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DE LA FACULTAD DE INGENIERÍA (GAMEFI) UNLP, LA PLATA, ARGENTINA

E-MAILS: MESON@IFLYSIB.UNLP.EDU.AR; VERICAT@IFLYSIB.UNLP.EDU.AR

(Received: 15 November 2018, Accepted: 18 March 2019)

Abstract. In a recent article [J. d´ Analyse Math 131, 207, 2017], Olsen

intoduced a generalized notion of multifractal pressure, and also a multifractal

dynamical zeta function, which essentilly consists in considering not all con-

figurations, but those which are ”multifractally relevant”. In this way more

precise information about the multifractal spectrum analyzed is encoded by

the multifractal pressure and the multifratcal zeta function. He applied the

theory for dynamical systems modelled by finite alphabet shifts, in particular

for self conformal iterated systems. Here we continue with this line considering

dynamical systems given by countable Markov shifts.

AMS Classification: 37B10, 37C30
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1. Introduction

The study of dimension of sets constitutes a major challenge in the area of Dy-

namical Systems. This is carried out by mean of adequate ”characteristic dimen-

sions”, for instance the Hausdorff dimension and the topological entropy, which
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are important invariants to measure the complexity of the systems as well as the

average amount of information. This quantities are particular cases of the general

Carathéodory-Pesin dimension theory[22]. The general Theory of Dimension of Dy-

namical Systems is formulated considering a pair (X,F), where X is a set and F
is a collection of subsets of X. This family satisfies some special conditions and it

is called a C−structure.

The Multifractal Analysis is a relevant subject in the mentioned area. One of

the main motivations was the study of the behavior of physical measures supported

on strange attractors. To analyze these attractors is done a fractal decomposition

of invariant sets with a complex mathematical structure. Such a decomposition is

performed in the following way: let X be a set and g : X → [−∞,+∞] , now X can

be partitioned in level sets:

Kα = Kα (g) = {x : g (x) = α} .

Let G be a function defined on sets, and let F (α) = G (Kα) , the map F is called

the multifractal spectrum specified by the pair (g,G) . In this real valuated case the

most used spectra are defined by a limit process, for instance:

g (x) = Dµ (x) := lim
r→0

log (µ (Br (x)))

− log r

, the point wise dimension of the measure µ, and F (α) = dimH Kα, the Hausdorff

dimension. This is called the point wise dimension spectrum.

Dynamical examples are

Local entropies spectrum: Let f : X → X, in this case

g (x) = hµ (f, x) , F (α) = htop (f,Kα) ,

where hµ (f, x) is the point wise entropy of the measure µ and htop (f, .) is the

topological entropy for non-compact nor invariant sets defined by Bowen.

Ergodic averages: here g (x) = lim
n→∞

1

n

n∑
i=0

ϕ
(
f i (x)

)
, with ϕ : X → R (often

called potentials).

The problem of describing these spectra was extensively studied. Depending

on the properties of the dynamics and the potentials the description can be given

by a map which is the Legendre transform of the multifractal map F (α) or by a

variational formula,[2]-[4],[6]-[10],[12],[18]-[20],[27],[28].
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In [13], [14] were introduced zeta functions to analyze fractal objects. Dynamical

zeta functions were initially introduced by Artin and Mazur [1] making an analogy

with Number Theory, then Ruelle considered a kind of zeta functions which can

related with distribution of periodic orbits and also to study Statistical Mechan-

ics models. Parry and Pollicott[21] presented a zeta function by mean of closed

geodesics, to obtain precisely a formula to counting closed geodesic in negatively

curved manifolds, by an analogy by the counting of prime numbers. The novelty

of the functions introduced in [13], [14] is that in the ”partition function” of the

definition are not considered all the configuration, but also that have a ”multifractal

relevance”, In [20], Olsen introduced families of multifractal zeta functions to study

diverse spectra. The setting for the dynamics are symbolic spaces with finite al-

phabet (we term this as the compact case), one case showed is a conformal iterated

system which can be modelled for finite alphabet shift. In this article we continue

with the idea of considering a multifractal pressure summing in the partition func-

tion over periodic configurations which are ”multifractally relevant”, the new here

is that our dynamical setting will be symbolic spaces with a countable alphabet,

which makes different the issue.

2. Multifractal pressure and zeta functions for Markov shifts

Let us consider a countable set Ω, for instance Ω = N, and a transition matrix

A = (Ai,j)i,j∈Ω , Ai,j ∈ {0, 1}

∑
= {x = x0x1..., xi ∈ Ω, Axi,xi+1 = 1}

The space
∑

is endowed with the product topology of the discrete topology in

Ω, or equivalently the topology generated by cylinders

C (i1i2...in) = {x : xj = ij , j = 1, ..., n} .

If i = i1i2...in ∈ Ωn, its length is denoted by| i| = n.A string i = i1i2...in is called

admissible if C (i1i2...in) 6= ∅. For any pair of strings ij, by C (i) C
(
j
)

is denoted

the cylinder given by the concatenation of the strings, i.e. C (i1i2...inj1j2...jn) .

The space
∑

is endowed with the metric d(x, y) = t−N(x,y) where N(x, y) =first

coordinate in which differ x and y, and 0 < t < 1.

269
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The dynamics are given by the shift σ :
∑
→
∑
, with (σx)i = xi+1, the

dynamical system (
∑
, σ), with a transition matrix A and an alphabet Ω is called a

topological Markov shift.

Definition: A topological Markov shift is topologically mixing if for any symbols

i, j ∈ Ω there is an admissible string a = a1a2...an with a1 = i, an = j.

Let A = {C (i) : i ∈ Ω} be the natural partition by cylinders of
∑

and An =

{C (i1i2...in)} , let A ⊂ σ−n (C (i)) ∩ An, B ⊂ C (i) ∩ Am, thus is denoted A.B =⋃
C(i)⊂A
C(j)⊂B

C (i) C
(
j
)

ByM (
∑

) is denoted he set of σ−invariant probability measure on Σ. The usual

topological pressure, in the sense of Gurevic-Sarig, is defined in the following way:

let us fix a symbol i1 in the alphabet of
∑
, then, for a potential ϕ :

∑
→ R set

P (ϕ) = P (ϕ, σ) = lim
n→∞

1

n
logZn (ϕ, σ) ,

where Zn is the partition function Zn (ϕ, σ) =
∑

x∈Pn(σ)

exp(Sn (ϕ) (x))IC(i1), while

IE is the characteristic function of the set E, Pn(σ) is the set of n−periodic points of

σ, i. e Pn(σ) = {x : σn(x) = x} and Sn (ϕ) (x) =
n∑
i=0

ϕ
(
σi (x)

)
(called the statistical

sum). By Sn (ϕ) is denote the map
n∑
i=0

ϕ ◦ σi. If the shift is topologically mixing

the expression does not depend on the symbol considered.

Let

Vn (ϕ) = sup
i1i2...in∈Nn

sup
x,y∈C(i1i2...in)

{|ϕ (x)− ϕ (y)|} .

Definition: A potential ϕ :
∑
→ R, is locally H

..
older if Vn (ϕ) ≤ Aθn, for

some constants A > 0 and θ ∈ (0, 1) .

Let us call H the class of locally H
..
older functions.

Let us denote Sn (ϕ) (C (i)) = supx∈C(i) Sn (ϕ) (x) , the following properties hold

for locally H
..
older functions[24]:

- Let Wn (ϕ) = exp(
∑
k>n

Vk (ϕ)), then for any n ≤ m is Vn (Sm (ϕ)) ≤ log Vm−n.

-For any n ≤ m, x = i0i1... and i = i0i1...in−1 is Sn (ϕ) (C (i)) − logWm−n ≤
Sn (ϕ) (x) ≤ Sn (ϕ) (C (i)) + logWm−n.

-Let A ⊂ σ−n (C (i)) ∩ An, B ⊂ C (i) ∩ Am, then
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W−2
1

∑
C(k)⊂A.B∩An+m

exp(Sn (ϕ) (C (k)))

≤

 ∑
C(i)∩A∩An

exp(Sn (ϕ) (C (i)))


 ∑
C(j)⊂B∩Am

exp(Sn (ϕ)
(
C
(
j
))

)

 ≤
W 2

1

∑
C(k)⊂A.B∩An+m

exp(Sn (ϕ) (C (k))).

Mauldin-Urbanki[16] and Sarig[24], independently, developed thermodynamic

formalisms for countable shifts. The variational principle is in this case stated

as: let ϕ be a locally H
..
older map and let

∑
be a topologically mixing shift, then

P (ϕ) = sup

{
hµ (σ) +

∫
ϕdµ :

∫
ϕdµ <∞ and µ ∈ M

(∑)}
,

where hµ (σ) is the measure-theoretic entropy of µ for the shift. Thus a version of

[24], in [16] is not required locally H
..
older but is imposed to the shift be finitely

irreducible (see definition below).

Other result is the approximation property : let
∑
m = {x ∈

∑
: xn ≤ m} , this

set if σ−invariant, then for potentials ϕ ∈ H an is valid

P (ϕ, σ) = supm {P (ϕ, σ |
∑
m)} .

Definition: A probability measure m is a Gibbs measure, or a Gibbs state, for

a potential ϕ if there is a constant B such that for any string i = i1i2...in and for

any x ∈ C (i1i2...in) holds

B−1 ≤ m (C (i1i2...in))

exp(−nP (ϕ, σ)) exp(Sn (ϕ) (x))
≤ B.

The existence of Gibbs states for locally H
..
older maps is ensured for shifts with

the BIP.property (big images property), .i.e. there is a string i = i1i2...in ∈ Ωn

such that for any a ∈ Ω there exist r, s such that Air,aAa,is = 1. A similar condition

for the existence of Gibbs states is that the shift be finitely irreducible, i.e. if

E =
⋃
n Ωn, where Ωn is the set of admissible strings of length n, then there is a

finite set Λ ⊂ E such that for i, j ∈ E there exists a string a ∈ Λ such that iaj ∈ E.
The multifractal pressure for a ”single target” is defined as follows: let E :M (

∑
)

→ R be an affine functional, ϕ :
∑
→ R and let En (x) be the empirical measure

given as En (x) =
1

n

−1∑
i=0

δσi(x), with δ the Dirac point mass measure, let now
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Zαn (ϕ,E, σ) =
∑

x∈Pn(σ)
EEnx=α

exp(Sn (ϕ) (x))IC(i1)

and

Pα (ϕ,E, σ) = lim
n→∞

1

n
logZαn (ϕ,E, σ) ,

here EEn denotes the composition of E and En.

The usual zeta function is defined by

ς,ϕ,σ (z) =

∞∑
n=0

zn

n
exp [ Zn (ϕ, σ)]

,the convergence radius of this series is denoted by σς,ϕ,f and equals exp(−P (ϕ, σ)).

In the same spirit of the multifractal pressure for a target α, the multifractal zeta

function for a target α is

ςα,ϕ,σ,E (z) =

∞∑
n=0

zn

n
exp [ Zαn (ϕ,E, σ)] ,

with the convergence radius σας,ϕ,f = exp(−Pα (ϕ, σ)),

One the objectives is to perform a ”shrinking target approach”, in the usual

Multifractal Analysis is considered as a ”target” a level α, one approach is to enlarge

the point, for instance , to an interval I = [α− r, α+ r] , shrinking to α as r ↘ 0 and

relate this behavior with the topological pressure, the zeta function and multifractal.

spectra at α. The multifractal pressure and multifractal zeta function for the target

I are defined similarly, considering in the sum the periodic points x such that

EEn (x) ∈ I. More generally can be considered a functional E :M (Σ) → X, with

X a metric space and C a subset of X, let Cr be the ball Br (C) , thus the analysis

is related to the shrinking to as r ↘ 0 and the definition of multifractal pressure

and zeta functions with target C. If En : Σ → M (Σ) gives to any x the empirical

measure En (x) then set

(1) ZCn (E,ϕ, σ) =
∑

x∈Pn(f)
EEn(x)∈C

exp(Sn (ϕ) (x))IC(i1),
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The upper and lower multifractal pressure for a potential ϕ ∈ H are defined as

P
C

(E,ϕ, σ) = lim sup
n→∞

1

n
logZCn (E,ϕ, σ)

PC (E,ϕ, σ) = lim inf
n→∞

1

n
logZCn (E,ϕ, σ) ,(2)

if the limit does exist then is denoted PC (E,ϕ, σ) = P
C

(E,ϕ, σ) = PC (E,ϕ, σ) .

By the properties of locally H
..
older maps displayed above we have

Lemma 1:

-For any i, j ∈ Ω there is a numberM such that ZCn (E,ϕ, σ) ≤MZCn+M (E,ϕ, σ) .

-For any i ∈ Ω, for any n,m is valid ZCn (E,ϕ, σ) ≤W 3
1Z

C
n+m (E,ϕ, σ) .

The multifractal zeta function is

ςCE,ϕ,σ (z) =

∞∑
n=0

zn

n
exp

[
ZCn (E,ϕ, σ)

]
,

and its convergence radius is denoted by σCςE,ϕ,σ and equals exp(− P
C

(E,ϕ, σ)).

For C = R are obtained the usual pressure and zeta function. If the functional E

is taken as E (µ) = Eϕ (µ) =
∫
ϕdµ then EEn is the Birkhoff average.

Definition: ψ :
∑
→ R is metric potential if there is K > 0 such that if

x = x0x1... ∈
∑

then
1

K

∏
j=0

ψ
(
σj (x)

)
≤ diam (C (x0x1...xn−1)) ≤ K

∏
j=0

ψ
(
σj (x)

)
.

The following properties for pressure map can be established in a direct way,

following the thermodynamic formalisms of Mauldin-Urbanski or Sarig, for the

usual case(see also [11]) . Let E be continuous, with respect to the weak topol-

ogy, let us consider the maps q 7−→ P
C

(E,−qϕ, σ) and lim
r↘0

P
Cr

(E,−qϕ, σ) ,

then there is a critical value q∗ ∈ (0, 1] such that for q < q∗ is P
C

(E,−qϕ, σ)

= ∞, lim
r↘0

P
Cr

(E,−qϕ, σ) = ∞, and for q > q∗ we have that P
C

(E,−qϕ, σ)

< ∞, lim
r↘0

P
Cr

(E,−qϕ, σ) < ∞. Besides for q > q∗ the maps are real analytic.

If P
C

(E, 0, σ) < ∞,dimH

∑
< ∞ then there are a values F (C), G(C) such that
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P
C

(E,F (C), σ) = 0 and lim
r↘0

P
Cr

(E,G(C), σ) = 0 (multifractal Bowen equation)

or equivalently σCςσ = 1 and lim
r↘0

σCrς,G(C)ϕ,σ
= 1. The maps

q 7−→ P
C

(E,−qϕ, σ |
∑
m) are real analytic, for any m.

As we mentioned one the aims is to analyze the pressure P
Cr

(E,ϕ, σ) as r ↘ 0,

in particular we prove, for countable Markov maps, the variational principle for

this pressure. In this case we previously prove the approximation property for

the multifractal pressure. As a consequence of the variational principle for the

multifractal pressure can have an expression for the possible zero of the pressure

map. As it was observed by Mauldin-Urbanski[17] the function P
C

(E,−qϕ, σ) in

general may have not a root, this occurs in the conditions above mentioned, recall

P
C

(E, 0, f) < ∞,dim
∑

< ∞. But in case of existing a zero its value, as well

of convergence radius of the multifractal zeta function, can be estimated from the

variational formula. This result will be used for the variational principle.

The analysis is complemented with the description of the following spectra

KC = {x : A(EEn (x)) ⊂ C} ,

where A (xn) denotes the set of accumulation points of the sequence xn, and C a

closed convex subset of X. In this case X is a vector space equipped also with a

linearly compatible metric. The study of this spectrum was done in [5] for the

compact case, with specification as main hypothesis. For the single case C = {α}
is obtained the description of [10]. The general description is done by a varia-

tional formula. To obtain a description by mean of Legendre transform can be

considered the spectrum of the point wise measure, i.e. as we pointed out ear-

lier, with the special functional Eµ =

∫
ϕdµ∫
ψdµ

,and a potential metric ψ such that

Dµ (x) = lim
r→0

log (µ (Br (x)))

log r
= lim

n→∞

log (µ (C (x0x1...xn−1)))

log

(
n−1∏
i=0

ψ (σi (x))

) . Thus the spectrum

to be considered is

KC,µ =

{
x : Ar↘0(

log (µ (Br (x)))

log r
) ⊂ C

}
, C ⊂ R. The Haussdorf dimension

of KC,µ can be obtained as the Legendre transform of an adequate ”free energy”

map.
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3. Variational principle for the multifractal pressure of countable

Markov maps.

In this Section we shall work in the following setting:

-The potentials being in the class H of locally H
..
older maps.

-The shifts
∑

satisfying the BIP−property of being finitely reducible, to ensure

the existence of Gibbs states for potentials in H.

- dimH

∑
<∞.

-P (0, σ) <∞ and P
C

(E, 0, σ) <∞.

Theorem 1 (approximation theorem for the multifractal pressure): Let
∑
m =

{x ∈
∑

: xn ≤ m} , then is valid

P
C

(E,ϕ, σ) = sup
m

{
P
C

(
E,ϕ |

∑
m

, σ |
∑
m

)}
Proof: We follow[24], let ZCn,m (E,ϕ, σ) = ZCn,m ( E,ϕ |

∑
m, σ |

∑
m) and so

P
C

(E,ϕ, σ) = lim sup
n→∞

1

n
logZCn,m (E,ϕ, σ)

. To prove that P
C

(E,ϕ, σ) ≤ supm

{
P
C

(E,ϕ |
∑
m, σ |

∑
m)
}

it must see that

for any ε > 0, there is an m with P
C

(E,ϕ, σ) − ε < P
C

(E,ϕ |
∑
m, σ |

∑
m) .

let k enough big such and ε > 0, that P
C

(E,ϕ, σ) <
1

k
logZCk (E,ϕ, σ) + ε, let us

choose an m such that
1

k
logZCk (E,ϕ, σ) <

1

k
logZCk,m (E,ϕ, σ) .

By the lemma 1 we have

logZCn,m (E,ϕ, σ) + logZCk,m (E,ϕ, σ) ≤ 3 logW1 + log logZCk+n,m (E,ϕ, σ)

.

Let n = sk + r, r = 0, 1, ...,m− 1, thus

s logZCk,m (E,ϕ, σ) + logZCr,m (E,ϕ, σ)

n

≤
s logZCsk+r,m (E,ϕ, σ) + (3s+ 1) logW1

sk + r

≤
logZCn,m (E,ϕ, σ)

sk + r = n
+ ε

(
s+ 1

s

)
.
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Therefore

P
C

(
E,ϕ |

∑
m

, σ |
∑
m

)
= lim sup

n→∞

1

n
logZCn,m (E,ϕ, σ) ≥ PC (E,ϕ, σ)− ε.

�

Corollary 1: If C is closed then

P
C

(E,ϕ, σ) ≤
{

suphµ (σ) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ C

}
.

Proof: A measure µ ∈ M (
∑

) is finitely supported if there is a m such that

µ (
∑
m) = 1.By [20] for C closed, holds

P
C

(
E,ϕ |

∑
m

, σ |
∑
m

)
≤ sup

{
hµ (f) +

∫
ϕdµ : Eµ ∈ C, µ

(∑
m

)
= 1

}
,

so that by the Theorem 1, we have

P
C

(E,ϕ, σ) ≤ sup

{
hµ (σ) +

∫
ϕdµ

}
,

where the supremum is taken over all the measures µ finitely supported with Eµ ∈
C. Thus

P
C

(E,ϕ, σ) ≤ sup

{
hµ (σ) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ C

}

�

We now can state a variational principle in our setting of countable Markov maps.

Similar one was established in [20] for the compact case (finite alphabet shifts). For

the proof we follow the idea of [20], consisting in using the large deviation theory to

estimate the size of sets of measures which by the application of the functional E

fall in the considered sets C. These kind of sets appear in the sum of the partition

function, thus a large deviation theory is quite suitable to bound the average limit of

the partition function. In the context of countable alphabet shifts large deviations

principle were formulated by Sarig[25] and in recent manuscript by Takahasi[26].
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Main grounds of the theory are the following: let ϕ,ψ ∈ H, consider a Gibbs state

for ψ, denoted by m = mψ, let {νn} be a sequence of probability measures in

M (Σ) , where any νn is the distribution of the random variable x → En (x) with

respect to m, i.e., νn = m ◦ E−1
n , thus the sequence {νn} satisfies a large deviation

principle for a rate function Iψ (µ) = −P (ψ, σ) + hµ (σ) +
∫
ψdµ, in particular if U

is an open set, in the weak topology, of M (
∑

) holds

lim inf
n→∞

1

n
log νn (U) ≥ − inf {Iψ (µ) : µ ∈ U} .

If , in particular, ψ ≡ 0 we have

lim inf
n→∞

1

n
log νn (U) ≥ − inf {−P (0, σ) + hµ (σ) : µ ∈ U}

and, in this case, νn is the distribution of the random variable with respect to the

Gibbs state for ψ ≡ 0. We are interested particularly in U = Cr : = Br (C) ,

and in the deviation of the measures of Cr. The above large deviation principle is

the so called level-2 principle and estimates deviation for sets in M (M (Σ)) . A

consequence of the level 2- large deviation principle is the Varadhan principle

lim
n→∞

1

n
log

∫ exp

n ∫
µ∈M(Σ)

ϕdµ

 dνn

 = sup

{∫
ϕdµ+ P (0, σ)− hµ (σ)

}
.

Let us consider the sequence of measures in M (M (Σ)) given by

Ωn (Z) =

∫
Z

exp
(
n
∫
ϕdEn

)
dνn∫

exp
(
n
∫
ϕdEn

)
dνn

.

To do the estimations which are of our interest we can consider a level-1 large

deviation process by mean of the contraction principle, let ηn be the sequences of

measures in X obtained by the push-forward of Ωn by the functional E, i.e. ηn

(Cr) = Ωn
(
E−1 (Cr)

)
, let J : X → R defined by

J (x) = inf {I0 (µ) = P (0, σ) + hµ (σ) : Eµ = x}

and

lim inf
n→∞

1

n
log ηn (Cr) = lim inf

n→∞

1

n
log νn

(
E−1 (Cr)

)
≥ − inf {J(x) : x ∈ C}

.
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Theorem 2: Let E : M (
∑

) → X be an affine functional, with X a compact

metric space. Let ϕ be a potential in the class H and C ⊂ X. If Cr denotes the ball

Br (C) then

lim
r→0

P
Cr

(E,ϕ, f) = lim
r→0

PCr (E,ϕ, f)

= sup

{
hµ (σ) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M

(∑)
Eµ ∈ C

}
.

Proof:.

Like in [20], we arrive to the desired result proving

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈Mf , Eµ ∈ C

}
≤ inf
r↘0

PCr (E,ϕ, f)

and

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈Mf , Eµ ∈ C

}
≥ inf
r↘0

PCr (E,ϕ, f) .

Now we shall see that

PCr (E,ϕ, f) ≥ sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ Cr

}
.

The behavior of ZCn (E,ϕ, σ) may be analyzed by mean of the study of the

following expression: fix two cylinders of length 1, namely C ( i) , C ( j) with i, j <

m, for some integer m, and set

PCn = PCn (C ( i) , C ( j)) =
∑

C(i),. |i|=n
C(i)⊂C(i)∩σ−nC(j)
EEn(C(i))⊂C

sup
x∈C(i)

{expSn (ϕ) (x)} ,

by [24] this expression behaves, for large n, as the pressure independently of the

cylinders considered for i, j < m.

Let

(3) TCn ( i = i1i2...in) = TCn.ϕ,E ( i) = sup
x∈C(i)

{expSn (ϕ) (x)} .
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All the cylinders C ( s) considered, for any string s, must satisfy C ( s) ⊂ C (i) ∩
σ−nC (j) , for the chosen i, j < m. Thus

∫
{ j∈Ωn:EEn(C( j))⊂C, }

TCn.ϕ,E ( i) dm ( i)

=
∑
| s|=n

C(i)⊂C(i)∩σ−nC(j)

∫
{C( s)∩{j∈Ωn;:EEn(C( j))⊂C}}

TCn.ϕ,E ( i) dm ( i)

=
∑
| s|=n

C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)m
(
C ( s) ∩

{
j : EEn

(
C
(
j
))
⊂ C

})

=
∑
| s|=n

C( s)∩{ j:EEn(C( j))⊂C}6=∅
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)m
(
C ( s) ∩

{
j : EEn

(
C
(
j
))
⊂ C

})

=
∑
| s|=n

C( s)∩{ j:EEn(C( j))⊂C}6=∅
EEn(C( js))⊂C
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)m
(
C ( s) ∩

{
j : EEn

(
C
(
j
))
⊂ C

})

.

Thus

∫
{ j::EEn(C( j))⊂C, }

TCn.ϕ,E ( i) dm ( i)

=
∑
| s|=n

EEn(C( s))⊂C
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)m
(
C ( s) ∩

{
j : EEn

(
C
(
j
))
⊂ C

})

=
∑
| s|=n

EEn(C( js))⊂C
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)m ( s)

Since ϕ ∈ H we can choose a number K > 0 such that
∞∑
n=0

Vn (ϕ) < K and so

1

K
sup
x∈C(i)

{expSn (ϕ) (x)} ≤ TCn.ϕ,E ( i) ≤ K sup
x∈C(i)

{expSn (ϕ) (x)} ,
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and since m is a Gibbs state for the identically zero map we have

(KB )
−1

exp(−nP (0, σ))×
∫
{ j∈Ωn::EEn(C( j))⊂C, }

exp

(
n

∫
ϕdEn

)
m ( s)

≤
∑
| s|=n

EEn(C( s))⊂C
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s) ≤

KB exp(−nP (0, σ))×
∫
{ j∈Ωn::EEn(C( j))⊂C, }

exp

(
n

∫
ϕdEn

)
m ( s) .

Therefore, by the definition of the measures νn

∑
| s|=n

EEn(C( s))⊂C
C(s)⊂C(i)∩σ−nC(j)

TCn.ϕ,E ( s)

≥ (KB )
−1

exp(−nP (0, σ))×
∫
{En∈E−1C }

exp

(
n

∫
ϕdEn

)
dνn

= (KB )
−1

exp(−nP (0, σ))× Ωn
(
E−1C

) ∫
exp

(
n

∫
ϕdEn

)
dνn.

Then considering, instead of C, the open neighborhood Cr of C, setting P =

P (0, σ)and applying the Varadhan result above mentioned and the contraction

principle, we get

lim inf
n→∞

1

n
logPCrn

≥ −P − inf
µ∈M(Σ), µ∈E−1(Cr)

{
I0 (µ)−

∫
ϕdµ

}
=

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ Cr

}
.

Thus we have

PCr (E,ϕ, f) ≥ sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ Cr

}
≥
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sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ C

}
,

and so

inf
r↘0

PCr (E,ϕ, f) ≥ sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ C

}
.

.

By the Corollary 1 we have that

P
Cr

(E,ϕ, f)

≤ P
Cr

(E,ϕ, f)

≤ sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Eµ ∈ Cr µ finitely supported

}
,

hence

inf
r↘0

P
Cr

(E,ϕ, f) ≤

inf
r↘0

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Eµ ∈ Cr µ finitely supported

}
To prove the other inequality, let us consider a sequence rn ↘ 0 such that

inf
r↘0

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Eµ ∈ Cr µ finitely supported

}
=

inf
n↗∞

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Eµ ∈ Crn µ finitely supported

}
.

Let Efin be the functional E restricted to the set of finitely supported measures

in M (Σ) , thus E−1
fin

(
Crn

)
is compact and since the map µ 7−→ hµ (f) +

∫
ϕdµ is

upper- semi-continuous, we have[20]
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inf
n↗∞

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Efinµ ∈ Crn

}
= sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , µ ∈ ∩nE−1

fin

(
Crn

) }
.

Also

⋂
n

E−1
fin

(
Crn

)
⊂ E−1

fin

(⋂
n

(
Crn

))
= E−1

fin

((
Cr
))
.

Therefore

inf
n↗∞

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Efinµ ∈ Crn

}
= sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , µ ∈ ∩nE−1

fin

(
Crn

) }
≤

sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , µ ∈ E−1

fin

(
Cr
) }

≤
{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ :M (Σ) , Eµ ∈ Cr

}
.

It finishes the proof of the theorem

�

Recall that the conditions for existence of a zero for the pressure map are

P
C

(E, 0, σ) < ∞,dimH

∑
< ∞. Thus from the variational principle the zero

value is

(4) F (C) = sup
µ∈M(Σ)
Eµ∈C

hµ (f)∫
ϕdµ

.

With respect to the zeta function as an immediate consequence of the variational

principle

282



ON A MULTIFRACTAL PREASSURE ... — JDSGT VOL.17, NUMBER 2 (2019)

(5)

lim
r↘0
− log σCrE,ϕ,σ (z) = sup

{
hµ (f) +

∫
ϕdµ :

∫
ϕdµ <∞ : µ ∈M (Σ) , Eµ ∈ C

}
.

4. Multifractal Analysis

We begin this section studying the multifractal spectrum of point-wise dimension

of a measure. which corresponds to the particular case of the functional Eµ =∫
ϕdµ∫
ψdµ

. A kind of spectrum like this was described by Iommi[11] for the single case.

Thus the objective is to analyze the following multifractal spectrum

(6) KC,µ =

{
x : Ar↘0(

log (µ (Br (x)))

− log r
) ⊂ C

}
,

where C ⊂ R and µ is a Gibbs state for the potential ϕ.If ψ is a metric potential

the can be considered a metric such that[11]

(7) Dµ (x = i0i1...) = lim
n→∞

log (µ (C (i0i1...in−1)))

log

(
n−1∏
i=0

ψ (σi (x))

) .

The idea is that used in [11] which is to apply the approximation principle. In our

case for the single case C = {α} the spectrum is

Kα,µ =

{
x ∈ Σ : α ∈ Ar↘0(

log (µ (Br (x)))

− log r
)

}
,

which is a bit different form that of [11], so we must do the following considerations,

for finite alphabet subsfhits, to apply the approximation principle, like in [11]. If ψ

is a metric potential, defined on a finite alphabet subshift ΣN , then it can be mod-

elled by ”self-similarities” via Moran constructions or geometric constructions[23].

Specifically, let K be a compact subset of Rd and let S1, ..., SN be contractive sim-

ilarity maps, i.e. for any x ∈ K there is a constant 0 < βi = βi (x) < 1 such

that |DxSi (u)−DxSi (v)| < βi |u− v| , for any u, v ∈ Rd. The subset K satisfies

K = ∪Si (K) . If i = i0...in−1 then denotes Si = Sin−1
◦ ...Si0 , and Ki = Si (K) .

There is a code map π : ΣN → K defined by

π (x = i0i1...) =
⋂
n≥1

⋃
i=i0i1...in−1

Ki,
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the intersection is a single point. Thus we consider ψ (x) = log |DxSi0 (π (x))| , and

results Sn (ψ) (x) = Si (π (x)) . These maps will be used to define geometric con-

structions for the compact case we shall used in turn to approximate the countable

case.

Let T : R→ R be a convex map, the Legendre transform of T is a map E such

that

(8) E (α) = sup
q∈R
{qα+ T (q)} .

For ϕ ∈ H , and ψ a metric potential, let us consider the map, introduced in

[11], to describe the spectrum,

(9) T (q) = sup
m
{t : Pm (tψ + qϕ) = 0} ,

where Pm = P |
∑
m, with

∑
m = {x ∈

∑
: xn ≤ m} . A sequence of maps T̃m :

R→ R can be defined implicitly by

Pm

(
T̃m (q)ψ + q (ϕ− Pm (ϕ))

)
= 0.

The map T (q) is convex and decreasing, the functions T̃m are analytic, decreasing

and convex, being valid

T (q) = sup
m

{
T̃m (q)

}
, [11].

This sequence T̃m converges infimally to T (q)[11]. this means that if Em is the Le-

gendre transform of T̃m and if for r > 0 denotes T̃
(r)
m (q) = inf

{
T̃m (s) : |q − s| < r

}
then

lim
r→0

lim
m→∞

inf T̃ (r)
m (q) = lim

r→0
lim
m→∞

sup T̃ (r)
m (q) = T (q).

By the Wijsman theory[29] for convex functions is valid that if the sequence

T̃m (q) infimally converges to T (q) then Em infimally converges to the Legendre

transform E (α) of T (q). Besides, by the mentioned theory, if Ep denotes the poin-

twise limit of the sequence Em then E ≤ Ep.
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Let ϕq := −T (q)ψ + qϕ, this potential has a Gibbs state µq for q > q :=

inf {q : there is a real t such that P (−tψ + qϕ) ≤ 0} . If dimH Σ < ∞ then q = 0

or q =∞[11] Besides P (ϕq) ≤ 0.

Let

(10) α (q) =

∫
ϕdµq∫
ψdµq

,

it holds α (q) = −T´(q).

Definition: Let X be a compact metric space and let

G (X,α, ε) = infG

{ ∑
Y ∈G
|Y |α

}
, where the infimum is taken over all the coverings

G of X with diamG ≤ ε, and |Y | denotes the diameter of Y. The outer α−Hausdorff

measure of X is µα (X) = limε→0G (X,α, ε) and finally the Hausdorrff dimension

of X is

dimH X = inf {α : µα (X) = 0}

Theorem 3: Let ϕ ∈ H , and ψ be a metric potential, let
∑

satisfying the

BIP−property and with dimH Σ < ∞. Let C ⊂ R, then if E (α) is the Legendre

transform of the map T (q) defined by eq. (10), if

(11) KC,µ := dimH

{
x ∈ Σ : Ar↘0(

log (µ (Br (x)))

log r
) ⊂ C

}
then

dimH KC,µ = inf
α∈C
{E (α)} .

To prove one inequality we reformulate the result of [23] (lemma 2), for countable

alphabet subshits (in that article is obtained for finite alphabet subshifts). For

the other we adapt the techniques of [11], like the infimally convergence and the

approximation principle.

Lemma 2: Let ϕ ∈ H , and ψ be a metric potential, if dimH Σ <∞, if

(12) Kα,µ =

{
x ∈ Σ : α ∈ Ar↘0(

log (µ (Br (x)))

− log r
)

}
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then

dimH Kα,µ ≤ E (α) .

Proof: By the Birkhoff ergodic theorem we can write

α (q) = lim
n→∞

n−1∑
i=0

ϕ
(
σi (x)

)
n−1∑
i=0

ψ (σi (x))

,

for µq−almost x ∈ Σ. Therefore if x ∈ Kα(q),µ, then for any ε > 0,there exist a

sequence {nk} and a number N = N(x) such that

α (q)− ε ≤

nk−1∑
i=0

ϕ
(
σi (x)

)
nk−1∑
i=0

ψ (σi (x))

≤ α (q) + ε,

for any k with nk ≥ N. Let m > 0 and let Zm =
{
x ∈ Kα(q),µ : N ≤ m

}
, so that

Zm ⊂ Zm+1 and Kα(q),µ =
⋃
m≥1

Zm.Thus, there is a m0 > 0 such that µq (Zm) > 0

for m > m0. By [23] can be found points xj ∈ Zm in such a way that are determined

cylinders Cjm = C (i0i1...in−1 (xj)) . This cylinders correspond to a Moran covering

(for more details see [23]) and if the Moran coefficient r is enough small holds that

n (xj) ≥ m for any j (for more details see [23]),Since µq is a Gibbs state for the

potential ϕq := −T (q)ψ + qϕ we have that

B−1 ≤ µq (C (i0i1...ink−1))
nk−1∏
i=0

ψ (σi (x))
−T (q)

ϕ (σi (x))

≤ B,

for some constant B. The inequality holds since P (ϕq) ≤ 0. Hence for nk ≥ N,

x ∈ Zm holds[23]

µq (Zm ∩Br (x)) ≤ DrT (q)+q(α(q)−ε),

for some constant D, and

µq (Br (x)) ≤ 2µq (Zm ∩Br (x)) .
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Thus, for m > m0 and x ∈ Zm holds

Dµq (x) = lim
r→0

log (µq (Br (x)))

log r

= lim
r→0

logµq (Zm ∩ µ (Br (x)))

log r
≥ T (q) + q (α (q)− ε) ,

so that

µq (B2Dr (x)) ≥ µq (C (i0i1...ink−1)) ≥ BT (q)+q(α(q)−ε),

for any x ∈ Zm. Finally

Dµq (x) ≤ T (q) + q (α (q)− ε) ,

for any x ∈ Zm and for arbitrary ε > 0, so Dµq (x) ≤ T (q) + qα (q) , for any

µq−almost x ∈ Kα(q),µ and any q > q. From this is obtained that

dimH Kα(q),µ ≤ T (q) + qα (q)

�

Proof of the Theorem 3: for any α ∈ C we have that KC,µ ⊂ Kα,µ, therefore,

dimH KC,µ ⊂ dimH Kα,µ,

for any α ∈ C.So that, by lemma 2,

dimH KC,µ ≤ inf
α∈C
{E (α)} .

To prove the opposite inequality, let Pm = P | Σm, recall that there is a finite fam-

ily tm (α) such that Pm (tm (α)ψ) = 0, where tm (α) = dimH (Kα,µ ∩ Σm) . (Bowen

equation for the finite alphabet case). Consequently, there is a sequence tm (C) such

that Pm (tm (C)ψ) = 0, where tm (C) = dimH (KC,µ ∩ Σm) . Recall that T (q) =

supm

{
T̃m (q)

}
, with T̃m (q) implicitly defined by Pm

(
T̃m (q)ψ + q (ϕ− Pm (ϕ))

)
=

0. Recall also that if Em is the Legendre transform of T̃m,then Em infimally con-

verges to the Legendre transform E (α) of T (q), and if Ep denotes the point-wise

limit of the sequence Em then E ≤ Ep. For any finite alphabet subshift Σm can be

obtained fractal sets Fm ⊂ KC,µ ∩Σm and with the property that if α0 is the point

of C in which the inf {Em (α)} is attained then dimH Fm = Em (α0) ([15],[23]) . The

construction of such a fractal sets is done by mean of self-similar geometric construc-

tions with basic sets ∆i = Si (K) , i = i0...in−1, for a compact, simply connected

domain K (for details see the above ref.). Thus we have
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inf {Em (α)} = Em (α0) = dimH Fm ≤ dimH (KC,µ ∩ Σm) ≤ dimH KC,µ

Since E ≤ Ep we obtain infα∈C {E (α)} ≤ dimH KC,µ.

�

Next we analyze the following spectrum

(13) KC = {x ∈ Σ : A(EEn (x)) ⊂ C} .

In this case we consider a general continuous affine functional E :M (
∑

)→ X, with

X a vector space with a linearly compatible metric and C closed , convex subset

of X, unlike in the case of point-wise dimension of a measure, for which are taken

Eµ =

∫
ϕdµ∫
ψdµ

and X = R. The condition are more general although the description

is not given a Legendre transform but a variational formula. For the special case

Eµ = Eϕµ =
∫
ϕdµ, is obtained the Birkhoff average spectrum for the potential ϕ.

For finite alphabet subshifts Lyapunov exponents,for the measure µ may be de-

fined. This is done by

λ (µ) =
∫
ψdµ, with ψ (x) = log |DxSi0 (π (x))| , x ∈

∑N
. The description of

the spectrum like (14) for finite alphabet subshifts is given by the quotient of the

entropy and the Lyapunov exponent defined as above.

For countable shifts we shall consider the so called Expanding Markov Renyi

maps (EMR-maps).

Definition: Let I = [0, 1], let {In} be a countable family of closed subintervals

of I, with the property that int (In) ∩ int (Im) = ∅, if n 6= m,a map f : ∪In → I is

an EMR−map if

i) f |
∞⋃
n−1

In is C2

ii)supx∈In ≤ supx∈In+1
, for each n ∈ N

iii)
∣∣∣(fn)

´
(x)
∣∣∣ > Bn, for some B > 0 and for any x.

iv)There is number D > 0 such that sup
n

inf
x,y,z

∣∣f´́(x)
∣∣

|f́ (y)| |f́ (z)|
≤ D (Renyi condi-

tion).
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The set Λ =
{
x ∈ ∪In : f i (x) ∈ ∪In, for any i ∈ N

}
is called the repeller of the

map f. One interesting example of EMR−map is the Gauss map f (x) =
1

x
−
(

1

x

)
,

whose repeller is Λ = I −Q.

.Let
∑

be a countable full shift, theEMR−maps can be coded by a function

π :
∑
→ I, which is defined in the following way: any EMR−map f has infinite

inverse branches i.e, maps φn : I → In such that (φn ◦ f) | In = id | In. If

x = (xn)n∈N ∈
∑

then x | n denotes the truncated sequence (x1x2...xn) ∈ Nn and

let φx|n = φxn ◦ ... ◦ φx1
. In this way the code map is defined as

π (x) =
⋂
n∈N

φx|n.

We have that π (
∑

) = Λ, except at most a countable set of points, this is due

that the intervals in the definition of f have disjoint interiors. Besides(f ◦ π) (x) =

(π ◦ σ) (x) , for any x ∈ π−1 (Λ) . Thus we have a coding π :
∑
→ Λ which is

injective and surjective except at most a countable set of points. The EMR−maps

were considered by Iommi and Jordan[10] to give a precise description of multifractal

spectra of ergodic averages corresponding to our single case C = {α} . Thus if we

describe the spectrum (14) we shall have a generalization of the result of [10].

If f is a EMR-map then the map x ∈
∑
7→ log

∣∣f´(π (x))
∣∣ is locally H

..
older[10]. In

this way we define the Lyapunov exponent of µ by λ (µ) = λ (µ, f) =
∫

log
∣∣f´(π (x))

∣∣
dµ.

Theorem 4: :Let E :M (Σ) → X, be a continuous affine functional with X a

vector space with a linearly compatible metric. Let C be a closed , convex subset

of X. Under these conditions, if

KC = {x ∈ Σ : A(EEn (x)) ⊂ C}

then

(14) dimH KC = sup

{
h (µ)

λ (µ)
: µ ∈M (Σ) , Eµ ∈ C, λ (µ) <∞

}
,

where h (µ) is the measure-theoretic entropy of µ and λ (µ) is the Lyapunov expo-

nent defined from a given EMR-map.

If ϕ ∈ H , and let Σ satisfying the BIP−property and with dimH Σ <∞ then

with Eϕµ =
∫
ϕdµ and X = R is obtained, as a particular case, the dimension

description of the Birkhoff average spectrum

289
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KC =

{
x ∈ Σ : A(

1

n
Sn (ϕ) (x)) ⊂ C

}
.

Proof: Let ν be an ergodic measure with Eν ∈ C, λ (ν) <∞, so ν (KC) = 1 and

since ν is ergodic holds

dimH ν =
h (ν)

λ (ν)
,

where dimH ν = inf {dimH Z : ν (Z) = 1} . Hence

dimH KC ≥
h (ν)

λ (ν)
,

for any ergodic measure ν, thus

(15) dimH KC ≥ sup

{
h (ν)

λ (ν)
: ν ∈M (Σ) , Eν ∈ C, ν ergodic, λ (ν) <∞

}
.

If µ ∈ M (Σ) then it can be approximated by ergodic measures in the following

sense, for any µ ∈ M (Σ) and for any arbitrary γ > 0 there is an ergodic measure

ν such that

h (ν) ≥ h (µ)− γ , λ (ν) ≥ λ (µ)− γ and also d (Eµ,Eν) < δ for δ > 0. From this

deduces

(16)
h (ν)

λ (ν)
≥ h (µ)

λ (µ)
−A (δ) ,

with A (δ)→ 0 as δ → 0. Therefore

sup

{
h (ν)

λ (ν)
, ν ergodic, λ (ν) <∞, d (Eν,C) < 2δ

}
≥

sup

{
h (µ)

λ (µ)
: µ ∈M (Σ) , ν ergodic, λ (ν) <∞, d (Eµ,C) < 2δ

}
+A (δ) ,

with δ → 0. Thus

(17) dimH KC ≥ sup

{
h (µ)

λ (µ)
: µ ∈M (Σ) , Eµ ∈ C, λ (µ) <∞

}
.

Now prove the opposite inequality.
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We have the following bounded distortion property: if

dn (x, y) := max d
(
σi (x) , σi (y)

)
< ε

then d (En (x) , En (y)) < ε. In fact, if we have

d (µ, ν) .; = sup
ϕ∈Lip(1)

{∣∣∣∣∫ ϕdµ−
∫
ϕdν

∣∣∣∣} ,
with Lip(1) the set of Lipschitz maps with constant = 1, then

d (En (x) , En (y)) = sup
ϕ∈Lip(1)

{∣∣∣∣∫ ϕdEn (x)−
∫
ϕdEn (y)

∣∣∣∣}
= sup

ϕ∈Lip(1)

{∣∣∣∣ 1nSn (ϕ) (x)− 1

n
Sn (ϕ) (y)

∣∣∣∣}

≤ 1

n

n∑
i=0

∣∣ϕ (σi (x)
)
− ϕ

(
σi (y)

)∣∣ < 1

n
nε = ε.

Let V (E, ε) = sup {d (Eµ,Eν) : µ, ν ∈M (Σ) : d (µ, ν) < ε} , then V (E, ε) → 0

as ε→ 0.

Let us recall the definition of the Hausdorff distance between sets in a metric

space Y ,

(18) DH(A,B) := max

{
sup
x∈A

inf
y∈B

d (x, y) , sup
y∈B

inf
x∈A

d (x, y)

}
.

Let Conv = {C ⊂ X, convex and closed} endowed with the Hausdorff distance.

Let us consider the map

F : Conv → R

F (C) = sup

{
h (µ)

λ (µ)
: µ ∈M (Σ) , Eµ ∈ C, λ (µ) <∞

}
.(19)

We shall see that this function is continuous, let C0 be a convex, closed subset

of X and let (Cn) with DH(Cn, C0) → 0. For any ε > 0 there is a sequence of

measures (µn) , with λ (µ) <∞, and Eµn ∈ Cn such that

F (Cn)− ε ≤ h (µn)

λ (µn)
. Let µ be the limit of the sequence (µn) , so that Eµ ∈ C0.

Let m1, m2 ∈ M (Σ) , λ (mi) < ∞, and such that Em1, Em2 ∈ C0, We can

consider convex combinations νn = pµn + (1 − p)mi, i = 1, 2. So that Eνn =
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pEµn+(1−p)Emi. Thus for enough large n we get Eνn ∈ C0. Besides the sequence

νn can be considered for enough large n hold
h (µn)

λ (µn)
=
h (νn)

λ (νn)
. Therefore we obtain

lim sup (F (Cn)− ε) ≤ lim sup
h (µn)

λ (µn)
= lim sup

h (νn)

λ (νn)
≤ F (C0), since ε is arbi-

trary, we have

(20) lim sup
n→∞

F (Cn) ≤ F (C0)

Let m ∈M (Σ) , with λ (m) <∞, and. Em ∈ C0, Let (Cn) with DH(Cn, C0)→
0, For ε > 0 we may consider family of measures (νn) with Eνn ∈ Cn, d (Eνn, C0)→
0, and such that

F (C0) − ε ≤ lim
n→∞

h (νn)

λ (νn)
. Then let us consider convex combinations of νn with

m, namely ηn = tνn + (1− t)m, t ∈ (0, 1) , thus d (Eηn, C0)→ 0, with t→ 1. From

all this, and arbitrary small ε > 0

(21) F (C0) ≤ lim inf
n→∞

F (Cn).

Let

(22) KC,n,ε = {x : EEn (x) ∈ Bε (C)} ,

let us consider, for ε > 0, a decomposition of KC with these sets as KC =
∞⋃
n=1

KC,n,ε

and cover any KC,n,ε by cylinders

(23) Cn = {C (i1i2...in) : C (i1i2...in) ∩KC,n,ε 6= ∅} .

We may consider a finite subset An of each Cn ,

Let (sn) be a sequence of real numbers such that

(24)
∑

C(i1i2...in)∈An

|C (i1i2...in)|sn = 1.

If s = lim supn→∞ sn then dimH KC,n.ε ≤ s.
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In each cylinder C (i1i2...in) of An, select a point xi1i2...in and let

Ti1i2...in =
{
x
i1i2...in

}
, therefore

cardTi1i2...in = cardAn

Let us assign to any cylinder C (i1i2...in) the probability

pi1i2...in = |C (i1i2...in)|sn and let us construct measures with this probabilities as

weights in this way

(25) νn =
1

cardTi1i2...in

∑
x∈Ti1i2...in

pi1i2...inEn (x) .

For any x
i1i2...in

∈ Ti1i2...in , let us consider a point

y = y
(
x
i1i2...in

)
∈ C (i1i2...in) ∩KC,n,ε, and a pint z = z

(
x
i1i2...in

)
∈ C such that

d (EEn (y) , z) < ε. Since C is convex, we have that

ẑ :=
1

cardTi1i2...in

∑
x∈Ti1i2...in

z
(
x
i1i2...in

)
∈ C.

Then

d (Eνn, ẑ) ≤
1

cardTi1i2...in

∑
x∈Ti1i2...in

[
d (pi1i2...inEn (x) , EEn (y)) + d

(
EEn (y) , z

(
xi1i2...in

))]
≤ V (E, ε) + ε.

The last inequality is due to the bounded distortion property described earlier.

So that d (Eνn, C) → 0, as n → ∞ and if µ is the weak-limit of the sequence

{νn}, since C is closed, then Eµ ∈ C. To finish the proof we should show that

lim
n→∞

h (νn)

λ (νn)
= lim

n→∞
sn. Once established this fact and with dimH KC,n.ε ≤ s,

Eµ ∈ C we can conclude that

dimH KC ≤ lim
n→∞

F (Bε (C)),

then the the desired inequality is obtained by the continuity of the map F.

The numbers sn are related with the dimension and by the relationship among

dimension, Lyapunov exponents and entropy, there is a K > 0 such that

(26)

∣∣∣∣−λ (νn, f
n) +

h (νn)

sn

∣∣∣∣ < K,
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and so

(27)
sn (λ (νn, f

n)−K)

λ (νn, fn)
≤ h (νn)

λ (νn, fn)
≤ sn (λ (νn, f

n) +K)

λ (νn, fn)
,

by the expanding property of the EMR−maps (condition iii) of the definition) we

have that
∣∣∣(fn)

∣́∣∣ > Bn, for some B > 0 and so λ (νn, f
n) > Bn. From this concludes

that lim
n→∞

(
h (νn)

λ (νn)
− sn.

)
= 0.

�
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[13] M. Lapidus, J. Lévy-Vehel and J. Rock, Fractal strings and multifractal zeta functions, Lett.

Math. Phys, Vol. 88, 101-129 (2009).

294



ON A MULTIFRACTAL PREASSURE ... — JDSGT VOL.17, NUMBER 2 (2019)

[14] M. Lapidus and J. Rock, Towards zeta functions and complex dimensions of multifractals,

Complex Var Elliptic Equ. Vol. 54, 545–559, (2009).

[15] J. Li, M. Wu and Y. Xiong, Hausdorff dimensions of the divergence points of self-similar

measures with the open set condition, Nonlinearity, Vol. 25 93-105 (2012).

[16] R. D. Mauldin and M. Urbanski, Gibbs states on the symbolic space over an infinite alphabet,

Israel J. of Math., Vol. 125, 93-130, (2001).

[17] D. Mauldin and M. Urbanski, Dimension and measures in infinite iterated function systems.,

Proceedings London Math. Soc., Vol. 73, 105-154 (1996).

[18] A. Mesón and F. Vericat, On the topological entropy of the irregular part of V−statistics

multifractal spectra, J. Dynam. Sys. and Geom. Theories, Vol. 11, 1-12, (2013).

[19] A. Mesón and F. Vericat, Multifratcal spectrum for barycentric averages, J. Dynam. and

Control Sys., Vol. 22, 623-635 (2016).

[20] L. Olsen, Dynamical multifractal zeta functions, multifractal pressure and fine multifractal

spectrum, J. d´ Analyse Math., Vol. 131, 207-253., (2017)

[21] W. Parry and M. Pollicott, An analogue of the prime number theorem for closed orbits of

Axiom-A flows, Ann. of Math., Vol. 118, 573-591 (1983).

[22] Y. Pesin, Dimension theory in dynamical systems, contemporary views and applications, The

University of Chicago Press, 1997.

[23] Y. Pesin and H. Weiss, A Multifractal analysis of equilibrium measures for conformal ex-

panding maps and Moran-like geometric gonstructions, J. Statatistical Phys., Vol. 86, 233-275

(1997).

[24] O. Sarig, Existence of Gibbs measures for countable Markov shifts, Proc. Amer. Math. Soc.,

Vol. 131, 1751-1758 (2003).

[25] Sarig, O.: Thermodynamic formalism for countable Markov shifts, Proceedings of Symposia

in Pure Mathematics. 89, 81–117.(2015).

[26] H. Takahasi, Large deviations principles for countable Markov shifts, Preprint, (2018)

[27] F. Takens and E. Verbitski, Multifractal analysis of local entropies for expansive homeomor-

phisms with specifications, Commun. Math., Vol. 203, 593-612 (1999).

[28] F. Takens and E. Verbitski, On the variational principle for the topological entropy of certain

non-compact sets, Fundamenta Mathematicae, Vol. 105, 203-237 (2000)

[29] R.A. Wijsman, Convergence of sequences of convex sets, cones and functions,Trans. Amer.

Mat. Soc., Vol. 123, 32-45 (1966).

295




