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ABSTRACT. In this paper we consider the extended Chaplygin gas equation of
state as a model of dark energy for which it recovers barotropic fluids with
quadratic equation of state. We obtain scale factor dependence energy density
and Hubble expansion parameter for particular values of n, m and «. Similarly
for arbitrary values of n, m and a we have discuss nature of cosmological
parameters such as scale factor, Hubble expansion parameter, time dependent
dark energy density and deceleration parameter in the framework of Kaluza
Klein type FRW cosmological model. Further, we study stability of the model

by using speed of sound and observe that the model is stable at late time.
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1. INTRODUCTION

Recent discoveries by many cosmologists states that expansion of our universe is
accelerated. It provide new area of research in cosmological studies. It is observed
that major portion of the universe is filled with dark matter (DM) and dark energy
(DE). Therefore DE is one of the important discipline in theoretical physics and
cosmology [48]. The most important question is describing the nature of DE. For
searching the best possible solutions of this problems number of models are proposed
during last few decades for example new exotic forms of matter i.e. quintessence
[10, 5]. Another candidate is Einstein’s cosmological constant which has two cru-
cial problems so called fine tuning and cosmic coincidence [30]. There are also
other interesting models to describe the DE such as k-esssence model [2], tachy-
onic model [45], phantom [6], holographic models [24], inhomogeneous spacetime
[23, 8] and higher dimensional space time. While the above mentioned alternatives
to explain the observed acceleration of the current phase have both positive and
negative aspects, the one that caught the attention of large number of workers is the
introduction of a Chaplygin type of gas [51, 32, 33] as new matter field to stimulate
a sort of DE.

The concept of higher dimensional model was first introduced by Kaluza-Klein
(KK) [22]. According to this theory universe may have five dimensions, where
the extra dimension of FRW metric is considered to unify Maxwell’s theory of
electromagnetism and Einstein’s gravity theory. After extensive research many
cosmologists found that higher dimensional cosmology provide better platform to
understand the interaction of particles. As we know our space-time is explicitly
four dimensions, it is believed that the unseen dimensions must be connected to
the DM and DE. For various DE and DM, KK cosmological models are studied
by number of authors [17, 31, 42, 4, 19, 3]. The original KK theory becomes base
for other extra dimensional theories in different perspectives like brane models [11],
string theory [35] and super gravity [49]. Therefore, it would be very interesting
to develop the Chaplygin gas (CG) model in the KK universe. Many researchers
studied CG model in the frame work of KK theory, for example, Khadekar et al. [20]
studied role of modified Chaplygin gas (MCG) in Little Rip cosmological models in
KK theory, variable modified Chaplygin gas (VMCG) in anisotropic universe with
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KK metric discussed by Chayan et al. [9], variable Chaplygin gas (VCG) in KK
framework investigated by Salti et al. [44], etc.

An interesting model to describe DE is CG [19, 3]. Pure CG obeys equation of
state (EoS) [7] of the form,
(1) p=-

B
r
where p and p are pressure and energy density respectively and B is positive con-
stant.

CG is not consistent with observational data [16]. Motivated by the desire to
investigate the observational loopholes better and better the form of EoS of matter
is later generalized by adding arbitrary constant with an exponent over the mass
density, which is called as GCG.

The EoS for GCG is given by

(2) p=——,

where 0 < a < 1.

At high energy GCG behaves almost like a pressure less dust whereas at low
energy regime it behaves like a DE, its pressure being negative and almost constant.
Thus GCG smoothly interpolates between a non relativistic matter dominated phase
in the early universe to a DE dominated phase in the late universe. This interesting
property of GCG has motivated cosmologists to consider it as a candidate for DM
and DE models. It is also possible to study viscosity in GCG [38, 52, 50, 39, 40, 1].
Later on GCG disqualified because it violates the time honored principal of energy
conditions, it is fairly successful to interpret the observational results coming out
of gravitational lensing or recent CMBR and SNe data in varied cosmic probes via
the fine tuning of the value of the newly introduced arbitrary constant. The form
of EoS is again modified through the addition of an ordinary matter field, which
is termed in the literature as MCG, claiming even better match with observational
results. The MCG equation of state has two parts : the first term gives an ordinary
fluid obeying a linear barotropic EoS, and the second term relates pressure to some
negative power energy density. So here we are essentially dealing with a two-fluid

model.
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MCG obeys EoS of the form,
B
) o

where 0 < A < 1/3.

However, it is possible to consider barotropic fluid with quadratic EoS or even
with higher order EoS [25, 37]. Therefore, it is interesting to extend MCG EoS
which recovers at least barotropic fluid with quadratic EoS. This is called extended
Chaplygin gas (ECG), which was first proposed by Pourhassan and Kahya [36].

The EoS for ECG is defined as,

(4) P = Z Anpn - p%'

But if we reduce n = 1 above expression recovers standard MCG [14]. For
particular choices of constants, ECG model reduces to GCG [3, 50, 54] and MCG
[26] models. An attractive property of this type of model is that two unknown dark
sections in the universe i.e. DE and DM can be unified in an exotic EoS. ECG models
have been studied widely. For example, Saadat [41] investigated cosmological model
of the early universe based on ECG, Salehi [43] studied bouncing universe in the
presence of ECG, Khurshudyan [21] discussed interacting ECG in Lyra manifold,
etc.

With the motivation of this work, in this paper we have generalized work of
Pourhassan and Kahya [36] by assuming B as a function of Hubble parameter of
the form B = BoH ™™ in the framework of KK theory of gravitation.

This paper is organized as follows: In section 2 we have consider FRW cosmolog-
ical model filled with ECG and derived Einstein field equations, to study cosmolog-
ical parameters. In section 3 we have obtained numerical solution for cosmological
parameters and discussed their behavior graphically for different values of n. In
section 4 we calculated deceleration parameter and checked its consistency with ob-
servational data. In section 5 we find square of speed of sound C? = p/p > 0 to test
stability of our model in the framework of KK theory of gravitation. In section 6
we give concluding remarks. All numerical calculations and graphical analysis had

been performed by using Wolframs Mathematica and Maple software.
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2. Field equations and their solutions

The KK type Friedmann-Robertson-Walker (FRW) universe is described by fol-
lowing metric,
(5) ds* = dt* — a*(t) [dr® + r* (d6” + sin®0d¢*) + d¥?]
where a(t) is the scale factor.
The Einstein field equations given by,
1
(6) RY — SRl =T,

where T# is energy momentum tensor.
It is assumed that our universe is filled with the ECG which plays role of DE with

EoS (4). In this case energy momentum tensor can be written as follows,
(7) Tl = (p + )3y 0, — pol,

where p is the energy density and p is the isotropic pressure.

Also, u’ =1and v’ =0 (i =1, 2, 3, 4) with ¢g"u,u, = 1.

The Einstein field equations for the model (5) with the help of Eq. (7) becomes
22

a P
8 - E
(®) =t
a a®  —p
©) 2+5-2

a [¢

7
We assume the law of conservation of energy (Tl; = 0) which gives
(10) b+ 4H(p+p) = 0.

3. Extended Chaplygin gas cosmology

Pourhassan and Kahya [36] considered the ECG EoS (4) with B is constant. In
our work we consider B is inversely proportional to some power of Hubble parameter
H of the form,

(11) B(H) = BoH™™,

where m is positive constant.
Thus EoS (4) becomes,

BoH™™
(12) p= 3 A" - 20—
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By using Einstein field equation (8) in Eq. (12) we get

N B 6m/2
19 p=3 A=

n
In the following subsections we have determined energy density as a function of
scale factor and Hubble parameter for particular values of m, n and «, from Egs.

(10) and (13) by using method proposed by Pourhassan and Kahya [36].

3.1. n = 1. For this case if we assume A; = A, the EoS for ECG defined in Eq.
(13) reduces to,

_ Bo(6)™/?

(14) p:Ap poc—i-m/2 :

By using Eq. (14) in Eq. (10), we get following energy density,

(15)

)

BO(6)m/2 C m
- { 1+ A - a4(1+a+m/2)(1+A):|

where C is constant of integration.

By using Eq. (15) in Eq. (8) Hubble parameter is defined as,

w et

Bo(6)™/? C Beere=rye)
a 6| 1+A4 a4(1+04+m/2)(1+A)} )

By using numerical method we have solved the Friedmann equation (16) and obtain
the time dependence of scale factor as shown in figs. 1 - 4 for different parameters.
Here we have fix A, By and m and observed the behavior of scale factor for different
values of a. It has been observed, from fig. 1 shows that scale factor increases with
increasing « in early time whereas fig. 2 shows that it decreases with increasing «
in late time.

Also in fig. 3 we fixed A, m, o and found that value of By doesn’t matter in early
universe because density is high at the initial stage, which reduces the second term
of EoS to negligible value. Next we take A = (1 —«a)/(1 4+ «), Bp =3, m =1 and
represent behavior of scale factor for different values of « in fig. 4, which shows
that scale factor decreases with increasing c.

For comparing this case with observational data we discussed Hubble expansion
parameter as a function of redshift [34] graphically in fig. 5 for particular values of
arbitrary constants A, By, a and C. The initial value of Hubble expansion parameter

for C' = 1 obtained as Hy ~ 70 which is near several observational data [12]. From
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FIGURE 1. Scale factor versus time for By = 3, A = 1/3, m = 1,
a = 0.1 (green line), @ = 0.7 (blue line), a = 1 (red line).
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FIGURE 2. Scale factor versus time for By = 3, A = 1/3, m = 1,

a = 0.1 (green line), @ = 0.7 (blue line), o = 1 (red line).

fig. 5 it is clear that the solid line is near the best fit values [27, 53] i.e. for small

values of constant C' this case have agreement with observational data.
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t

FIGURE 3. Scale factor versus time for A = 1/3, m = 1, a = 0.5,
By = 0 (yellow line), By = 0.6 (green line), By = 1.8 (blue line),
By = 2.5 (black line), By = 3.4 (red line).

t

FIGURE 4. Scale factor versus time for By = 3, A = };—Z, m =1,

a = 0.1 (green line), « = 0.5 (blue line), a = 0.9 (red line).

32. n=2,m =1, a« = 1/2. For this case if we assume A; = A; = A, Eq. (13)

becomes

(17) p:Ap—i—Apz—BO';/é.
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FIGURE 5. Hubble parameter versus redshift for By = 1, A = 1/3,
m=1, a =0.5 C=0.1 (solid line), C = 0.6 (dotted line), C =
0.8 (dashed line).

By using Eq. (17) in Eq. (10) we get

(18) / dp _ oy e
[(1+ A)p+ Ap2 — Yo | a

On solving Eq. (18) we get,

(19) p= {

Xa® + Cya—iA4(2+3X)
a8 ’

where Cj is constant of integration and X is root of the equation.

(20) (14 A)X? + AX® — Byv/6 = 0.

By using Eq. (19) in Eq. (8), we define Hubble parameter as,

H = g == \/Xas + COG_4A(2+3X)
a

21
( ) 6ad ’

For this case variation of Hubble parameter with respect to redshift is plotted in

fig. 6 for different values of Cy and it is found that this case is far away from

observational data at any time.
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FIGURE 6. Hubble parameter versus redshift for By = 1, A = 1/3,
m =1, a = 0.5, Cy = 0.6 (solid line), Co= 1 (dotted line), Cy =
1.6 (dashed line).

3.3. n =3, m =1, a = 1/2. For this case if we assume A; = A; = A, Eq.
gives
B
(22) p:Ap+Ap2+Ap3—\/€pO.
By using Eq. (22) in Eq. (10) we get
(23) / dp _ oy [
[(1+A)p+Ap2 + Ap? — Lﬁf"} a

On Solving Eq. (23) we get expression for energy density as,

Y o8 + Cla4A(2+3Y+4Y2)]

(24) p= pr

where (' is constant of integration and Y is root of the equation,

(25) (A+1)Y2+ AY? + AY* — Byv6 = 0.

By using Eq. (24) in Eq. (8) we get

(26) H="=

)

a \/y a8 + Cra—4AR+4Y?+3Y)
8
a
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FIGURE 7. Hubble parameter versus redshift for By = 1, A = 1/3,
m=1, o =0.5, C; = 0.6 (solid line), C; = 1 (dotted line), C; =
1.6 (dashed line).

In this case behavior of Hubble parameter versus redshift is shown in fig. 7. From
figs. 7 and 8 it is observed that the behavior of Hubble parameter is same for the

cases n = 2 and n = 3, therefore we check the next case for arbitrary value of n.

3.4. n = § (arbitrary), m = 1 and a = 1/2. In previous subsections we
discussed some particular cases of n,m and «. By repeating the process used in
section 3.2 and 3.3 we get expression for energy density corresponding to m = 1

and o = 0.5 as

8 —4A(243(B+1)¢P )
(27) _ Ca® + Caa

)

a®
where C is constant of integration and ( is root of the equation,
(28) (A+ 1)+ A) P =By =0.

B

We can calculate H(z) by using relation

(29) =L
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FIGURE 8. Variation of Hubble expansion parameter against red-
shift for arbitrary value of n and o. We fix ¢ = 0.3 and d = 1 (solid
line), d = 1.3 (dotted line), d = 1.5 (dashed line), d = 1.7 (dash
dotted line), d = 1.9 (long dashed line): dots denote observational
data [46, 28, 47, 29, 13, 15].

where Hy being the present Hubble parameter in the form,
(30) Q(2) = Qo[1 + (1 + 2)7)2,

where ¢ and d are the constants related to A, By, Cy and m.
Since there is only one fluid and spatial section is flat choose Qo = 1. Using Fried-
mann’s Eq. (8), it is possible to obtain H(z) and compare it with the observational
data, which is shown in figs. 8, 9 and 10. From figs. 8 and 9, it is clear that for
c=0.3,d =19 and ¢ = 0.5,d = 1.3 respectively, Hubble parameter is in best fit
with the observational data. On the other hand fig. 10 represents for ¢ = 0.7 and
different values of d, Hubble parameter is not consistent with the observational data.
From this, we can conclude that as the value of ¢ increases H(z) shows disagreement

with observational data.

3.5. Arbitrary n, m and «. For arbitrary values of n, m and a we define dif-
ferential equations for different cosmological parameters. Using Egs. (8) and (13)

in Eq. (9) and by assuming A,, = A we get the following second order differential
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FIGURE 9. Variation of Hubble expansion parameter against red-
shift for arbitrary value of n and o. We fix ¢ = 0.5 and d = 1 (solid
line), d = 1.3 (dotted line), d = 1.5 (dashed line), d = 1.7 (dash
dotted line), d = 1.9 (long dashed line): dots denote observational
data [46, 28, 47, 29, 13, 15].

equation in terms of scale factor
i a2 1 a\>" woy (@) 2T
1 2— + — + = "A| - — By(6)2 T = =0.
By e rgera(y) -me(7) 0

We solved Eq. (31) numerically to obtain behavior of scale factor versus time.
Fig. 11 shows that general behavior of scale factor. It is observed that increasing
n decreases value of scale factor and fig. 12 shows variation of scale factor against
varying n at the early time. Fig. 13 shows that scale factor increases with decreasing
value of a.

On the other hand we combine Eqgs. (8), (10) and (13) to obtain the following first

order differential equation of the energy density

) 4
(32) p+ NG

To study the nature of dark energy density we solved Eq. (32) numerically. Results

p? + A (Z pnﬁ) — Byvemp (et | — .
n

of numerical analysis are represented by figs. 14, 15 and 16. From these figures, it

is clear that dark energy density is decreasing function of time. In fig. 14 and fig.
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FIGURE 10. Variation of Hubble expansion parameter against red-
shift for arbitrary value of n and o. We fix ¢ = 0.7 and d = 1 (solid
line), d = 1.3 (dotted line), d = 1.5 (dashed line), d = 1.7 (dash
dotted line), d = 1.9 (long dashed line): dots denote observational
data [46, 28, 47, 29, 13, 15].

1000

FIGURE 11. Scale factor versus time for By = 3, A = 1/3, m=1,
a =0.9,n =1 (green line), n = 2 (blue line), n = 3 (black line), n
= 4 (red line).
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FIGURE 12. Scale factor versus time for By = 3, A = 1/3, m=1,
a =0.9,n=1 (green line), n = 2 (blue line), n = 3 (black line), n
= 4 (red line).
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200+

FIGURE 13. Scale factor versus time for By = 3, A = 1/3, m=2,
n=2, o = 0.11 (green line), & = 0.9 (blue line),a = 0.5 (red line).

15 we can see that energy density decreases with increasing n and m. Fig. 16 shows
that energy density increases with increasing a.

Now, by using Eq. (8) we can rewrite Eq. (9) as
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FIGURE 14. Energy density versus time for By = 3, A = 1/3, m
=2, a=0.9, 1 =1 (green line), n = 2 (blue line), n = 3 (black

line), n = 4 (red line).
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FIGURE 15. Energy density versus time for By = 3, A = 1/3,n =
4, « = 0.3, m =1 (red line), m = 6 (blue line), m = 11 (black line).

(33) H+2H? = %



KALUZA KLEIN TYPE FRW .... — JDSGT VOL. 17, NUMBER 2 (2019) 165

20

151

0 1
0.00 0.01 0.02 0.03 0.04 0.05 0.06

t

FIGURE 16. Energy density versus time for By =3, A =1/3, n =
3, m =6, a = 0.1 (red line), @ = 0.3 (blue line), o = 0.5 (green
line), @ = 0.7 (black line).

Using Eqgs. (8) and (13) in Eq. (33) we get following differential equation for Hubble

expansion parameter

. 1 .
(34) H+2H?+ 3 ST A H - Bo(6)~«H2(o+%) | = .
Numerical solution of above equation is represented in fig. 17 and it is seen that

Hubble expansion parameter decreases with increasing n.

4. Deceleration parameter

In section 3, we have discussed behavior of cosmological parameters by using
numerical methods. Since from Eqgs. (31), (32) and (34) we cannot define analyt-
ical behavior of these parameters therefore we use deceleration parameter to get
detailed knowledge about the dynamics.

The deceleration parameter plays vital role in cosmology which describes cosmic
dynamics for the late time acceleration. A positive deceleration parameter rep-
resents a decelerating universe, negative value describes accelerating universe and

q = 0 shows expansion of universe with constant rate. The deceleration parameter
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10

FIGURE 17. Hubble parameter versus time for By = 3, A = 1/3,
m=2 a=0.9,n=1 (green line), n = 2 (blue line),n = 3 (black
line), n = 4 (red line).

is given by

(35) q::—<d>222:—1—}?.

Using Egs. (8) and (13) in Eq. (35) we get
Z Apn— 1 B0(6)m/2
P p(m/2+a+1) .

At the early universe because of high energy density deceleration parameter may

(36) g=1+2

be reduced to the following expression

(37) g=1+2

Z Apnfl

Forn=1and A =—1 Eq. (37) gives ¢ = —1, i.e., we recover the results of ACDM

model. On other hand, behavior of deceleration parameter in late time may be
described by

(38) q=1—2Byp e+,

On putting a = —1 and By =1 in Eq. (38) we get ¢ = —1. It means for particular
choices of arbitrary constant involved in deceleration parameter we get ¢ = —1.

This shows universe is accelerating.
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FIGURE 18. Deceleration parameter versus density for By = 3, A
=1/3, m =2, a=0.7 and n = 1 (red line), n = 2 (blue line), n
= 3 (black line).

5. The speed of sound

There are different methods to investigate stability of the theory. In this paper
we investigated stability by using squared sound speed.

The speed of sound is given by

—_ P>y

39 C? =
(39) » -k

S

0«7‘@0«1

This is the important parameter to define the stability of model. We can choose the
appropriate constant in the energy density to have stable model. By differentiating
Eq. (13) with respect to time, we can obtained expression for squared sound speed

as

o D -1 (6)m/2(a +m/2) By
(40) qf_;_Eij" + SarirmD

where value of p for n = 2 and n = 3 can be obtained from Eq. (19) and Eq. (24)
respectively.

Here the nature of speed of sound in terms of scale factor for varying n is shown
in fig. 19 and it is noted that C? decreases with increasing a and become stable

after certain stage of evolution. It is clear that increasing n increases value of sound
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FIGURE 19. Variation of speed of sound versus scale factor for
By = 05,4 = 0.05,a = 0.5,C = 1,m = 1, n = 2 (black line),

n = 3 (green line).

speed. In early time, C? is decreasing and becomes stable at late time. Therefore

our model is stable.

6. Conclusion

In this paper we have presented FRW cosmological model of dark energy filled
with ECG and studied the behavior of cosmological parameters for particular and
arbitrary values of n,m, and a. Here we assumed the parameter B as a function
of Hubble parameter of the form B(H) = BoH ™. In case 3.1 we have obtained
energy density in terms of scale factor, Hubble parameter and scale factor by using
numerical methods. For different choices of n, m and « we plot scale factor versus
time in figs. 1, 2, 3 ,4. From figs. 1 and 2 it is observed that scale factor increases
with increasing « in early time and decreases with increasing « in late time. Fig.
3 shows that value of By doesn’t affect the scale factor initially because in early
time energy density is high, which reduces second term of Eq. (14) to zero. Fig. 4
shows that for A = (1 —«)/(1+ «) scale factor decreases with increasing «. For the
case n = 1, if we put m = 0 our results are consistent with the results obtained by
Pourhassan and Kahya [36].
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In case 3.2 and 3.3 we have plotted Hubble parameter versus redshift for different
choices of « and observed that their behavior is same for both the cases. In section
3.4 we have compared H (z) with the observational data which is shown in figs. 8, 9,
10. From graphs, it is clear that for some particular choices of ¢ Hubble parameter
is consistent with observational data and as the value of ¢ increases H(z) shows
disagreement with observational data. In section 3.6 we obtained numerical solution
for cosmological parameters and represented them graphically. From figs. 11, 12,
and 13 it is clear that, scale factor decreases with increasing n and «. Numerical
analysis for energy density is represented in figs. 14, 15 and 17. From these figures,
it is clear that energy density is a decreasing function of time. Also, it decreases
with increasing n and m. Numerical solution for Hubble expansion parameter is
plotted in fig. 17 and shows that Hubble expansion parameter is decreases with
increasing n.

In section 4, we obtained deceleration parameter and analyzed it’s nature in
early time and late time. From fig. 18 it is clear that a transition from decelerated
q < 1 to accelerated ¢ < 0 universe is observed when ¢ crosses the zero. Thus,
the universe passes from matter dominated era to dark energy dominated phase
and undergoes an accelerated expansion. We have also investigated stability of our
model by calculating square of speed of sound (C?). Fig. 19 shows the behavior of
C? against scale factor for different values of n. It is observed that speed of sound
starts with the positive value and become constant after certain stage of evolution.
Thus, we get stability of our model throughout the universe and there is no region

of instability.
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