Taylor & Francis

ISSN : 1726-037X (Print) 2169-0057 (Online) i, 2ol

Vol. 17(1) May 2019, pp. 109-129
DOI: 10 1080 /172A037X 2018 1551717

Journal of Dynamical Systems & Geomatric Theories e

C'—SYMPLECTIC GEOMETRY UNDER DISPLACEMENTS

STEPHANE TCHUIAGA
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BUEA,
SOUTH WEST REGION, CAMEROON
TCHUIAGAS@QGMAIL.COM

(Received: 26 June 2018 , Accepted: 8 September 2018)

ABSTRACT. This paper continues the study of the group Hameo(M,w), of all
Hamiltonian homeomorphisms of a closed symplectic manifold (M,w). After
given a direct proof of the positivity result of the symplectic displacement en-
ergy, we show that the uniqueness theorem of generators of strong symplectic
isotopies extends to any closed symplectic manifold: An explicit formula for
the mass flow of any strong symplectic isotopy with respect to its generator is
given. We show that Hameo(M, w) inherits under the CO—Hamiltonian topol-
ogy, the fragmentation property, the algebraic perfectness, and coincides with
the commutator sub-group of the group of all strong symplectic homeomor-
phisms. This solves a Banyaga’s conjecture, and some other conjectures are

also formulated.
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1. INTRODUCTION

The group Hameo(M,w), of all Hamiltonian homeomorphisms of a closed sym-

plectic manifold (M,w) is known as a topological counterpart of the well-known

© @ Tanu PusLicaTions


www.tarupublications.com
www.tandfonline.com
dx.doi.org/10.1080/1726037X.2018.1551717

110 S. TCHUIAGA

group Ham(M,w), of all smooth Hamiltonian diffeomorphisms of (M,w) [13]. In
almost the same spirit, the group of strong symplectic homeomorphisms was defined
and studied in [3]. For short, arguing with Theorem 3.3—[15], a strong symplectic
(resp. a Hamiltonian) homeomorphism is nothing than an element of a certain non-
trivial topological completion of the usual identity component G, (M) of the group
of all symplectomorphisms of (M, w) via some "kind” of twisted C°—metric, called
”symplectic topology” (resp. ”Hamiltonian topology”). Such homeomorphisms can
be smooth or not, and since they belong to a group G2 (M) that contains G, (M)
(see [2, 3, 4]), it seems natural to think of the study of the spreading of the geo-
metric, algebraic and topological properties of the sub-group G, (M) C G (M)
over the ambient group G2 (M). Many contributions in this sense have been done
[6, 7, 8, 13, 14, 18]. But, so far, is still an open question to know whether the
sub-group Hameo(M,w) C GO (M) is algebraically simple or not (a property that
has the group Ham(M,w)). Idem, the algebraic perfectness and the fragmentation
property for Hameo(M,w) are still open questions.

Therefore, the main goal of the present note is to capture some possible affirmative
answers of some of the above open questions. To that end, we prove the following

results for any closed symplectic manifold (M,w).
Theorem 1.1. Any strong symplectic isotopy determines a unique generator.

Theorem 1.1 was proved in [7] for Lefschetz type closed symplectic manifolds.
This restriction was caused by the technique of the proof of Lemma 4.5-[7] which
has main ingredient the Fathi’s Poincaré duality. When the manifold is simply
connected, Theorem 1.1 is a result that was proved by Viterbo [18], and later by
Buhovsky-Seyfaddini [8].

In order to introduce the second result of this note, let us recall that in the theory
of smooth symplectic geometry, it is known that the Fathi’s Poincaré duality result
states that the flux of a volume-preserving isotopy determines its mass flow, while a
factorization result found in [2] shows how the flux induced the symplectic form is
linked with that induced by the corresponding symplectic volume form. These facts
combined with the definition of strong symplectic isotopies, motivated the following

result.
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Theorem 1.2. Any strong symplectic isotopy A generated by (U, H), has mass flow:

w0 = () 1 Hadt) 16" A J(0)).

for all continuous mapping f from M to the circle S', where o is the volume form

on S, and 0 is the Fathi’s mass flow homomorphism.

In particular, Theorem 1.2 shows that the harmonic component of the generator
of a strong symplectic isotopy completely determines its Fathi’s mass flow. In the
theory of smooth symplectic geometry, Theorem 1.2 is equivalent to the Fathi’s
Poincaré duality result. As a corollary, we have that any continuous Hamiltonian
flow has a trivial Fathi’s mass flow, and therefore the group of all Hamiltonian
homeomorphisms of (M,w) is contained in the kernel of the Fathi’s mass flow (a

well-known fact).

Here is one of the main results of this note.

Theorem 1.3. The group Hameo(M,w) coincides with the commutator sub-group

of the group G° (M), of all strong symplectic homeomorphisms of (M,w).

Theorem 1.3 gives an affirmative answer of a conjecture formulated in [3]. This
can be seen as a topological counterpart of a well-known result from the usual
smooth symplectic geometry which states that [G, (M), G, (M)] = Ham(M,w).
The proof of the inclusion [G° (M), G (M)] C Hameo(M,w), can be found in [3].
This follows from straightforward calculations. For the completeness of the proof
of Theorem 1.3, we will only prove the inclusion [G (M), G° (M)] D Hameo(M,w).
The strategy of the proof of this result is the following: Assuming that Hameo(M,w)
is not contained in the commutator sub-group [GY (M), G2 (M )], we shall exhibit a
countable family {,},en, in which each element B; is a non-empty open subsets
of M, and then find out a positive integer § (possibly large enough, but still an
integer) such that

(1.2) O<es (Bs) <0,

without appealing to any limit: Relation (1.2) is a contradiction. Here, eg is the
usual symplectic displacement energy, and this will still hold if we apply the capac-

ity inequality theorem.
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When M is simply connected, then G% (M) = Hameo(M,w). So, Theorem 1.3

reduces to the perfectness of Hameo(M,w), i.e.,
[Hameo(M,w), Hameo(M,w)] = Hameo(M,w).
This motivated the following fact.

Theorem 1.4. The group Hameo(M,w) is algebraically perfect.

On the other hand, according to [2], given any open cover U = {U; }1<i<k of M
and any Hamiltonian diffeomorphism ), one can always find a family of Hamiltonian

diffeomorphisms {¢; }1<i<k, with each ¢; supported in U; such that ¢ = ¢10- -0

Definition 1.5. The support of a homeomorphism h, denoted supp(h), is the
closure of the set {z € M : h(x) # z}.

As we shall see later, the above smooth fragmentation property together with
the lines of the proof of Theorem 1.3 suggest that Hameo(M,w) inherits a frag-
mentation property from Ham(M,w) through the C°—Hamiltonian topology.

Proposition 1.6. Given any open cover U = {U;}1<i<k of M, and any Hamil-
tonian homeomorphism 1, one can always find out a family of Hamiltonian home-

omorphisms {v; }1<i<k, with each ~y; supported in U; such that ¢ =~ 0--- 0.

We organize the paper as follows: In the second Section, we recall the definitions
of symplectic paths and their generators, the definition of the Hofer-like norm and
the definition of the symplectic displacement energy. Therefore, we use Theorem
3.3—[15] to give a short proof of the positivity of the symplectic displacement energy
(Theorem 2.2). Next, we revisit the construction of the Poincaré’s pairing, the
construction of the flux homomorphism, and the construction of the Fathi’s mass
flow; including some well-known results from flux geometry that we shall need.
The third Section contains the definition of strong symplectic isotopies and their
generators; including some useful notions and results found in [7, 8] that we shall
need. In this section, in order to give a complete proof of Theorem 1.1, we prove
a lemma (Lemma 3.8) that generalizes both Lemma 4.5-[7] and Lemma 4.6-[7].
Finally, the last Section contains a study of the mass flow for strong symplectic
homeomorphisms: We recover a well-known result starting that the group of all

Hamiltonian homeomorphisms is contains in the kernel of the Fathi’s mass flow.
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This section includes the complete proofs of Theorem1.2, Theorem1.3, Theorem1.4,

and Proposition 1.6.

2. PRELIMINARIES

Let M be an n—dimensional smooth closed manifold (i.e., a smooth compact,
connected manifold without boundary). A differential form Q on M of degree n
that vanishes nowhere is called a volume form. In this situation the manifold (M, 2)
is said to be oriented. A diffeomorphism ¢ : M — M is said to preserve a smooth
differential g—form « on M if ¢*(a) = «. Given a ¢—form « on M, we shall
denote by Dif f*°(M,«) the group of all diffeomorphisms of M that preserve «,
and by Iso(M,«) we denote the group consists of all smooth paths ® : [0,1] —
Diff>(M,«), with ®(0) = Idps (see [2, 11]).

More often, in this paper, we will assume that M is a closed symplectic manifold
of dimension 2n, with symplectic form w, and denote by €y the corresponding
symplectic volume form. In this case the group Dif f*°(M,w) is usually denoted
Symp(M,w), and called the group of all symplectomorphisms of (M, w). Let G, (M)
denote the group consists of all time-one maps of isotopies in Iso(M, w), and Gm)
the universal cover of G, (M) [2]. The sub-group of G, (M) formed by all the
Hamiltonian diffeomorphisms of (M,w) is denoted Ham(M,w), and its universal
cover is denoted H am, w) (see [2, 17] for further details). We shall always assume
that (M,w) is a closed symplectic manifold of dimension 2n that caries a fixed

Riemannian metric g.

2.1. Symplectic paths. The following notions can be found in [6]. Let ® = {¢;}
be a symplectic isotopy. The Hodge’s decomposition of the closed 1—form L(gi;t)w
gives rise to a unique exact 1—form dU2, and a unique harmonic 1—form H{, where

(2.1) Bu(6u@) 1= 5 (612)),

for all x € M, and for each t [4]. Denote by U the normalized Hamiltonian of

U? = (U2), i.e., for each t, we have

fM Ut‘bw”
Jarwr

and let H, denote the smooth family of harmonic 1—forms H® = (H{¥). The group

(2.2) U, =U}

b

T(M,w,g), of all the pairs (U, H) constructed as above is isomorphic to the group
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Iso(M,w) [6]. Furthermore, any symplectic isotopy ® is denoted by ¢ (1,3 to mean
that ® corresponds to (U, H), and the pair (U, H) is called the “generator” of the
symplectic isotopy ®. A symplectic isotopy ¢ 3), is a harmonic isotopy, and a
symplectic isotopy @0y, is a Hamiltonian isotopy (see [6, 7, 15]). The product
rule in T(M,w, g) is given by,

(23) (UH) ) (V,K) = (U +V 04+ AKK, 615 H + K).

The inverse of (U, H), say (U, H) is given by,

(2.4) (UH) = (~Uopwmn — AH, dw ), —H).

In (2.3) and (2.4) the quantity A is defined as follows: for any symplectic iso-
topy ¥ = {¢'}, and for any smooth family of closed 1—forms o = (), we have
A(a, 0) = fg oy (%) o 1p5ds, and Ay(cr, ¥) is the normalized function of A, (a, ¥),
for all ¢ (see [6])

2.2. Hofer-like metrics. Given a symplectic isotopy ® generated by (U, H), its
the L°°—Hofer-like length is defined by,

(2.5) 1%, (®) = max (0sc(Uy) + |Hel),
te[0,1]

where for each t, 0sc(U;) = max Uy — min Uy, and |.| is a norm defined on the vector

space of all harmonic 1—forms [4]. The L —energy of ¢ € G,,(M) is defined as

e (¢) = inf (77, (®)),

where the infimum is taken over the set of all symplectic isotopies ® with time-one

map equal to ¢. Therefore, the L>°—Hofer-like norm of ¢ € G, (M) is defined as,

(2.6) 1157, = (e5°(¢) +e5° (67 1))/2.

Note that the norm ||.||%¢, induces a right-invariant metric on G,,(M), called Hofer-

like metric defined by
(2.7) A (o, 9) = oo™ 1%y,

for all ¢, € G,(M).
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2.2.1. The L*°—Metric on ¥(M,w, g). The L —metric topology on T(M,w, g), de-

noted D?, is defined as follows:

(28) DZ((U’ H)’ (Vv ’C)) = (DO((Uv H)’ (Va IC)) + DO((Ua H)a (V7 IC))) /27
where,

(2.9) Do((U.H). (V. K)) = ma (osc(Us — Vi) + [y — K],

(see [4, 15] for more details, or see [16] for a study of various Hofer-like metrics).
2.3. Symplectic displacement energy.

Definition 2.1. (Banyaga-Hurtubise-Spaeth, [5]) The symplectic displacement en-
ergy es(A) of a non-empty open subset A C M is defined as:

es(A) = it {6l lé € Gu(M), (A) N A = ).
The quantity ||.|| sz, is any version of the Hofer-like norms (see [4, 15]).

Theorem 2.2. For any non-empty open subset A C M, its symplectic displacement

energy es(A), is a strict positive number.

Theorem 2.2 was proved by Banyaga-Hurtubise-Spaeth [5]: Their given proof is
technical, and one of its ingredients is a Polterovich’s trick (see [5]). It occupies the
main part of their paper [5]. In the present paper, using the following theorem that
was recently generalized to various type of Hofer-like metrics (see [16]), we provide

a short and direct alternate proof of Theorem 2.2.

Theorem 2.3. (Tchuiaga, [15]) Let {¢t} be a sequence of symplectic isotopies, let
{'} be another symplectic isotopy, and let ¢ : M — M be a map such that

o (¢)) converges uniformly to ¢, and
o ({9} o {ef}) = 0,0 — 0.

Then we must have ¢ = P'.

As we said above, Theorem 2.3 was recently generalized to various type of Hofer-
like metrics (see [16]) without appealing to the positivity of any symplectic displace-
ment energy. In fact, the results of the paper [15] follow from a particular choice

of a linear section in [16]. Therefore, the given proof of our Theorem 2.2 seems to
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suggest that, if one defines the displacement energies with respect to various Hofer-

like metrics studied in [16], then they could be positive: This still need to be proved.

Proof of Theorem 2.2. Let us assume that there exists a non-empty open subset
O C M such that eg(O) = 0. That is, for each positive integer I, there exists a
symplectic diffeomorphism 1;, isotopic to the identity such that

(2.10) 2e5°(¥) < il <1/1,
and
(2.11) Wi (B)N'B =,

for any non-empty open ball B such that B C B C O. From the definition of the
Hofer-like norm, we also derive that for each positive integer | (fixed), there exists
a sequence of symplectic isotopies {¥; ;}, each of which with time-one map 1; such

that
(2.12) UL (Vi) <eq”(vn) + 1/i< (1/21) + (1/4),

for all i. Now, for each I, extract a subsequence {¥;;};>;) of the sequence {¥;;}.
Assume this done. Since for all ¢, the time-one map of ¥;; coincides everywhere
with ¢y, then the convergence ¥, ;(1) — #;,7 — oo, is uniform. So, as [ tends to
infinity (¢ > 1), then

o U, (1) < 4y, and

o 195, ({Id} oW, ) =13, (V,,) — 0,
Thus, it follows from Theorem 2.3 that as [ tends to infinity, then ; tends to

Id);. Therefore, we have proved that as [ tends to infinity, the sequence of compact
subsets 1;(B) tends to B: This is in contradiction with (2.11). Q.E.D <.

2.4. Poincaré duality. The bilinear map,
L HMOLR) x HE" D (OLR) R, (fal, [3) = [ ans,
M

is well defined, that is to say I([«], [8]) doesn’t depend on the choice of representa-
tives in the cohomology classes [a] or [5] (this is an easy application of the Stokes
formula). Moreover this bilinear form provides an isomorphism between H*(M,R)
and the dual space of H?*~*)(M R). In particular, when o € C®°(AFT*M) is
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a closed form and satisfies I([a], [8]) = 0, for all [3] € HZ"~®)(M,R), then there
exists @ € C®°(AF=DT* M) such that o = df.

2.5. The flux. Given a g-form « of a closed manifold M, together with a smooth
path (hy) in Dif f°°(M) such that hg = idp; and hy = h, we have

1
(2.13) h*(a) — a = df, with 3 = / hy (i, c)dt.
0

The (¢ — 1)-form S is not uniquely determined by (2.13) in the sense that any other
smooth isotopy (Hy) in Dif f>°(M) with the same endpoints than (h;) satisfies the

d (/01 hj(ihta)dt> =d (/01 HZ(tha)dt> .

If h € Dif f~(M,«), then (2.13) implies that the (¢ — 1)—form (fol h;“(ihta)dt) is

closed, and hence defines an element in H(@~ Y (M, R) (see [2]). This gives rise to a

equation

surjective group homomorphism 570, (see [2]), defined as follows,
~ 1
(2.14) Sovt Iso(M, @) — HOD (M, R),(hy) — | / i (i, )],
o ,

When (M, w) is a closed symplectic manifold, and « is its corresponding symplectic
volume form €29, the study of the invariant Sq, can be captured in the following

proposition.

Proposition 2.4. (Tchuiaga, [15]) Let H = (H:) be a smooth family of closed
1—forms, and let ® = {¢;} be a symplectic isotopy. Then for each t € [0,1], we

have

(2.15) / Ad(H, @) = nlI(Sey (B1), [H]),
M

where ®, is the isotopy s — G-

Furthermore, we get a homomorphism SZ,: G:ZM) — HY(M,R) (see [2]); and
denoting by T',, the image of 71 (G, (M)) under §w, the homomorphism SNQJ induces
an epimorphism S, from G, (M) onto H'(M,R)/T,,. The study of the invariants
Sz, and S, let to the following deep results.

Theorem 2.5. (Banyaga, [2])
(1) Ham(M,w) = ker S,,.
(2) The group Ham(M,w) is perfect.
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—_~—

(3) Ham(M,w) = [Go,(M), G, (M)].
(4) [Gu(M), Gu(M)] = Ham(M,w).

Here is a consequence of Theorem 2.5.

Theorem 2.6. (Banyaga, [2])

—_~—

e The first homology group Hy(G,(M),Z), of G,(M) with coefficients in Z
is isomorphic to H'(M,R).

o The first homology group H1(G,(M),Z), of G,(M) with coefficients in Z
is isomorphic to H(M,R)/T,.

2.6. The C°—metric. Let Homeo(M) be the homeomorphisms’ group of M equipped
with the C°— compact-open topology. This is the metric topology induced by the
distance do(f, h) = max(dco(f,h),dco(f~1,h71)), with

deo(f, h) = supyepr d(h(z), f(z)), where d is a distance on M induced by the Rie-
mannian metric g. On the space of all continuous paths g : [0,1] — Homeo(M)
(such that o(0) = Idys), we consider the C°—topology as the metric topology in-
duced by the metric d(X, 1) = max;e(o,1] do(A(t), u(t)). Let P(Homeo(M), Idys) de-
note the space of all continuous paths ¢ : [0,1] = Homeo(M) such that o(0) = Idy;.
The topology on Homeo(M) induced by the above metric is separable, and a count-
able sub-basis for the open sets consists of the sets {h € Homeo(M) : h(U) C V},
where U and V range over a countable basis for the topology of M (see [11]).

2.7. The mass flow. Let u be a”good measure” on the manifold M (e.g. the mea-
sure induced by the symplectic volume form). Let Homeog(M, 1) denotes the iden-

tity component in the group of measure preserving homeomorphisms Homeo(M, p),

and Homeog(M, ) its universal covering. For [h] = [(hy)] € Homeoo(M, u), and
a continuous f : M — S! map, we lift the homotopy fhi — f : M — S' to a
map fh, — f from M onto R. Fathi [10], proved that the integral [,, fh, — fdu
depends only on the homotopy class [h] of (h;) and the homotopy class {f} of f
in [M,S'] ~ H'(M,Z), and that the map 0((h:))(f) == [,, fhe — fdp, defines a

homomorphism,

—_~—

0 : Homeoo(M, 1) — Hom(H'(M,Z),R) ~ H,(M,R).
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This map induces a surjective group morphism F from Homeog(M, 1) onto a quo-
tient of Hq1(M,R) by a discrete sub-group. This map is called the Fathi mass flow
(see [10]).

3. TOPOLOGICAL SYMPLECTIC PATHS

Definition 3.1. ([13]) A homeomorphism A is called a Hamiltonian homeomor-
phisms if there exists A € P(Homeo(M), Idy) with A(1) = h, and there exists a
Cauchy sequence {(U?,0)} C T(M,w, g) for the metric D? such that cz(gb(m’o), A) =

0,7 — oo.
The set Hameo(M,w), of all Hamiltonian homeomorphisms forms a group [13].

Definition 3.2. ([3]) A continuous map & : [0,1] — Homeo(M) with £(0) =
Idy; is called a strong symplectic isotopy if there exists a D?— Cauchy sequence
{(Fi,\i)} C T(M,w,g) such that (Z(QS(Fi,,\,-)f) — 0,7 — oo.

Let GY (M) denote the set of all time-one maps of strong symplectic isotopies.
It is shown that GO (M) is a group: the so-called group of strong symplectic home-

omorphisms [3, 6].

3.1. Notations. The following notations can be found in [6, 7, 15].

o HY(M,g): the vector space of all harmonic 1—forms on M with respect to
a Riemannian metric g.

e PH(M,g): the space of all continuous maps from [0, 1] into H*(M, g).

o PHY(M,g)o: the completion of the metric space PH' (M, g) with respect
to the uniform sup norm, [|(H¢)llo = supyg 1) [Hel-

e N([0,1] x M ,R): the set of all smooth functions F : [0,1] x M — R such
that [,, Fiw™ = 0, for every ¢ (so-called normalized functions).

e NO([0,1] x M ,R): the completion of the metric space N([0,1] x M ,R)
with respect to the L —Hofer norm, ||(F})|lco = maxy(osc(Fy)).

e J'(M,w,g): the Cartesian product N°([0,1] x M ,R) x PH' (M, g)o.

3.2. The null symplectic set. Following [7], we consider the inclusion map
7;0 : S(M,W,g) - JO(M’w’g).

In fact, the map ig is uniformly continuous with respect of the topology induced by

the metric D? on the space T(M,w, g), and the natural topology of the complete
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metric space JO(M,w,g). Let L(M,w,g) denote the image of T(M,w,g) under i,
and let T(M,w, g)o be the closure of the set L(M,w, g) inside the complete metric
space JO(M,w,g). That is, T(M,w, g)o consists of pairs (U, H) where the maps
(t,z) — Uy(z) and t — H; are continuous, and for each t, H; lies in H*(M, g) such
that there exists a D?—Cauchy sequence {(U%, H')} C T(M,w, g) that converges to
(U, H) inside J°(M,w, g).

Observe that the sequence (Fj, A;) which appears in the definition of a strong
symplectic isotopy converges inside ¥(M,w,g)o to an element (U,H) where the
mappings (¢, z) — U(z) and t — H; are continuous, and for each ¢, H; is a smooth
harmonic 1—form (see [7, 14]). The latter limit (U, H) was called a 7 generator”
of the corresponding strong symplectic isotopy. We shall call continuous harmonic
flow any strong symplectic isotopy generated by an element of the form (0, #), and
continuous Hamiltonian flow any strong symplectic isotopy generated by an element
of the form (U, 0).

Definition 3.3. ([7]) We define the set GSSympeo(M,w,g) as the space of all
the pairs (&, (U,H)) where & a strong symplectic isotopy admitting (U, H) as a
"generator”, i.e., there exists a sequence {(F* \)} C T(M,w,g) which is Cauchy
in D? such that d(¢(r: xiy,£) — 0,7 — oo, and {(F*,\")} converges to (U, ) inside
(M, w, g)o-

Definition 3.4. ([7]) We define the symplectic topology on the space
GSSympeo(M,w, g) as the sub-space topology induced by its inclusion inside the
complete topological space P(Homeo(M ), Idy) x T(M,w, g)o.

Theorem 3.5. (Banyaga-Tchuiaga, [7]). GSSympeo(M,w, g) is a topological group.

Theorem 3.6. (Tchuiaga-Koivogui-Balibuno-Mbazumutima, [14]) Any generator

corresponds to a unique strong symplectic isotopy.

In [7], following Buhovsky-Seyfaddini [8], the authors defined the null symplectic

set as follows.

Definition 3.7. ([7]). We define the null symplectic set as the set of all the pairs
(UH) € T(M,w,g)o such that (Id, (U, H)) € GSSympeo(M,w, g), where Id is the
constant path identity.



C°—SYMPLECTIC GEOMETRY ... — JDSGT VOL. 17, NUMBER 1 (2019) 121

In the following, we denote by G™ the null symplectic set, and by G° the set of

time-independent elements of G*°.

In order to give a proof of Theorem 1.1, we will prove the following general

version of Lemma 4.5-[7] and Lemma 4.6-[7].

Lemma 3.8. Let (M,w) be a closed symplectic manifold. The set G° is trivial, i.e.,

G% = {(1d,(0,0))}.
The proof of Lemma 3.8 shall need the following result.

Lemma 3.9. (Banyaga-Tchuiaga, [7]). The sets G and G° have the following

properties:

(1) G is closed under the sum operator and minus operator.

(2) G= is closed in L>°— topology while G° is closed in C°— topology.

(8) Let (U,H) € G, and v : [0,1] — [0,1] be a smooth increasing function. If
U7 is the continuous function (t,x) — ' (t)Uyq)(x), and HY is the continu-
ous family of harmonic 1—forms t — ~/(t)H~ 1), then the element (U, H")
belongs to G*°.

(4) G° is a vector space over R.

(5) If (U,H) € G°, then for any symplectic isotopy isotopic to the constant map
identity p, we have (Id, p*((U,H))) € G°, with

p*((Uaﬂ)) = (U °p+ Dl{Hv(I) = (¢t)}vH)

Proof of Lemma 3.8. Let (Id, (U,H)) € G°, we have to show that (U,H) = (0,0).
By definition of G°, we can find a D?—Cauchy sequence {(U?,H")} C T(M,w,g)
such that

(b, atys (Ui Ha)) S5 (1d, (U, H)).

The Hodge decomposition theorem of symplectic isotopies [4] applied gives

Gwiniy = pi © ¥y, where p; is the harmonic isotopy generated by (0,H'), i.e.,
pi = ¢,mi), and ¥; is a Hamiltonian isotopy. We have that ¢ ) C—0> Id,
Di C—U> deo,n), and ¥; = p{l o i niy, for each i. Since the composition is
continuous with respect to the C”—metric, then the sequence ¥; converges in the

C%—metric to a continuous isotopy ¥ = (1/;), and from the bi-invariance of the
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C%—metric, it follows that,

(3:1) d(¥, 00 5) < AW, p; " 0 i gany) +d(p; 0 S iy, pi ) +dlpi s Do)
for each i. Each term in the right-hand side tends to zero when ¢ goes to infinity,
i.e., both paths ¥ and (,25(_0}7_[) coincide. Also, if for each ¢ we set

©; 1= U; ' o d(g 3, then the facts that ¥ = limeo (¥;) (ie., U1 = limg(¥; ")), and
both paths ¥ and q’)(fofm coincide, imply that,

(3.2) 0, < 14,

By Corollary 2.1—[15] (see [15], page 73), for each i, the Hamiltonian path ¥; is
generated by (U; o ¢(o,3,),0). Thus, using (2.3) and (2.4) one derives that for each
i, the path ©, is generated by

(3.3) (i, Bi) = (Uiod,n,),0) X (0,H) = (=U; 0 do,2,) © Vi + A, ,), H).

Since by assumption we have ¢(o.3,) © Vi = dw, ) <, Id, and (U;,H;) L=,
(U, H), we derive that, —U; o (¢(07Hi) o \I/Z) = . Therefore, to conclude that
(a4, Bi) L=, (=U,H), we only need to show that 3(7—[7\111) L=, 0. To see this,
apply the triangle inequality to get,

OSC<A(H’ \I’l)) < OSC<A(H5 \Ill) - A(H, (b(i(fy))) + OSC(A(H, (b(io%y))))a

and derive from Proposition 2.5—[16] that

A(H, $02) = —AH, b0.30)) © Do)

and also, since H is time-independent, we have K(H,qb(o’q.[)) = 0 (see Example
3.1—[15]-page 81, or more genrally [16]). On the other hand, since d(¥;, QS(OIH)) —
0,7 — 00, and ¢(g %) is smooth, we derive from Lemma 3.10—[15] that there exists

a rank jo such that
0sc(A(H, W;) = A(H, $55,)) < 2[HId(i, 6L,
for all # > jg. That is, osc(ﬁ(’}—[, U,;)) — 0,7 — oo. Therefore, we have proved that
oo 0
(0, (o, i) =< (1d, (~U, H)) € G°.
Finally, Lemma 3.9-item (4) applied gives

(;(m, (U, 1)) + %(m, (—U,H))) e,
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ie., (Id, (0,H)) € G°. Since (0,H) € T(M,w, g), we apply Corollary 3.7—[15] to get
(0,H) = (0,0), i.e., H = 0. From the above arguments, we have that % = 0, and
(Id, (U,0)) identified with (Id,U) € Null, where Null is the Buhovsky-Seyfaddini
time-independent null Hamiltonian set [8]. The fact that U = 0, follows from a

verbatim repetition of the proof of similar fact in [8]. Q.E.D.OJ

Proof of Theorem 1.1. This proof follows from a verbatim repetition of the proof
of Theorem 4.7—[7]. But, here we apply Lemma 3.8 instead of Lemma 4.5—[7] and
Lemma 4.6—[7]. Q.E.D.O

As in [14], based on Theorem 1.1 and Theorem 3.6, we will denote any strong
symplectic isotopy A by A(y3) to mean that it is generated by (U,H), or equiva-
lently, to mean that Ay, is the limit of a sequence of symplectic isotopies @i 3.:)

with respect to the metric (d + D?), i.e., Ay = limeoy pee (G 2iy)-

4. THE MASS FLOW FOR STRONG SYMPLECTIC ISOTOPIES

Let (®;) be a sequence of symplectic isotopies which converges in the C°—metric
to A. According to Fathi [10], the map A — ON()\) is continuous with the respect
to the C?—metric, i.e., limeo (é(@l)(f)) = é(A)(f), for all continuous mapping
f: M — S. This implies that

~ w®@=1 .
(1) i (S (20,1225 A £ 0)]) =00,
for all continuous mapping f : M — S!. But, in (4.1) one cannot permute the
C%—limit symbol with the integral symbol since the convergence of the sequence of
isotopies ®; in the C®—metric does not guarantee the convergence of the sequence

~

of de Rham cohomology classes (Sw (‘1%-)) inside H*(M,R) with respect to the

topology induced by the vector space structure on H'(M,R). For instance, consider

the following continuous mappings,
Ty : GSSympeo(M,w,g) — PH' (M, g)o,
& (Fia)) —a,

and

Ty : GSSympeo(M,w, g) — P(Homeo(M), Idy),
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(f? (F7 a)) = g(F,oz) = f
Since any smooth symplectic isotopy ¢(u,3) belongs to GSSympeo(M,w, g), we
have,

(n—1)

A fH(@))) = 0(T2(dwan))(f),

w

(n—1)!

1
42) I / Ty (b)) (D], |

where

~

[ / Ty (b0 (£)d] = / it =S, (S0y).

0
4.0.1. Proof of Theorem 1.2. Let Ay 3 be a strong symplectic isotopy such that

A,y = limgco 1) (P(i zi)). According to equation (4.2), we have,

1 (1) i
I( / T (6w Ot [ 57 A £ 0)) = 80w 1)

for each i, and taking the limit with respect to the (C° + L>)—topology in both

sides leads to,

] X (m-1)
O ANwa)(f) = limggoypey I([[Jy Ti(dwi i) (t)dt], [(n ) A f*(o)])
~ w(n—l)
= I(limp= Su (P n)) [m A fr (o))
) (=1
= I([f, tht]7[m/\f*(0)])~

Therefore, it follows from the above equalities that the mass flow of any strong

symplectic isotopy A,3) is given by:

43) 0w = gy [ ([ ) nete ar).

for all continuous mapping f : M — S'. This completes the proof. B

Proof of Theorem 1.3. Let ¢ € Hameo(M,w), we have to show that
b € [GS(M), G (M),
Case (1): Assume that ¢ € Ham(M,w) C Hameo(M,w). Then, from the follow-
ing inclusions of sub-groups, [Gy, (M), G, (M)] C [G%(M),G° (M)], and
Ham(M,w) C [Gy,(M),G,(M)], we derive that ¢ € [GY (M), GO (M)).
Case (2): Assume that ¢ is not a Hamiltonian diffeomorphism and does not be-

long to the commutator sub-group [G° (M), G%(M)]. So, ¢ cannot be written as a
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product of commutators [a, ] ;== a0 foa~t o B! where a and 3 are arbitrary
elements of G2 (M). That is, for all countable families {a;}jc;cn C G2 (M) and
{bj}jescn C G2 (M), we may assume that
(4.4) ¢ # [[laj 05 = [ [ (a,0).
jeJ

where N stands for the set of all nonnegative integers. On the other hand, from the
definition of a continuous Hamiltonian homeomorphism ¢, there exists a sequence of
smooth Hamiltonian isotopies ®; := {¢!}, which is Cauchy in the (L°°+C?)—metric
such that its sequence of time-one maps ¢} converges in the C”—metric to ¢. Since
the isotopy @; is Hamiltonian for each i, we derive from Theorem 2.5-item—2 that
®; can be written as the following product of commutators,
(4.5) & = [ lof, 5] = [[(es 50,

qEQCN

where for each pair (i,q) € N x @, o and ﬂf are smooth paths in G, (M) with
(4.6) al(0) = Idy = B1(0).
From (4.4) and (4.5) we derive that for each integer ¢, we also have

(4.7) ¢ # [[lef(), B1(1)] =: [ J(ai(1), Bs(1)),

q€Q

ie.,

(18) (T, 5:1)) 00 # Idur

That is, to each positive integer k, attached is a non-empty open ball By C M,
whose closure By, is completely displaced by the mapping (J](ax(1), Bk(l)))f1 o .
In other words, for each positive integer k, there exists a non-empty open ball
B, € M such that,

(4.9) {(TTter (1), (1))

Now, fix a sufficiently large integer 6>0 (if necessary, take ¢ large enough as you

"o 6}(Br) By = 0.

want). Assume this done. Since the sequence of time-one maps
({(H(ag(l), Bs(1) o gb}})j converges in the C°—metric to the mapping
(TT(es(1), B5(1))) "' o ¢, and By is compact, then we derive from (4.9) that,

(4.10) {(TTs0). 85(1) " 0 63} (B) N By =0,
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for all integer j sufficiently large. Therefore, since by assumption the open ball Bs

is non-empty, it follows from (4.10) together with Theorem 2.2 that,

(4.11) 0<es(Bs) < Z?L{(H(aa,ﬁa))fl 0 ®;} =1 {®;" o B},

for all j sufficiently large. In particular, for j = §, the right-hand side in (4.11) is
equal to zero: This contradicts the positivity of eg (Bs). Q.E.D &

Proof of Theorem 1.4. It is clear that this proof can be obtained as a verbatim

repetition of the proof of Theorem 1.3. Q.E.D &

Proof of Proposition 1.6. Assume there exists an open cover U = {U;}1<i<k of
M, and that there exists a Hamiltonian homeomorphism 1 such that for all k—fold

of Hamiltonian homeomorphisms 71, ..., %, with each 7; supported in U;, one has

(4.12) hF 000 = H(,y)

From the definition of a continuous Hamiltonian homeomorphism ¢, there exists
a sequence of smooth Hamiltonian isotopies ¥; := {t!} which is Cauchy in the
(L* + C%)—metric such that its sequence of time-one maps {1} converges in the
C°—metric to 1. Since for each i, we have v; € Ham(M,w), then the fragmentation
property of Ham(M,w) applied with respect to the above open cover of M implies
that for each 7, one can always find out a family of Hamiltonian diffeomorphisms

{0} 1<j<k, with each 6’ supported in U; such that

(4.13) Ul =00 00, = []6:).

In particular, since Ham(M,w) C Hameo(M,w), then (4.12) and (4.13) imply that
for each i, we have ¢ # [[(0;). Therefore, as in the proof of Theorem 1.3 we
conclude. Q.E.D W

Remark 4.1. A quite way to describe the ideas of the present paper is that, it studies
the spreading of flux geometry under the C°—symplectic topology.

5. FINAL REMARKS

The uniqueness results of Theorem 1.1 and Theorem 3.6 seem to suggest that
there is a well-defined surjective group homomorphism Sy, which assigns to each

strong symplectic isotopy Ay, %) the de Rham cohomology class fol [H]dt € HY(M,R)
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so that any continuous Hamiltonian flow belongs to ker 50. By analogy with the
usual flux geometry, the study the mapping SNO may furnish some important proper-
ties of Hameo(M,w) (e.g. it is not yet know whether any strong symplectic isotopy
in Hameo(M,w) is a continuous Hamiltonian flow or not).

If it happens that the above invariant §0 is constructed, then Theorem 1.2 will

reads: For any strong symplectic isotopy A, we have

6.1 BN = it (30 0. A7)

(n—1
so that by setting

~ ~ n—1
(5.2) 5%, (A) :=Sp (\) A H,
then in the C°—symplectic context, the usual Fathi mass flow will be nothing than
the Poincaré’s dual of the invariant 5 0,: Theorem 1.2 seems to be a generalization
of the usual Fathi’s Poincaré duality result. Furthermore, Theorem 1.2 with the

invariant Sy could be key ingredients in solving the following open conjecture due
to Oh-Miiller.

Conjecture, [13]: Hameo(M,w) is a proper sub-group of the kernel of the

Fathi’s mass flow.

On the other hand, we know that for an algebraic group G its first homology
group H1(G,Z) with coefficients in Z is defined as the following quotient space:
H,(G,Z) := G/|G,G]. The group H,(G,Z) is sometimes called the abelianization

of G. For instance, Theorem 1.3 implies that
Hi(G(M),Z) := GL,(M) /G2, (M), G, (M)] = G,(M)/Hameo(M, w).

If the manifold M is simply connected we have H!(M,R) = {0}, and G (M) =
Hameo(M,w): Hy(G°(M),Z) = {0}, is isomorphic to a quotient of H!(M,R) =
{0}. Otherwise, we still have that the first homology group Hi(Hameo(M,w),Z)
is trivial; in this case, one way to compare H1(G° (M), Z) with a quotient space of
H'(M,R) is algebraically equivalent to find out a surjective group homomorphism
from GY (M) onto that quotient space, whose kernel coincides with Hameo(M,w)

(see [17, 2] for similar construction in the smooth case). The above arguments have
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motivated the following conjecture.

Conjecture: H;(GY(M),Z) is isomorphic to a quotient space of H'(M,R)

(probably with some restriction on the dimension of M).

It is also well-known that there is a paradigm that the algebraic perfectness may
imply the algebraic simplicity (see Anderson [1]). From the lines of the proof of
similar fact in [1, 2], it seems that Theorem 1.4 may imply that Hameo(M,w) is

algebraically simple. To that end, we formulate the following conjecture.

Conjecture: Hameo(M,w) is algebraically simple (probably with some restric-

tion on the dimension of M).

Also, Proposition 1.6 shows that Hameo(M,w) has a fragmentation property:
This seems to be a useful property in some local constructions on M. However, for
some suitable studies (e.g. the fragmented topological Hofer geometry), it could be
interesting to give another proof of Proposition 1.6 by adapting the famous Kirby’s

"torus trick” into our context, [12, 9]: This is one goal of a future work.
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