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ABSTRACT. It is well-known that Einstein manifolds play an important role
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subclass of the class of quasi-Einstein manifolds. The object of the present
paper is to study some geometric properties of mixed-generalized quasi-Einstein
Manifolds (M G(QE),) which admitting certain vector fields. We show the
existence of MG(QFE)n, by constructing several non-trivial examples. Finally
we study warped product on MG(QE), and show that M = I x M* (dimI =1
and dimM* = n — 1) is a MG(QE), if M* is a generalized quasi-Einstein
Manifold (G(QE)n).
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1. Introduction

The notion of quasi-Einstein manifold was introduced by M. C. Chaki and R. K.
Maity [3]. A non-flat Riemannian manifold (M™, g), (n > 3) is a quasi-Einstein

manifold if its Ricci tensor S satisfies the condition
(1) S(X,Y) = ag(X,Y) + bA(X)A(Y)

and is not identically zero, where a, b are scalars, b # 0 and A is a non-zero 1-form

such that
(2) 9(X,U) = A(X),V X € x(M),
U being a unit vector field.

Here a and b are called the associated scalars, A is called the associated 1-form

and U is called the generator of the manifold. Such an n-dimensional manifold will
be denoted by (QE),.

As a generalization of quasi-Einstein manifold in [4], U. C. De and G. C. Ghosh
defined the generalized quasi-Einstein manifold. A non-flat Riemannian manifold is
called generalized quasi- Einstein manifold if its Ricci-tensor is non-zero and satisfies

the condition

(3) S(X,Y)=ag(X,Y)+bAX)AY )+ cB(X)B(Y),

where a,b and ¢ are non-zero scalars and A, B are two 1-forms such that
(4) 9(X,U) = A(X) and ¢(X,V) = B(X),

U and V being unit vectors which are orthogonal, i.e.,

() g(U,V) =0.

The vector fields U and V are called the generators of the manifold. This type of
manifold will be denoted by G(QE),,.

In [1, 6], A. Bhattacharyya and T. De introduced the notion of mized generalized

quasi-FEinstein manifold. A non-flat Riemannian manifold is called mized generalized
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quasi-Finstein manifold if its Ricci tensor is non-zero and satisfies the condition

S(X,Y) = ag(X,Y)+bA(X)A(Y)+ cB(X)B(Y)
(6) + d[A(X)B(Y) + A(Y)B(X)]

where a, b, ¢, d are non-zero scalars,

(7) 9(X,U) = A(X) and g(X,V) = B(X), V X € x(M),
and also
(8) g(U, V) =0.

A, B are two non-zero 1-forms, U and V' are unit vector fields corresponding to the
1-forms A and B respectively. If d = 0, then the manifold becomes to a G(QE),.
This type of manifold is denoted by MG(QE).,,.

On the other hand, Gray([7]) introduced two classes of Riemannian manifolds de-
termined by the covariant differentiation of Ricci tensor. The class A consisting of

all Riemannian manifolds whose Ricci tensor S is a Codazzi type tensor, i.e.,
9) (Vx9)(Y, Z) = (VyS)(X, Z).

The class B consisting of all Riemannian manifolds whose Ricci tensor is cyclic

parallel, i.e.,
(10) (VxS)(Y, Z) + (VyS)(X,Z2) + (V29)(X,Y) = 0.

A non-flat Riemannian or semi-Riemannian manifold (M",g) (n > 2) is called

generalized Ricci recurrent [5] if its Ricci tensor S of type (0, 2) satisfies the condition
(11) (VxS)(Y, 2) = o(X)S(Y, Z) + B(X)g(Y, Z),

where a(X) and (X)) are two nowhere vanishing 1-forms such that a(X) = g(X, p)
and B(X) = g(X, u); p and p being associated vector fields of the 1-forms « and f,

respectively. If 8 = 0, then the manifold reduce to Ricci recurrent manifold [10].

Motivated by the above studies the present paper deals with the study of mixed-
generalized quasi-Einstein manifolds admitting certain vector fields. The paper is

organized as follows: In section 2, we have studied that if the generators U and V
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are Killing vector fields, then the mixed generalized quasi-Einstein manifold satis-
fies cyclic parallel Ricci tensor. Section 3 is concerned with MG(QFE),, satisfying
Codazzi type of Ricci tensor. In the next two sections we study MG(QFE), with
generators U and V both as concurrent and recurrent vector fields. In section 6,
we show the existence of MG(QE),, by constructing some non-trivial examples.
Finally we study warped product on MG(QFE), and display that M = I x M*
(dimI =1 and dimM* =n—1) is a MG(QE), if M* is a G(QE),.

2. The generators U and V as Killing vector fields

In this section we consider the generators U and V of the manifold as Killing

vector fields. Then we have

(12) (£vg)(X,Y) =0,
and
(13) (£vg)(X,Y) =0.

where £ denotes the Lie derivative.
From (12) and (13), we get

(14) 9(VxU,Y)+g(X,VyU) =0,
and
(15) g(VxV,Y) +g(X,VyV) =0.

Since g(VxU,Y) = (VxA)(Y) and ¢(VxV,Y) = (VxB)(Y), we obtain from (14)
and (15) that

(16) (VxA)(Y) + (VyA)(X) =0
and

(17) (VxB)(Y) + (VyB)(X) =0
for all X, Y.

Similarly, we have

(18) (VxA)(Z) + (VzA)(X) =0,

(19) (VZA)Y)+ (VyA)(Z) =0,
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(20) (VxB)(Z) + (VzB)(X) =0,

(21) (VzB)(Y)+ (VyA)(Z)=0
for all X,Y, Z. Now from (5), we get

(VzS)(X,Y) = b(VZzA)(X)AY )+ (VZA)(Y)AX)] + c[(VzB)(X)B(Y)
+ (VzB)(Y)B(X)]+d[(VzA)(X)B(Y)

+ (VzB)(Y)A(X)+ (VzA)(Y)B(X)
+

(22) (VzB)(X)A(Y)].

Using (22), we obtain

(Vx9)(Y,2) + (V¥S)(Z, X)+ (VzS)(X,Y) = b[AY){(VzA)(X)
+ (VxA)(2)} + AX{(VZA)(Y) + (Vv A)(2)}
+ A(Vy A)(X) + (Vx A )} + [ BY){(VZzB)(X)
+ (VxB)(2)} + B(X){(VzB)(Y) + (VyB)(2)}
+ B{(VyB)(X) + (VxB)(Y)}] + d[AX){(VzB)(Y)
+ (VyB)(2)} + AYV){(VzB)(X) + (Vx B)(2)}
+ AZ{(VyB)(X) + (VxB)(Y)} + B(X){(VzA)(Y)
+ (Vv A)(2)} + BY){(VzA)(X) + (Vx4)(2)}

(23) + B@{(VyAX) + (VxA)(Y)}].

Now using the equation (16) — (21) and simplifying we obtain from (23) that
(24) (Vx9)(Y, Z) + (VyS)(Z, X) + (V25)(X,Y) = 0.
Thus we can state the following theorem:

Theorem 2.1. If the generators of a MG(QE), are Killing vector fields, then

the manifold satisfies cyclic parallel Ricci tensor.
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3. MG(QE), admits Codazzi type of Ricci tensor

A Riemannian or semi-Riemannian manifold is said to satisfy Codazzi type of

Ricci tensor if its Ricci tensor satisfies the following condition
(VxS)(Y, Z) = (VyS)(X, 2).
Using (8) and (22), we obtain

H(VxA)(Y)A(Z) (Vx A)(2)AY)] +e[(Vx B)(Y)B(Z) + (Vx B)(Z)B(Y)]
d(VxA)(Y)B(2) + (VxB)(2)A(Y)
(VxA)(Z2)B(Y) + (VxB)(Y)A(Z)]
— (Vv A)(2)A(X)
- (VyB)(2)
— d[(VyA)(2)
(25) + (V¥B)(2)A(X)+ (VyA)X)B(Z)).

+ o+ o+

+ (Vy A)(X)A(Z)]
+ (Vy B)(X)B(Z)]
+ (Vy B)(X)A(2)

B(X)
B(X)

Putting Z = U in (25) and using (7) and (VxA)(U) = 0, we get

B(VyA)(X) — VxA)(Y) +d[(VyB)(X)
(26) — VxB)(Y)| =0.
(27) bdA(X,Y) = —ddB(X,Y).

Similarly, putting Z =V in (25) and using (7) and (VxB)(V) = 0, we get
(28) cdB(X,Y) = —ddA(X,Y).

From the equation (27) and (28), we get

either
d = +./be
or
dAX,)Y)=0
and

dB(X,Y) =0.
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Thus we can state the following;:

Theorem 3.1. If a MG(QE), satisfies the Codazzi type of Ricci tensor, then
either d = £+/bc or the associated 1-forms A and B are closed.

Again putting X = Z = U in (25), we have

(29) b(VuA)(Y) +d(VuB)(Y) =0,
which means that

(30) bg(Y,VyU) +dg(Y,VyV) = 0.

Similarly, putting X = Z =V in (25) we have

(31) b(VvB)(Y)+d(VyB)(Y) =0,
and so
(32) cg(Y,Vy V) +dg(Y,VyU) =0.

If U and V are parallel vector fields, then VyV = 0 = ViU, and thus from the
equation (30) and (32), we get

g(Y, VUU) = 07’i.6., VUU =0
and
g(Y,VyV)=0,ie,VyV =0

for all Y.
This leads to the following theorem:

Theorem 3.2. If a MG(QE), admits Codazzi type of Ricci tensor, then the inte-

gral curves of the parallel vector fields U and V are geodesic.
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4. The generators U and V as concurrent vector fields
A vector field £ is said to be concurrent if [11]

where p is a non-zero constant. If p = 0, the vector field reduces to a parallel vector
field. In this section we consider the vector fields U and V' corresponding to the

associated 1-forms A and B respectively are concurrent. Then

(34) (VxA)(Y) = ag(X,Y)
and
(35) (VxB)(Y) = Bg(X,Y),

where o and 3 are non-zero constants.
Using (34) and (35) in (22), we get
(Vz9)(X,Y) = blag(X,2)A(Y) + ag(Y, Z)A(X)] + c[Bg(X, Z)B(Y)

+ Bg(Y,Z)B(X)] +dlag(X,Z)B(Y)
+ B9(Y,2)A(X) + ag(Y, Z)B(X)

(36) + B9(X,Z)A(Y)].

Contracting (36) over X and Y we obtain

(37) dr(Z) = 2[(ba + dB)A(Z) + (cB + da)B(Z),

where r is the scalar curvature of the manifold.

Again from (5) we have

(38) r=na+b+c.

Since a,b,c,d € R, it follows that dr(X) = 0, for all X. Thus equation (37) gives
(39) (bae + dB)A(Z) + (cf + da)B(Z) = 0.

Since « and B are not zero, using (39) in (5), we finally get

(ba+dB)*  (ba+dp)
(da + cB)? Zd(da - CB)}A(X)A(Y)-

Thus the manifold reduces to a quasi-Einstein manifold. Hence we can state the

(40) S(X,Y) = ag(X,Y)+[b+ec

following theorem:
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Theorem 4.1. If the associated vector fields of a MG(QE),, are concurrent vector

fields, then the manifold reduces to a quasi-Einstein manifold.

5. The generators U and V as recurrent vector fields

A vector field £ corresponding to the associated 1-form 7 is said to be recurrent
if [11]

(41) (Vxm)(Y) = p(X)n(Y),

where 9 is a non-zero 1-form.
Here, we suppose that the generators U and V corresponding to the associated

1-forms A and B are recurrent. Then we have

(42) (VxA)(Y) = AMX)A(Y)
and
(43) (VxB)(Y) = p(X)B(Y),

where A and p are non-zero 1-forms.

Now, using (42) and (43) in (22) we get
(VzS)(X,Y) = 2bAN2)A(X)AY) + 2cu(Z)B(X)B(Y) + d[A(Z)
(44) + w2AX)B(Y) + A(Y)B(X)].

We assume that the 1-forms A and p are equal, i.e.,

(45) AZ) = u(2)
for all Z. From the equation (44) and (45), we get

(V2S)(X,Y) = 2MZ)BAX)AY) + cB(X)B(Y)
(46) + d{AX)B(Y) + A(Y)B(X)}].
Using (5) and (46), we have
(47) (Vz28)(X,)Y) = a1(Z2)S(X,Y) + a2(Z)g(X,Y),

where a1 (Z) = 2A(Z) and a3(Z) = —2aA(Z).

Thus we have the following theorem:
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Theorem 5.1. If the generators of a MG(QE),, corresponding to the associated
1-forms are recurrent with the same vector of recurrence, then the manifold is a

generalized Ricci recurrent manifold.

6. Examples

If we take any example of non-Einstein manifold, we can transfer into MG(QE),,.
Here we have given some nontrivial concrete examples of non-flat 4-dimensional Rie-

mannian manifolds which can be converted into 4-dimensional MG(QE),.

Example 6.1. Let us consider a Riemannian metric g on the 4-dimensional real

number space M* by

ds? = g;jdr'da? = (eg”rz)(cixl)2 + (2'2®)2(dz?)? + (d®)? 4 (da*)?

4

where i, j = 1, 2, 3, 4 and ', 22, 23, z* are the standard coordinates of M*.

Example 6.2. Let us consider a Riemannian metric g on the 4-dimensional real

number space M* by

ds® = gijdr'da? = (dz')? + (2)?(d2?)? + (2! sin2?)?(d2®)? + exl(da:4)2

where 7,7 =1,2,3,4 and 0 < ! < 1 and z', 22, 23, 2* are the standard coordinates
of M*.

Example 6.3. We define a Riemannian metric g on the 4-dimensional real number

space M* by the formula

ds® = g;jdx'd? = (1+ 2p)[(dz')? + (d2?)* + (dz®)?] + (da?)?

4

:El
where 4,7 =1,2,3,4,p = ep—Q and p is a constant and x', 22, 23, z* are the standard

coordinates of M*.

Example 6.4. We define a another Riemannian metric g on the 4-dimensional
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real number space M* by the formula

ds® = g;jda'dx? = e2r' (da')? + sin? 2! [(dz?)? + (dz®)? + (dz?)?]

where i, j=1,2,3,4,0<z! < 5 but xt # 7 and x', 2%, 23, 2* are the standard

coordinates of M*.

Example 6.5. Let us consider a Riemannian metric g on the 4-dimensional real

number space M* by

ds? = g;jda'da? = (dz')* + v [e$2(dx2)2 + e””g(dx3)2 + e$4(dx4)2]

4 are the standard coordinates of M*.

where 4,5 = 1,2,3,4 and ', 22,23, 2
As all the above metrices are non-Einstein, so, we can easily construct MG(QE),,

using those metrices.

Next we show the existence of MG(QE), by constructing some non-trivial con-

crete examples.

Example 6.6. Let us consider a semi-Riemannian metric g on M* by
(48) ds® = gijdrida? = 2*[(dzt)? + (dz?)? + (da®)?] — (dz*)?,

4 are the standard coordinates of M*. Then

where 7,5 = 1,2,3,4 and ', 22,23,
the only non vanishing components of the Christoffel symbols, the curvature tensors

and the derivatives of the components of curvature tensors are

1 1
(49) F%:F%g:*@, F%ZZF%2:F33:@7
(50) Rusot = Rass = ——— Rigst — Rigz2 =0
1221 = 112332 = op2’ 1331 = 472’ 1232 = U,

and the components obtained by the symmetry properties. The non-vanishing com-

ponents of the Ricci tensors R;; are

1 1

(51) Ry :R?’?’:_@’RQQ:_E'
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It can be easily shown that the scalar curvature of the resulting manifold (M*, g)
is *ﬁ # 0. We shall show that (M*,g) is a MG(QE),.
Let us consider the associated scalars as follows:

1 1 2
(52) =R T T T @

Again let now consider the associated 1-forms as follows:

V5D for  i=1,3
(53) Az ((E) _ 2 ) or {2 )
0 for otherwise,
and
2), f j =2
(54) Bi(x) = (z#), for 1
0 for otherwise

at any point x € M*. To verify the relation (5), it is sufficient to check the

following equations:

(55) R11 = agii + bA1A1 + CBlBl + QdAlBl,
(56) R22 = ago2 + bA2A2 + CB2B2 + QdAgBQ,
(57) R33 = agss + bA3A3 + CBng + 2dA3B3

Since for the other cases (5) holds trivially. By virtue of the equation (52), (53),
(54), (55), we get R.H.S of (55)=ag11 + bA1 A1 + ¢B1 By + 2dA; By =L.H.S of (55).
By similar argument it can be shown that (56) and (57) are also true. We shall now
show that the associated vectors A; and B; are unit.

Here

gUAiAj =1, ¢¥BiBj =1,¢9"Y AiBj = 0.
Therefore the vectors A; and B; are unit and also they are orthogonal.
So, (M*%,g) is a MG(QE),.
Example 6.7. Let us consider a semi-Riemannian metric g on R* by

(58) ds® = g;jdz'dx’ = (25 [(da")? + (dx?)? + (da®)?] + (dah)?,
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where 7,5 = 1,2,3,4 and z', 22,23, 2% are the standard coordinates of M*. Then

the only non vanishing components of the Christoffel symbols, the curvature tensors

and the Ricci tensors are

2 2

1
(59) Iy, =T3, = F§4 = 3.4 F4111 = Fg2 = F§3 = _*(334)3,
T 3
2 2
60 Ry =Ry =R33=————5, Ry = ———.
(60) 11 22 33 9(m4)%’ 44 3(1)?

It can be shown that the scalar curvature r of the resulting manifold (R*,g) is
r= —3(;%)2, which is non-vanishing and non-constant.
We shall show that M* is a MG(QE),. Let us consider the associated scalars and

the associated 1-forms as follows:

2 2 4 2
(61) a = — 42,b: T, C= 1ad_7 1
3(a*) 9(x4)s 9(x4)s ()

and

—L - for i=1,23
(62) Ai(z) = V()3

0 for otherwise,

and

—L . for i=1,2,3
(63) B;(x) = V(zt)3

0 for otherwise

at any point x € R*. To verify the relation (5), it is sufficient to check the

following equations:

(64) Ri1 = ag11 + bA1 A1 4+ cB1B1 + 2dA1 By,
(65) Roo = agas + bAs A + ¢Bo By + 2dAs Bo,
(66) Rs33 = ags3 + bAsAs + ¢BsBs + 2d A3 Bs.

Since for the other cases (5) holds trivially. By using (61), (62), (63), it can be
easily prove that the equation (64), (65), (66) are true. So, (M*?,g) is a MG(QE),,.
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7. Warped product on MG(QFE),

The study of warped product manifold was initiated by Kruckovi¢ [9] in 1957.
Again in 1969 Bishop and ONeill [2] also obtained the same notion of the warped
product manifolds while they were constructing a large class of manifolds of neg-
ative curvature. Warped product are generalizations of the Cartesian product
of Riemannian manifolds. Let (M,g) and (M*,g*) be two Riemannian or semi-
Riemannian manifolds. Let M and M* be covered with coordinate charts
(U;at, 2%, .....,2P) and (V;yPTL yPT2 ... y") respectively. Then the warped prod-
uct M = M x ¢y M* is the product manifold of dimension n furnished with the

metric

(67) g=7"(9) + (fom)alg"),

where 7 : M — M* and 0 : M — M™* are natural projections such that the warped

product manifold M x ; M* is covered with the co-ordinate chart

el 2 +1 __ +1 +2 __ +2 n__,n
(UxVizhz®, . al aPTh = yPT P = gPT2 't =gy").

Then the local components of the metric g with respect to this co-ordinate chart

are given by

Gij for t=aand j=0b,
(68) 9ii(@) = fai;, for t=aandj=p,
0, otherwise.

Here, a,b,c,.... € 1,2,....;p and «,3,7,.... € p+1,p+2,....p=n and a =
i,j,k,.... € 1,2,....,n. Here M is called the base, M* is called the fibre and f is
called the warping function the warped product M x ¢ M*. We denote by F;k,
Rijri, Rij, and r as the components of Levi-Civita connection V, the Riemann-
Christoffel curvature tensor R, Ricci tensor S and the scalar curvature of (M, g)
respectively. Moreover we consider that, when Q is a quantity formed with respect
to 1, we denote by Q and Q*, the similar quantities formed with respect to § and
g* respectively. Then the non-zero local components of Levi-Civita connection V

of (M, g) are given by

a na o *Qr a 1 —ab * « 1 «
(69) be = Les By = Fﬁw Fm = 59 fbggn,a Fa;a = ﬁfu%,
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where f, = 0, f:%. The local components

Rniji = gniRize = gn(0kTh; — ;T + DT, — TR0,
8k:8%, of the Riemann-Christoffel curvature tensor R of (M, g) which may not

vanish identically are the following:

(70) Rabcd = Rabcda Raabﬁ = 7fTangﬁa Raﬁ'y5 = fRZﬁ»yé - f2GZﬁfy§,

where Gijr = gugjr — gixgj and
1

Ty = —%(vbfa = g7 ful).tr(T) = 4" Ta,

1
P = ab .
129 fafv,

Q=f(n—p—1P—1tr(T).
Again the non-zero local components of the Ricci tensor R, = g“Rijkl of (M,g)

are given by

(71) Rap = Rap + (n - p)Taby RaB = RZB - ngzﬁ

The scalar curvature r of (M, g) is given by

(72) r:FJr?f(nfp)[(n—p—l)P—%r(T)].

Here, we consider warped product manifold M = I x; M*, diml = 1, dimM"* =
n—1(n > 3), f = exp{%}. We take the metric on I as (dt)? and M* is generalized

quasi-Einstein manifold.

Using the above consideration and (71), we get
Ry =Ry + (n—1)Ty

which implies

(n—1)

(73) Rtt - — 16

[(g)? + 4q/),

since Ry of I is zero.
Also
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which implies

* €2 *
(74) Rap = Rig = 15120 = 3)(@)? + 4(n — 1)g/ghs,

where ‘77 and /7’ denote the 1st order and 2nd order partial derivatives respectively

with respect to t. Since M* is G(QE),, we obtain
(75) Rip = Mog + nALAL +v[ALBs + ARBL,

where X, ¢ and v are certain non-zero scalars and A}, and B}, are unit covariant
vector such that g*“ﬁA(*lAz =1, g*o‘ﬁB;B; =1 and g*“ﬁAng =0 and
Aq, for a=1,
(76) Aa()=q _
Al otherwise.
Using (75) in (74) we get

aq
€2

[(2n = 3)(@)* + 4(n — D)arlgs
(77) + A[ALB; + ABY).

Again, using (68) and (76) in (77), we obtain

1 A
Rop = —16l2n=3)(@)* +4(n = Dagas + g 9as + nAads
(78) + ’Y[A(XBB + A,BBa]

Now if we choose g5 = e%BaBg, where

B, for a=1,
(79) B () = .
B? otherwise,
then
1
Rap = —1612n=3)(a)° +4(n = 1)gMgas + ABaBg + pAadg
(80) + [AaBs + ApBal.

Again from (73) we obtain

1 1
Ry = 16120 = 3)(@)* +4(n = Dargn — 16120 = 3)(@)* +4(n — 1)g/]

-1

(s1) — Dy g,
16

since gy = 1 and gy = gyt in 1. Thus (81) can be written as

1 3n—4 2(n—1
(52) R = 1el2n — 3)(@)? + 400 — Darlge — gy + 20y
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Since dimlI = 1, we can take

(83) A= g+ (@)Y —q
and
(84) B; = ql,

where ¢/ and ¢// are the functions of M.
Thus using (76), (79), (83) and (84), in (82) we get

1 n—1 3n—4
Rtt = E[(2’I’L — 3)((]/)2 —|— 4(7’l — 1)q//]gtt + %AtAt — ]_6 BtBt
-1
(85) + %[AtBt + B,A.

Thus from (80) and (85) we can conclude that M =1 x; M* is a MG(QE),, if M*
is a G(QE)s,.
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