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ABSTRACT. This paper continues the study of the group Hameo(M,w), of all 

Hamiltonian homeomorphisms of a closed symplectic manifold (M,w). After 

given a direct proof of the positivity result of the symplectic displacement en­

ergy, we show that the uniqueness theorem of generators of strong symplectic 

isotopies extends to any closed symplectic manifold: An explicit formula for 

the mass flow of any strong symplectic isotopy with respect to its generator is 

given. We show that Hameo(M,w) inherits under the C0 -Hamiltonian topol­

ogy, the fragmentation property, the algebraic perfectness, and coincides with 

the commutator sub-group of the group of all strong symplectic homeomor­

phisms. This solves a Banyaga's conjecture, and some other conjectures are 

also formulated. 
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1. INTRODUCTION 

The group Hameo(M,w), of all Hamiltonian homeomorphisms of a closed sym­

plectic manifold ( M, w) is known as a topological counterpart of the well-known 
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group Ham(M,ω), of all smooth Hamiltonian diffeomorphisms of (M,ω) [13]. In

almost the same spirit, the group of strong symplectic homeomorphisms was defined

and studied in [3]. For short, arguing with Theorem 3.3−[15], a strong symplectic

(resp. a Hamiltonian) homeomorphism is nothing than an element of a certain non-

trivial topological completion of the usual identity component Gω(M) of the group

of all symplectomorphisms of (M,ω) via some ”kind” of twisted C0−metric, called

”symplectic topology” (resp. ”Hamiltonian topology”). Such homeomorphisms can

be smooth or not, and since they belong to a group G0
ω(M) that contains Gω(M)

(see [2, 3, 4]), it seems natural to think of the study of the spreading of the geo-

metric, algebraic and topological properties of the sub-group Gω(M) ⊆ G0
ω(M)

over the ambient group G0
ω(M). Many contributions in this sense have been done

[6, 7, 8, 13, 14, 18]. But, so far, is still an open question to know whether the

sub-group Hameo(M,ω) ⊆ G0
ω(M) is algebraically simple or not (a property that

has the group Ham(M,ω)). Idem, the algebraic perfectness and the fragmentation

property for Hameo(M,ω) are still open questions.

Therefore, the main goal of the present note is to capture some possible affirmative

answers of some of the above open questions. To that end, we prove the following

results for any closed symplectic manifold (M,ω).

Theorem 1.1. Any strong symplectic isotopy determines a unique generator.

Theorem 1.1 was proved in [7] for Lefschetz type closed symplectic manifolds.

This restriction was caused by the technique of the proof of Lemma 4.5-[7] which

has main ingredient the Fathi’s Poincaré duality. When the manifold is simply

connected, Theorem 1.1 is a result that was proved by Viterbo [18], and later by

Buhovsky-Seyfaddini [8].

In order to introduce the second result of this note, let us recall that in the theory

of smooth symplectic geometry, it is known that the Fathi’s Poincaré duality result

states that the flux of a volume-preserving isotopy determines its mass flow, while a

factorization result found in [2] shows how the flux induced the symplectic form is

linked with that induced by the corresponding symplectic volume form. These facts

combined with the definition of strong symplectic isotopies, motivated the following

result.
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Theorem 1.2. Any strong symplectic isotopy λ generated by (U,H), has mass flow:

(1.1) θ̃(λ)(f) =
1

(n− 1)!

∫
M

((∫ 1

0

Htdt
)
∧ ω(n−1) ∧ f∗(σ)

)
,

for all continuous mapping f from M to the circle S1, where σ is the volume form

on S1, and θ̃ is the Fathi’s mass flow homomorphism.

In particular, Theorem 1.2 shows that the harmonic component of the generator

of a strong symplectic isotopy completely determines its Fathi’s mass flow. In the

theory of smooth symplectic geometry, Theorem 1.2 is equivalent to the Fathi’s

Poincaré duality result. As a corollary, we have that any continuous Hamiltonian

flow has a trivial Fathi’s mass flow, and therefore the group of all Hamiltonian

homeomorphisms of (M,ω) is contained in the kernel of the Fathi’s mass flow (a

well-known fact).

Here is one of the main results of this note.

Theorem 1.3. The group Hameo(M,ω) coincides with the commutator sub-group

of the group G0
ω(M), of all strong symplectic homeomorphisms of (M,ω).

Theorem 1.3 gives an affirmative answer of a conjecture formulated in [3]. This

can be seen as a topological counterpart of a well-known result from the usual

smooth symplectic geometry which states that [Gω(M), Gω(M)] = Ham(M,ω).

The proof of the inclusion [G0
ω(M), G0

ω(M)] ⊆ Hameo(M,ω), can be found in [3].

This follows from straightforward calculations. For the completeness of the proof

of Theorem 1.3, we will only prove the inclusion [G0
ω(M), G0

ω(M)] ⊇ Hameo(M,ω).

The strategy of the proof of this result is the following: Assuming thatHameo(M,ω)

is not contained in the commutator sub-group [G0
ω(M), G0

ω(M)], we shall exhibit a

countable family {Bj}j∈N, in which each element Bj is a non-empty open subsets

of M , and then find out a positive integer δ (possibly large enough, but still an

integer) such that

(1.2) 0<eS (Bδ) ≤ 0,

without appealing to any limit: Relation (1.2) is a contradiction. Here, eS is the

usual symplectic displacement energy, and this will still hold if we apply the capac-

ity inequality theorem.
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When M is simply connected, then G0
ω(M) = Hameo(M,ω). So, Theorem 1.3

reduces to the perfectness of Hameo(M,ω), i.e.,

[Hameo(M,ω), Hameo(M,ω)] = Hameo(M,ω).

This motivated the following fact.

Theorem 1.4. The group Hameo(M,ω) is algebraically perfect.

On the other hand, according to [2], given any open cover U = {Ui}1≤i≤k of M

and any Hamiltonian diffeomorphism ψ, one can always find a family of Hamiltonian

diffeomorphisms {φi}1≤i≤k, with each φi supported in Ui such that ψ = φ1◦· · ·◦φk.

Definition 1.5. The support of a homeomorphism h, denoted supp(h), is the

closure of the set {x ∈M : h(x) 6= x}.

As we shall see later, the above smooth fragmentation property together with

the lines of the proof of Theorem 1.3 suggest that Hameo(M,ω) inherits a frag-

mentation property from Ham(M,ω) through the C0−Hamiltonian topology.

Proposition 1.6. Given any open cover U = {Ui}1≤i≤k of M , and any Hamil-

tonian homeomorphism ψ, one can always find out a family of Hamiltonian home-

omorphisms {γi}1≤i≤k, with each γi supported in Ui such that ψ = γ1 ◦ · · · ◦ γk.

We organize the paper as follows: In the second Section, we recall the definitions

of symplectic paths and their generators, the definition of the Hofer-like norm and

the definition of the symplectic displacement energy. Therefore, we use Theorem

3.3−[15] to give a short proof of the positivity of the symplectic displacement energy

(Theorem 2.2). Next, we revisit the construction of the Poincaré’s pairing, the

construction of the flux homomorphism, and the construction of the Fathi’s mass

flow; including some well-known results from flux geometry that we shall need.

The third Section contains the definition of strong symplectic isotopies and their

generators; including some useful notions and results found in [7, 8] that we shall

need. In this section, in order to give a complete proof of Theorem 1.1, we prove

a lemma (Lemma 3.8) that generalizes both Lemma 4.5-[7] and Lemma 4.6-[7].

Finally, the last Section contains a study of the mass flow for strong symplectic

homeomorphisms: We recover a well-known result starting that the group of all

Hamiltonian homeomorphisms is contains in the kernel of the Fathi’s mass flow.
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This section includes the complete proofs of Theorem1.2, Theorem1.3, Theorem1.4,

and Proposition 1.6.

2. Preliminaries

Let M be an n−dimensional smooth closed manifold (i.e., a smooth compact,

connected manifold without boundary). A differential form Ω on M of degree n

that vanishes nowhere is called a volume form. In this situation the manifold (M,Ω)

is said to be oriented. A diffeomorphism φ : M → M is said to preserve a smooth

differential q−form α on M if φ∗(α) = α. Given a q−form α on M , we shall

denote by Diff∞(M,α) the group of all diffeomorphisms of M that preserve α,

and by Iso(M,α) we denote the group consists of all smooth paths Φ : [0, 1] →
Diff∞(M,α), with Φ(0) = IdM (see [2, 11]).

More often, in this paper, we will assume that M is a closed symplectic manifold

of dimension 2n, with symplectic form ω, and denote by Ω0 the corresponding

symplectic volume form. In this case the group Diff∞(M,ω) is usually denoted

Symp(M,ω), and called the group of all symplectomorphisms of (M,ω). LetGω(M)

denote the group consists of all time-one maps of isotopies in Iso(M,ω), and G̃ω(M)

the universal cover of Gω(M) [2]. The sub-group of Gω(M) formed by all the

Hamiltonian diffeomorphisms of (M,ω) is denoted Ham(M,ω), and its universal

cover is denoted ˜Ham(M,ω) (see [2, 17] for further details). We shall always assume

that (M,ω) is a closed symplectic manifold of dimension 2n that caries a fixed

Riemannian metric g.

2.1. Symplectic paths. The following notions can be found in [6]. Let Φ = {φt}
be a symplectic isotopy. The Hodge’s decomposition of the closed 1−form ι(φ̇t)ω

gives rise to a unique exact 1−form dUΦ
t , and a unique harmonic 1−form HΦ

t , where

(2.1) φ̇t(φt(x)) :=
d

dt
(φt(x)),

for all x ∈ M , and for each t [4]. Denote by U the normalized Hamiltonian of

UΦ = (UΦ
t ), i.e., for each t, we have

(2.2) Ut = UΦ
t −

∫
M
UΦ
t ω

n∫
M
ωn

,

and let H, denote the smooth family of harmonic 1−forms HΦ = (HΦ
t ). The group

T(M,ω, g), of all the pairs (U,H) constructed as above is isomorphic to the group
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Iso(M,ω) [6]. Furthermore, any symplectic isotopy Φ is denoted by φ(U,H) to mean

that Φ corresponds to (U,H), and the pair (U,H) is called the “generator” of the

symplectic isotopy Φ. A symplectic isotopy φ(0,H), is a harmonic isotopy, and a

symplectic isotopy φ(U,0), is a Hamiltonian isotopy (see [6, 7, 15]). The product

rule in T(M,ω, g) is given by,

(2.3) (U,H) 1 (V,K) = (U + V ◦ φ−1
(U,H) + ∆̃(K, φ−1

(U,H)),H+K).

The inverse of (U,H), say (U,H) is given by,

(2.4) (U,H) = (−U ◦ φ(U,H) − ∆̃(H, φ(U,H)),−H).

In (2.3) and (2.4) the quantity ∆̃ is defined as follows: for any symplectic iso-

topy Ψ = {ψt}, and for any smooth family of closed 1−forms α = (αt), we have

∆t(α,Ψ) :=
∫ t

0
αt(ψ̇

s) ◦ ψsds, and ∆̃t(α,Ψ) is the normalized function of ∆t(α,Ψ),

for all t (see [6])

2.2. Hofer-like metrics. Given a symplectic isotopy Φ generated by (U,H), its

the L∞−Hofer-like length is defined by,

(2.5) l∞HL(Φ) = max
t∈[0,1]

(osc(Ut) + |Ht|),

where for each t, osc(Ut) = maxUt−minUt, and |.| is a norm defined on the vector

space of all harmonic 1−forms [4]. The L∞−energy of φ ∈ Gω(M) is defined as

e∞0 (φ) = inf(l∞HL(Φ)),

where the infimum is taken over the set of all symplectic isotopies Φ with time-one

map equal to φ. Therefore, the L∞−Hofer-like norm of φ ∈ Gω(M) is defined as,

(2.6) ‖φ‖∞HL = (e∞0 (φ) + e∞0 (φ−1))/2.

Note that the norm ‖.‖∞HL induces a right-invariant metric on Gω(M), called Hofer-

like metric defined by

(2.7) dHL(φ, ψ) := ‖φ ◦ ψ−1‖∞HL,

for all φ, ψ ∈ Gω(M).
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2.2.1. The L∞−Metric on T(M,ω, g). The L∞−metric topology on T(M,ω, g), de-

noted D2, is defined as follows:

(2.8) D2((U,H), (V,K)) =
(
D0((U,H), (V,K)) +D0((U,H), (V,K))

)
/2,

where,

(2.9) D0((U,H), (V,K)) = max
t∈[0,1]

(osc(Ut − Vt) + |Ht −Kt|).

(see [4, 15] for more details, or see [16] for a study of various Hofer-like metrics).

2.3. Symplectic displacement energy.

Definition 2.1. (Banyaga-Hurtubise-Spaeth, [5]) The symplectic displacement en-

ergy eS(A) of a non-empty open subset A ⊂M is defined as:

eS(A) = inf{‖φ‖HL|φ ∈ Gω(M), φ(A) ∩A = ∅}.

The quantity ‖.‖HL is any version of the Hofer-like norms (see [4, 15]).

Theorem 2.2. For any non-empty open subset A ⊂M , its symplectic displacement

energy eS(A), is a strict positive number.

Theorem 2.2 was proved by Banyaga-Hurtubise-Spaeth [5]: Their given proof is

technical, and one of its ingredients is a Polterovich’s trick (see [5]). It occupies the

main part of their paper [5]. In the present paper, using the following theorem that

was recently generalized to various type of Hofer-like metrics (see [16]), we provide

a short and direct alternate proof of Theorem 2.2.

Theorem 2.3. (Tchuiaga, [15]) Let {φti} be a sequence of symplectic isotopies, let

{ψt} be another symplectic isotopy, and let φ : M →M be a map such that

• (φ1
i ) converges uniformly to φ, and

• l∞HL({ψt}−1 ◦ {φti})→ 0, i→∞.

Then we must have φ = ψ1.

As we said above, Theorem 2.3 was recently generalized to various type of Hofer-

like metrics (see [16]) without appealing to the positivity of any symplectic displace-

ment energy. In fact, the results of the paper [15] follow from a particular choice

of a linear section in [16]. Therefore, the given proof of our Theorem 2.2 seems to
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suggest that, if one defines the displacement energies with respect to various Hofer-

like metrics studied in [16], then they could be positive: This still need to be proved.

Proof of Theorem 2.2. Let us assume that there exists a non-empty open subset

O ⊂ M such that eS(O) = 0. That is, for each positive integer l, there exists a

symplectic diffeomorphism ψl, isotopic to the identity such that

(2.10) 2e∞0 (ψl) ≤ ‖ψl‖∞HL<1/l,

and

(2.11) ψl(B) ∩B = ∅,

for any non-empty open ball B such that B ⊂ B ⊂ O. From the definition of the

Hofer-like norm, we also derive that for each positive integer l (fixed), there exists

a sequence of symplectic isotopies {Ψi,l}, each of which with time-one map ψl such

that

(2.12) l∞HL(Ψi,l)<e
∞
0 (ψl) + 1/i< (1/2l) + (1/i),

for all i. Now, for each l, extract a subsequence {Ψi,l}(i≥l) of the sequence {Ψi,l}.
Assume this done. Since for all i, the time-one map of Ψi,l coincides everywhere

with ψl, then the convergence Ψi,l(1) → ψl, i → ∞, is uniform. So, as l tends to

infinity (i ≥ l), then

• Ψi,l(1)
C0

−−→ ψl, and

• l∞HL({Id}−1 ◦Ψi,l) = l∞HL(Ψi,l)→ 0,

Thus, it follows from Theorem 2.3 that as l tends to infinity, then ψl tends to

IdM . Therefore, we have proved that as l tends to infinity, the sequence of compact

subsets ψl(B) tends to B: This is in contradiction with (2.11). Q.E.D ♦.

2.4. Poincaré duality. The bilinear map,

I : Hk(M,R)×H(2n−k)(M,R)→ R, ([α], [β]) 7→
∫
M

α ∧ β,

is well defined, that is to say I([α], [β]) doesn’t depend on the choice of representa-

tives in the cohomology classes [α] or [β] (this is an easy application of the Stokes

formula). Moreover this bilinear form provides an isomorphism between Hk(M,R)

and the dual space of H(2n−k)(M,R). In particular, when α ∈ C∞(∧kT ∗M) is
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a closed form and satisfies I([α], [β]) = 0, for all [β] ∈ H(2n−k)(M,R), then there

exists θ ∈ C∞(∧(k−1)T ∗M) such that α = dθ.

2.5. The flux. Given a q-form α of a closed manifold M , together with a smooth

path (ht) in Diff∞(M) such that h0 = idM and h1 = h, we have

(2.13) h∗(α)− α = dβ, with β =

∫ 1

0

h∗t (iḣt
α)dt.

The (q−1)-form β is not uniquely determined by (2.13) in the sense that any other

smooth isotopy (Ht) in Diff∞(M) with the same endpoints than (ht) satisfies the

equation

d

(∫ 1

0

h∗t (iḣt
α)dt

)
= d

(∫ 1

0

H∗t (iḢt
α)dt

)
.

If h ∈ Diff∞(M,α), then (2.13) implies that the (q − 1)−form
(∫ 1

0
h∗t (iḣt

α)dt
)

is

closed, and hence defines an element in H(q−1)(M,R) (see [2]). This gives rise to a

surjective group homomorphism
∼
Sα (see [2]), defined as follows,

(2.14)
∼
Sα: Iso(M,α)→ H(q−1)(M,R),(ht) 7→ [

∫ 1

0

h∗t (iḣt
α)dt].

When (M,ω) is a closed symplectic manifold, and α is its corresponding symplectic

volume form Ω0, the study of the invariant
∼
SΩ0

can be captured in the following

proposition.

Proposition 2.4. (Tchuiaga, [15]) Let H = (Ht) be a smooth family of closed

1−forms, and let Φ = {φt} be a symplectic isotopy. Then for each t ∈ [0, 1], we

have

(2.15)

∫
M

∆t(H,Φ)ωn = n!I(
∼
SΩ0

(Φ̄t), [Ht]),

where Φ̄t is the isotopy s 7→ φst.

Furthermore, we get a homomorphism
∼
Sω: G̃ω(M) → H1(M,R) (see [2]); and

denoting by Γω the image of π1(Gω(M)) under
∼
Sω, the homomorphism

∼
Sω induces

an epimorphism Sω from Gω(M) onto H1(M,R)/Γω. The study of the invariants
∼
Sω and Sω let to the following deep results.

Theorem 2.5. (Banyaga, [2])

(1) Ham(M,ω) = kerSω.

(2) The group ˜Ham(M,ω) is perfect.
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(3) ˜Ham(M,ω) = [G̃ω(M), G̃ω(M)].

(4) [Gω(M), Gω(M)] = Ham(M,ω).

Here is a consequence of Theorem 2.5.

Theorem 2.6. (Banyaga, [2])

• The first homology group H1(G̃ω(M),Z), of G̃ω(M) with coefficients in Z
is isomorphic to H1(M,R).

• The first homology group H1(Gω(M),Z), of Gω(M) with coefficients in Z
is isomorphic to H1(M,R)/Γω.

2.6. The C0−metric. LetHomeo(M) be the homeomorphisms’ group ofM equipped

with the C0− compact-open topology. This is the metric topology induced by the

distance d0(f, h) = max(dC0(f, h), dC0(f−1, h−1)), with

dC0(f, h) = supx∈M d(h(x), f(x)), where d is a distance on M induced by the Rie-

mannian metric g. On the space of all continuous paths % : [0, 1] → Homeo(M)

(such that %(0) = IdM ), we consider the C0−topology as the metric topology in-

duced by the metric d̄(λ, µ) = maxt∈[0,1] d0(λ(t), µ(t)). Let P(Homeo(M), IdM ) de-

note the space of all continuous paths % : [0, 1]→ Homeo(M) such that %(0) = IdM .

The topology on Homeo(M) induced by the above metric is separable, and a count-

able sub-basis for the open sets consists of the sets {h ∈ Homeo(M) : h(U) ⊂ V },
where U and V range over a countable basis for the topology of M (see [11]).

2.7. The mass flow. Let µ be a ”good measure” on the manifold M (e.g. the mea-

sure induced by the symplectic volume form). Let Homeo0(M,µ) denotes the iden-

tity component in the group of measure preserving homeomorphisms Homeo(M,µ),

and ˜Homeo0(M,µ) its universal covering. For [h] = [(ht)] ∈ ˜Homeo0(M,µ), and

a continuous f : M → S1 map, we lift the homotopy fht − f : M → S1 to a

map fht − f from M onto R. Fathi [10], proved that the integral
∫
M
fht − fdµ

depends only on the homotopy class [h] of (ht) and the homotopy class {f} of f

in [M,S1] ≈ H1(M,Z), and that the map θ̃((ht))(f) :=
∫
M
fht − fdµ, defines a

homomorphism,

θ̃ : ˜Homeo0(M,µ)→ Hom(H1(M,Z),R) ≈ H1(M,R).
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This map induces a surjective group morphism F from Homeo0(M,µ) onto a quo-

tient of H1(M,R) by a discrete sub-group. This map is called the Fathi mass flow

(see [10]).

3. Topological symplectic paths

Definition 3.1. ([13]) A homeomorphism h is called a Hamiltonian homeomor-

phisms if there exists λ ∈ P(Homeo(M), IdM ) with λ(1) = h, and there exists a

Cauchy sequence {(U i, 0)} ⊂ T(M,ω, g) for the metric D2 such that d̄(φ(Ui,0), λ)→
0, i→∞.

The set Hameo(M,ω), of all Hamiltonian homeomorphisms forms a group [13].

Definition 3.2. ([3]) A continuous map ξ : [0, 1] → Homeo(M) with ξ(0) =

IdM is called a strong symplectic isotopy if there exists a D2− Cauchy sequence

{(Fi, λi)} ⊂ T(M,ω, g) such that d̄(φ(Fi,λi), ξ)→ 0, i→∞.

Let G0
ω(M) denote the set of all time-one maps of strong symplectic isotopies.

It is shown that G0
ω(M) is a group: the so-called group of strong symplectic home-

omorphisms [3, 6].

3.1. Notations. The following notations can be found in [6, 7, 15].

• H1(M, g): the vector space of all harmonic 1−forms on M with respect to

a Riemannian metric g.

• PH1(M, g): the space of all continuous maps from [0, 1] into H1(M, g).

• PH1(M, g)0: the completion of the metric space PH1(M, g) with respect

to the uniform sup norm, ‖(Ht)‖0 = sup[0,1] |Ht|.
• N ([0, 1]×M ,R): the set of all smooth functions F : [0, 1]×M → R such

that
∫
M
Ftω

n = 0, for every t (so-called normalized functions).

• N 0([0, 1] ×M ,R): the completion of the metric space N ([0, 1] ×M ,R)

with respect to the L∞−Hofer norm, ‖(Ft)‖∞ = maxt(osc(Ft)).

• J0(M,ω, g): the Cartesian product N 0([0, 1]×M ,R)× PH1(M, g)0.

3.2. The null symplectic set. Following [7], we consider the inclusion map

i0 : T(M,ω, g)→ J0(M,ω, g).

In fact, the map i0 is uniformly continuous with respect of the topology induced by

the metric D2 on the space T(M,ω, g), and the natural topology of the complete
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metric space J0(M,ω, g). Let L(M,ω, g) denote the image of T(M,ω, g) under i0,

and let T(M,ω, g)0 be the closure of the set L(M,ω, g) inside the complete metric

space J0(M,ω, g). That is, T(M,ω, g)0 consists of pairs (U,H) where the maps

(t, x) 7→ Ut(x) and t 7→ Ht are continuous, and for each t, Ht lies in H1(M, g) such

that there exists a D2−Cauchy sequence {(U i,Hi)} ⊂ T(M,ω, g) that converges to

(U,H) inside J0(M,ω, g).

Observe that the sequence (Fj , λj) which appears in the definition of a strong

symplectic isotopy converges inside T(M,ω, g)0 to an element (U,H) where the

mappings (t, x) 7→ Ut(x) and t 7→ Ht are continuous, and for each t, Ht is a smooth

harmonic 1−form (see [7, 14]). The latter limit (U,H) was called a ” generator”

of the corresponding strong symplectic isotopy. We shall call continuous harmonic

flow any strong symplectic isotopy generated by an element of the form (0,H), and

continuous Hamiltonian flow any strong symplectic isotopy generated by an element

of the form (U, 0).

Definition 3.3. ([7]) We define the set GSSympeo(M,ω, g) as the space of all

the pairs (ξ, (U,H)) where ξ a strong symplectic isotopy admitting (U,H) as a

”generator”, i.e., there exists a sequence {(F i, λi)} ⊂ T(M,ω, g) which is Cauchy

in D2 such that d̄(φ(F i,λi), ξ)→ 0, i→∞, and {(F i, λi)} converges to (U,H) inside

T(M,ω, g)0.

Definition 3.4. ([7]) We define the symplectic topology on the space

GSSympeo(M,ω, g) as the sub-space topology induced by its inclusion inside the

complete topological space P(Homeo(M), IdM )× T(M,ω, g)0.

Theorem 3.5. (Banyaga-Tchuiaga, [7]). GSSympeo(M,ω, g) is a topological group.

Theorem 3.6. (Tchuiaga-Koivogui-Balibuno-Mbazumutima, [14]) Any generator

corresponds to a unique strong symplectic isotopy.

In [7], following Buhovsky-Seyfaddini [8], the authors defined the null symplectic

set as follows.

Definition 3.7. ([7]). We define the null symplectic set as the set of all the pairs

(U,H) ∈ T(M,ω, g)0 such that (Id, (U,H)) ∈ GSSympeo(M,ω, g), where Id is the

constant path identity.
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In the following, we denote by G∞ the null symplectic set, and by G0 the set of

time-independent elements of G∞.

In order to give a proof of Theorem 1.1, we will prove the following general

version of Lemma 4.5-[7] and Lemma 4.6-[7].

Lemma 3.8. Let (M,ω) be a closed symplectic manifold. The set G0 is trivial, i.e.,

G0 = {(Id, (0, 0))}.

The proof of Lemma 3.8 shall need the following result.

Lemma 3.9. (Banyaga-Tchuiaga, [7]). The sets G∞ and G0 have the following

properties:

(1) G∞ is closed under the sum operator and minus operator.

(2) G∞ is closed in L∞− topology while G0 is closed in C0− topology.

(3) Let (U,H) ∈ G∞, and γ : [0, 1] → [0, 1] be a smooth increasing function. If

Uγ is the continuous function (t, x) 7→ γ′(t)Uγ(t)(x), and Hγ is the continu-

ous family of harmonic 1−forms t 7→ γ′(t)Hγ(t), then the element (Uγ ,Hγ)

belongs to G∞.

(4) G0 is a vector space over R.

(5) If (U,H) ∈ G0, then for any symplectic isotopy isotopic to the constant map

identity ρ, we have (Id, ρ∗((U,H))) ∈ G0, with

ρ∗((U,H)) := (U ◦ ρ+ 21{H,Φ = (φt)},H).

Proof of Lemma 3.8. Let (Id, (U,H)) ∈ G0, we have to show that (U,H) = (0, 0).

By definition of G0, we can find a D2−Cauchy sequence {(U i,Hi)} ⊂ T(M,ω, g)

such that

(φ(Ui,Hi), (Ui,Hi))
C0+L∞

−−−−−→ (Id, (U,H)).

The Hodge decomposition theorem of symplectic isotopies [4] applied gives

φ(Ui,Hi) = ρi ◦ Ψi, where ρi is the harmonic isotopy generated by (0,Hi), i.e.,

ρi = φ(0,Hi), and Ψi is a Hamiltonian isotopy. We have that φ(Ui,Hi)
C0

−−→ Id,

ρi
C0

−−→ φ(0,H), and Ψi := ρ−1
i ◦ φ(Ui,Hi), for each i. Since the composition is

continuous with respect to the C0−metric, then the sequence Ψi converges in the

C0−metric to a continuous isotopy Ψ = (ψt), and from the bi-invariance of the
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C0−metric, it follows that,

(3.1) d̄(Ψ, φ−1
(0,H)) ≤ d̄(Ψ, ρ−1

i ◦ φ(Ui,Hi)) + d̄(ρ−1
i ◦ φ(Ui,Hi), ρ

−1
i ) + d̄(ρ−1

i , φ−1
(0,H)),

for each i. Each term in the right-hand side tends to zero when i goes to infinity,

i.e., both paths Ψ and φ−1
(0,H) coincide. Also, if for each i we set

Θi := Ψ−1
i ◦φ(0,H), then the facts that Ψ = limC0(Ψi) (i.e., Ψ−1 = limd̄(Ψ

−1
i )), and

both paths Ψ and φ−1
(0,H) coincide, imply that,

(3.2) Θi
C0

−−→ Id.

By Corollary 2.1−[15] (see [15], page 73), for each i, the Hamiltonian path Ψi is

generated by (Ui ◦ φ(0,Hi), 0). Thus, using (2.3) and (2.4) one derives that for each

i, the path Θi is generated by

(3.3) (αi, βi) := (Ui ◦ φ(0,Hi), 0) 1 (0,H) = (−Ui ◦ φ(0,Hi) ◦Ψi + ∆̃(H,Ψi),H).

Since by assumption we have φ(0,Hi) ◦ Ψi = φ(Ui,Hi)
C0

−−→ Id, and (Ui,Hi)
L∞

−−→
(U,H), we derive that, −Ui ◦

(
φ(0,Hi) ◦Ψi

) L∞

−−→ −U . Therefore, to conclude that

(αi, βi)
L∞

−−→ (−U,H), we only need to show that ∆̃(H,Ψi)
L∞

−−→ 0. To see this,

apply the triangle inequality to get,

osc(∆̃(H,Ψi)) ≤ osc(∆̃(H,Ψi)− ∆̃(H, φ−1
(0,H))) + osc(∆̃(H, φ−1

(0,H)))),

and derive from Proposition 2.5−[16] that

∆̃(H, φ−1
(0,H)) = −∆̃(H, φ(0,H)) ◦ φ−1

(0,H),

and also, since H is time-independent, we have ∆̃(H, φ(0,H)) = 0 (see Example

3.1−[15]-page 81, or more genrally [16]). On the other hand, since d̄(Ψi, φ
−1
(0,H))→

0, i→∞, and φ(0,H) is smooth, we derive from Lemma 3.10−[15] that there exists

a rank j0 such that

osc(∆̃(H,Ψi)− ∆̃(H, φ−1
(0,H))) ≤ 2|H|d̄(Ψi, φ

−1
(0,H)),

for all i ≥ j0. That is, osc(∆̃(H,Ψi))→ 0, i→∞. Therefore, we have proved that

(Θi, (αi, βi))
L∞+C0

−−−−−→ (Id, (−U,H)) ∈ G0.

Finally, Lemma 3.9-item (4) applied gives(
1

2
(Id, (U,H))) +

1

2
(Id, (−U,H))

)
∈ G0,



C0−SYMPLECTIC GEOMETRY ... — JDSGT VOL. 17, NUMBER 1 (2019) 123

i.e., (Id, (0,H)) ∈ G0. Since (0,H) ∈ T(M,ω, g), we apply Corollary 3.7−[15] to get

(0,H) = (0, 0), i.e., H = 0. From the above arguments, we have that H = 0, and

(Id, (U, 0)) identified with (Id, U) ∈ Null, where Null is the Buhovsky-Seyfaddini

time-independent null Hamiltonian set [8]. The fact that U = 0, follows from a

verbatim repetition of the proof of similar fact in [8]. Q.E.D.�

Proof of Theorem 1.1. This proof follows from a verbatim repetition of the proof

of Theorem 4.7−[7]. But, here we apply Lemma 3.8 instead of Lemma 4.5−[7] and

Lemma 4.6−[7]. Q.E.D.�

As in [14], based on Theorem 1.1 and Theorem 3.6, we will denote any strong

symplectic isotopy λ by λ(U,H) to mean that it is generated by (U,H), or equiva-

lently, to mean that λ(U,H) is the limit of a sequence of symplectic isotopies φ(Ui,Hi)

with respect to the metric (d̄+D2), i.e., λ(U,H) = limC0+L∞(φ(Ui,Hi)).

4. The mass flow for strong symplectic isotopies

Let (Φi) be a sequence of symplectic isotopies which converges in the C0−metric

to λ. According to Fathi [10], the map λ 7→ θ̃(λ) is continuous with the respect

to the C0−metric, i.e., limC0

(
θ̃(Φi)(f)

)
= θ̃(λ)(f), for all continuous mapping

f : M → S1. This implies that

(4.1) lim
C0

I
(
∼
Sω (Φi), [

ω(n−1)

(n− 1)!
∧ f∗(σ)]

)
= θ̃(λ)(f),

for all continuous mapping f : M → S1. But, in (4.1) one cannot permute the

C0−limit symbol with the integral symbol since the convergence of the sequence of

isotopies Φi in the C0−metric does not guarantee the convergence of the sequence

of de Rham cohomology classes

(
∼
Sω (Φi)

)
inside H1(M,R) with respect to the

topology induced by the vector space structure on H1(M,R). For instance, consider

the following continuous mappings,

T1 : GSSympeo(M,ω, g)→ PH1(M, g)0,

(ξ, (F, α)) 7→ α,

and

T2 : GSSympeo(M,ω, g)→ P(Homeo(M), IdM ),
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(ξ, (F, α)) 7→ ξ(F,α) := ξ.

Since any smooth symplectic isotopy φ(U,H) belongs to GSSympeo(M,ω, g), we

have,

(4.2) I([
∫ 1

0

T1(φ(U,H))(t)dt], [
ω(n−1)

(n− 1)!
∧ f∗(σ)]) = θ̃(T2(φ(U,H)))(f),

where

[

∫ 1

0

T1(φ(U,H))(t)dt] =

∫ 1

0

[Ht]dt =
∼
Sω (φ(U,H)).

4.0.1. Proof of Theorem 1.2. Let λ(U,H) be a strong symplectic isotopy such that

λ(U,H) = lim(C0+L∞)(φ(Ui,Hi)). According to equation (4.2), we have,

I([
∫ 1

0

T1(φ(Ui,Hi))(t)dt], [
ω(n−1)

(n− 1)!
∧ f∗(σ)]) = θ̃(φ(Ui,Hi))(f),

for each i, and taking the limit with respect to the (C0 + L∞)−topology in both

sides leads to,

θ̃(λ(U,H))(f) = lim(C0+L∞) I([
∫ 1

0
T1(φ(Ui,Hi))(t)dt], [

ω(n−1)

(n− 1)!
∧ f∗(σ)])

= I(limL∞
∼
Sω (φ(Ui,Hi)), [

ω(n−1)

(n− 1)!
∧ f∗(σ)])

= I([
∫ 1

0
Htdt], [

ω(n−1)

(n− 1)!
∧ f∗(σ)]).

Therefore, it follows from the above equalities that the mass flow of any strong

symplectic isotopy λ(U,H) is given by:

(4.3) θ̃(λ(U,H))(f) =
1

(n− 1)!

∫
M

((∫ 1

0

Htdt
)
∧ ω(n−1) ∧ f∗(σ)

)
,

for all continuous mapping f : M → S1. This completes the proof. �

Proof of Theorem 1.3. Let φ ∈ Hameo(M,ω), we have to show that

φ ∈ [G0
ω(M), G0

ω(M)].

Case (1): Assume that φ ∈ Ham(M,ω) ⊆ Hameo(M,ω). Then, from the follow-

ing inclusions of sub-groups, [Gω(M), Gω(M)] ⊆ [G0
ω(M), G0

ω(M)], and

Ham(M,ω) ⊆ [Gω(M), Gω(M)], we derive that φ ∈ [G0
ω(M), G0

ω(M)].

Case (2): Assume that φ is not a Hamiltonian diffeomorphism and does not be-

long to the commutator sub-group [G0
ω(M), G0

ω(M)]. So, φ cannot be written as a
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product of commutators [α, β] := α ◦ β ◦ α−1 ◦ β−1, where α and β are arbitrary

elements of G0
ω(M). That is, for all countable families {aj}j∈J⊂N ⊂ G0

ω(M) and

{bj}j∈J⊂N ⊂ G0
ω(M), we may assume that

(4.4) φ 6=
∏
j∈J

[aj , bj ] =:
∏

(a, b),

where N stands for the set of all nonnegative integers. On the other hand, from the

definition of a continuous Hamiltonian homeomorphism φ, there exists a sequence of

smooth Hamiltonian isotopies Φi := {φti}, which is Cauchy in the (L∞+C0)−metric

such that its sequence of time-one maps φ1
i converges in the C0−metric to φ. Since

the isotopy Φi is Hamiltonian for each i, we derive from Theorem 2.5-item−2 that

Φi can be written as the following product of commutators,

(4.5) Φi =
∏

q∈Q⊂N
[αqi , β

q
i ] =:

∏
(αi, βi),

where for each pair (i, q) ∈ N×Q, αji and βji are smooth paths in Gω(M) with

(4.6) αqi (0) = IdM = βqi (0).

From (4.4) and (4.5) we derive that for each integer i, we also have

(4.7) φ 6=
∏
q∈Q

[αqi (1), βqi (1)] =:
∏

(αi(1), βi(1)),

i.e.,

(4.8)
(∏

(αi(1), βi(1))
)−1

◦ φ 6= IdM .

That is, to each positive integer k, attached is a non-empty open ball Bk ⊂ M,

whose closure Bk, is completely displaced by the mapping (
∏

(αk(1), βk(1)))
−1 ◦ φ.

In other words, for each positive integer k, there exists a non-empty open ball

Bk ⊂M such that,

(4.9) {
(∏

(αk(1), βk(1))
)−1

◦ φ}(Bk) ∩ Bk = ∅.

Now, fix a sufficiently large integer δ>0 (if necessary, take δ large enough as you

want). Assume this done. Since the sequence of time-one maps(
{(
∏

(αδ(1), βδ(1)))
−1 ◦ φ1

j}
)
j

converges in the C0−metric to the mapping

(
∏

(αδ(1), βδ(1)))
−1 ◦ φ, and Bδ is compact, then we derive from (4.9) that,

(4.10) {
(∏

(αδ(1), βδ(1))
)−1

◦ φ1
j}(Bδ) ∩ Bδ = ∅,
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for all integer j sufficiently large. Therefore, since by assumption the open ball Bδ
is non-empty, it follows from (4.10) together with Theorem 2.2 that,

(4.11) 0<eS(Bδ) ≤ l∞HL{
(∏

(αδ, βδ)
)−1

◦ Φj} = l∞HL{Φ−1
δ ◦ Φj},

for all j sufficiently large. In particular, for j = δ, the right-hand side in (4.11) is

equal to zero: This contradicts the positivity of eS (Bδ). Q.E.D ♠

Proof of Theorem 1.4. It is clear that this proof can be obtained as a verbatim

repetition of the proof of Theorem 1.3. Q.E.D ♣

Proof of Proposition 1.6. Assume there exists an open cover U = {Ui}1≤i≤k of

M , and that there exists a Hamiltonian homeomorphism ψ such that for all k−fold

of Hamiltonian homeomorphisms γ1, . . . , γk, with each γi supported in Ui, one has

(4.12) ψ 6= γ1 ◦ · · · ◦ γk =:
∏

(γ).

From the definition of a continuous Hamiltonian homeomorphism ψ, there exists

a sequence of smooth Hamiltonian isotopies Ψi := {ψti} which is Cauchy in the

(L∞ + C0)−metric such that its sequence of time-one maps {ψ1
i } converges in the

C0−metric to ψ. Since for each i, we have ψi ∈ Ham(M,ω), then the fragmentation

property of Ham(M,ω) applied with respect to the above open cover of M implies

that for each i, one can always find out a family of Hamiltonian diffeomorphisms

{θij}1≤j≤k, with each θij supported in Uj such that

(4.13) ψ1
i = θi1 ◦ · · · ◦ θik =:

∏
(θi).

In particular, since Ham(M,ω) ⊂ Hameo(M,ω), then (4.12) and (4.13) imply that

for each i, we have ψ 6=
∏

(θi). Therefore, as in the proof of Theorem 1.3 we

conclude. Q.E.D �

Remark 4.1. A quite way to describe the ideas of the present paper is that, it studies

the spreading of flux geometry under the C0−symplectic topology.

5. Final Remarks

The uniqueness results of Theorem 1.1 and Theorem 3.6 seem to suggest that

there is a well-defined surjective group homomorphism
∼
S0, which assigns to each

strong symplectic isotopy λ(U,H) the de Rham cohomology class
∫ 1

0
[Ht]dt ∈ H1(M,R)
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so that any continuous Hamiltonian flow belongs to ker
∼
S0. By analogy with the

usual flux geometry, the study the mapping
∼
S0 may furnish some important proper-

ties of Hameo(M,ω) (e.g. it is not yet know whether any strong symplectic isotopy

in Hameo(M,ω) is a continuous Hamiltonian flow or not).

If it happens that the above invariant
∼
S0 is constructed, then Theorem 1.2 will

reads: For any strong symplectic isotopy λ, we have

(5.1) θ̃(λ)(f) =
1

(n− 1)!
I
(
∼
S0 (λ), [ω(n−1) ∧ f∗(σ)]

)
,

so that by setting

(5.2)
∼
S0

Ω0
(λ) :=

∼
S0 (λ) ∧ [ω(n−1)]

(n− 1)!
,

then in the C0−symplectic context, the usual Fathi mass flow will be nothing than

the Poincaré’s dual of the invariant
∼
S0

Ω0
: Theorem 1.2 seems to be a generalization

of the usual Fathi’s Poincaré duality result. Furthermore, Theorem 1.2 with the

invariant
∼
S0 could be key ingredients in solving the following open conjecture due

to Oh-Müller.

Conjecture, [13]: Hameo(M,ω) is a proper sub-group of the kernel of the

Fathi’s mass flow.

On the other hand, we know that for an algebraic group G its first homology

group H1(G,Z) with coefficients in Z is defined as the following quotient space:

H1(G,Z) := G/[G,G]. The group H1(G,Z) is sometimes called the abelianization

of G. For instance, Theorem 1.3 implies that

H1(G0
ω(M),Z) := G0

ω(M)/[G0
ω(M), G0

ω(M)] = G0
ω(M)/Hameo(M,ω).

If the manifold M is simply connected we have H1(M,R) = {0}, and G0
ω(M) =

Hameo(M,ω): H1(G0
ω(M),Z) = {0}, is isomorphic to a quotient of H1(M,R) =

{0}. Otherwise, we still have that the first homology group H1(Hameo(M,ω),Z)

is trivial; in this case, one way to compare H1(G0
ω(M),Z) with a quotient space of

H1(M,R) is algebraically equivalent to find out a surjective group homomorphism

from G0
ω(M) onto that quotient space, whose kernel coincides with Hameo(M,ω)

(see [17, 2] for similar construction in the smooth case). The above arguments have
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motivated the following conjecture.

Conjecture: H1(G0
ω(M),Z) is isomorphic to a quotient space of H1(M,R)

(probably with some restriction on the dimension of M).

It is also well-known that there is a paradigm that the algebraic perfectness may

imply the algebraic simplicity (see Anderson [1]). From the lines of the proof of

similar fact in [1, 2], it seems that Theorem 1.4 may imply that Hameo(M,ω) is

algebraically simple. To that end, we formulate the following conjecture.

Conjecture: Hameo(M,ω) is algebraically simple (probably with some restric-

tion on the dimension of M).

Also, Proposition 1.6 shows that Hameo(M,ω) has a fragmentation property:

This seems to be a useful property in some local constructions on M . However, for

some suitable studies (e.g. the fragmented topological Hofer geometry), it could be

interesting to give another proof of Proposition 1.6 by adapting the famous Kirby’s

”torus trick” into our context, [12, 9]: This is one goal of a future work.
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