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ABSTRACT. Some dynamical properties of the uniform limit dynamical system 

have been investigated. It has been found that for a sequences (X, In) of 

dynamical systems having same attractor A and converging uniformly to a 

dynamical system (X, f), the dynamical system (X, f) has the same attractor 

A. It has been found that a sequence (X, In) of uniformly rigid dynamical 

systems converging uniformly to a dynamical system (X, f), the dynamical 

system (X, f) is also uniformly rigid. We have proved that the uniform limit 

(X, f) of a uniformly convergent sequence of dynamical systems having pseudo 

orbit tracing property has pseudo orbit tracing property. The expansiveness 

and the equicontinuous set t: of the uniform limit dynamical system have been 

investigated. 
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1. INTRODUCTION 

By a dynamical system we mean a pair (X, f); where X is a compact metric 

space with metric d, and f is a continuous self map on X. We consider X as an 

infinite compact metric space without isolated point. The uniform limit f of a 
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uniformly convergent sequence (fn) of continuous functions is continuous. Thus,

the metric space (X, d), together with the uniform limit f constitute a dynamical

system. It is interesting to investigate the dynamical properties inherited by the

uniform limit from the sequence. Indeed, if (X, fn) is a sequence of dynamical sys-

tems such that each member of the sequence has dynamical property P , then it is

interesting to know whether the uniform limit (X, f) has this property P or not.

In this section we shall define some terminologies of dynamical systems. The set

O(f, x) = {fn(x) : n ∈ N} is called orbit of the point x ∈ X. In dynamical system,

the main interesting task is to investigate the asymptotic orbit behaviour of each

point. A point x ∈ X of a dynamical system (X, f) is said to be periodic point if

there exists a positive integer n such that fn(x) = x. The least such positive integer

is called the period of x. A point x ∈ X of a dynamical system (X, f) is called a

fixed point if f(x) = x. Thus a fixed point is a periodic point of period one. Let (fn)

be a sequence of continuous self maps on a metric space (X, d). Then fn is called

orbitally convergent[6] to a map f : X −→ X if, for every ε > 0, there exists k ∈ N ,

such that d(fmn (x), fm(x)) < ε, for all x ∈ X, for all m ∈ N and for all n ≥ k. A

dynamical system (X, f) is said to be transitive if, for each pair U, V of non-empty

open subsets of X, there exists a positive integer n such that fn(U) ∩ V 6= φ. It is

also equivalent to say that there exists a point x ∈ X such that O(f, x) = X. In

this case the point x is called a transitive point. The set of all transitive points is

denoted by trf . Das and Das [14] studied the topological transitivity of a sequence

of transitive maps under group action. The limit function of a uniformly convergent

sequence of topological transitive functions need not be topological transitive. But

the limit f of a sequence fn of topological transitive functions converging orbitally

to f , is topological transitive [6]. It has also been shown in [13] that a sequence fn

of continuous and transitive maps that converge uniformly to f , is not necessarily

topologically transitive. Raghib et al., have also given sufficient condition under

which uniform limit function is topological transitive. Kexong et al., discussed a

sufficient condition for the transitivity of the uniform limit of a sequence of a tran-

sitive system [18]. In [12] Raghib and Kifah have discussed a sufficient condition

in which the uniform limit is transitive. They also prove that if (fn) is a sequence

of continuous function converging uniformly to a function f , then the sequence
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fpn
uniformly−−−−−−−→ fp for each p. Also in [7] there is a sufficient condition for the transi-

tivity of the limit function. In the sense of Devaney, a dynamical system (X, f) is

said to be chaotic if it is topological transitive and has a dense set of periodic points

[4]. If fn
uniformly−−−−−−−→ f , in general there is no relation between chaotic behavior of

the non-autonomous system generated by fn and the chaotic behavior of f [5]. In

[16], authors investigated chaos for a sequence of maps in a metric space. Transitiv-

ity on interval maps is equivalent to chaotic in Devaney sense if the map has a dense

set of periodic points ([1, 15, 17]). Many results of transitivity can be found in [8].

A dynamical system (X, f) is said to be topological weak mixing, if the product

system (X × X, f × f) is transitive. A transitive dynamical system may not be

weak mixing; or product of transitive dynamical system may not be transitive [10].

A dynamical system (X, f) is said to be topological mixing if for each pair U, V of

non-empty open subsets, there exists a positive integer m such that fn(U)∩V 6= φ

for all n ≥ m. Mangang[11] has shown that the uniform limit function of a sequence

of topological mixing functions is not necessarily topological mixing. Further, he

gave a sufficient condition so that the uniform limit is topological mixing. A subset

A ⊂ X is said to be an invariant subset if f(A) ⊂ A. The orbit closure O(f, x) of

a point x ∈ X is an invariant set of the system (X, f). A system (X, f) is said to

be minimal if there is no proper closed invariant subset of (X, f). Every point of a

minimal system is a transitive point. The ω-limit set ω(x) of x is the set of all limit

points of O(x, f). Equivalently, ω(x) =
⋂
n∈N

⋃
i≥n f

i(x). A point x ∈ X is said to

be recurrent point for f if x ∈ ω(x), i.e x belongs to its ω- limit set. Equivalently,

the point x is a recurrent point, if for all ε > 0, there exists a positive n, such that

d(fn(x), x) < ε. R(f) denotes the set of all recurrent point of f . Periodic point is

also a recurrent point. A point x ∈ X ε- shadows a finite sequence x1, x2, ....xn if

d(f i(x), xi) < ε for all i < n. A finite or infinite sequence (xi)i≥0 is said to be a

δ- chain if d(f(xi), xi+1) < δ for all i. A dynamical system (X, f) is said to have

pseudo orbit tracing property(POTP) if, for ε > 0, there exists δ > 0, such that any

finite δ-chain is ε-shadowed by some point. A dynamical system (X, f) is said to be

uniformly rigid, if for each ε > 0 and for each x ∈ X, there exists a positive integer

n such that d(x, fn(x)) < ε. A dynamical system (X, f) is said to be sensitive if, for

all x ∈ X and for all δ > 0, there exists ε > 0 such that d(f j(x), f j(y)) ≥ ε for some

y ∈ Bδ(x) and j ≥ 0. A bijective dynamical system (X, f) is expansive if there
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is ε > 0 such that for each pair of distinct points x, y ∈ X, there exists a positive

integer j with d(f j(x), f j(y)) ≥ ε. A dynamical system (X, f) is positively expan-

sive, if for each ε > 0 and for each pair x, y of distinct points, there exists a positive

integer n such that d(fn(x), fn(y)) ≥ ε. Let (X, f) be a dynamical system. A sub-

set Y ⊆ X is called an attractor if it is non-empty closed, f(Y ) = Y and for each

ε > 0, there exists δ > 0, such that for any x ∈ X, d(x, y) < δ ⇒ d(fn(x), Y ) < ε

for all n ≥ 0 and lim
n→∞

d(fn(x), Y ) = 0. Let (X, f) be a dynamical system. A point

x ∈ X is said to be equicontinuous if for each ε > 0, there exists δ > 0 such that

y ∈ Bδ(x)⇒ d(fn(x), fn(y)) < ε, for all n ≥ 0. The set of all equicontinuous points

is denoted by E . A dynamical system is said to be equicontinuous if E = X. We say

that (X, f) is almost equicontinuous if E is dense in X. Mangang(2014) found that

the limit function of an orbitally convergent sequence of equicontinuous function is

equicontinuous. Detail discussion of equicontinuity, sensitivity and expansiveness

are found in [2],[3], [9] and [10].

In this paper, we investigate the attractor set of the uniform limit dynamical

system. If (X, fn) is a sequence of dynamical system having A as attractor for each

n ≥ 1, then the uniform limit dynamical system (X, f) has A as its attractor. If

(X, fn) is a sequence of dynamical systems converging uniformly to the dynamical

systems (X, f); and if each dynamical system (X, fn) has same equicontinuous set

E , then we show that (X, f) has same equicontinuous set E . We also prove that

if (X, fn) is a sequence of positively expansive dynamical system converging to

(X, f), then (X, f) is also positively expansive. If a sequence (fi) of dynamical

system converging uniformly to a function f and each system (X, fn) has pseudo

orbit tracing property, then f also has pseudo orbit tracing property. In a sequence

of dynamical system (X, fn), if each system has the same recurrent point x; and

fn
uniformly−−−−−−−→ f , then (X, f) has x as its recurrent point. If (X, fn) is uniformly rigid

converging uniformly to (X, f), then (X, f) is uniformly rigid dynamical system.

2. Theorems

Theorem 2.1. Let (fi) be a sequence of dynamical systems having pseudo orbit

tracing property and converging uniformly to a function f . Then f has pseudo orbit

tracing property (POTP).
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Proof. Let ε > 0 be an arbitrary number. For each j ≥ 1, there exists δj > 0,

such that every δj-chain (xi) is ε−shadowed by some zj . i.e d(f ij(zj), xi) <
ε
2 . We

have a sequence (zj). Since X is a compact metric space, it converges to a point

z ∈ X. Let δ = inf{δj : j ≥ 1}. Let (yi) be a δ-chain. Then, d(fj(yi), yi+1) < δ <

δj , ∀ j ≥ 1, i ≥ 1. This shows that every δ- chain is a δj- chain, for each j ≥ 1.

Therefore, d(f ij(zj), yi) <
ε
2 , ∀ i ≥ 1, j ≥ 1. ——(1)

By triangle inequality, we get,

d(f i(z), yi) ≤ d(f i(z), f ij(zj)) + d(f ij(zj), yi), ∀ i ≥ 1, j ≥ 1. ——(2).

We know that, f ij
uniformly−−−−−−−→ f i, then there exists N , such that

d(f ij(zj), f
i(zj)) <

ε
4 , ∀ j ≥ N. ——(3)

Since, zj converges to z and f i is continuous, there exists N1, such that

d(f i(zj), f
i(z)) < ε

4 , ∀ j ≥ N1. ——(4)

Using (3)and (4) we get

d(f ij(zj), f
i(z)) ≤ d(f ij(zj), f

i(zj)) + d(f i(zj), f
i(z)) < ε

2 . —–(5)

From (1), (2) and (5), we get

d(f i(z), yi) <
ε
2 + ε

2 = ε, ∀ i ≥ 1.

Hence, f has pseudo orbit tracing property. �

Theorem 2.2. Let (X, fi) be a sequence of dynamical systems such that each mem-

ber of the sequence has a common recurrent point x, and converging uniformly to

(X, f). Then x is also a recurrent point of (X, f).

Proof. Let Bε(x) be an open ball of radius ε > 0. Then for i ≥ 1, there exists n ≥ 1,

such that fni (x) ∈ B ε
2
(x). Since fni

uniformly−−−−−−−→ fn, there exists N ≥ 1, such that

d(fni (x), fn(x)) < ε
2 , ∀ i ≥ N .

Now, d(fn(x), x) ≤ d(fn(x), fni (x)) + d(fni (x), x) < ε
2 + ε

2 . Therefore, fn(x) ∈
Bε(x). This shows that, x is a recurrent point of f . Therefore,

⋂∞
i=1R(fi) ⊂

R(f). �

Theorem 2.3. Let (X, fi) be a sequence of uniformly rigid dynamical systems

converging uniformly to f . Then f is uniformly rigid.

Proof. fi
uniformly−−−−−−−→ f . For each ε > 0, there exists N1,

such that d(fi(x), f(x) < ε, for all i ≥ N1 and for all x ∈ X. Also, fni
uniformly−−−−−−−→ fn.

Therefore for each ε > 0, there exists N2, such that d(fni (x), fn(x)) < ε
2 , for all

i ≥ N2 and for all x ∈ X . It is given that (X, fi) is uniformly rigid for each i ≥ 1.
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Therefore, for each ε > 0 there exists positive integer n, such that d(x, fni (x)) < ε
2

for all x ∈ X. Now, d(x, fn(x)) ≤ d(x, fni (x))+d(fni (x), fn(x)) < ε
2 + ε

2 . Therefore,

d(x, fn(x)) < ε. This shows that, (X, f) is uniformly rigid. �

Theorem 2.4. Let (X, fi) be a sequence of positively expansive dynamical systems

converging uniformly to (X, f). Then (X, f) is positively expansive.

Proof. (X, fi) is positively expansive. Therefore, for each ε > 0 and for each pair x, y

of distinct points, there exists a positive integer m such that d(fmi (x), fmi (y)) ≥ 3ε
2 .

We know that fmi
uniformly−−−−−−−→ fm. Then, there exists a positive integer N , such that

d(fmi (x), fm(x)) < ε
4 , for all i ≥ N and for all x ∈ X. By triangle inequality, we

have;

d(fmi (x), fmi (y)) ≤ d(fmi (x), fm(x)) + d(fm(x), fm(y)) + d(fm(y), fmi (y))

It implies that 3ε
2 ≤ d(fmi (x), fmi (y)) < ε

4 + d(fm(x), fm(y)) + ε
4 . Therefore,

d(fm(x), fm(y)) > ε. Hence, f is positively expansive. �

Theorem 2.5. Let (X, fi) be a sequence of dynamical systems converging uniformly

to f . Let each dynamical system (X, fi) has a common attractor Y ⊆ X. Then Y

is also an attractor for (X, f).

Proof. For each i ≥ 1, (X, fi) has the attractor Y . Therefore for any ε > 0

there exists δi > 0, such that for any x ∈ X, with d(Y, x) < δi it follows that

d(fmi (x), Y ) < ε
2 , ∀ m ≥ 0, and lim

m→∞
d(fmi (x), Y ) = 0.

For each m ≥ 1, there exists Nm > 0, such that

d(fmi (x), fm(x)) <
ε

2
∀ i ≥ Nm.

d(Y, fm(x)) ≤ d(Y, fmi (x)) + d(fmi (x), fm(x)) < ε, whenever d(Y, x) < δi, and

i ≥ Nm. Therefore, d(Y, fm(x)) < ε, ∀ m ≥ 0, whenever d(Y, x) < δ, where

δ = inf{δi : i ≥ 1}. Now, lim
m→∞

d(fmi (x), Y ) = 0. Therefore, for ε > 0, there

exists Mi, such that d(fmi (x), Y ) < ε, ∀ m ≥ Mi. Now {Mi : i ≥ 1} is a bounded

set. Let M = sup{Mi : i ≥ 1}. Then, d(fmi (x), Y ) < ε, ∀ m ≥ M and ∀ i ≥ 1.

Therefore, d(fm(x), Y ) < ε, ∀ m ≥M . Since ε > 0 was chosen arbitrarily, we have

lim
m→∞

d(fm(x), Y ) = 0.

Hence, Y is an attractor for (X, f). �
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Theorem 2.6. Let (X, fi) be a sequence of dynamical systems converging uniformly

to the dynamical systems (X, f). Suppose each dynamical system (X, fi) has the

common equicontinuous set E, then E is contained in the equicontinuous set for

(X, f).

Proof. For a given ε > 0, there exists Nm > 0, such that

d(fmi (x), fm(x)) < ε
3 , ∀ i ≥ Nm, ∀ x ∈ X. Let x ∈ E , then there exists δ > 0,

such that d(fmi (x), fmi (y)) < ε
3 whenever d(x, y) < δ,∀ m ≥ 0, i ≥ 0. By trian-

gle inequality, we have d(fm(x), fm(y)) ≤ d(fm(x), fmi (x)) + d(fmi (x), fmi (y)) +

d(fmi (y), fm(y)),∀ i ≥ Nm,m ≥ 0. It follows that d(fm(x), fm(y)) < ε, ∀m ≥ 0.

Therefore, E is contained in the equicontinuous set of (X, f). �
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