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ABSTRACT. In this paper, we considered the cosmological application by taking
G and A to be a function of ¢ in Kaluza-Klein cosmology. We use the Taylor’s
expansion of cosmological function A(t), up to the first order of time ¢ and
evaluated the cosmological parameters by using the modified equation of state
of the form p = —p — f(p), where f(p) = ap. The analytical properties of
R(t), p(t) and H(t) are investigated and it is observed that from the solutions
of the field equations, the generalized sudden singularity occurs at a finite time

in the framework of Kaluza-Klein theory of gravitation.
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1. INTRODUCTION

The most existing astrophysical work on the cosmological term, operate on the
assumption that A is a constant. However, quantum field theorists and others treat
the cosmological term as a dynamical quantity [[3], [6], [9], [11], [16], [20], [21], [24]].
Chen and Wu [7] argue in favour of R~2 dependence on A, based on a dimensional
argument in line with quantum cosmology. In the spirit of quantum cosmology they
also argued that one can always write the vacuum energy density as M;l times a
dimensionless quantity, where M,; = (hc/G)'/? is the Plank mass. They therefore,

considered

1 [
(1) Ao = [p] )
2 | R

where I, = (Gh/c®)'/? is the Plank length. One may for example, also write A oc
%z [%’] n, where t,, and tiy = H~! are the Plank and Hubble times respectively.
Some of the discussions on the cosmological constant problem and consequences on
the cosmology with a time-varying cosmological constant have been discussed by
[[4], [5], 8], [15], [18], [19], [22]]. Al-Rawaf and Overduin [[1],[17]] have proposed a
cosmological model with a cosmological constant of the form A o %.

The concept of extra dimension is relevant in cosmology particularly at the early
universe-theoretically the present four dimension stage of the universe might have
been preceded by a higher dimensional phase. One of the classical example of
this theory is the Kaluza-Klein theory of gravitation [[10], [12], [13]]. It is a five
dimensional general relativity in which extra dimension is used to couple to gravity
and electromagenetism [[2], [14], [16]]. Due to importance of the higher dimension
theory at the early epoch of the universe, we have solve in this work the gravitational
field equations of Kaluza-Klein theory in the domain of cosmology considering the
gravitational and cosmological constant as a function of t.

Wanas et al. [25] solved the gravitation field equations of Kaluza-Klein theory in
the domain of cosmology considering the gravitational and cosmological constant
G and A to be the function of time ¢t. They used Taylor’s expansion of cosmolog-
ical function, A(t), up to the first order of time ¢ and calculated the cosmological
parameters by assuming equation of state of the form p = (w — 1)p.

In this paper, we generalized the work of Wanas et al. [25] by assuming the

modified equation of state of the form p = —p — f(p) in the domain of cosmology
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and solve the gravitational field equations of Kaluza-Klein theory by considering
the gravitational and cosmological constant as a function of ¢.

The paper is organize as follows: in section 2, Einstein’s field equations with
cosmological constant of the form A =~ €y + €1t + ... and gravitational constant
G x €y + €1t are applied to the five dimensional Kaluza-Klein type metric by using
the modified equation of state of the form p = —p—f(p), where f(p) = ap. In section
3, we obtain the solution of the field equations for the flat universe in the domain of
cosmology by considering Taylor’s expansion of cosmological constant A up to the
first order of time t. We calculate the corresponding cosmological parameters for
dust, radiation and stiff matter case. It is also observed that from the solutions of
the field equations the generalized sudden singularity at finite times occurs in the
framework of Kaluza-Klein theory of gravitation. The physical properties of the

model are discuss in section 4. Concluding remarks are given in section 5.

2. FIELD EQUATIONS

Let us consider the Kaluza-Klein type metric

dr?

(2)  ds® =dt* — R%(1) =

+r2(d? + sin*0dp?) + (1 — kr?)dy? |,

where R(t) is the scale factor and k = 0. — 1, 0r + 1 is the curvature parameter for
flat, open and closed universe, respectively.
The Einstein field equations with time-dependent cosmological term A is given by

1
(3) Ry = 50 R = 871G T, + A(t)gp,

where R,,,, is the Ricci tensor, A = A(t) is the variable cosmological constants and
G = G(t) be the gravitational constant.
Assuming that matter filling the universe is in the form of a perfect fluid, then

A
=0t g

A

4 T =T} =T =T} = —p+ —
(4) 1 2 3 4 p+87rG’

where p = p(t) is the energy density and p = p(t) is the pressure.
Applying Eq. (3) to metric given by Eq. (2) and using Eq. (4) we obtain the
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following set of differential equations

L\ 2
R k
(5) 87TG+A:6 <R> +ﬁ 5

.. L\ 2
B[R\ &
_A=3 |2 (2] - &
©) srG R <R> R?

Now we have two differential equations in five unknown R(t), p(t), p(t), A(t) and
G(t). Therefore, we need some extra conditions to be able to solve Egs. (5) and
(6), for each value of k. One of these conditions is usually provided by an equation
of state characterizing the fluid filling the model.

Here, we take the modified equation of state of the form
(7) p=—p—f(p),

where f(p) = ap.
The energy conservation equation has the form 77" = 0, gives the relation,

) p+4§8<p+p>+%AG<AG>

Egs. (5), (6) and (7) are three equations in the five unknown functions. Therefore,

we split Eq. (8) for simplicity into the two equations

9) b+4ggg(p+p) =0,
and
A G

in order to impose two further additional conditions on the unknown functions.
Now, we have five Egs. (5), (6), (7), (9) and (10) in five unknown functions
R(t), p(t). p(t), A(t) and G(¢).

Eq. (10) shows that A is a constant whenever G is constant and vice versa.

To solve the conservation Eq. (9), by using Eq. (7) with f(p) = ap, we get
(11) p=CiR',

where R(t) is a function of cosmic time and C; is a constant of integration.
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3. SOLUTION FOR k=0

We solve the field Egs. (5) and (6) by using Taylor’s expansion of cosmological

constant A(t) up to the first order of time ¢ in the form
(12) A(t) %€0+61t—|—...,

where €¢p and ;... are arbitrary constants.

From Eq. (10) we obtain
(13) G(t) = 02(60 + Elt),

where Cs is another constant of integration.

Egs. (5) and (6), for the case k = 0, takes the form

. 2
(14) 87er+A:6<R>,

R
15 8rGp—A=-3|=—-[=] —A
(15) mGp 7 <R>

From Egs. (14), (15) and equation of state (7), we obtain
R(t)

B (ko)

. . 2
d ( R R A
dt<R>_a 2<R> s

By using the value of A from Eq. (12) in above equation, we get

—A

207

(16) H(t) — o [2H2(t) _ 611 -

Eq. (16) is a differential equation with two variables so we are going to study the

following three cases: (i) dust, (ii) radiation and (iii) stiff matter.
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3.1. Dust case (o« = —1). From the Eq. (16) with o = —1, i.e., p = 0 from Eq.
(7), we get

(17) H{t) + 2H2(t) — %0 - %t = 0.
After integrating above Eq. (17), we get !
€13 [Apip(x) + AY;p()Cs
18 H(t)=(—= 2
(18 0= e

1
where Cj is constant of integration and x = ([123} ’ (5t+ 60))
1
Differentiate Eq. (18), we get

con (€1, € e & [A%ip(@) + A%yp(2)Cs)”
(19) H<t>—(3”§)‘<18> ( [ﬁé@wéfmwé )

For the scale factor R, from Eq. (18) we get

R

R _ (il)% |:ATBiP(:L') JFATMP(x)Ci%]
12 Afgi(z) + A (2)Cs |7

after integrating, we obtain the scale factor in the form

(20) R(t) = CayJ Afyy(2) + A4y (2)Cs
where Cj is constant of integration.

Similarly from Eqs. (11) and (20), we get energy density in the form

Cy
(Af;(@) + A%, (2)C3)*CF

(21) )= |

1A%i(m),ATM(x) are the AiryBi(x), AiryAi(z) be the wave functions and A’ (z), A%, p()
are the AiryBiPrime(z), AiryAiPrime(z) functions. The Airy functions AiryAi(z) and
AiryBi(xz) are the two independent solutions Ai(z) and Bi(xz) to the differential equation
y"” —xzy = 0. Ai(z) tends to zero for large positive x, while Bi(z) increases unboundedly. The Airy
functions are related to modified Bessel functions with on-third-integer orders. The Airy functions
often appear as the solutions to boundary value problems in electromagnetic theory and quantum

mechanics.
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3.2. Radiation case (a = —%). From the Eq. (16) with o = —%, ie, p=p/d
from Eq. (7), we get

. 5,
(22) H(t)+ §H (t)— — —
After integrating above equation, we get

(23) i =(£)° [Afii;’féii Aaz-pw)cﬂ’

where Cjy is constant of integration and y = ([

Differentiate Eq. (23), we get

v = B (0 (39 ([Ahip(v) + Apw)C)
. H(t)4(3t+;>_<72> ( [j%i(yHA;l(Dy)Cs]z )

From Eq. (23) we obtain the scale factor in the form

SN

(25) R(t) = Cs [Api(y) + AU (y)C5)°

where C§ is constant of integration.

Similarly from Eqs. (11) and (25), we get energy density in the form

(26) plt) =

Cy ]
(Ap(y) + A%(w)C5)° G |
3.3. Stiff matter case (o = —2). From the Eq. (16) with « = —2, i.e., p = p
from Eq. (7), we get

(27) H{t) + 4H2(t) — %0 - %t = 0.
After integrating above equation, we get
€1\3 [Apip(2) + A%ip(2)Cr
2 H = R —
(28) ®) (24) [ A (2)+ A% (2)Cr |7

1

where C7 is constant of integration and z = <[73] ’ (St + 60))
1

Differentiate Eq. (28), we get

do o (e, e (287 ([ARp(2) + ALp(:)C)
. o 72(§t+§0) - (18> < [j%i(zHA;I()z)Cﬂz )

From Eq. (28) we obtain the scale factor in the form

(30) R(t) = Cs [A(2) + Alyi(2)Ci]
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Greenline:a=-1
12 Blue line: a=- 5/4
Redline:a=-2
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FIGURE 1. Relation between the scale factor R(t) and cosmic time

t of different cases for g = 1,61 =1,C3=1,C4y =1

where Cg is constant of integration.
Similarly, from Eqs. (11) and (30), we get energy density in the form

Gy

31 -
(31) PO = ) 5 A () G

Table 1. Comparison between the results of scale factor R(t), Hubble parameter

H(t), Density p(t) for different value of «

For « R(t) H(t) p(t)
e \3 App(@)+A%,(@)C c
—1 | Ca/Ap(2) + A (2)Cs | (55)° B tie, (A7 @) T A, @)C3°C]
5 2 € 3 ATZ' (y)""Ari (y)cs C
—i | CalABw) + ALWIGE | (5)" “REORAG0 | e GoT e
r r 1| (e2)3 Aip(D)+ALp(:)C c
=2 | CalApi(2) + Ap ()0 | (5)° VYNGR [Agi(z)mzli(z)@]zcs
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Greenline: a=-1
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Redline:a=-2
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FIGURE 2. Relation between the Hubble parameter H(t) and cos-

mic time ¢ of different cases for ¢g = 1,61 =1,C3=1,Cy =1
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FIGURE 3. Relation between the density p(t) and cosmic time ¢ of

different cases for ¢g = 1,61 =1,C3=1,Cy =1
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Table 2. Comparison between the results of H(t), deceleration parameter ¢(t) for

different value of «

= ) g [ABLP(T)+AAzP(t)C3]
[A% (x)+AA,,(m)cg]

(ﬁ)z (A%, p(2)+AT IPmcg)
8 (A% @)+a7, (T)cg)
3

AT (@) F AT 5 (2)Cg
A T AL, (203

—_
| —
—~
c,a‘,i\“
o~
+
w‘g
N
|
-

1
: : )3 [A%ip()+A%,p(y)C5)?
t €0 _ (571> [ BiP AiP
+5) [T, (1) +A7T, (1)C5)

f e . 5e2 3(A (1)+A%,; p(1)C5)?2
g'ilt_;’_tio _< > BiP AiP
[s(3009)-( e
1- 1
3

q(t) [(—5)‘ A p(W)+AT, p<y>c5]
75) " T AL WTAL (1)Cs
(111) a= -2

ol

y € € 2¢] [Ap;p(2)+A%;p(2)C ]2
Hit) | 2(5t+5) - (5) fhetiaels,

1
<2e )3 ABip()+AL;p (2 >C7)
@ |[1- 18 AT ()44, ()07 )
q [( )%A}Bm(zHA (z>c7}

(2)+A7 (2)C7
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Gresnline:a=-1
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FIGURE 4. Relation between the H(t) and cosmic time ¢ of differ-

ent cases for eg = 1,61 = 1,03 =1,C4y =1

Green line;a=- 1
Blue line:a=- 5/4
-2} Redlnea=-2

FIGURE 5. Relation between the deceleration parameter ¢(t) and

cosmic time ¢ of different cases for g = 1,61 =1,C3=1,C4, =1

3.4. Generalized sudden singularity. We note that all the physical quantities
from Eqgs. (18-21), (23-26) and (28 - 31), the energy density (p), pressure (p), scale
factor (R), Hubble parameter (H) and its derivative in all cases are all constant
when t — t4(= —:—3) < 00, hence we approach to generalized sudden singularities
ie, R — Rs,p — ps, H— Hg, |p| — ps,H — Hs; when t — t, (ts < 00), where
ts, ps, Hs,ps are all finite constants. It is noted that the higher derivative of H
diverges when ¢t — ¢, and hence the values of A(t) and R(t) are finite when ¢t — 0
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and value of A(t) and R(t) are unbounded when ¢ — co. Therefore, in this model

the generalized sudden singularity occurs at a finite time ¢ — t,(= —).
1

4. PHYSICAL PROPERTIES OF THE MODELS

4.1. Red Shift. Consider an observer O, located at the origin of space coordinate
and a galaxy S at an arbitrary point with spatial coordinates (7,0, ¢, ). According
to Eq. (2), the velocity of a radial ray of light (ds = df = d¢ = dip = 0) is given by

/1 — 2
(32) dr_ iikr7
dt R(t)
hence if a light pulse is emitted by the galaxy S at the instant ¢1, is received by O

at the instant o, (to > t1) we obtain from Eq. (32)
sin~lr, k=-+1
o dt

(33) flr1) =— ; m: 1, k=0

sinh™lry, k= —1.
The value of the red-shift Z in all above models can be proved to have the form
(34) =—=—-1

4.2. Particle horizons. Consider a light signal emitted by S at the instant ¢; and
received by O at the instant ¢ty and it moves along null geodesic then from Eq. (32)
gives

dr V1—kr? dr dt
(35) — =4 = =

dt R(t) V1 — kr? R(t)

We have to distinguish between two different distances, the radial coordinate dis-

= f(r1).

tance defined by

fo  dt
(36) r/tl ot

and the proper distance s defined by

Recalling the red-shift as given by Eq. (34), one can always express the proper
distance s in terms of the red-shift Z. Then if s — 0o as Z — oo, we can say that
the model is free from particle horizons, i.e., isotropic observers can communicate

by sending and receiving signals. But if s attains a finite value as Z — oo we say
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that the model contains particle horizons.
For example, we are going to explore the existence of particle horizons in one of the
models discussed above.
For the dust model i.e. (o« = —1) with A(t) = €9 + €1, and the scale factor R(t) is
given by Eq. (20), we have

fo gt fo dt
f(?"l) =Ty = /tl R(t) = /t1 04\/A§3i(x) —|—Af4i(x)03'

Taking Taylor’s expansion of the above equation, up to the first order in ¢, we obtain

/to dt
T = 1 )
t1 1 < 36 Cs3 ) 1842 (6‘0 3 )

1
2
C4< 11 + 203 ) 1+%
36T[2]  33T[2)

which can be integrated to give

N

26393 + VBCH)T] + ()} (V3 - Ca)T ] (exto + o))
3

26030 DB+ VEC)T] + @} (V3 - Gl Blat +«)] )

log

=T =

where I' is the gamma function.

From Eq. (37), with the help of above value of r;

s = Rory = 2633093 ¢ ﬁcg)r%] @3- Cg)r[g](elto +eo)

235/V/3 + C3T[4]

(38) X -
(4)7 (V3 —C5)Cay/T[3]

log(1+ Z).

From Eq. (37) we see that there is no particle horizon since when Z — oo the
proper distance s tends to infinity as well.
Using the same method we can easily show that radiation and stiff matter models

(a= —% and a = —2), respectively are free from particle horizons.
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Redline:a=-2
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17

FIGURE 6. Relation between the particle horizons r; and cosmic

time ¢ of different cases for ¢g = 1,61 =1,C3=1,Cy =1

Table 3. Comparison between the particle horizons r; for different values of «

For a Particle horizons
2
a=-1| [26832)(3+ 3C3)T[L] +25 (V3 — C3)T[2](exto + €o)]
" ( 21%\/\/§+03r[%] >log(1+Z)
. . (%ﬁ(\/g—cs)cu/r[l%]
o= —2 |log[be; 3(-2) (3 + v/3C3)I'[3] + 203 (v/3 — C3)T[2](exto + €0)]
2 3
55(\/§+C3)3F[%] 1 1 7
¢ <<4el>%3<—f‘s%ﬁ—cgcur[gnﬁ) 7
a=-2| [4(F)3B+VBC)T[E]+(3)3 (V3 - Ca)I[Z](erto + €o)]
4 3
23 (VB+0s) 1 T[] log(1 4+ Z
8 <(e1>%3<%><\/§cg)c4(r[§1>3> os(1+2)

In this paper, we considered the cosmological application in the framework of
Kaluza-Klein theory, by taking the Newtonian and cosmological constant G and A
to be a function of t. We used Taylor’s expansion of cosmological function, A(t) up
to the first order of the time ¢ and solved the Einstein’s field equations by consider-
ing the modified equation of state of the form p = —p — f(p). We have studied the
flat universe i.e., k = 0 and calculated the cosmological parameters. We observed
from the Egs. (12), (20), (25) and (30) that the value of A(¢) and the scale factor
R(t) are finite when ¢t — 0. Similarly, the value of A(t) and the scale factor R(t)

5. CONCLUSION

are unbounded when ¢t — oo .
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The universe acceleration gave some motivation to study non standard cosmolog-
ical singularities such as big rip, sudden future singularity, Type III and Type IV
and generalized sudden singularity. However, most of these singularities are weak
singularities which do not exhibit incompleteness and allow the evolution of both
point like objects and strings through them. The analytical properties of the scale
factor R(t), energy density p(t) and Hubble parameter H(t) are investigated near
to the future singularity t = t5(= —Z—‘f) by assuming different form of equation of
state of the form p = —p — f(p). It is observed that from the solution of the dust,
radiation and stiff matter the generalized sudden singularity occurs at finite time
ts(= —E—‘;) ie. R— Rq,p— ps, H— Hg,|p| — ps, H — H, when t — t, (ts < 00).

The obtained results are given in the Table 1 to 3 for dust, radiation and stiff matter
and discussed graphically in the figure 1 to 6.

From Fig. 1, it is shown that the scale factor in the three models are increasing
with time, which ensures that our universe is expanding. The Hubble parameter
Vs time for three different cases are given in Fig. 2. From the Fig. 3, it is observed
that the density in the three models are decreasing with time, which means that
our universe is expanding. The three models are free from particle horizons, which
is consistent with the previous result by Sharif and Farida Khanum [23]. In Fig.
4 and 5, we respectively discussed the three cases for H(t) and ¢(t) Vs time. The

relation between particle horizon and cosmic time ¢ are given in Fig. 6.
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