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ABSTRACT. In this paper, we define T-slant, N-slant and B-slant helices in
Galilean spaceG 3. In particular, we obtain the explicit parameter equations of
theT-slant helices and prove that an admissible curve is aT-slant helix with

a non-isotropic axis if and only if it has a non-zero constant conical curvature.
We also prove that there are no N-slant, B-slant and Darboux helices in the

Same space.
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1. INTRODUCTION

In Euclidean space E3, a regular curve whose tangent vector 7' and principal

normal vector N make a constant angle with some fixed direction, is called the
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general heliz (or curve of the constant slope) and the slant heliz, respectively. It is
well-known that a regular curve o in E3 with the curvature x # 0 and the torsion
7 in E? is the general helix if and only if it has constant conical curvature 7/x. In
particular, the slant helices have constant geodesic curvature of the spherical image
of their principal normal indicatrix ([7]). Some characterizations of the slant helices
can be found in [1, 8, 9]. Darbouz helices in E* are defined in [16] as the curves
whose Darboux vector makes a constant angle with some fixed direction. There is
a simple relationship between the Darboux helices and the slant helices. Namely,
every slant helix is the Darboux helix with respect to the same axis. Darboux
helices whose Darboux vector has a constant speed, are known as the curves of the
constant precession ([15]). In Minkowski space E$, the Darboux helices are studied
in [10, 12].

In Galilean space Gg3, the general helices are defined in [14] as admissible curves
which have a non-zero constant conical curvature 7/x. In particular, the general
helices in G3 with the natural equations 7(z) = b/ax and k(z) = 1/ax, where
a,b = constant # 0 lie on a cone and have a property that they are isogonal
trajectories of the cone generators ([13]). In pseudo-Galilean space G3, the general
helices are defined in [3] in terms of an angle between two isotropic vectors which lie
in the pseudo-Euclidean plane z = 0. Some characterizations of the general helices
in Galilean spaces can be found in [2, 4, 5, 6, 11].

In this paper, we introduce T-slant, N-slant and B-slant helices in G3 as ad-
missible curves whose tangent, principal normal and binormal vector respectively
makes a constant angle with some fixed straight line (an axis of the helix). We
prove that an admissible curve is a T-slant helix with a non-isotropic axis if and
only if it has a non-zero constant conical curvature. This means that the notion of
T-slant helices corresponds to the notion of the general helices defined in [2, 14].
We obtain an explicit parameter equation of the T-slant helix and show that the
obtained equation is more general than parameter equation of the general helix
obtained in [2] (Lemma 5.8, page 207). We also prove that there are no N-slant,

B-slant and Darboux helices in the same space.
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2. PRELIMINARIES

The Galilean geometry is one of the real Cayley-Klein geometries of projective
signature (0,0,4,4). The absolute of the pseudo-Galilean geometry is an ordered
triple {w, f, I}, where w is the ideal (absolute) plane, f is the line in w and I is the
fixed hyperbolic involution of the points of f ([4]). In the non-homogeneous affine

coordinates, the similarity group Hg of the Galilean space G3 has the following form

T = a1 + a127,

(1)

= ag1 + a22 + ag3 COs Y + ag3 sin pz,

|

Z = a31 + az2T — ag3 Sin Yy + a3z cos Yz,
where a;; and ¢ are real numbers. For a;2 = as3 = 1, the relation (1) defines the
group Bg C Hg of isometries of Gg.
The scalar product of two vectors u = (u1,ug,us) and v = (v1,vs,v3) in Gz is
given by
(u,v}z{ ULV ,if ug 20 Vg #0;
ugvg + uzvy L if uy =0 A vy =0.
This scalar product leaves invariant the Galilean norm of the vector u = (uq, us, us)
defined by
B |us | ,if ug # 05
lu”_{ ViE+uZ i uy =0.

The cross product of two vectors u = (u1, ug,us) and v = (v1,v2,vs3) is given by

0 e e3
UXV=|u Uz U3 |
vl Uy s
where e; = (0,1,0) and ez = (0,0, 1).
A plane of the form x = const. in Gg is called Fuclidean plane, since its induced
geometry is Euclidean. Otherwise, it is called an isotropic plane.
The angle measure between two unit non-isotropic vectors is defined in [14] as

the length of their difference.

Definition 2.1. Let a = (1,a2,a3) and b = (1,bs,b3) be the unit non-isotropic
vectors in general position in Galilean space G}. An angle ¢ between a and b is

given by

® = \/(ag — b2)2 + ((13 — b3)2.
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The angle measure between two isotropic vectors, parallel to the Euclidean plane

in Gg, is defined in [14] as follows.

Definition 2.2. An angle w between two isotropic vectors ¢ = (0,c2,c3) and d =
(0,d3,ds), parallel to the Euclidean plane in Gg, is equal the Euclidean angle between

them. Namely,
cody + c3ds

Definition 2.3. The curve a(t) = (x(t),y (t),2 (t)) in the Galilean space G3 is
said to be admissible if it has no inflection points (& (t) x & (t) # 0) and no isotropic

tangents (& (t) # 0).

COSW =

Each admissible curve can be written as

(2) a(z) = (z,y(x), 2(x))-

The arc-length parameter of « is defined by ds = |4(t)dt| = |dz|. For simplicity, we
assume ds = dx and s = = as the arc-length parameter of a.

The curvature x and the torsion 7 of a(x) are given by

(3) r(x) = Vy'" () + 2" (2)?,

Y (@)2"(x) =y (2)2" (@)
w2(2) |

The Frenet frame {T, N, B} of an admissible curve a(z) = (x,y(x), 2(x)), has

the form

(4) 7(r) =

T(e) = (' (1) ' (@),
(5) N() = e 0,9 (). 2" ().
B(r) = o5 (0.~ ()0 (@),

where T', N and B are called the tangent, the principal normal and the binormal
vector field of a, respectively.

The Frenet equations of the curve « () are given by

(6) Nz) |=10 0 7(x) N(z)
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Also, the Frenet’s frame vectors of « satisfy the equations
(7) TxN=B, NxB=0, BxT=N.
By using the relations a(z) = (z,y(z), 2(z)) and (5), we get

! !/

K " "

K
(8) y/// _ 7y// —r = Doy 7_y//'
K K

When the Frenet frame {7, N, B} moves along an admissible curve « in Gg, there
exists an axis of the frame’s rotation. The direction of such axis is given by Darboux

vector (centrode), which has the equation
(9) D(z) = 7(2)T () + k(z)B(x).

The Darboux vector satisfies Darboux equations given by

T (x) = D(z)xT(x),
N'(z) = D(x)x N (),
B'(z) = D(z)xB(x).

Throughout the next sections, let Ry denote R\{0}.

3. T-SLANT, N-SLANT AND B-SLANT HELICES IN Gg

In this section we define T-slant, N-slant and B-slant helices in the Galilean
space Gs and obtain explicit parameter equations of the T-slant helices. We also

prove that there are no N-slant and B-slant helices in Gg.

Definition 3.1. An admissible curve o in the Galilean space Gs is called a T-slant
heliz, if its tangent vector T makes a constant angle with some non-isotropic fixed

direction.

Definition 3.2. An admissible curve « in the Galilean space Gz is called a N -slant
and B-slant heliz, if its principal normal and binormal vectors N and B respectively

make a constant angle with some isotropic fixed direction.

The fixed direction in the Definitions 3.1 and 3.2 is called an axis of the helix. We
will exclude the case when the Frenet vectors T, N and B are constant, since they
trivially make a constant angle with any fixed direction. Let us first characterize

the T-slant helices.
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Theorem 3.1. Let « be an admissible curve with the curvature k # 0 and the
torsion T in Gz. Then « is T-slant helix if and only if it has a non-zero constant

conical curvature T/k.

Proof. Assume that an admissible curve a(z) = (z, y(z), z(x)) is a T-slant helix with
a non-isotropic axis spanned by the unit constant vector U = (1, ug, u3) . According
to the Definition 3.1, its tangent vector T = (1,’, 2’) makes the constant angle ¢
with U. By using the Definition 2.1, we have

O = —u)?+ (¢ —uz)? =% ceRy.

From the previous equation we obtain
(10) Yy —us = csiny, 2 —wus = ccos,

for some differentiable function ¥ = (x). Differentiating the last two equations

two times with respect to z, we get
(11) y" = ey cosp, 2" = —c) sin,
(12) Yy = —c(l/)’)2 siny + cy” cos ), 2" = —cz//’sin¢—c(w’)2 cos .
Substituting (11) and (12) in (8) and using linear independence of the trigonometric
functions sin z and cosx, we obtain

K 5
(13) W=y, g =y

If ¢/ = 0,  is not an admissible curve, which is a contradiction. Hence v’ # 0.

From the relation (13), we find

(14) y=-r, ==L
kK T
The second equation of (14) gives
T — constant # 0.
K

Conversely, assume that the admissible curve a has the constant conical curvature
T = constant # 0. Let us put = = —%, ¢ € Ry. Consider the unit non-isotropic
vector U given by

U(x) =T (z) —cB(x).
Differentiating the previous equation with respect to x and using the Frenet equa-

tions (6), we find U’ = 0. Hence U is a constant vector. By using the Definition
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2.1, it can be easily checked that an angle ¢ between the vectors T and U is given
by ¢ = |c| = constant. According to the Definition 3.1, the curve « is a T-slant

helix with an axis spanned by U. O

Remark 3.1. The notion of T-slant helices corresponds to the notion of the general
helices defined in [2, 14].

Corollary 3.1. The non-isotropic axis of the T-slant helix o is spanned by
U(z) =T (x) —cB(x).
where c = —2 € Ry.
In the next theorem, we obtain explicit parameter equations of the T-slant helices.

Theorem 3.2. Let a be an admissible curve with the curvature k and the torsion
7 # 0 in Gs. Then « is a T-slant helix with an azxis spanned by the unit non-
isotropic fixed vector U = (1,uz,us) if and only if it has parameter equation given
by

(15)

o(z) = (J;,ugx—l—c / sin (i / H(x)dac) da, usw + ¢ / cos (1 / m(x)da:) dm) ,

where ug, us € R and ¢ € Ry.

Proof. Assume that an admissible curve « given by (2) is a T-slant helix with an
axis spanned by the unit non-isotropic fixed vector U = (1, uz,us). By Theorem
3.1, a has a non-zero constant conical curvature © = —%, c € Ry. By using relation
(10), we obtain

y' (2) = ug + csin(z), 2'(x) =uz + ccosp(x).
Integrating the last two equations, we find

(16) { y(x) = ugx + ¢ [siny(z)dz +c1, ¢ €R,

z(x) = ugz + ¢ [ cosp(x)dr + ¢z, 2 €R.

Up to a translation, we may take ¢; = co = 0. Substituting (16) in the relation (2),

we obtain that « has parameter equation of the form

(17) alz) = <x,u2x + c/sinw(x)dx,ugx + c/cosq/z(m)dx) .
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In particular, by using the first equation of (14), we get

(18) P(z) = —/T(a:)dx +co, co€R
Substituting 7 = —% in the last relation and putting co = 0, we get
1
Y(x) = f/n(x)dx
c

Substituting this in (17), we get (15).

Conversely, assume that an admissible curve a has parameter equation given by
(15). By using the Definition 2.1 it can be easily checked that an angle ¢ between
the vectors T and U is constant. By Definition 3.1, « is a T-slant helix with an axis

spanned by a non-isotropic fixed direction U. O

Remark 3.2. In [2], the general helices are defined as the curves which have a
constant conical curvature. It can be easily seen that parameter equation (14) of
the T-slant helix (i.e. general heliz) is more general than parameter equation of the

general heliz given in [2] (Lemma 5.8, page 207).

Example 3.1. Let us consider an admissible curve o in Gz with parameter equation
(Figure 1)
a(z) = (m, —g [cos(Inzx) —sin(lnz)],z + g [cos(In x) + sin(In :E)]) .
The tangent and the binormal vector of o are respectively given by
T(z) = (1,sin(lnx),1 + cos(lnz)),
B(x) = (0,sin(In z), cos(In x)).
T 1

The curvature and torsion of o read k(z) = —7(z) = 2. Since T = -1 = -1,

according to the Theorem 3.1, the curve « is a T-slant helix. By Corollary 3.1, the

non-isotropic axis of « is spanned by
U=T-¢B=(1,0,1),
where ¢ =1 is the angle between T and U.

Example 3.2. Let us consider an admissible curve 3 in Gz with parameter equation

(Figure 2)

B(x) = (z,3z — %\/5005(2\/5) + isin(Q\/E), %\/:Esin(Z\/E) + icos(Q\/E)).



ON T-SLANT, N-SLANT AND ... — JDSGT VOL. 16, NUMBER 2 (2018) 195

10

FIGURE 2. T-slant helix 3

The tangent and the binormal vector of B have the form
1 1
T(z) = (1,3+ 3 sin(2v/x), 5 cos(2v/1)),

B(z) = (0,sin(2v/z), cos(2y/x)).
The curvature and the torsion of § read k(z) = ﬁ, T(z) = *ﬁ' Since T = =2 =
—2, the Theorem 3.1 implies that 3 is a T-slant heliz. According to the Corollary

3.1, the non-isotropic axis of B is spanned by
U=T-¢B=(1,3,0),
where ¢ = % is the angle between T and U.

Next, let us consider N-slant helices. Let a be a N-slant helix whose principal

normal vector N (x) makes a constant angle w with an isotropic axis determined by
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the unit isotropic fixed vector U = (0, ug, us). According to the Definition 2.2, we

have

1

w=Z2(N,U) = —(ugy” +uzz") =co, co€Ry.

K

The previous relation gives
/! 1 1
(19) y' = —(cork —uzz").
U2

Differentiating the previous equation with respect to x, we get

1
(20) y/// _ IQ(COK/ _ ugz///)'

Substituting (19) and (20) in the first equation of (8), we get

us

/
R
M= 222,

K

us3
By using the last equation and the second equation of (8), we find

T(y" — Z—zz") =0.

If 7 = 0, then the Frenet equations (6) imply N = constant, which we have excluded
as the possibility. Thus

U2
21 e
(21) =t

Differentiating the last relation with respect to x, we obtain

(22) y/// _ %Z///.
us
From the relations (4), (21) and (22) we get 7 = 0, which gives a contradiction
again.
The above results can analogously be proved for the B-slant helices. Thus, we

can state the following theorem.

Theorem 3.3. There are no N-slant and B-slant helices in Gs with non-constant

Frenet vectors.
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4. DARBOUX HELICES IN G3

In Euclidean and Minkowski 3-space, Darboux helices are defined as the curves
whose Darboux vector makes a constant angle with some fixed axis. In this section,
we show that there are no Darboux helices in Galilean space Gs. First we give the

definition of such helices.

Definition 4.1. An admissible curve « in Galilean space Gg is called a Darbouz

heliz, if its Darbouz vector makes a constant angle with some fixed direction.

The fixed direction in the Definition 4.1 is called an axis of the helix. We will
exclude the case when the Darboux vector is constant, since it trivially makes
constant angle with any fixed direction. By using the relations (5) and (9), we find

that the Darboux vector of an admissible curve « is given by
(23) D(x) = (r,my = 2", 72" +y").

Theorem 4.1. There are no Darboux helices in Gz with non-constant Darboux

vector.

Proof. Assume that there exists Darboux helix « in G3 with non-constant Darboux
vector. Depending on the torsion 7 of «, we may consider two cases:
(A) Assume that 7 = 0. Substituting 7 = 0 in the relation (9) it follows that the
Darboux vector of the Darboux helix is given by D = kB. Moreover, from the
Frenet equations (6) it follows that the binormal vector B is constant. This implies
that the Darboux vector D always has a fixed direction, which is a contradiction.
(B) Assume that 7 # 0. According to the Definition 4.1 and the relation (23), the
unit Darboux vector Dy of o given by

D 2" i
(24) DO:HD|:<1,y’—T,z’+yT>
makes a constant angle with some fixed axis spanned by the unit non-isotropic

constant vector U = (1, uq,ug). By Definition 2.1, it holds

Nz 2 y// 2
302(1,//7_1142) +(Z/+TU3> = CGRS_'

From the previous equation we obtain

" 1!

(25) y/—7—u2:csinw, Z’-i-y?—u;:,:ccosq/),
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for some differentiable function ¢ = 1 (z). The last two equations imply

(26) 2" =1y —Tus —ersiny, y' = —72 4 Tug + cr cos .

Differentiating the second equation of (26) with respect to x, we get
(27) y" =72 — 72" + 7'uz + 1’ cosp — ey sinp.

Substituting the second equation of (26) and (27) in the first equation of (8), we
find

/
. K

—7'2" + 7'ug + e’ cosp — er) sinp = — (=72 + Tuz + 7 cos ).
K

The last equation is satisfied if and only if ¢V’ = 0 and 7 = ¢1k, ¢1 € RS’ . Substi-
tuting 1 (x) = constant in (25) and using (24), we get Dy = constant which is a

contradiction. O
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