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ABSTRACT. In this paper, we have studied spherically symmetric Landsberg
metrics with isotropic E-curvature and isotropic S-curvature. In the first case
we have shown that the metric reduces to a Berwald metric and therefore, it
is of vanishing E-curvature. In the second case we have completely classified

the spherically symmetric Landsberg metric with isotropic S-curvature.
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1. INTRODUCTION

Finsler metric is a smoothly varying family of Minkowski norm one on each
tangent space. Riemannian metric is a special case of Finsler metric. Berwald
metric is one of the important class of non-Riemannian Finsler metric in which

all the norms are linearly isometric to each other. The Randers metric is of the
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form F' = a + 8, where « is a Riemannian metric and 8 is a one form, which is
one of the most simplest non-Riemannian Finsler metric. Various generalizations of
Berwald metrics have been introduced and studied by several geometers. Landsberg
metric, Douglas metric, weakly Berwald metric are few of them. Berwald metric
is one of the most important class of non-Riemannian Finsler metric. L. Zhou
have studied spherically symmetric Douglus metric with isotropic S-curvature [14].
In this paper our focus is to study spherically symmetric Landsberg metric. In
local coordinates, the Landsberg curvature is defined as L := Ljpda? @ dz* ® dit,
metric but the converse is still unknown for long time and widely called as “unicorn

where Ljp = —%F Obviously, every Berwald metric is a Landsberg
problem” following D. Bao [1].

In the study of Finsler geometry, we often encounter long and complicated cal-
culations. However when we consider Finsler metrics with a certain symmetry, it
would make things much easier. A Finsler metric F' is called spherically symmetric
which was introduced by Rutz [9] in 1996, if F(Az, Ay) = F(x,y), for all A € O(n),
where O(n) is the set of all n x n orthogonal matrices. It has been proved that a
Finsler metric F' on B"(u) is a spherically symmetric if and only if there exist a

function ¢ : [0, 1) x R — R such that

W Fle.y) = Iyl (nz, <|‘””Z;y>) ,

where (z,y) € TR™(u) \ {0}, ||.|| denotes the Euclidean norm in R™.

Funk metric is one of the most basic and important example of spherically sym-

2 (12202 — 2
metric metric which is defined by F := VIE— (2Pl P2, 9)%) + (@.9) on B"(1).

1— |z|?
This Funk metric has some special geometric properties. Funk metric is an ex-

ample of Randers metric. Although it is of constant S-curvature and of constant
E-curvature it is neither Berwald nor Landsberg metric. Since a spherically sym-
metric Finsler metric does not need to be (o, 8)-metric we can ask a more general
question that, what are the properties of spherically symmetric Landsberg met-
rics when they possesses isotropic S-curvature or isotropic F-curvature. In this
paper, we have studied spherically symmetric Landsberg metrics with isotropic E-

curvature and isotropic S-curvature. In the first case we have shown that the metric
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reduces to a Berwald metric and therefore, it is of vanishing F-curvature. In the sec-
ond case we have completely classified the spherically symmetric Landsberg metric

with isotropic S-curvature. Precisely we have proved the following results:

Theorem 1.1. Let F be a spherically symmetric Finsler metric on an open set )
in R™. Then F is a Landsberg metric with isotropic E-curvature if and only if F is
exactly one of the following forms:

(i) F is a Riemannian metric.

(ii) F is a Berwald metric of the form

52 2 3
F = — [(2=2r%cy(r))dr
7”<mm+§fu@mmmW>e >

where ca(r) is a smooth function and g(r) = e 7 —4r’ca(r)dr,

Corollary 1.1. Any spherically symmetric Landsberg metric with isotropic E-

curvature has vanishing E-curvature.

Theorem 1.2. Let F' be a spherically symmetric Finsler metric on an open set )
i R™ with spherically symmetric volume form. Then F is a Landsberg metric with
isotropic S-curvature, if and only if F' is one of the following forms:

(i) F is a Riemannian metric.

(ii) F is a Berwald metric of the form

82 2 3
F = — f(;—27‘ ca(r))dr )
7W<mm+§fw@mamm>e ’

(i1i) F is a Randers metric of the form

c
@) F =[S hlEratr) o) + ) o)
where the positive constant ¢ and smooth functions g(r), h(r) satisfy
c c 4c
R > - 2h’(— 2 )—h 29 2% 2.
9(r) = h(r)”>—7, ST rg -
2. PRELIMINARIES

Let M be an n-dimensional smooth manifold. T, M denotes the tangent space of
M at x. The tangent bundle of M is the union of tangent spaces TM := {J, ¢, T M.
We denote the elements of TM by (z,y) where y € T, M and the slit tangent bundle
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TMy :=TM\ {0}.

Definition. A Finsler metric on M is a function F' : TM — [0,00) with the
following properties:

(i) F is C* on T My,

(ii) F is a positively 1-homogeneous on the fibers of tangent bundle T'M,

1 _9%F?
2 OyioyI
The pair (M, F) is called a Finsler space. The metric F is called the fundamental

(iii) The Hessian of F; with element g;; = is positive definite on T'Mj.
function and g;; is called the fundamental tensor.
The spray coefficients of the Finsler metric F' is defined by
. 1 .
3) G = 2y )™ — (7Lt}
where ¢¥ = (gij)_l. The geodesic coeflicients of a spherically symmetric Finsler

metric F(z,y) = ||y||¢ <||x||, %) are given by

lly

(4) G' = uPy' +u*Qa",
where

1 T¢ss - (br + 5¢rs <:Ca y>
5 = — , ui=ly|, r:i=|zr|, S§:=-—F7-
(5) Q T —— S lyl 2| B
and

T¢s + Sd)r Q 2 2
P=-—-—_"- - sl -

(6) G = S [s0+ (2 = +%)6]
The Berwald curvature of a Finsler metric is a tensor defined in local coordinates
as follows: B := Bl dr) @ da* @ dz' @ 3%, where Bl = % and G° is

the geodesic spray coefficients. Suppose v(t) be the geodesic with v(0) = x and
~v'(0) = y on M. Then the S-curvature S(x,y) which was introduced by Z-Shen

[13, 12] for a given volume form dV = o(x)dz is defined as

S(,9) = (0,7 O)lico,

where 7(x,y) is the distortion of F'.

The Finsler metric F is said to have istropic S-curvature with respect to the volume

form dV = o(x)dz if there exists a function ¢ = ¢(x) on M so that S = (n+ 1)cF.

F is said to have constant S-curvature if ¢ = constant.

Another quantity is associated with S-curvature called E—cugg/ature. The E-tensor
1 G™m

) ) 1
5 = Ez_]dﬂfl [ dl‘J iS deﬁned by Ez_] = §Syby1 (ﬂf,y) = §W F iS Said to
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have isotropic E-curvature if there is a function ¢ = ¢(x) on M such that

1
F = i(n + l)CFyiyj.

3. SPHERICALLY SYMMETRIC LANDSBERG METRIC

For a spherically symmetric Finsler metric we have the following lemmas:

Lemma 3.1. [7] A spherically symmetric Finsler metric F = u¢(r,s) in R®
(n > 3) is a Berwald metric if and only if either F is Riemannian or there exists
o 82 - == TSC T T
smooth function 02(7‘") so that F' = wy (g(r)+s2f41“02(r)g(r)dr> e= J(E=2riex(r))drg
where g(r) = el F-ariea(rydr

Lemma 3.2. [7] If a spherically symmetric Finsler metric F = ug(r,s) in R™

(n > 3) is Landsberg type, where u = |y|,r := |z|,s := <Ty”|’>, then there exist the

functions co(r),c1(r), ca(r), c3(r) so that its geodesic spray coefficients G* satisfy

G = uPy" + u*Qx’,

where

rZ — 52 1 co(r)svr? — 2

(7) P=ci(r)s+ca(r) - and Q= 560(7‘)82 - = + c3(r).

Lemma 3.3. [4] On B™(p), a spherically symmetric Finsler metric F' = ug(r, s)

has isotropic E-curvature if and only if

(®) (P = sP)(n+1) + (r* = s*)(Qs — 5Qss) = (n + 1)(¢ — ¢5)c(2),

where ¢ = ¢(x) is a scalar function on M.

Let FF = o + 8 be a Randers metric on a n-dimensional manifold M, where
a = y/a;jy'yl is a Riemannian metric and 8 = b;y’ is a 1-form. Then F will be a
Finsler metric if and only if ||8,]|a< 1, V& € M. Let
1 1
ij = =(bi); + bjp), ij ‘&— 5
) Tij 2( i +bi) s 2(

k R i _ 1k —
Skja Sj = bisj =b Skja eij = 7‘2']' + biSj + bjsi,

bijj = bili),

i i

sii=a

where “|” denotes the covariant derivative with respect to the Levi-Civita connection

of a. The spray coefficients G* of F and the spray coefficients G¢, of « are related
by

G' =Gy + Py + Q'
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where

€00 i i i, j i i i,j
(10) P = - %0 Q' = asy, e = eiy'y, soi=siy',  spi=sjy.

Lemma 3.4. [6] A Randers metric F = a+ [ is a Landsberg metric if and only if
B is parallel with respect to c, that is, b;; = 0.

Lemma 3.5. [3] Let F' = a+ 8 be a Randers metric on an n-dimensional manifold
M. Then for a scalar function c(x) following are equivalent:
(i) eqo = 2¢(a® — 32).
(ii) E = 1(n+1)cFyiy.
Proof of Theorem 1.1

From equation (7) we have,

hal) - i
co (1) (r? — 282
(11) Qs = Co(r)s — :‘4% ),
Qss = co(r) + ca(r)s(3r? — 25?)

At first assume c(z) # 0. Now using (11) in (8) we have the following differential
equation,

(12) ¢ —sps =

nea(r) 1
(n+ De(x) VrZ =%

Equation (12) can be written as

(13) ¢ — sps = o) where b(z) =

)
7"2—82

nea(r)
(n+1e(z)
Solving the differential equation (13) we have

(14) ¢ = W + sk(x).

Therefore, F' is a Randers metric.

Now by Lemma 3.4 a Randers metric will be a Landsberg metric if and only if
bi;
2¢(a? — %) = 0. Which implies (a? — 8%) = 0. This is a contradiction. Hence c(z)

= 0. Therefore, using (10) we have, egop = 0. Again from Lemma 3.5 we get

has to be zero.
Now suppose ¢(x) = 0. Then c3(r) = 0 and F' becomes a Berwald metric. Using

Lemma 3.1 we have the result.
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For any Berwald metric, the S-curvature vanishes, i.e., S = 0. Therefore, its

FE-curvature vanishes too. Hence, the converse part is also true.

Proof of Corollary 1.1
From Theorem 1.1 we have every spherically symmetric Landsberg metric with
isotropic E-curvature is either Riemannian or Berwaldian. In both cases it has

vanishing F-curvature.

Theorem 3.1. Every spherically symmetric Landsberg metric F with isotropic S-
curvature, is one of the following forms:
(i) F is a Riemannian metric.

(i1) F is a Berwald metric of the form

2

S 2 3
F = — f(;—27‘ ca(r))dr )
" <g<r> T2 ] 4rc2<r>g<r>dr> ‘ ’

(i1i) F is a Randers metric.

Proof: The S-curvature with respect to the volume form dV = o(z)dzx can be

formulated by
oG™ 0

(15) S —ym

== —~_(Ino).
oy~ gy 1)

Since the spray coefficients of spherically symmetric metric is of the form
G™ = uPy™ + u2Qz™, we have

oG™ 0
= = (uPy™ 2 m
ZUP57n+ E_EPS Yy 4+ P y" +uQsx™x ‘|'(2Q_5Qs)JU Y
P s 9 9
=uPn+ | — — =P ) u” + Psus + uQsr” + (2Q — sQs)us
u U

= (n+ DuP + u(r? — s%)Qs + 2usQ.

Moreover, we have
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Therefore, for a spherically symmetric the S-curvature is given by

(16) S=(n+1uP +u(r® — s*)Qs + 2usQ + usp(r),
a'(r)

ro(r)”

where p(r) = —

Therefore, for a spherically symmetric Finsler metric with isotropic S-curvature we

have,
(17) (n+ 1P+ (r? — s*)Qs + 25Q + sp(r) = (n + 1)cg.

Now for a spherically symmetric Landsberg metric with isotropic S-curvature using
(7) and (11) we get,

ré—3s8 eo(r r2 — 962
(18)

rd

1
+2s (260(7”)32 -

+ 03(7“)) + sp(r) = (n+ 1)co.

Simplifying we have,

neg(r)vVr? — s2

(19)  72sco(r) + (n+ 1)ei(r)s + 2¢3(r)s + sp(r) + - =(n+1)co.
At first suppose ¢(z) # 0. Then we have,
(20) ¢ =k1(x)s + ka(z) V1?2 — $2,

_ r2eg(r) ci(r) 2c3(r) p(r) nca(r)
where ky (l‘) - (n+10)c(w) + cl(w) + (n+:1;)c(a:) + (n+1)c(z) and ko (x) - (n+1)27' 2¢(x) "

Therefore, F' is a Randers metric.
If ¢(x) = 0, then from (19) we have c2(r) = 0. Then we have from Lemma 3.1 that

F' is a Berwald metric of the given form.

4. PROOF OF THEOREM 1.2

The S-curvature is defined for an arbitrary given volume form dV = o(z)dx
on a Finsler manifold. By Theorem 3.1 we conclude that spherically symmetric
Landsberg metric with isotropic S-curvature must be either a Randers metric or a
Berwald metric of the form given in Lemma 3.1, if the volume form is also spherically
symmetric. Now we will classify the Randers metric with isotropic S-curvature.
Therefore, it is enough to classify the Randers metric with isotropic S-curvature.

Any Randers metric F' = o 4+ [ can be written as

(21) F =/ f()lyP+g(r){e, 9)? + h(r)(z,y),
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where f(r),g(r) and h(r) are smooth functions.

In this case,

(22) a=/fr)lyP+g(r){z,y)® and §=h(r)(z,y).
Therefore,
(23) a;; = f(r)éj- +g(r)ztz?, by = h(r)a’.

We also have,

det(ai;) = (f +r2g)f Y, ¥ = 269 - ——L ___gigd
) =) R PRy
and
. 2h2
24 2= bibjatl = .
(24) 11815 ja f1r2g

Since F is a Randers metric, « is a positive definite and ||3||2< 1. Therefore,

(25) fr) >0, f(r)+r2g(r) >0, f(r)+r*(g(r) = h(r)*) > 0.

The Christoffel symbols I'}; () of a are given by

].—"-fj _ Lkl {aa” + 8alj B 8aij}
1, 2 y 7

oxJ ozt oz!

(26)
L(fg =219 ; jx, 2r9=1 4 "o :
= = ¢ (51 —(x" 015 ](51‘ .
s (Ftr rye's + g0+ J o o7
Therefore,
Ob; &
. biyj = 5 — bl
0 LMr ), (W LG 2
2 f+4+r2g Y r 2 r(f+r2g) '
Now from Lemma 3.4 we have, b;; = 0. Therefore, from (27) we have
o) Lhrf 420) W LM )
2 f+r2g 7 v 2 w(f4rg)

From the first equation of (28) we have either

h=0 or rf +2f=0.
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If h =0, then F' is a Riemannian metric.
If rf' 4+ 2f = 0, then solving this differential equation we have f = 5.
Now putting the value of f in (28) we have

(29) 2 (5 +7%) —h <rzg' - jff)) =0.
Since, F' is a Randers metric, from (25) we get ¢ is a positive constant and
g(r) —h(r)* > —%.
Conversely, if F' is a Riemannian or a Berwaldian, then F' is a Landsberg metric
and the S-curvature of F' vanishes.
Otherwise, if F = /5 [y[>+g(r)(z,y)? + h(r)(z,y) and g(r), h(r) satisfy (29) then

B is parallel to . Thus F' is again a Landsberg metric with isotropic S-curvature.
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