance”, In [20], Olsen introduced families of multifractal zeta functions to study
diverse spectra. The setting for the dynamics are symbolic spaces with finite al-
phabet (we term this as the compact case), one case showed is a conformal iterated
system which can be modelled for finite alphabet shift. In this article we continue
with the idea of considering a multifractal pressure summing in the partition func-
tion over periodic configurations which are ”multifractally relevant”, the new here
is that our dynamical setting will be symbolic spaces with a countable alphabet,

which makes different the issue.

2. MULTIFRACTAL PRESSURE AND ZETA FUNCTIONS FOR MARKOV SHIFTS

Let us consider a countable set €2, for instance 2 = N, and a transition matrix

A= (A'i,j) Ai,j S {0, 1}

1,jEQ 7

Z = {l‘ = Xox1..., T; € L, Aaﬁ,:,x,y—i-l = 1}

The space Y is endowed with the product topology of the discrete topology in
2, or equivalently the topology generated by cylinders

C(’Ll’LQ’Ln) = {I‘ LTy = ij, ] = 1,...,71} .

If i = 4149...0, € Q" its length is denoted by| i| = n.A string i = i1is...i,, is called
admissible if C (iyiz...in,) # @. For any pair of strings ij, by C (i) C (j) is denoted
the cylinder given by the concatenation of the strings, i.e. C(i1ia...inj1J2..-Jn) -
The space Y is endowed with the metric d(x,y) = t~N®¥ where N(z,y) =first
coordinate in which differ x and y, and 0 <t < 1.
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The dynamics are given by the shift ¢ : >~ — >, with (o), = x;41, the
dynamical system (>, o), with a transition matrix A and an alphabet  is called a
topological Markov shift.

Definition: A topological Markov shift is topologically mixing if for any symbols

1,j € Q there is an admissible string a = aqas...a, with a; =1, a,, = j.

Let A = {C () :4i € Q} be the natural partition by cylinders of >  and A" =
{C (irig..in)}, let A C o™ (C (1) NA", B C C (i) N A™, thus is denoted A.B =
Ucgica C@)C(5)

(o)
By M (3") is denoted he set of o—invariant probability measure on X. The usual

topological pressure, in the sense of Gurevic-Sarig, is defined in the following way:

let us fix a symbol ¢; in the alphabet of >, then, for a potential ¢ : > — R set

1
P(p)=P(p,0) = lim —logZ, (p,0),

n—oo N

where Z,, is the partition function Z, (p,0) = >  exp(Sy (@) (z))Ic@,), while
z€P, (o)
Iy is the characteristic function of the set E, P, (o) is the set of n—periodic points of

o,1. e Py(o) ={x:0™(x) =z} and S, (¢) (x) = ZX:Ow (0% (z)) (called the statistical

n .

sum). By Sp (¢) is denote the map > ¢ o o’. If the shift is topologically mixing
i=0

the expression does not depend on the symbol considered.

Let

Vi(p)=  sup sup {le () =0 W)}
i192...in EN™ 2, y€C(i142...9,)

Definition: A potential ¢ : Y — R, is locally Holder if V,, (p) < A", for
some constants A > 0 and 6 € (0,1).
Let us call H the class of locally Holder functions.
Let us denote S, () (C (i) = sup,ec(i) Sn () (z) , the following properties hold
for locally Holder functions[24]:
- Let Wy, () = exp( Y. Vi (p)), then for any n < m is V, (Sp, (¢)) < log Viy—n.
E>n

-For any n < m, = igpiy... and i = igi1...in—1 18 Sy (¢) (C (1)) — logWi—p <
Sn (@) () < Sn () (C (7)) + logWim—p.
Let AC o ™(C(i))NA" B CC(i)NA™, then
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Wit Y exp(Sa(9) (C(R)))

C(k)CA.BNAn+m

<1 DD exp(Salp)(C(0) > exp(Sa(p) (C()))| <

CHNANA" c(j)cBnA™
W S exp(Sa(p) (€ (R))).
C(k)CA.BNAn+m
Mauldin-Urbanki[16] and Sarig[24], independently, developed thermodynamic
formalisms for countable shifts. The variational principle is in this case stated

as: let ¢ be a locally Holder map and let ) be a topologically mixing shift, then

P(@)=Sup{hu(0)+/wdu:/s0du<ooandue M(Z)}

where h,, (o) is the measure-theoretic entropy of p for the shift. Thus a version of
[24], in [16] is not required locally Holder but is imposed to the shift be finitely
irreducible (see definition below).
Other result is the approzimation property: let = {x € :x, <m}, this
set if o—invariant, then for potentials ¢ € H an is valid
P(¢,0) = sup,, 1P (9,0 | )}
Definition: A probability measure m is a Gibbs measure, or a Gibbs state, for
a potential ¢ if there is a constant B such that for any string i = 4145...7,, and for
any x € C (i1i2...i,,) holds
1 m (C (i1%2...in)) <
~ exp(—nP (p,0))exp(Sn (¢) (x)) ~

The existence of Gibbs states for locally Holder maps is ensured for shifts with

the BIP.property (big images property), .i.e. there is a string i = iqia...i,, € Q"
such that for any a € € there exist r, s such that A4; ,A,;, = 1. A similar condition
for the existence of Gibbs states is that the shift be finitely irreducible, i.e. if
E =, ", where Q" is the set of admissible strings of length n, then there is a
finite set A C E such that for 4, j € E there exists a string a € A such that iaj € E.

The multifractal pressure for a ”single target” is defined as follows: let F : M (3))
— R be an affine functional, ¢ : > — R and let &, () be the empirical measure

1—1

given as &, (z) = doi(z), With ¢ the Dirac point mass measure, let now
=0

n;
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Zy (0, B0) = > exp(Su (9) (@) e,
JJEPn(U)
FEE,z=a

and

1
P (p,E,0) = nh_)rrgo - log Z5 (p, E, o),

here E&,, denotes the composition of F and &,.

The usual zeta function is defined by

o0 n

o ()= D = exp[ Zu(,0)]

n=0

;the convergence radius of this series is denoted by o, _ , and equals exp(—P (¢, 0)).
In the same spirit of the multifractal pressure for a target «, the multifractal zeta

function for a target « is

oo n

(03 Z (o3
Shon ()= 3 —exp[ 27 (9, B, 0],

n=0

with the convergence radius o = exp(—P“ (¢, 0)),

One the objectives is to perform a ”shrinking target approach”, in the usual
Multifractal Analysis is considered as a ”target” a level o, one approach is to enlarge
the point, for instance , to an interval I = [ — 7, &« 4 r], shrinking to « as  \, 0 and
relate this behavior with the topological pressure, the zeta function and multifractal.
spectra at «. The multifractal pressure and multifractal zeta function for the target
I are defined similarly, considering in the sum the periodic points z such that
EE, (x) € I. More generally can be considered a functional F : M (3) — X, with
X a metric space and C' a subset of X, let C,. be the ball B, (C), thus the analysis
is related to the shrinking to as r N\, 0 and the definition of multifractal pressure
and zeta functions with target C. If £, : ¥ — M () gives to any x the empirical

measure &, (x) then set

(1> Zv? (E> 2 U) = Z exp(Sn (9‘7) (w))IC(i1)>

IGPn(f)
EE, (x)eC
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The upper and lower multifractal pressure for a potential ¢ € H are defined as

—=C

P (E7Lpa )—hmsupflogZ (E,(p70')
n—oo
(2) PY(E,¢,0) —hmlnf—logZC (E,p,0),
n—oo N

if the limit does exist then is denoted PY (E,p,0) = P’ (E,p,0) = P% (E,p,0).

By the properties of locally Holder maps displayed above we have

Lemma 1:

-For any i, j € Q there is a number M such that ZS (E, ,0) < MZS+M (E,p,0).
-For any i € Q, for any n,m is valid ZS (E, p,0) < WPZ8, ., (E,p,0).

The multifractal zeta function is

oo n

T ()= % exp [Zy (E,¢,0)],

n=0
and its convergence radius is denoted by accE ... and equals exp(— P (E,p,0)).
For C' = R are obtained the usual pressure and zeta function. If the functional F
is taken as E (u) = E, () = [ dp then EE, is the Birkhoff average.

Definition: ¢ : > — R is metric potential if there is K > 0 such that if

T = ToTy... €y, then
Il(jl;low (09 (z)) < diam (C (zox1...xn-1)) < Kjl;[oﬂ (07 (2)).
The following properties for pressure map can be established in a direct way,
following the thermodynamic formalisms of Mauldin-Urbanski or Sarig, for the
usual case(see also [11]) . Let E be continuous, with respect to the weak topol-
ogy, let us consider the maps ¢ — P (E,—qp,0) and }i\%PCT (E,—qp,0),
then there is a critical value ¢* € (0,1] such that for ¢ < ¢* is ?C( ,—qp,0)
= o0, ll\r% P (E,—qp,0) = oo, and for ¢ > ¢* we have that ﬁc( —qp,0)

< 00, li{%fCT (B, —qp,0) < oo. Besides for ¢ > ¢* the maps are real analytic.

1t P° (E,0,0) < co,dimpg Y. < oo then there are a values F(C),G(C) such that



274 A. MESON AND F. VERICAT

P (E,F(C),0) =0 and li\(I%?CT (E,G(C),0) = 0 (multifractal Bowen equation)

C
S,G(C)p,o

or equivalently Ufa =1and li\r% o = 1. The maps
e

qr— P° (E,—qp,0|),,) are real analytic, for any m.

As we mentioned one the aims is to analyze the pressure ?CT (E,p,0)as T\ 0,
in particular we prove, for countable Markov maps, the variational principle for
this pressure. In this case we previously prove the approximation property for
the multifractal pressure. As a consequence of the variational principle for the
multifractal pressure can have an expression for the possible zero of the pressure
map. As it was observed by Mauldin-Urbanski[17] the function P° (E,—qp,0) in
general may have not a root, this occurs in the conditions above mentioned, recall
P (E,0,f) < oo,dim) . < co. But in case of existing a zero its value, as well
of convergence radius of the multifractal zeta function, can be estimated from the
variational formula. This result will be used for the variational principle.

The analysis is complemented with the description of the following spectra

Ko = {a: A(EE, (z)) C O},

where A (z,,) denotes the set of accumulation points of the sequence z,,, and C a
closed convex subset of X. In this case X is a vector space equipped also with a
linearly compatible metric. The study of this spectrum was done in [5] for the
compact case, with specification as main hypothesis. For the single case C = {a}
is obtained the description of [10]. The general description is done by a varia-
tional formula. To obtain a description by mean of Legendre transform can be

considered the spectrum of the point wise measure, i.e. as we pointed out ear-

d,
lier, with the special functional Eu = fz dﬂ,and a potential metric ¥ such that
m
1 B, .1 L
Dy, (z) = lim M = lim —2 (e (€ (o . 1))) Thus the spectrum

r—0 10g r n—00 n—1 .
g (T v (0" ()
to be considered is N

1 B,
Ko, =qx: AT\O(W) c C;, C Cc R. The Haussdorf dimension

of K¢, can be obtained as the Legendre transform of an adequate ”free energy”

map.
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3. VARIATIONAL PRINCIPLE FOR THE MULTIFRACTAL PRESSURE OF COUNTABLE
MARKOV MAPS.

In this Section we shall work in the following setting:

-The potentials being in the class H of locally Holder maps.

-The shifts > satisfying the BI P—property of being finitely reducible, to ensure
the existence of Gibbs states for potentials in H.

- dimy ) < 0.

-P(0,0) < oo and P° (E,0,0) < cc.

Theorem 1 (approximation theorem for the multifractal pressure): Let > =

{z € 2z, <m}, then is valid

PC(E,%J):S}:lp{ P’ <E7<p|z, J|Z>}

m m

Proof: We follow([24], let ZS,, (E,p,0) = Z{, (E, @ |, o|>,,) and so

1
P° (E,¢,0) =limsup — log ng (E,p,0)

n—oo

. To prove that P° (E,p,0) < sup,, {PC (E,o| > o Zm)} it must see that
for any € > 0, there is an m with P’ (E,p,0) —e < P (B, | X o>,

— 1
let k£ enough big such and € > 0, that P (E,p,0) < —

v log ZE (E,¢,0) + ¢, let us

choose an m such that
1 1
z log Z$ (E, ¢, 0) < Z logZ,gm (E,p,0).

By the lemma 1 we have
108 Zy; 1 (B, 0, 0) + 108 Zi, , (E, 0, 0) < 3log Wi +10glog Ziy, 1 (B, 0, 0)

Let n=sk+r,r=0,1,....,m — 1, thus

slog Z,gm (E,p,0)+ log Zf’:m (E,p,0)
n
slog Zgi:+r,m (E,¢,0)+ (35 +1) logW;
sk +r
log 28, (E,p,0) <s+1>
’ +e .
sk+r=n s
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Therefore

C

_ 1 _
PC (E#P | Z, o Z) :limsupﬁlongm(E,cp,a) >P (E,p,0)—c¢.

n—oo

Corollary 1: If C is closed then

PC(E,QO,O')S {suphﬂ(a)—k/(pdu:/gpdu<oo:u6M(E),E,u€C’ }

Proof: A measure p € M (>)) is finitely supported if there is a m such that
©(>,,) = 1.By [20] for C closed, holds

PC<E,¢|Z, U|Z> <sup{ hu(f)+/90dN3Eﬂec’ M<Z>=1}»

m m m

so that by the Theorem 1, we have

—C

P~ (E,¢,0) < sup{ hy () + /@du} :
where the supremum is taken over all the measures p finitely supported with Eu €
C. Thus

PC(E,cp,J)<sup{h#(a)+/god/¢:/gpdu<oo:u€M(E), E/LGC}

O

We now can state a variational principle in our setting of countable Markov maps.
Similar one was established in [20] for the compact case (finite alphabet shifts). For
the proof we follow the idea of [20], consisting in using the large deviation theory to
estimate the size of sets of measures which by the application of the functional F
fall in the considered sets C. These kind of sets appear in the sum of the partition
function, thus a large deviation theory is quite suitable to bound the average limit of
the partition function. In the context of countable alphabet shifts large deviations

principle were formulated by Sarig[25] and in recent manuscript by Takahasi[26].
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Main grounds of the theory are the following: let ¢,1 € H, consider a Gibbs state
for ¢, denoted by m = my, let {r,} be a sequence of probability measures in
M (X)), where any v, is the distribution of the random variable x — &, (x) with
respect to m, i.e., v, =mo &, !, thus the sequence {v,} satisfies a large deviation
principle for a rate function Iy, (u) = —P (¢,0) + hy (0) + [ ¥dp, in particular if U
is an open set, in the weak topology, of M (>7) holds

liminfllogz/n (U) > —inf{ly (n) : p e U}.

n—oo n

If , in particular, v = 0 we have

liminfllogyn (U) > —inf{—P (0,0) + hy (o) : pe€ U}

n—oo n

and, in this case, v, is the distribution of the random variable with respect to the
Gibbs state for ¢» = 0. We are interested particularly in U = C, : = B, (C),
and in the deviation of the measures of C,. The above large deviation principle is
the so called level-2 principle and estimates deviation for sets in M (M (X2)). A

consequence of the level 2- large deviation principle is the Varadhan principle

1
lim —log /exp n / wdy | dv, | = sup {/gpdu +P(0,0) —h, (a)}

n—oo n
HEM(E)

Let us consider the sequence of measures in M (M (X)) given by

[exp (n [ ¢dEy) dvy,
z

- Jexp (n [ d&,) dvy,”
To do the estimations which are of our interest we can consider a level-1 large

Qn (2)

deviation process by mean of the contraction principle, let 7, be the sequences of
measures in X obtained by the push-forward of €2, by the functional F, i.e. 7,
(Cr) =, (E71(C)), let J : X — R defined by

J(xz) =inf {Iy(x) = P(0,0) + hy (o) : Ep = x}
and

lim inf 1 log 1y, (Cr) = liminf ! log v, (E~"(Cy)) > —inf {J(z) : 2 € C}
n

n— 00 n—oo N
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Theorem 2: Let E : M (>) — X be an affine functional, with X a compact
metric space. Let ¢ be a potential in the class H and C' C X. If C}. denotes the ball
B, (C) then

lim P (B, f) = lim P (B, )
r—

:sup{hu(o)+/<pdu:/godu<oo:u€/\/l<2) Eue(]}

Proof:.

Like in [20], we arrive to the desired result proving

sup{hu(f)Jr/@du:/tpdu<oo:u€/\/lf, EueC} STiQfOBCT (E o, f)

and

SUP{hu (f)+/s0du:/sodu<oo:u€/\/lf, EuGC} ZQQ%BC"' (B, o, f).

Now we shall see that
P (B, ¢, f) Zsup{hu(f)Jr/@du:/sodu<oo:u€/\/l(2)7 EMGCT}.

The behavior of ZS (E,p,0) may be analyzed by mean of the study of the
following expression: fix two cylinders of length 1, namely C (¢), C( j) with 4,5 <

m, for some integer m, and set

PY=FZC(D).CON= Y sw {enSi (o) (@)},
C(i),. |i|=n z€C(1)

C(@cC(i)No"C(4)
Egn(C(9)CC

by [24] this expression behaves, for large n, as the pressure independently of the
cylinders considered for i, j < m.
Let

(3) Ty (= inizein) = Ty y 5 (1) = sup {expS, (¢) (2)}.
xz€C(4)



ON A MULTIFRACTAL PREASSURE ... — JDSGT VOL.17, NUMBER 2 (2019) 279

All the cylinders C (_s) considered, for any string _s, must satisfy C (_s) C C (i) N
o~ "C (j), for the chosen i,j < m. Thus

TS, 5 (L) dm ()

= > TS, 5 () dm (1)
glzni / "

\ o )
cycemnoreclonfiear:ee.(c())cct}

= Y Ts(amE@n{iEe () cc))
C(§)Cé(7§|rifn*”6(j)
- > T (9)m (€ ()N {42 BEL (€ (4)) € )

| s|=n
c(on{ j:Een(c(4))cC o
Cls)cC(na="C(j)

= > T or(s)m(C(s)n{j: B (C(4)) € C})
| _s|=n
c(s)nd j:EEn(c(j))cC#o
EEn(C( js))CC
Cls)CC(i)No™"C(7)

Thus

Ty, g (i) dm (i)
{U=Ben(e())co }
= > Ty ,p(s)m(C(s)n{j:EE (C(4)) CC})

| _s|=n
ESH(C( _s))cC
C(s)CC(i)No™™C(j)

= > T, 5 (s)m(s)

| _s|=n
EE,(C( js))CC
C(s)CC(i)No="C(j)

Since ¢ € H we can choose a number K > 0 such that > V,, (¢) < K and so

n=0

1 .
¢ sup {exp S, () (2)} < Ty p (1) < K sup {exp Sy () (@)}
z€C(4) z€C(4)
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and since m is a Gibbs state for the identically zero map we have

-1 -n o exp (n n |l m(.s
KB oplnP Oo)x [ (0 [ wie, )i

< > T, 5 (s) <

| _s|=n
EE,(C(Ls))CC
C(s)CC(i)Na~"C(4)

KB exp(—nP (0,0)) x /{ sesamen (e 1))C, }exp (n/apdé’n> m(_s) .

Therefore, by the definition of the measures v,

Z Tgtp,E ( §)

| _s|=n
EE,(C(Ls))CC
C(s)CC(i)No™"C(4)

(KB )™ exp(—nP (0,0)) x / exp <n/<pd€n> dvy,
{€.€E-1C }

IV

= (KB) 'exp(—nP(0,0)) x Q, (E7'C) / exp <n / tpdé'n) dvy.

Then considering, instead of C, the open neighborhood C). of C, setting P =
P (0,0)and applying the Varadhan result above mentioned and the contraction

principle, we get

1
lim inf — log PST

n—oo N

> —P- inf I — dy p =
= ueM@),lﬂeEl(cT){ o) /SD “}
sup{hu(f)—l-/god,u:/god,u<oo:uEM(Z), EMGCT}.

Thus we have

P (E, ¢, f) > sup{hu(f)Jr/@du:/wdu<oo:u€/\/l(2), EMGCT} >
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sup{h#(f)—l—/cpdu:/gpd,u<oo:u€/\/l(2), EuGC},

and so

ig%PC“(E,@,f)>Sup{ /@du /sodu<oo peM(E), EMGC}~

By the Corollary 1 we have that

—C,
P (E, ¢, f)
—C,
< P (E )
< sup { /wdu /Lpdu <o00: M(X), Eu € C, u finitely supported } ,
hence

—C
inf P " (F <
Jnf (E o, f) <

1ng sup{ /godu /godu <o00: M(X), Eu € C, u finitely supported }

To prove the other inequality, let us consider a sequence r,, \, 0 such that

1{‘f0 sup{ /apdu /god,u <o00: M(X), Eu€ C, u finitely supported }
1}1’ sup { /cpdu /gpdu <o00: M(X),Ep€ C,, p finitely supported} .

Let Ey;yn, be the functional E restricted to the set of finitely supported measures
in M (%), thus Efm (Cy,) is compact and since the map p+— hy, (f) + [ @du is

upper- semi-continuous, we have[20]
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Jnf sup{ /wdu /wdu<oo M(E )EfmueCrn}
—sup{ /@du /@du<oo M()ueﬂnEﬁi(Cm)}-
Also
N @ < 534 (@) - 524 (@),
Therefore
inf SUP{ /sﬂdu /sodu<oo M (2 )EfmueCrn}
—5up{ /wdu /wdu<oo M (S )MeﬂnE;iL(Om)}S

sup{hu(f)+/<pdu:/sodu<oo:M(2),u€Ef_ii(Cr) }

S{hu(f)+/wdu:/wdu<oo:M(Z), Euecr}.

It finishes the proof of the theorem
O

Recall that the conditions for existence of a zero for the pressure map are
—C . . o
P~ (E,0,0) < oo,dimg Y. < oo. Thus from the variational principle the zero

value is

_ hu ()
(4) F(C) = H;japz) Todu
EueC

With respect to the zeta function as an immediate consequence of the variational

principle
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()
li{‘r%)—logagj%a(z)zsup{hu(f)—l—/god,u:/god,u<oo:u€/\/l(2)7 EueC}.

4. MULTIFRACTAL ANALYSIS

We begin this section studying the multifractal spectrum of point-wise dimension

of a measure. which corresponds to the particular case of the functional Fu =
J wdp

J vdu

Thus the objective is to analyze the following multifractal spectrum

. A kind of spectrum like this was described by Tommi[11] for the single case.

og 1(B-2), ¢ o,

(6) KC,M = {1‘ . Ar\‘o( —IOgT

where C' C R and p is a Gibbs state for the potential ¢.If 1) is a metric potential

the can be considered a metric such that[11]

(7) D, (z = igiy...) = lim log (11 (€ (ioi1--.in-1)))
n—soo log <"H b (o (@))

=0

The idea is that used in [11] which is to apply the approximation principle. In our

case for the single case C = {«a} the spectrum is

Kopy= {a: ceY:ae Ar\o(longT(x))))}7

—logr

which is a bit different form that of [11], so we must do the following considerations,
for finite alphabet substhits, to apply the approximation principle, like in [11]. If ¢
is a metric potential, defined on a finite alphabet subshift XV, then it can be mod-
elled by ”self-similarities” via Moran constructions or geometric constructions[23].
Specifically, let K be a compact subset of R? and let Si, ..., Sy be contractive sim-
ilarity maps, i.e. for any x € K there is a constant 0 < ; = (; (x) < 1 such
that |D,S; (v) — D,;S; (v)| < Bi|u— |, for any u,v € R The subset K satisfies
K =US;(K).If i = ig...in—1 then denotes S; = S 0.5, and K; = S; (K).
There is a code map 7 : ¥ — K defined by

in—1

71'(1' = Z()Zl) = ﬂ U KQ

’I’Lzl i:ioil...in71
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the intersection is a single point. Thus we consider ¢ (z) = log |D,S;, (7 (x))|, and
results Sy, (¢) (x) = S; (7 (z)). These maps will be used to define geometric con-
structions for the compact case we shall used in turn to approximate the countable
case.

Let T : R — R be a convex map, the Legendre transform of T is a map &£ such
that

(8) &(a) = Z‘gg {aa+T(q)}-

For ¢ € H , and v a metric potential, let us consider the map, introduced in

[11], to describe the spectrum,

9) T(q) = sup {t: Py (tY +qp) =0},

where P, = P | Y, with > = {xe) :x, <m}. A sequence of maps T
R — R can be defined implicitly by

P (Tm (@Y +q(p—Pn (w))) =0.

The map T'(¢q) is convex and decreasing, the functions T, are analytic, decreasing

and convex, being valid

T(q) = sup {Tm (Q)}  [11].

This sequence T, converges infimally to T(q)[11]. this means that if &,, is the Le-
gendre transform of T}, and if for r > 0 denotes T (¢) = inf {fm (s):]g—s| < r}
then

lim lim inf7() (¢) = lim lim supT{" (q) = T(q).

r—0 m—c0 m r—0 m—c0 m
By the Wijsman theory[29] for convex functions is valid that if the sequence
Ty (¢) infimally converges to T'(q) then &,, infimally converges to the Legendre
transform & (a) of T'(¢). Besides, by the mentioned theory, if £, denotes the poin-

twise limit of the sequence &, then £ < &,.
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Let ¢, == —T(q)¥ + qp, this potential has a Gibbs state u, for ¢ > q =
inf {q : there is a real ¢ such that P (—t¢ + qp) < 0}. If dimpg ¥ < oo then g = 0
or § = oo[11] Besides P (¢q) < 0.

Let

[ edpy

(10) a(q) = Todn,’

it holds a (q) = —T'(q).

Definition: Let X be a compact metric space and let

G (X,a,¢e) =infg { > |Y|O‘} , where the infimum is taken over all the coverings
Yeg
G of X with diamG < e, and |Y'| denotes the diameter of Y. The outer a—Hausdorff

measure of X is pq (X) = lim.,0 G (X, a, ¢) and finally the Hausdorrff dimension
of X is
dimgy X = inf {a : po (X) =0}

Theorem 3: Let ¢ € H , and ¢ be a metric potential, let Y satisfying the
BIP—property and with dimg ¥ < co. Let C C R, then if & («) is the Legendre
transform of the map T'(¢) defined by eq. (10), if

) Ko = dimir {9 4o (BULHD),) o

logr

dimpg K¢ ) = ;22 {€(a)}.

To prove one inequality we reformulate the result of [23] (lemma 2), for countable
alphabet subshits (in that article is obtained for finite alphabet subshifts). For
the other we adapt the techniques of [11], like the infimally convergence and the

approximation principle.

Lemma 2: Let ¢ € H , and v be a metric potential, if dimy 3 < oo, if

(12) Kopy= {x cY:ac AT\O(W)}
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then

dirnH K(%H S £ (Oé) .

Proof: By the Birkhoff ergodic theorem we can write

for pg—almost x € ¥. Therefore if x € K,(y),,, then for any e > 0,there exist a

sequence {n;} and a number N = N(z) such that

>, (ot (2))

i=0

for any k with ny > N. Let m > 0 and let Z,,, = {x € Kog)u: N < m}, so that

Z C Zmy1 and Kog),n = U Zm.Thus, there is a mg > 0 such that g (Z,) >0
m>1

for m > mg. By [23] can be found points x; € Z,, in such a way that are determined
cylinders CJ, = C (igi1...in—1 (z;)) . This cylinders correspond to a Moran covering
(for more details see [23]) and if the Moran coefficient r is enough small holds that
n(xz;) > m for any j (for more details see [23]),Since 4 is a Gibbs state for the
potential ¢, :== —T(¢)¥ + gy we have that

: Hq (C (iOil---ink—l)) S B
Nk —

[T ¢ (0i(2) "o (0l (z))

=0

)

for some constant B. The inequality holds since P (yp4) < 0. Hence for n; > N,
x € Zy, holds[23]

ttq (Zm O B, (z)) < Drf@+alala)=e)

for some constant D, and

pq (Br () < 241 (Zm O By (2)) -
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Thus, for m > mg and = € Z,,, holds

Durta) = iy o8l B )

lim log piq (Zm N (Br (x)))

Am Jog >T(q) +q(a(q) —e),

so that
tig (Bapr () > pig (C (igi1...in, 1)) > BT@Fa(a(@)=e),

for any = € Z,,. Finally
Dy, (x) <T(q) + q(a(q) —¢),

for any x € Z,, and for arbitrary ¢ > 0, so D,, (z) < T(q) + qa(q), for any
pg—almost x € Ky (y),, and any ¢ > q. From this is obtained that

dimp Kqq),. < T(q) + qa(q)

|
Proof of the Theorem 3: for any o € C' we have that K¢, C K, ,, therefore,

dimpg KC,M C dimpg Ka,ua
for any a € C.So that, by lemma 2,
dimy K¢,y < imgj {€(a)}.
ae

To prove the opposite inequality, let P,,, = P | ¥,,,, recall that there is a finite fam-
ily t,, (@) such that P, (t,, (o) ¥) = 0, where t,, (o) = dimpy (Ko, N Ey,) . (Bowen
equation for the finite alphabet case). Consequently, there is a sequence t,, (C) such
that Py, (t, (C)¢) = 0, where t,, (C') = dimg (K¢, NY,). Recall that T'(¢) =
sup,,, {fm (q)} , with T}, (¢) implicitly defined by P,, (fm (@Y +q(p—Pn (go))) =
0. Recall also that if &, is the Legendre transform of T, m,then &, infimally con-
verges to the Legendre transform & (a) of T'(¢), and if &, denotes the point-wise
limit of the sequence &,, then £ < &,. For any finite alphabet subshift 3, can be
obtained fractal sets F,, C K¢, NX,, and with the property that if oy is the point
of C'in which the inf {&,, ()} is attained then dimy F,, = &, (o) ([15],[23]) . The
construction of such a fractal sets is done by mean of self-similar geometric construc-
tions with basic sets A; = S; (K), i = ig...in—1, for a compact, simply connected

domain K (for details see the above ref.). Thus we have
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inf {&,, (@)} = Em (o) = dimy F,, < dimpy (K¢, N E,,) < dimg Koy,

Since £ < &, we obtain inface {€ (o)} < dimy K¢ .

Next we analyze the following spectrum

(13) Ko ={zex: AEE, (x) C C).

In this case we consider a general continuous affine functional £ : M (}°) — X, with
X a vector space with a linearly compatible metric and C' closed , convex subset

of X, unlike in the case of point-wise dimension of a measure, for which are taken
_ Jpdp

" [bdu

is not given a Legendre transform but a variational formula. For the special case

and X = R. The condition are more general although the description

Ep = E,pu= [ @du, is obtained the Birkhoff average spectrum for the potential ¢.
For finite alphabet subshifts Lyapunov exponents,for the measure p may be de-
fined. This is done by
A(p) = [ dp, with ¢ (z) = log|DyS;, (7 (2))| , « € SV The description of
the spectrum like (14) for finite alphabet subshifts is given by the quotient of the

entropy and the Lyapunov exponent defined as above.

For countable shifts we shall consider the so called Expanding Markov Renyi
maps (EMR-maps).

Definition: Let I =[0,1], let {I,,} be a countable family of closed subintervals
of I, with the property that int (I,,) Nint (I,,) = &, if n # m,a map f : UL, — I is
an FM R—map if

)£l U I is C?

n—1
ii)supgzer, < SUPger, ., for each n € N
iii) ’(f”)(:v)‘ > B", for some B > 0 and for any x.

iv)There is number D > 0 such that sup inf ’f(x)‘

v yEEeTEvya— D R 11 1 Ildi—
P T < P (Rewico

tion).



ON A MULTIFRACTAL PREASSURE ... — JDSGT VOL.17, NUMBER 2 (2019) 289

The set A = {x € UL, : fi(x) €Ul,, foranyic N} is called the repeller of the
1 1
map f. One interesting example of EM R—map is the Gauss map f () = — — <> ,
x

whose repeller is A = I — Q. ’
.Let > be a countable full shift, theEM R—maps can be coded by a function
7Y, — I, which is defined in the following way: any EM R—map f has infinite
inverse branches i.e, maps ¢, : I — I, such that (¢,of) | I, = id | I,. If
T = (Tn),en € 2 then 2 | n denotes the truncated sequence (z173...7,) € N™ and

let ¢z = ¢s, © ... 0 ¢y, . In this way the code map is defined as

neN
We have that 7 (>]) = A, except at most a countable set of points, this is due

that the intervals in the definition of f have disjoint interiors. Besides(f o 7) (z) =
(roo)(x), for any # € 7=t (A). Thus we have a coding 7 : >, — A which is
injective and surjective except at most a countable set of points. The EM R—maps
were considered by ITommi and Jordan[10] to give a precise description of multifractal
spectra of ergodic averages corresponding to our single case C' = {a}. Thus if we
describe the spectrum (14) we shall have a generalization of the result of [10].

If f is a EMR-map then the map = € Y- ~ log | f(7 (2))| is locally Holder[10]. In
this way we define the Lyapunov exponent of y by A (1) = A (1, f) = [log | f(m (z))]
du.

Theorem 4: :Let £ : M (X) — X, be a continuous affine functional with X a
vector space with a linearly compatible metric. Let C' be a closed , convex subset

of X. Under these conditions, if
Ko={zeX: AEE, () CC}
then

(14) dimHKC:Sllp{;LEZ;Z/LEM(E),E}LEC,)\(/J)<OO},

where h (1) is the measure-theoretic entropy of p and A (u) is the Lyapunov expo-
nent defined from a given EMR-map.

If ¢ € H, and let ¥ satisfying the BI P—property and with dimyg 3 < oo then
with E,pu = [dp and X = R is obtained, as a particular case, the dimension

description of the Birkhoff average spectrum
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1
Ko = {Jc EX: A(gSn (p)(z)) C C} .
Proof: Let v be an ergodic measure with Fv € C, A (v) < oo, so v (K¢) = 1 and

since v is ergodic holds

h(v)

Av)’
where dimy v = inf {dimy Z : v (Z) = 1} . Hence
h(v)

i Ko > —~=%
dlmH C_)\(V)’

dimg v =

for any ergodic measure v, thus

h(v)

Av)

If 4 € M (X) then it can be approximated by ergodic measures in the following

(15)  dimg K¢ > Sup{ veM(X),Ev e, vergodic, A (v) < oo} .

sense, for any pu € M (X) and for any arbitrary v > 0 there is an ergodic measure
v such that
h(v) >h(u)—v, () > A(pu) —~ and also d (Eu, Ev) < § for § > 0. From this

deduces

(16) M) R ),

o fh) .
bup{)\(m.uEM(E), v ergodic, A (v) < oo, d(Epu,C) <25}+A((5),

with 6 — 0. Thus

(17) dimHKczsup{h(M):MGM(E),EMGC,)\(u)<oo}.

A(p)

Now prove the opposite inequality.



ON A MULTIFRACTAL PREASSURE ... — JDSGT VOL.17, NUMBER 2 (2019) 291
We have the following bounded distortion property: if
dy (z,y) :==maxd (¢’ (x),0" (y)) <e
then d (&, (z), &, (y)) < e. In fact, if we have

d(pu,v).;= sup {‘/@du—/wdv }
p€Lip(1)

with Lip(1) the set of Lipschitz maps with constant = 1, then

d(En (2),En (y)) el {’ / wdEn ( spdg ’}

wiippm{ 150 (9) (@)~ 150 () )] }

%Z\@(oi(w))—w(a )] < e =

Let V (E,e) =sup{d(Eu, Ev) : pv e M(X) : d(u,v) < e}, then V(E,e) - 0

as ¢ — 0.

IN

Let us recall the definition of the Hausdorfl distance between sets in a metric

space Y,

(18) Dy (A, B) := max{sup inf d(x,y), sup inf d(z, y)}
zcAYEB yeBTEA

Let Conv = {C C X, convex and closed} endowed with the Hausdorff distance.

Let us consider the map

F:Conv—R
(19) F(C):sup{m:ueM(E),E,ueC,)\(M)<oo}.

We shall see that this function is continuous, let Cy be a convex, closed subset
of X and let (C,) with Dy (Cy,Cy) — 0. For any € > 0 there is a sequence of
measures (py,), with A () < oo, and Eu,, € Cy, such that

h(w
F(C,) —e< /\E ; Let p be the limit of the sequence (u,), so that Eu € Cp.

Let my, ma € M(X), A(m;) < oo, and such that Emq, Emg € Cy, We can

consider convex combinations v, = pu, + (1 — p)m;, i = 1,2. So that Ev, =
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pEy, + (1 —p)Em;. Thus for enough large n we get Ev,, € Cj. Besides the sequence
h (pn) h (vn)

vy, can be considered for enough large n hold = . Therefore we obtain
h( ) )‘(/U'n;L( >)‘(Vn)
limsup (F(C,) —¢) < limsu = limsu < F(Cy), since ¢ is arbi-
p(F(Cn) —¢) P () P ) (Co)
trary, we have
(20) limsup F(C,,) < F(Cp)
n—oo

Let m € M (X), with X (m) < oo, and. Em € Cy, Let (C,) with Dy (C,,,Co) —
0, For € > 0 we may consider family of measures (v,,) with Ev,, € C,,, d (Ev,,Cy) —
0, and such that

F(Cy) —e < nh_)ngO

h (vn)
Vn
m, namely 0, = tv, + (1 —t)m, t € (0,1), thus d (En,,Co) — 0, with ¢ — 1. From

all this, and arbitrary small € > 0

. Then let us consider convex combinations of v,, with

(21) F(Co) < limint F(C).
Let
(22) Kope={x:EE, (z) € B: (C)},

o0
let us consider, for e > 0, a decomposition of K¢ with these sets as K¢ = |J Kcoone
n=1
and cover any K¢, . by cylinders

(23) Cy = {C (irig...in) : C (i1iz...in) N Koo o # D}

We may consider a finite subset A,, of each C), ,

Let (s,) be a sequence of real numbers such that

(24) > |C (iyig...in)|*" = 1.

c(iliz...in)eAn

If s =limsup,,_,., Sn then dimpyg K¢ pe < s.
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In each cylinder C (i1dz...in) of Ay, select a point Z, , . and let

;
Tiyiy..in = {Z.,., ., } » therefore

cardT; i, . i, = cardA,

Let us assign to any cylinder C (i14z...i,) the probability

Sn

Divig..in, = |C (i102...i,)|"" and let us construct measures with this probabilities as

weights in this way

1 _
(25) Un = cardl Z Divis...inén (33) .

1igemin —
Z€T i iq...ip

For any z, € Tiyi,...4,, let us consider a point

ig...in

y=vy (T, . ) €Clirizg.in) N Kone, and a pint z = z (T ) € C such that

i1%2.-in

d(EE&, (y),z) <e. Since C' is convex, we have that
- 1
- Z z (T71727n) eC.

cardlyyi,. i, zeT Sy 00

Then
d (El/na 2) <
1 " _
P2 FET o i
<V (Ee)+e.

The last inequality is due to the bounded distortion property described earlier.
So that d (Ev,,C) — 0, as n — oo and if p is the weak-limit of the sequence

{vn}, since C is closed, then Eu € C. To finish the proof we should show that

h (vy, . . . . .
lim (vn) = lim s,. Once established this fact and with dimg K¢ pe < s,
n—oo \ (Vn) n—o00 ’

Eyu € C we can conclude that

dimH Kc S lim F(BE (C)),
n—oo
then the the desired inequality is obtained by the continuity of the map F.

The numbers s,, are related with the dimension and by the relationship among

dimension, Lyapunov exponents and entropy, there is a K > 0 such that

(26) —A(n, ") + Rl | K,

n
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and so

Sn(/\(’/nafn)_K) < h(Vn) < Sn()‘(ynvfn)+K)
)\(Vn;fn) - )\(anfn) - )‘(anfn) ’

by the expanding property of the EM R—maps (condition #iz) of the definition) we
have that ’(f”)

h(vn,
that lim ( (vn) —sn.> =0.

(27)

> B", for some B > 0 and so A (v, f) > B™. From this concludes
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