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ABSTRACT. Suppose that M = (M, Aps) is a graded manifold and consider
a direct subsheaf D of DerA); and a graded vector field I' on M; both
satisfying certain conditions. We associate to the graded vector field I' €
DerAyy, a set of 1-forms (DerApy)f. and show that if ¢ € (DerAp)f is a
non-degenerate graded 1-form and X € DerA); such that for some superfunc-
tion f on M, Lx(J(¢)) = df, and ix (¢ — (—1)IFUSIHDd(p(A))) = 0, then
the superfunction F = f — J(¢)(X) satisfies LrF = I'(F) = 0. This result,
generalizes the conditions under which there exist a solution for the inverse

problem.

AMS Classification: 58A50, 58A30, 58C50, 7T0H33
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1. INTRODUCTION

Over the past few years, many studies have been devoted to the theory of sym-

metry for systems of second-order differential equations I'. One of the issues which
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has attracted attention in these studies is the generalization of properties of La-
grangian systems. In the developments in these directions, there have been many
important fundamental contributions, such as [12], [7], [15], [9], [14]. In some pa-
pers, the geometric characteristics of these systems are calculated. For example, a
characterization of symmetries of I' in terms of the transformations properties of
the Lagrangian L is considered in [7], also, geometric conditions for this vector field,
I, to be a solution of the dynamics defined by a Lagrangian function, are found in
[8]. In some other papers, a version of Noether’s theorem is described: Sarlet et al.
[15] associate to T', a particular subset of I-forms on T'M such that Lagrangian sys-
tems are characterized by the property that this subset contains an element which
is non-degenerate and exact.

In this paper, we will show how it is possible to enlarge some of these results to
cover the case of a graded Lagrangian dynamic. Of course, it should be noted that
good efforts have been made in this regard, see [4], [11], [16, 17].

We remark that the Lagrangian formalism of supermechanics takes place on
the tangent supermanifold of a graded manifold of dimension (m,n). The work
of Ibort et al [11], is an interesting study of the inverse problem of Lagrangian
supermechanics. Although the tangent supermanifold is not a bundle but from
the point of view of physicist, the arena to develop Lagrangian supermechanics is
the tangent supermanifold. On the other hand, the tangent superbundle will be a
suitable generalization of the tangent manifold from the theoretical point of view,
but its dimension is too big which is (2m + n,2n + m) while the dimension of the
tangent supermanifold is (2m, 2n). Related references are [3, 6]. We use the tangent
supermanifold in this paper.

In this paper we start with a graded vector field ' on a graded manifold M =
(M, Aypr) of dimension (m,n) and a direct subsheaf D of Der Ay of rank (r, s), both
satisfying certain conditions. By using the Lie bracket of I' and graded vector fields
of D, we construct another direct subsheaf C := D + [I', D] of DerAy; such that
rank,(C) = (r + rank[[', D)o, s + rank[l’,D]1). As shown in [1], if |T'| = 0, [I', D]o
and [I', D]; have maximal ranks respectively r and s, and if |I'| = 1, depending on
the dimension of the graded manifold M, there are several cases for introducing the

maximal rank of [I', D]y and [[', D]y, which in this article, we only consider one of
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them. In the case where M is a tangent supermanifold (T'M’, Apps), we see that
the local expression for an even graded vector field T" is the same as Ibort’s one [11].

We associate to the graded vector field I' € DerAyy, a set of 1-forms (Der Aar)f
defined by,

(1) (DerAn)i = {¢ € (DerAn)* | Lr(J(¢)) = (1) T}

We show that if L is a pseudo-Lagrangian function for I, i.e. dL € (DerAp)f, then
for any closed 1-form o on M, such that L = ipa, we have Lr(a—(—1)T1J(Lra)) =
0. Also, if ¢ € (DerAp)f is a non-degenerate graded 1-form and X € DerAy,
such that for some superfunction f on M, ix (¢ — (—1)IT1I¢+Dg(¢(A))) = 0 and
Lx(J(¢)) = df, then the superfunction F' = f — J(¢)(X) satisfies Lr F' = I'(F) = 0.
We can apply these results to find another Lagrangian as a solution of the inverse
problem for T". In other words, these results generalize the conditions under which

there exist a solution for the inverse problem.

2. PRELIMINARIES

Let M = (M, Apr) be an (m, n)—dimensional graded manifold, the sheaf of left
Aps—modules of derivations of a graded manifold M is the subsheaf of EndAj,
whose sections are linear graded derivations and denoted by Der.Ay, the sheaf of
graded derivations of Ajp;. Let D be a locally free sheaf of Ay;—modules. D is a
direct subsheaf of DerAy; of rank (r,s), if for each point p € M there is an open
subset U over which any set of generators {D;, Du|l < i < r, 1 < u < s} of the
module D(U) can be enlarged to a set

{CuvDivaCa r+i<u<m MM s G <a<n D=0 W0 o, |=1

1<i<r g 1Snss  |Cu]=0 dDﬂl—l}

of free generators of Der Aps. A direct subsheaf D of Der Ay is involutive if [D, D] C
D (see [13]).

Let D be an involutive direct subsheaf of Der Ay of rank (r, s) such that 2r < m,
2s <n and T" a homogeneous graded vector field on M such that T ¢ D. Set

C:=D+[I,D|={D, +[,Dy]: Dy, Ds € D}.

Here a brief description of the geometry of I' and D is given, for more details, see

[1].
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Theorem 2.1. Suppose that the graded vector field ' on M is such that [T, D]ND =
{0}
(1) If [T'| = 0, [I', D]y and [I',D]1 have mazimal ranks respectively v and s. Then
rank,(C) = (2r,2s).
(2) If IT| =1, then
e form = 2r,n=2s,
— ifr < s, both [T, D]o and [, D]; have the same mazimal rank r,
— if r > s both [I', D]y and [I', D)1 have the same mazimal rank s,
o form=2r+1,n=2s,
—ifr <s, [I',D]p and [T, D]; have mazimal ranks respectively r + 1 and
T7
— if r > s both [I', D]y and [I',D]; have the same mazimal rank s,
e form=2r,n=2s+1,
— if r < s, both [[', D]y and [T, D]; have the same mazimal rank r,
—ifr > s, [[, D]y and [, D]y have mazimal ranks respectively s and
s+1,
o form=2r+1,n=2s+1,
— if r = s, both [[', D]y and [T, D]; have the same mazimal rank r,
— ifr < s, [I,D]o and [T, D] have mazimal ranks respectively r + 1 and
rﬂ
—if r > s, [I,D]o and [I',D]; have mazimal ranks respectively s and
s+ 1.
In each of these cases, rank,(C) = (r + rank[l', Do, s + rank[l’, D]1).

All the details of the proof of this theorem can be found in [1].

Hereafter, unless otherwise stated, we will assume that the graded vector field "
satisfies the conditions of Theorem 2.1, and [C,C] C C. From the above theorem, we
see that if {D;, D,} is a local basis of D and if we set C, = [I', D] (for |D,| = 0)
and Cy = [I', Dy] (for |Dy| = 1), then {C,, D;, D, Cy} is a local basis for C, where
{C4, Cy} are generators of [I', D]. Thus C is a direct subsheaf of DerAys. Moreover,
C, = [I', Dy] and Cy = [T, Dp] are respectively odd and even graded vector fields
whenever T is odd and |D,| =0, |Dy| = 1.

Now we consider a graded tensor field on C which can be extended to a tensor

field on M as a nonlinear connection similar to the classical case. Consider the
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tensor field J : C — C of type (1,1) by
(2)  J(Xa)=0 and J(Yy)=—-Xa, Xa€{Di,D,},Y, =T, Xd.

It is called pseudo almost tangent structure (see also [5, 11]). Clearly J? = 0 and
|J| = |T|. If [T'| = 0 then Im J = Ker J=D.

From now on, we suppose that m = n = 2r and r = s. The reason for choosing
this particular case is that all the results are valid for the case in which I' is an
even graded vector field, r and s are arbitrary and m = 2r,n = 2s, but some of the

theorems can not be concluded for the odd graded vector field T'.

Theorem 2.2. Let D and C be involutive and I' € C. Assume that the set N =
{z€ M :T(2) € D(2)} C M, is nonempty.

(1) If |T'| = 0, then we may choose supercoordinates (T, Yi; My, Cu),t = 1,...,m p =
1,...s, with respect to which

0 0 0 0
F=yi%+1¥(x,y;n,<)6fy+§u6n + T, (z, y;m, Oac
i % ”w

(2) If T| = 1, then we may choose supercoordinates (Z;,Yi; My, Cu), @M, a,b =

1,...,7, with respect to which

0 0 0 0
F=Ca%+F($yn<) +yb%+F( ynC)a<
a I3

See [1], Theorem 4.3., for details.

3. DYNAMICAL SYMMETRY OF SUPER SODE

First, we recall some basic relations from graded tensor calculus necessary to this

paper.

Lemma 3.1. [2] For each X,Y € Der Ay, o € (DerAp)* and (1,1) tensor filed
T=7Qw, we have

1) (T(X)) = (-)TIH(T())(X),

) Lx(W(Y)) = (Lx)(Y) + (—=1)VIXlyp(LxY),
3) Lx(T(Y)) = (LxT)(Y) + (-1)X1T1(LxY),
) L

4

(
2
(
(

xy] = [£x, Ly].
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With the help of the theorem 2.2, we can write the local representation of J.
The behavior of the tensor J is similar to the vertical tensor in classical mod. Let
IT| =0, and let (z,y,7n, () be the corresponding coordinate (as defined in Theorem
2.2). Then

0 0
J=—®dr; — — Rdn,.
ayi aC/L a

In case |T'| =1, r = s and (x,y,n, () is the corresponding coordinate (as defined in

Theorem 2.2), we have

J = —%@dwi— a(;@dnu.
In both cases, we have J?2 = 0 and J(I') = A, where A = ylai + Cuai, similar
to the one in classical case. v g
Let X € Der Ay, we have
(3) Lyxy] =JoLx]=—(-)I¥cy g0

Thus, if X € Der Ay, satisfies J(X) = 0, then J o LxJ = 0. In particular for each
Y € DerAy and ¢ € (DerAp)*, we have

(4) (Lrd)o J(Y) = —(=1)"J o (LrJ)(Y) = (=1)T1J(Y)
©) ~(WIILrT) 0 () = T o (LrT)(W) = (<! T

It is also straightforward to obtain

(6) (Lrd)? =1,
for |T'| =0, or
(7) (LrJ)? =1- 2(8‘; ® J(dl;) — a2, ® J(dI',))

respectively, for |I'| = 1.
We associate to any homogeneous graded vector field I' € DerAys, a set of
1-forms (DerAxr)f: defined by,

®) (DerAn)i = {¢ € (DerAwn)* | Lr(J(4)) = (—1)Tlg}.
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From Theorem 2.2, the local expression for ¢ is

9) ¢ = A'dy; + T'(A")dz; + B"d(, + T'(B*)dn,,,
for |T'| =0, or
(10) ¢ =Aldy, + B'dG, + (1) PIT(B)dw; + (=)' ID(A")dn,

respectively, for |T'| = 1, where, A® and B* are smooth superfunctions on M. In

both cases, we have

Le(I(f) = (=) fé + (=1)TVIT(f) T (9).
This shows that if ¢ € (DerAy )i and if f € Ay is a superfunction satisfying
['(f) =0, then f¢ € (DerAn)s.
Now let ¢ € (DerAn )i and f € Ay, since J? =0 and Lr(J(¢)) = (—1)ITg, we
have
Lo(J(fe + (=TT I()
= Lr( 1)IF||f\fJ( ®) + (— 1)IF\(1+\f\)+|FHF(f)Ip(f)J2(¢))
= ()W) T(g) + (~1)OHD £)
= (=DIF(Fo + (~1)TOHIIT(f).7(9)).

This shows that f¢ € (DerAn)f. Thus (DerApr)f can be endowed with a Ap-

module structure by means of the product

)
(=
)
)

fro=fo+ (—)MOTIDT(£)I(8), f€ A, ¢ € (DerAn)i.

Proposition 3.2. If ¢ € (Der Ay, then we have

(11) irdJ(¢) = (-1)lp — (=1)TI?ldg(A)
and, for |T'| =0,
(12) ir(¢ — do(A)) =

Proof. Since ¢ € (DerAp)%, from the definition we have Lr(J(¢)) = (—1)T1¢ and
then

irdJ(¢) = (1Ml —d(J(¢)(I))
= (=1)"g — (—1)Fela(p(I(1))).
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Since J(T') = A, thus irdJ(¢) = (—1)ITl¢ — (=1)ITI¢ldep(A). The second part of the
theorem can be easily obtained from ir(irdJ(¢)) = 0 for |T'| = 0. O

Remark 3.3. Let us recall that in the non graded case, once we have a second-
order differential equation I, we can associate to it a 1-form ¢ = dL which satisfies
Lr(J¢) = ¢, where J is the almost tangent structure on the double tangent manifold
and L is a regular function on the tangent manifold. Regularity of L is used to define
the notion of regularity for ¢. The analogous projection process can also be done in
the graded case. Then, suppose that ¢ € (DerApy)t. If |T'| = 0, then from Theorem
2.2, we have J(¢) = A'dx; + B*dn,,. Let

0A7  9BY
dy;  0y;
(13) oA o
0C,  O0Cu
Al OBY 0AI
denotes the matriz obtained from dJ(¢p) such that whose entries, 6—, 8—, a—
Oy; Oy 3(#

v

and are the coefficients of dy; N dxj,dy; N dny,dC, N dx; and d¢, A dn, re-

e
spectively. Then the regularity condition for ¢ is that the above matriz (13) is
non-singular. Similarly, for |I'| = 1 and r = s, and from Theorem 2.2, we have
J(¢) = (=1)\?l(—=Ardn, + Bidz;), and the regularity condition for ¢ (in this case)

s that the matriz

oBJ _6A”
y; Ay;
(14) aBi pav
¢, 0Cu
OBY 0A7 0OB¥ OA7
obtained from dJ is mon-singular, where ,———, —— and——— are the
from aJ1(9) / oy oy 06, "B,

coefficients of dy; N dxj,dy; A dn,,dC, A dzj and d, A dn, respectively. Then ¢ is

called non-degenerate if the above matriz (14) is non-singular.

Definition 3.4. Let I be even (respectively odd), ¢ € (DerAp)t is called regular
or non-degenerate if the above matriz (13) (respectively (14)), obtained from dJ(¢)

is mon-degenerate.

Definition 3.5. A graded vector field T" is called a pseudo-Lagrangian vector field
if there exists a non-degenerate ¢ € (DerApr)f which is exact: ¢ = dL for some

L € Ay. L is called a pseudo-Lagrangian function for T'.
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It should be remembered that if ¢ = dL € (DerAy)f, for some L € Ay, then
from the condition Lr(J(¢)) = (—1)I"l¢ we can obtain two equations. Using (9)
and (10), it is easy to check that these equations, in terms of the supercoordinates

we have been using, are

(15) F(%) — i aj;ij L ajj;yj o 622;77“ Ly 8558L<:V - c%’
(16) F(gé;) =i a?jgxi +T; a?;aLyj +G 532;?7:/ +T, a?;aLgy = gi
for |T'| =0, or

1) ) =g sy P O,
(18) r(gi) =& aga;ain 1 a?;aLyj I 84(?;;% " F,”c??jgéu - gﬂi’

respectively, for |T'| = 1.

Theorem 3.6. Let « be a closed 1-form such that Lr(a — (=1)TLJ(Lra)) = 0, if
L =ipa, then T' is a pseudo-Lagrangian graded vector field. Conversely, if L is a

pseudo-Lagrangian function for I', then for any closed 1-form « such that L = irc,

we have Lr(a — (=1)TLI(Lra)) = 0.

Proof. Given a closed 1-form « satisfying Lr(a — (=1)T1J(Lra)) = 0. If L = ira
then dL = Lra, and

Lr(J(dL)) — (~1)MdL = Lr(J(Lra)) — ()T Lra
= (- Lp(a — (~)TI(Lra)) = 0.

Conversely, let « be a closed 1-form ipaw = L. Then Lra = dL and

Lr(a— (=DM J(Lra)) = Lra— (-DIVLp(J(Lra))
=dL — (-D)IMgp(gar)).

Since L is a pseudo-Lagrangian function for T', we have Lr(a — (—1)"1J(Lra)) =
0. O

We now introduce tensor fields which preserve (DerAps)r and (DerApr);.
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Definition 3.7. Suppose that By and By are two (1,1) tensor fields. We say that

Bi commutes with Ba, if we have
[B1,Bs] = B1B; — (—1)|Bll|52\5231 -0

Let B be a (1,1) tensor field such that [J,B8] = 0 and LrBoJ = 0. If ¢ €

(DerApr)i, then from Lemma (3.1), we have

Lr(J(B(¢) = (="' B(¢) = Lr(J(B(9))) — B(Lr(J(9)))
= Lr(J(B(0))) — (=1)"E(Lr(B(1(¢))) - (LrB)(J ()
(19) = Lr([1.B](¢)) + (=!I (LrB o ) (¢) =

Therefore B((DerAp)f) C (DerApg)t, i.e. B preserves (Der Apr)f. From Theorem

2.2, the local expression for B is

) )
B ak{—®dxk+ ® dyr} +T(af)(5— ® day)

dy; 9y,
N b;{ai @ dn, + % @ dG} + T 63 & dn,)
+cﬂ{f®dnﬂ+ aay & dGu} +T(c ><£j®dnu>
(20) +dﬂ{—®dxj o, ®dyj}+F(dj)(8(2ﬂ ® dz;).
for [T'| =0, or
B =a§{8ij ® dry, ai ® G} + <—1>B'r<a§><a§j ® day)
+ bﬁ{aiu ® dny — aiﬂ @ dy,} — (UlBF(bZ)(ai @ dny)
g B, = 5 ©dy) — (VPN G @)
(21) +di{8i®dxj — a®de}+(—1)'B'F(di)(ai®d%‘)a

respectively, for |T'| = 1, where af, by, cJ and d] are smooth superfunctions on M.

Proposition 3.8. Let Y be a graded vector field. With respect to T', there exists
a unique type (1,1) tensor field By (|By| = |Y|) on M, satisfying the conditions
[J,By] =0, LrBy o J =0 and for each 1 € (DerAp)*, we have

(22) Jo By — (—1)TWIzy. 1) (y) = 0.
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Proof. To find By, there are two cases related to I', as described above. So given I
as in Theorem 2.2 and in the first case, assume that |I'| = 0. Thus Y can be written

in the local representation as

, -0 0 0
[ . m_ = H_—
0x; 0y; e 3% d aC;L .

By using (20) and (22) we obtain

Y =

ot = g;i, b= —(— )'Y‘ZZ
o =—(= )IYgZZ ig;
So,
By = gzk 8(; ® dag + aa ®dyk}+1“(g Z)(aayj@@dxk)
— (UM (G e dn o+ 5 9 d} - ()Y TGN G 9 dn)
- COMEE T @+ e 96} - (DTG ) e @ )
g; 68 ©dvy + 5 ®dyj}+r(gyj)(£®dxj)

Similarly, if |I'| = 1, then with respect to the coordinates related to this case, we

0 0
have Y = q’ + b -+t o—+ d"*——, and by using (21) and (22) we obtain

ly|oa” 8aj b oct

k _ __
aj B ( ) 6Ck me 8yl/7

ly|9¢ 80’“’

C?:Tyu’ dﬂ:_( 1) oG
So,
B =0 9 o 0} + T (2 6
- @~ g @ )+ (DTG )
B Ly @~ 3, @) = (CUVRE G )
) S e ey - - 9~ TG )
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Consider the set
(23) (DerAy)r ={Y € Der Ay | J([I',Y]) = 0}.

From Theorem 2.2, the local expression for Y € (DerA)r is

; 0 0 0 0
Y = Tr — + I(c
) e oy T o T3,
for |I'| =0, or
;0 5] i, g O 0
— 4t w_Z (et —D)e" I (gt 2=
(25) Y =a oz, +c n (=)' (c )8% + (=) 'T'(a )aCM

respectively, for |T'| = 1, where, a* and ¢ are smooth superfunctions on M. Given
the local form (24) for Y, then

0 0 ) 0
[,Y] =I(a )axZ +IT(a )8% + (et )—am +FF(c“)—8CM
.0 0 0 ,. 0
~T@) g = YT g ~ L) 5=~ Y () -
i 7 yn L

Also for (25), we have

0 N N N
[[,Y] =I'(a )8% +(71)‘Y|FF(C)@+F(C )8—%+( 1)YITT(a )%
= (YR S+ ¥ () o+ (<)) S V() 5

Definition 3.9. A pseudo-dynamical symmetry of I' is a graded vector field Y €
Der A such that [I,Y] = 0.

From the definition above it is clear that if Y is a pseudo-dynamical symmetry
of T', then Y € (DerAps)r. This yields that the coefficients of Y satisfy

(26) IT(a') =Y(Iy), and TT(c*) =Y (T,)
for [T'| =0, or
(27) I'T(c¢') =Y(Iy), and TIT(a*) =Y (I,)

respectively, for |I'| = 1.

The following result is one useful way of formulating the general relation between
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(DerApr)r and (DerAp)f. Thus, if Y € (DerAy)r and ¢ € (DerApr)i, then
from (8), (23) and Lemma 3.1, we have
¢(YV) =(=1)FLr(J(9)(Y) + ¢(J (LrY))
28)  =(-DI"Lr(I@)(Y) + ()T (1(9)(LrY) = (=DM Lr (T (6)(V)),
In case || = 0 and From (9) and (24), we have
(29) oY) =T(A'?) + (—=1)YID(BHeM).
Similarly, if |T'| = 1 From (10) and (25), we have
(30) B(Y) = ~(~1)*I(B'a’) + (-1)PHYIT(Arer).

Proposition 3.10. Let B be a (1,1) tensor field such that [J,B] =0 and LrBoJ =
0. Then B preserves (DerAp)r and (DerAp)}.

Proof. In (19) we proved that B preserves (DerAy)%. For YV € (DerAy)r and
(DerAn )i, we have
$(B(Y)) =(-1)/FIIB(¢)(Y) = (—1)FI?HITI L (7 (B()) (V)
=(=D)IRPHEDFR LL(B(1(9)(V)) = (=1)M Lo (T(9)(B(Y)))
=(=DIMLe (T () (B(Y)) + (=111 () (Lr (B(Y)))
=p(B(Y)) + ¢(J([L, BY)])).

Therefore ¢(J([I', B(Y)])) = 0. Since ¢ € (DerAp)f is arbitrary, it follows that
J([I',B(Y)]) = 0, which implies that B((DerAp)r) C (DerAp)r, i.e. B preserves
(Der.AM)r. O

Proposition 3.11. Let ¢ € (DerAy)f. Assume that X is a symmetry of T', such
that LxJ =0, then Lx¢ € (DerAp)¥.

Proof. We show that Lx¢ = (=1)T1Lr(J(Lxe)). Since ¢ = (=1)F1Lr(J(9)), it
follows that
Lxp = (F)IEHDLLLy(I(9))
= (DML (LI (9)) + (=D)L (J(Lx9))
= (—)IMLr(I(Lx9)).
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Proposition 3.12. Given a non-degenerate graded 1-form ¢ € (DerApnr)y. Let
X € Der Ay has the following two properties:

(31) (1) Lx(J(p)) = df, for some superfunction fon M,
(32) (2) ix (&= (=T Da(g(a))) =o,

then the superfunction F' = f — J(¢)(X) satisfies LrF' = I'(F) = 0. Conversely,
Suppose F is a superfunction on M such that LrF = 0, there is a graded vector
field X € Der Ay satisfying (31) and (32).

Proof. From (31) we get
ix(dJ(#) = Lx(J()) = d(ix (J(9))) = df — d(J($)(X)) = dF.
This yields that
irix(dJ(¢)) = T'(F).
From (11)) and (32) we have
L(F) = irix (dJ(¢)) = —(-1)*Mixir(dJ(9)) = 0.

Conversely, since ¢ is non-degenerate, there exists a graded vector field X, such that
it is the solution of the dynamical equation ixdJ(¢) = dF. From F = f — J(¢)(X)

we have

df = dF +d(J(#)(X)) = ixdJ(¢) + d(ix(J(9))) = Lx(J()),

also, from I'(F') = 0 we obtain

0 =T(F) =ir(dF) = ir(df — d(ix(J(¢)))) = ir(df — Lx(J(¢)) +ix od(J()))
=iroix(d(J(¢))) = —(-1)"¥lix oip(d(J()))
= —(-1)"¥ix ((=1)llg — (=1)M?la(p(A)).
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4. THE TANGENT SUPERMANIFOLD AND AN INVERSE PROBLEM

An example of a graded manifold M that covers many of the concepts de-
scribed in the previous sections is the tangent supermanifold (T'M', Aty ), where
(M', Appr) is a graded manifold. So, here, we verify the results of the previous
sections for the tangent supermanifold.

Let L be a pseudo-Lagrangian function for a graded vector field I on M and
¢ = dL, we can rewrite the condition Lr(J(dL)) = (=1)'IdL in the form

ird(J(dL)) =Lr(J(dL)) — dir(J(dL)) = (—1)'dL — dir(J(dL))
=(—)MarL —a((-)MAL) = —(=)Tla(AL — L),

where A = yzgyz + C#a(zu. Applying this to tangent supermanifolds, it is easy to
see that the above equation is the Euler-Lagrange equation [11], (to achieve this one
can choose L to be a regular Lagrangian on the tangent supermanifold and I is the
even Euler-Lagrange graded vector field, as the solution of the dynamical equation
irQ) = dE, where = d(J(dL)) and E = AL — L). The dynamical equations
above are equivalent to equations (16)-(18). A Lagrangian function L € Der Ary;
such that is a solution of the Euler-Lagrange equations for L, will be called a
solution of the inverse problem for I'. A useful description of necessary and sufficient
conditions for the existence of a Lagrangian for the super SODE T" were given in [10].
Then some results from this reference such as generalized symmetries, generalized

Noether’s theorem are valid in this case. So using L, we can identify other members
of the set (Der Aps)i.

Proposition 4.1. Let f be a superfunction on a graded manifold (M', Apr) and
d) S (DBTATM/)F then (;5’ = Qb + dF(f) S (DSTATM’)F‘-

Proof. A simple coordinate calculation shows that J(d['(f)) = (—1)/Tldf, then from

(8) we have
Lr(J(¢+dr(f))) =Lr(J(8)) + Lr(J(dL(f)))
= (=)Mo + (=1L (df)
= (~=1)"(¢ +dr'(f)).
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Example 4.2. Consider the real supersphere S22 with coordinates (xi,m,) and
let (zi,mp, Yi,Cu) be local coordinates on the tangent supermanifold of S22, If we

1
assume that L = 2(y1 + yo2sin?xq) — (1¢2 and put ¢ = dL, then

¢ = (sinxycosxy)(yo)?dey + yrdys + (sin’xy)yodys + (od(y — C1dCo.

Thus the vector field

0

0 ) .
I = yla + <u6 (sznxlcosml)(y2)2 — (sin 1301) (28inx1 0821 )Y1Y2 =

dy1 Oy

s a Lagrangian vector field.
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