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ABSTRACT. This paper deals with studying the entropy of dynamical systems
on hyperfuzzy sets. At first we define the entropy of hyperfuzzy partitions
and conditional entropy. Then, some basic properties of these notions are
established. Furthermore, we introduce the notion of a dynamical systems on
hyperfuzzy sets and the entropy of it. Finally, we define a generator of this
dynamical system and prove Kolmogorov-Sinai’s Theorem is also true for our

mentioned generator.
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1. INTRODUCTION

The fundamental concept of fuzzy sets was initiated by Zadeh [10]. The fuzzy
algebraic structures play a key role in mathematics and have wide applications in
many other branches such as theoretical physics, computer science, control engi-
neering, information science, coding theory, group theory, real analysis, measure

theory, etc.
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Ghosh and Samanta introduced the concepts of hyperfuzzy sets [3]. Let X be a
given set. The mapping 11 : X — P*([0,1]) is called a hyperfuzzy set of X, where
P*(]0,1]) denotes the set of all non-empty subset of [0,1].

The concept of entropy originated in the physical and engineering sciences, but

now it plays an important role in all areas of science. In 1865, Rudolf Clausius
presented the first mathematical explanation for the concept of entropy. Entropy
was first introduced into the theory of dynamical systems by Kolmogorov [4]. Then
Kolmogorov’s definition was improved by Sinai [8].
Let B be a o- algebra on X and p be a measure on X. The triple (X, /3, p)
is called a probability space if p(X) = 1. The notion of a fuzzy partition of
the probability space (X, 3, p) was introduced by Ruspini [6] as a finite system
of measurable functions f; : X — [0,1], i = 1,2,---,n such that >, f; = 1,
for all x € X. The entropy of this fuzzy partition was given by the classical for-
mula H(A) = — >, m(f;)log(m(f;)) whenever m(f;) # 0 and H(A) = 0 when
m(f;) = 0. Several authors have investigated the fuzzy entropy [1, 2, 7].

The rest of the paper is organized as follows: In Sect. 2, we define some con-
cepts about hyperfuzzy sets, a partition on a non-empty set X that is called a
hyperfuzzy partition, the entropy with respect to the hyperfuzzy partitions of X, a
common refinement of a hyperfuzzy partition and conditional entropy with respect
to hyperfuzzy partitions and investigate some properties of them.

In Sect. 3, we introduce the notion of a dynamical system on hyperfuzzy sets
and the entropy of it. Also we introduce the generator of a dynamical system and
prove Kolmogorov-Sinai’s Theorem is also true for our mentioned generator which
supplies a tool for calculating the entropy of this dynamical system and shows that
it is finite for a special class of dynamical systems.

Notation. In this paper, we use P instead of P*([0,1]). PX denotes the set of all
hyperfuzzy sets on X. The hyperfuzzy set whose value is the set {1} ({0}) for all
x € X, is denoted by lmaz(lmin)-

2. THE ENTROPY OF A HYPERFUZZY PARTITION

In this section we introduce the concept of a hyperfuzzy partition of a non-empty
set X and the entropy with respect to this partition. Then we study some properties

about them. For this purpose, first we define the following notions:
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Definition 2.1. Let X be a non-empty set and i and 7 be two hyperfuzzy sets on
X, we define the following statements:

< v iff inf fi(z) <infU(z) and sup fi(z) < supv(x), for all x € X,
2) p=vif g <vand v <[,

pé(z)={1—a:aecp(x)}, forall zeX.

Definition 2.2. Let X be a non-empty set and i,V be two hyperfuzzy sets of X.
Then operations @, ® and o defined by

(ev)(z)={(a+b)Al:acp(x),bev(z)}, VrelX,
(pov)(z)={(a+b—-1)V0:ac€ u(z),bev(x)}, VrelX,
(ov)(x) ={(ab) :a € p(zx),bev(x)}, VxelX.

Definition 2.3. Let X be a non-empty set. A state on hyperfuzzy sets of X is a

mapping s : PX — [0, 1], if it satisfies in the following conditions:

1) S(/-/lmaw) = 1, s(ﬁmzn) = 07
2) s(1® D)+ 5(3 0 P) = s(A) + 5(7),
3) if fin /1, then s(fin) 7 s(h).

Proposition 2.4. Let X be a non-empty set. For each [,V and X e PX| the

operations ®,® and o, that are defined above, have the following properties:

2) (D) @A=0® (VaN), and (ioD)oX=TJio (Vo)
3) f A<D, then IOALTON and ABA T D A,
1) if DOX = fimin, then (7ioD)O(fioN) = fimin, and fio(D&N) = (fioD) & (fioX)

Proof. We only prove 4, Since U ® = Lmin, thus (Lo ?) ® (o )\) 70
therefore (1o ?) ® (i o X) = [min- Let a +b < 1, for all a € U(z),
Then c.(a +b) = ca+cb < 1 for all ¢ € fi(x),a € V(x),b € X( ), therefore

c(®N) = (fioD)® (io\). 0
Definition 2.5. Let X be a non-empty set. A collection A = {fiy,--- ,n} of
hyperfuzzy sets of X is said to be a partition if it satisfies in the following conditions:

1) Apt1 © (®F_ 1) = [imin, for any k=1,--- ,n—1,
2) &1 = Bmaa-
This partition is called a hyperfuzzy partition of X.
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Lemma 2.6. Let A= {fi1, - ,fin} be a hyperfuzzy partition of X. Then

n
llul ZS

i=1

Proof. Since fiy @ jiz = 0, therefore by Definition 2.3 we have

8(/7,1 S /-72) = 3(/71) + S(//JQ)’

then by induction we have

Il

@
Il
-

(@) = 3 s(i)-

O

Definition 2.7. Let A = {fi1, -+ ,lin} and B = {71, , U} be two hyperfuzzy

partitions of X. The common refinement of these partitions is defined as follows:
AvB={p;ov;:i=1,--- ,n,j=1,--- ,m}.

Definition 2.8. If A = {fiy, -+ ,ln} and B = {7y, -+ , Uy} are two hyperfuzzy
partitions of X. Then B is called a refinement of A, written as A < B, if there

exists a partition I(1),---,I(n) of the set {1,--- ,m} such that

s(i) = Z s(v5),

JEI(7)

for every i =1,--- ,n.

Remark 2.9. The hyperfuzzy partition A = {fimas} of X is called trivial hy-
perfuzzy partition. One can easily check that any hyperfuzzy partition B is the

refinement of A.

Proposition 2.10. If A= {{1, - ,lin}t and B={V1, - , U} are two hyperfuzzy
partitions of X, then AV B is a hyperfuzzy partition. Furthermore A < AV B.

PT’OOf. Since (ﬁfq OV€1) (:ut2 O/V\Sz) ﬁ t1 ®Nt2 = ﬁminv thus (ﬁtl Oﬁ91)®(ﬁt2 0/1)32) -
//J/\min7 and (ﬂtg © /V\53) ((Mtl o ﬁsl) @ (/-7/ o I//\sz)) < ///Ztg, © (ﬁtl (&) ﬁtz) = ﬁminy thus

(ﬁts © /V\Ss) © ((Mtl © VS1) D (/J'tz © VSz)) Hmin s and also

n,m

SErut = 1:U’Z © V] (eB?:lﬁi) N (@;n:l/y\j) = //Imaa: N ﬁmaw = ﬁmaz-
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So AV B is a hyperfuzzy partition. Let us mention that A vV B is indexed by
{(i,7):i=1,-- ,n;5=1,--- ,m}. Now we show that A < AV B.
Let I(i) ={(i,1),---,(i,m)}. Then

S(ﬁi):‘s(@j 1 (i 0 7j)) ZS Hi o V) Z s(fi o vj),
Jj=1 (’L,j)EI(i)
for every i = 1,--- ,n. It follows that A < AV B. O

Proposition 2.11. If A, B and C' be hyperfuzzy partitions of X such that A < B
and B < C, then A < C.

Proof. Let A = {fir, -+ ,fin}, B = {D1,-+ ,Um} and C = {Ay,---,Ap}. Since
A < B and B < C, there exists a partition I(1),---,I(n) of the set {1,---,m}

such that
s(i) = Z s(v5),
JEI(i)
for every i = 1,--- ,n, and also there exists a partition I'(1),--- ,I'(n) of the set
{1,---,p} such that
s@) = > s(w),
keI’ (j)
for every j = 1,---,m. Thus, there exists a partition Ujc1yI'(j), ..., Ujcrm)I’'(j)
of the set {1,--- ,p} such that
s(@) = > s(w),
k€UjeryI’'(5)

for every i = 1,--- ,n. It follows that A < C. O

Corollary 2.12. Let A, B and C be hyperfuzzy partitions of X, and A < B. Then
A< BVC.

Definition 2.13. If A = {fi1,-- , [in} is a hyperfuzzy partition of X, we define the
entropy of A by

A) = f(s(i)
i=1
where f(xz) = —xlogz, for all z > 0 and f(0) = 0.

Definition 2.14. If A = {f1, -+ ,fin} and B = {V1, -+ , U, } are two hyperfuzzy

partitions of X, the conditional entropy of A given B is defined as follows:
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1) T A+# B, H(A|B) = S0y S s(0;) f(25252), where the j—terms with
s(7;) = 0 are omitted.
2) If A= B, H(A|B) = 0.

Remark 2.15. Suppose that A is the trivial hyperfuzzy partition and B is an
arbitrary hperfuzzy partition of X. One can easily check that H(B|A) = H(B).

Proposition 2.16. Let A, B and C be hyperfuzzy partitions of X and B < C' then
H(A|C) < H(A|B).

Proof. Let A = {fix, -+ ,Jin}, B = {D1,-+ ,0m}, C = {A1,-+-,Ap} and ; =
@tel(j)it, where {I(1),---,I(k)} is the corresponding partition and put (for fixed

j) oy = i%; Then

tel(y)
hence by the concavness of f,

Z agf(x) < f(z QTy).

Therefore,

H(AIC) = ZZ ﬂzoAt))

s(Ae)
s(\e) . s(fii 0 M)
—ZZ s(v)) Z = f( =)
ver SWT s
NS “‘(A)W
i tel(4) J
o (Drer( >\t))
_ZZ S(VJ)I )

-2 “ﬁjj”) H(AIB).
O

Corollary 2.17. Let A and B be hyperfuzzy partitions of X, and A < B, then
H(A|B) =0.

Corollary 2.18. Let A and B be hyperfuzzy partitions of X. Then H(B|A) <
H(B)
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Proof. Set C' = {[imaz - According to Remark 2.15 and Proposition 2.16, we have

H(B|A) < H(B|C) = H(B).

Proposition 2.19. Let A, B and C be hyperfuzzy partitions of X. Then H(BV
C|A)=H(B|A)+ H(C|BV A).

Proof. Let A= {fi1,--+ ,fin}, B={D1, -+ ,0m} and C = {Ay,- -- ,Xp}. By Defini-

tion 2.14, we have

Vj o A o i) s(V; o ﬁi))

H(BVC|A) = Z S(ﬁi)f(S( s(f;)s(vj o ;)

.3,k

e o ® 1
*72 'OAkO'U,Z 10gW
'j i
_Z O)\ko,U/z logw
s(Hi)

= H(C|BV A) + H(B|A).

Proposition 2.20. Let A, B, C be hyperfuzzy partitions of X. Then
1) H(BV C|A) < H(BJA) + H(C|A),
2) HBV(C)=H(B)+ H(C|B),
3) HBVC)< H(B)+ H(C).

Proof. (1) By Propositions 2.16 and 2.19, this proof is clear.
(2) Let A = {fimaz}; then H(B|A) = H(B); and by Propositions 2.19, we have

H(BV C) = H(BV C|A)
— H(B|A) + H(C|B V A)
= H(B) + H(C|B).
(3) By the part (2) and Proposition 2.16, we obtain

H(BVC)=H(B)+ H(C|B) < H(B) + H(C).
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3. ENTROPY OF DYNAMICAL SYSTEMS ON HYPERFUZZY SETS

In this section, we introduce the notion of a dynamical system on hyperfuzzy
sets and the entropy of it. Also we introduce the generator of the dynamical system

and prove Kolmogorov-Sinai’s Theorem is also true for our mentioned generator.

Definition 3.1. Let P¥ is the set of all hyperfuzzy sets on X. A triple (PX, 3, 9),
where s : PX — [0, 1] is a state on PX and ¢ : PX — P¥ is a mapping, is called
a dynamical system on PX, if it satisfies in the following conditions:

IO D = fimin then (1) © $(D) = fimsn and ¢(i & D) = 9(7) & (7);

- p(pov) = ¢(1) o ¢(V);

- ®(fmaz) = Hmaas;

s(¢()) = s(p) for all 1 € PX.

=~ W Ny =

Proposition 3.2. If (P, s, ¢) is a dynamical system on PX and A = {fi1, -+, lin}
is a hyperfuzzy partition of X, then ¢p(A) is a hyperfuzzy partition of X, too. If B =
{V1, -+ ,Um} is another hyperfuzzy partition of X, then H(¢p(A)|o(B)) = H(A|B).

Proof. 1t is straightforward. O

Lemma 3.3. Let {a,}22, be a sequence of non-negative numbers such that a,i+ <

ar + ag, for any r,t € N. Then lim,, o, 5= exists.
Proof. See [5, 9]. O

Proposition 3.4. Let (PX,s,¢) be a dynamical system on PX. Then
lim,, s %H(\/?:_Ol ¢'(A)), exists, for any hyperfuzzy partition A = {fi1, -+ ,fin}-

Proof. The proof is immediate from the part (3) of Proposition 2.20 and Lemma
3.3. O

Note that in the following results (PX, s, ¢) is a dynamical system on PX.

Definition 3.5. For every hyperfuzzy partition A of X, we define

h(¢,A) = lim lH(\_/ P (A)).
=0

n—oo N

Furthermore we define the entropy of the dynamical system by

h(¢) = sup{h(¢, A); A is a partition}.
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Proposition 3.6. Let A be a hyperfuzzy partition of X. Then

k
h(¢, A) = h(e, \/ ¢(A)), Vk € N.

§=0
Proof. By Definition 3.5, we obtain
k n—1 k
he, \/ ¢/(4) = Tim —H(\/ ¢'(\/ ¢'(4))
j=0 =0 7=0
n+k—1
= lim —-H (A
Jlim = ( t\:/o (4))
p 1 W t
=l sV )
= h(¢, A)

Proposition 3.7. Let A be a hyperfuzzy partition of X. Then
b6, 4) = lim_H(A]\/ 60,

Proof. By Proposition 2.20, we have

k k—1
H(\/ ¢'(4) = H(AV ¢(\/ ¢'(4)))
i=0

1=0

=0

k—1 k—1
= H(o(\/ ¢'(4)) + HAl$(\/ ¢'(4)))
1=0

k—1 k
= H(\/ ¢'(4) + H(A]\/ ¢'(4)).
i=0 i=1

Now, by induction we obtain

n—

n—1 1 k
(1) H(\/ ¢'(A)) = H(A) + Y H(Al\/ ¢'(4)).
=0 =1

k=1
According to Proposition 2.16, the sequence {H(A|\/[_, #'(A))} is decreasing, so
that

lim H(Al\/ 6/(A)),

n—s 00 )
i=1
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exists. Also the limit of the Cesaro means
1 n k .
Jim =S H(AL 6(4))
k=1 i=1
exsits. So by equation (1), we obtain

Jim H(A]\/ ¢(4))

=1
Znh;nmazHA‘l\/j“
= lim — \/W (4)]

n—oQ ’I’L

n—soo n

— tim LHC\ $(A) = b6, A).
3=0

Proposition 3.8. Let A be a hyperfuzzy partition of X. Then
h(¢*) = kh(¢) Vk € N.

Proof. By Proposition 3.6, we have

k—1
h(g*, A) = h(e*, \/ ¢'(A))

=0
n—1
= i La(y or(V o
n—soo n
7=0 1=0
nk—1

:nhﬁma \/ ¢'(A

nk—1

1 Z
B kln,h—n)loo niH v ¢
E(o, A)

Proposition 3.9. Let A, C be hyperfuzzy partitions of X. Then

h(¢, A) < h(¢,C) + H(A|C).
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Proof. Since H(BV D) = H(B) + H(D|B), so

H(\ 6'(4) < B\ @A)V (\ ¢(C)
i=0 i=0 j=0

@) —H(\ ¢ )+ H ¢4\ #(C))
j=o i=0 j=0
Furthermore H(DV E|B) < H(D|B)+ H(E|B), H(D|BV E) <
that
H(\/ ')\ ¢(0)
i=0 =0

i}H A)| \/ ¢’ (C

1=0
(3) ZH (6(A)|¢'(C)) = nH(A|C).

By relations (2) and (3), we have

n—1

1 .
. < i(A
nh;nooﬂi\:/j( )
— .7

and finally we get
h(¢, A) < h($,C) + H(A|C).

H(D|B). It implies

O

Corollary 3.10. If C, = \/i_, ¢'(C), then for any hyperfuzzy partition A of X,

we have

h(¢, A) < h(¢,C) + H(A|Cy).

Proof. The proof is immediate from Propositions 3.6 and 3.9.

O

Proposition 3.11. Let A be a hyperfuzzy partition of X, and there exists k € N

such that A < \/¥_, ¢'(A). Then h(¢, A) =
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Proof. Since there exists k > 0 such that A < \/f:1 #'(A), by Corollary 2.12, we

have

A<\/¢'(4), Vn=k
i=1
Thus by Corollary 2.17

H(A\/ ¢'(4)) =0, Yn=>k
1=1

Therefore

W, A) = Tim H(A[\/ ¢'(4)) =0.

O

Corollary 3.12. Let ® = (PX s,¢) be a dynamical system, and for every hyper-
fuzzy partition A of X, there exists k € N such that A < \/f:1 ¢*(A). Then h(®) =0

Definition 3.13. Let ® = (PX,s,¢) be a dynamical system, A hyperfuzzy par-
tition A of X is said to be a generator of (PX,s,¢) if there exists 7 € N such
that

B<\/¢'(4)
i=0
for each hyperfuzzy partition B of (PX s, ).
Theorem 3.14. If A is a generator of dynamical system ® = (PX s, ¢), then
h(®) = h(e, A).

Proof. Let B be an arbitrary partition. Since A is a generator of ® then there exists

r € N such that

From Corollary 2.17, it follows that

(4) H(B|\/ 6(4)) = 0.
i=0

So by Corollary 3.10, we have

h(¢, B) < (e, \/ ¢'(A)) + H(B|\/ ¢'(A)),
=0

=0
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and also by Proposition 3.6, we get

()

h(¢,B) < h(¢, A) + H(B|\/ ¢'(A)).

Thus the relations (4) and (5), imply that

CIRES NN

[9]

h(¢, B) < h(¢, A),
h((b) = S%ph(¢7 B) = h(¢, A)
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