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ABSTRACT. The aim of this paper is to demonstrate the rich interaction be-
tween the properties of dynamical systems, the geometry of its asymptotic
solutions, and the theory of Abelian varieties. We are going to illustrate as
well that the nature of many methods for finding solutions of some dynamical
systems is determined by the Laurent series for solutions of nonlinear differ-
ential equations. We apply the methods to the Kowalewski’top a solid body
rotating about a fixed point, the Kirchhoff’s equations of motion of a solid in
an ideal fluid and the Ramani-Dorizzi-Grammaticos (RDG) series of integrable

potentials.

AMS Classification: 34M45, 34M05, 11G10, 14H40, 14K02, 14H70
Keywords: Differential equations; Meromorphic solutions; Abelian varieties; Ja-

cobians; Prym varieties; Isogeny; Integrable systems

1. INTRODUCTION AND GENERAL SETTING

Algebraic complete integrable systems (a.c.i) are integrables systems whose tra-

jectories are straight line motions on Abelian varieties (complex algebraic tori),
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themselves completions of the level manifolds of the system (here space and time
must be thought of as complex). The solutions can be expressed in terms of Abelian
integrals, possibly after an algebraic change of variables and in terms of theta func-
tions. The main purpose of this paper is to show how the notions and techniques of
normally generated line bundle and Laurent series play a crucial role in the study
of algebraically integrable systems. At the bad points, the concept of projective
normality plays an important role when studying the convergence of these series
solutions. I will discuss some interesting and well known examples : the problem
of the rotation of a solid body around a fixed point (integration of the Kowalewski
case), the movement of a solid in an ideal fluid (integration of the Clebsch case)
and the Ramani-Dorizzi-Grammaticos (RDG) series of integrable potentials.

We will first give a quick survey about a.c.i, while knowing that these facts can

be found in detail in [2, 17, 26]. Consider the Hamiltonian vector field X,

oH d
1 Xpg:t=J— = R™ =
S =% Oz (@), = € R, ( dt)
where H is the Hamiltonian and J = J(z) is a skew-symmetric matrix with

polynomial entries in z, for which the corresponding Poisson bracket {H;, H;} =
<68Zi ,J 881;16 1 >, satisfies the Jacobi identities. Such a system, with polynomial right
hand side, is algebraic complete integrable (a.c.i) [1] when the following conditions
hold :

1) The system possesses n + k independent polynomial invariants Hy, ..., Hp4k

of which k invariants (Casimir functions) lead to zero vector fields J %%(x) =0,
1< i<k, the n=(m — k)/2 remaining ones Hy1 = H,...,Hj, are in involution

(i.e., {H;,H;} = 0),which give rise to n commuting vector fields. For generic ¢;,
n+k
the invariant manifolds (level surfaces) (] {z € R™: H; = ¢;} are compact and
i=1
connected and therefore real tori according to the Arnold-Liouville theorem [3].
i1) The invariant manifolds (level surfaces) thought of as lying in C™,
n+k
A= ﬂ{xe@m:Hi:ci},
i=1
are related, for generic ¢;, to Abelian varieties T™ = C"/Lattice (complex algebraic

tori) as follows :

A=T™MD,
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where D is a (Painlevé) divisor (codimension one subvarieties) in 7. In the natural
coordinates (t1, ..., t,) of T™ coming from C", the coordinates x; = x;(t1, ..., t,) are
meromorphic and D is the minimal divisor on 7™ where the variables z; blow
up. Moreover, the Hamiltonian flows (1) (run with complex time) are straight-line
motions on 7.

If the Hamiltonian flow (1) is a.c.i., it means that the variables x; are meromor-
phic on the torus T" and by compactness they must blow up along a codimension
one subvariety (a divisor) D C T™. By the a.c.i. definition, the flow (1) is a straight
line motion in 7™ and thus it must hit the divisor D in at least one place. Moreover
through every point of D, there is a straight line motion and therefore a Lau-
rent expansion around that point of intersection. Hence the differential equations
must admit Laurent expansions which depend on the n — 1 parameters defining
D and the n + k constants ¢; defining the torus T, the total count is therefore
m — 1 = dim (phase space) — 1 parameters. Such a necessary condition for alge-
braic complete integrability can be formulated as follows [1] : If the Hamiltonian
system (1) (with invariant tori not containing elliptic curves) is algebraic complete
integrable, then each x; blows up after a finite (complex) time, and for every x;,

there is a family of solutions
0 .
T, = ngj)tﬁki, k; € Z, some k; >0,
§=0

depending on dim (phase space) —1 = m—1 free parameters. Moreover, the system
(1) possesses families of Laurent solutions depending on m — 2, m — 3,....m — n free
parameters. The coefficients of each one of these Laurent solutions are rational
functions on affine algebraic varieties of dimensions m —1, m — 2, m — 3,....m — n.

The question raised several years ago is whether this criterion is also sufficient.
The system (1) with k£+n polynomial invariants has a coherent tree of Laurent solu-
tions, when it has families of Laurent solutions in ¢, depending on n—1, n—2,....,m—n
free parameters. Adler and van Moerbeke [1] have shown that if the system pos-
sesses several families of (n — 1)-dimensional Laurent solutions (principal Painlevé
solutions) they must fit together in a coherent way and as we mentioned above,
the system must possess (n — 2)-, (n — 3)-,... dimensional Laurent solutions (lower

Painlevé solutions), which are the gluing agents of the (n — 1)-dimensional family.
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The gluing occurs via a rational change of coordinates in which the lower param-
eter solutions are seen to be genuine limits of the higher parameter solutions an
which in turn appears due to a remarkable propriety of algebraic complete inte-
grable systems; they can be put into quadratic form both in the original variables
and in their ratios. As a whole, the full set of Painlevé solutions glue together to
form a fiber bundle with singular base. A partial converse to the above result can
be formulated as follows [1] : If the Hamiltonian system (1) satisfies the condition
i) of algebraic complete integrability and if it possesses a coherent tree of Laurent
solutions, then the system is algebraic complete integrable and there are no other

m — 1-dimensional Laurent solutions but those provided by the coherent set.

2. NORMALLY GENERATED LINE BUNDLE OR PROJECTIVELY NORMAL EMBEDDING

Following Mumford [22] we call an ample line bundle £ normally generated line

bundle, when the natural map
Sym"H®(M, £) — H°(M, L"),

is surjective for every n > 2. In other words, by setting £ = [D], we say that a divisor
D is normally generated line bundle (or with an abuse of language; projectively

normal) when the map
L(D)®* — L(kD) = {meromorphic functions on T"
with k — fold poles at worst along D},

is surjective, i.e., every function of L£(kD) can be written as a linear combination
of k-fold products of functions of £(D). It can be shown that a line bundle which
is normally generated is very ample, but the converse is not true, in general. So
not every very ample divisor D is normally generated but according to a criterion
of Koizumi [12] and Mumford [21], if D is linearly equivalent to KDy for k > 3
for some divisor Dy, then D is normally generated. We will encounter concrete
example of this when analyzing the algebraic geometry of some problems. We will
also say that an embedding of an Abelian variety M into PV (C) is projectively
normal if the image of M in PV (C) is a projectively normal manifold; i.e., if its ring
of homogeneous coordinates is completely closed.

Let £ be an ample line bundle on an Abelian variety M of dimension g and

of type (61,...,8,). The map ¢pr : M — PN (C), associated with the bundle
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LF = L£®% determines a projectively normal embedding for any k > 3 and also
for k = 2 when the points of K(L£?)) are not basic points of £ where the group
K(L)=kerf ~(Z/OHZ x ... x Z/(?_(,Z)27 is the kernel of isogeny

fiM— MY =Pi®(M), pr—1LoL ™!,

with 7)M — M, x — x + p, the translation by p. In the case where M is an
Abelian surface (this case is of particular interest to the systems studied further),
the rational mapping 1 : M — P%%271(C), is a projectively normal embedding
if the following conditions are satisfied :

(i) When 6; > 3, then ¢, is a projectively normal embedding.

(ii) When 07 = 2, then 9 is a projectively normal embedding if and only if the
points of K (£2) are not basic points of L.

(iii) When £ is primitive, i.e., (01,02) = (1,02) and do > 7, then ¢, is a projec-
tively normal embedding if and only if £ is very ample.

(iv) When L is primitive, o > 7 and M generic, then v is a projectively normal
embedding.
As noted above, a necessary condition for ¢, to be a projectively normal embedding
is that £ is very ample. When §;02 < 4, £ is not even very ample. Similarly, if
0102 < 7, then

dim Sym?H?(M, £) < dim Sym H°(M, £?),

and therefore the embedding in question can never be projectively normal.

For an algebraically completely integrable system, the original set of variables
1, ...,y can be replaced by a new set yg,y1, ..., yn having the property that (%)
is a quadratic polynomial in (1/y;,91/y;,...,yn/y;), 0 <i < N, for any fixed but
arbitrary choice of y; in the linear span of the y/s; in particular this property holds
for yg = 1. Indeed it hinges on the projectively normal property of the divisor D. We
assume that the divisor is very ample and in addition projectively normal. Consider
a point p € D, a chart U; around p on the torus and a function y; in £(D) having
a pole of maximal order at p. Then the vector (1/y;,v1/y;,...,yn/y;) provides a
good system of coordinates in U;. Then taking the derivative with regard to one of
the flows

<yi).yiyjyiyj 1<j<N

Yj v
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are finite on U; as well. Therefore, since y? has a double pole along D, the numerator
must also have a double pole (at worst), i.e., ¥;y; — y:9; € £(2D). Hence, when D

is projectively normal, we have that

) =% () G)

i.e., the ratios y; /y; form a closed system of coordinates under differentiation. This
remarkable fact hinges on the notion of projective normality of a divisor on an
Abelian variety. It plays an important role in the following matter : the successive
coefficients in the Laurent series solutions are meromorphic on the divisor D. There-
fore at the points where some of these coefficients blow up, the Laurent series cess
to exist, unless they are somehow rearranged. In order to circumvent this difficult,
one shows that near these points the local coordinates, which the above rational
functions, form as above a closed system of ordinary differential equations, whose
solutions evolve, as a function of time, in projective space in a nice holomorphic
fashion. So at the bad points, the concept of projective normality play an important
role : this enables one to show that y;/y; is a bona fide Taylor series starting from

every point in a neighborhood of the point in question.

3. APPLICATIONS

3.1. The problem of the rotation of a solid body around a fixed point.
Integration of the Kowalewski case. The Kowalewski’top [15] is a solid body
rotating about a fixed point, whose principal moments of inertia A = diag(A, B, C)
(with regard to the fixed point) satisfy the relation A = B = 2C and its center
of mass belongs to the equatorial plane (AB plane) through the fixed point. The

motion of this body is governed by the equations :

m mAAm+ ugy Al

¥o= YA Am,

where m, [ and v denote respectively the angular momentum, the center of mass
and the unit vector in the direction of gravity, u is the mass of the solid and g is
the acceleration of gravity. By properly picking the axes of inertia in the equatorial

plane and after some rescaling and normalization may be taken as I = (1,0,0),
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Am = (ml M2 mg). The equations of motion take on the form :

R
my = mams, Y1 = 2mgzy2 — m27s,
(2) my = —mimg+ 2vs, Yo = m1ys — 2ma,
ms = —27, Y3 = maY1 — miYa,

where, without restricting generality, we chose g = 1 and we used the substitution

t — 2t. This system has four first integrals (constants of motion) :

1

Hy =mivy1 + may2 + m3ys, Hy =7+ +73,

Hy = ((mlzmz)z -n+ m)) ((ml_;m?)z (- i72)> ;

and is written in the form of the Hamiltonian vector field :

(3) iz]aa—j;l, H=H;, z=(mi,m2,m3,7,%,73),
where
0 —mz me 0 =7 7
ms 0 —-m1 3 0 —m
g | M2 om 0 =7 m 0
0 Y3 M2 0 0 0
V3 0 -n 0 0 0

—72 " 0 0 0 0

A second flow commuting with the first is regulated by the equations :

(4) i=J——, x=(mi,mz,ms 7,737,

ox’

The first integrals H; and H,4 are in involution, while Hy and Hj are trivial. Let

4
Mczﬁ{xECﬁtHk(I):Ck}v cz =1,
k=1

be the affine variety defined by the 4 constants of motion. The invariant variety
M. is a smooth affine surface for generic values of c¢1,cy and c¢3. So, the question I
address is how does one find the compactification of M, into an Abelian surface?
Following the methods in Adler-van Moerbeke [1], the idea of the direct proof is

closely related to the geometric spirit of the (real) Arnold-Liouville theorem [3].
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Namely, a compact complex n-dimensional variety on which there exist n holomor-
phic commuting vector fields which are independent at every point is analytically
isomorphic to a n-dimensional complex torus C"/Lattice and the complex flows
generated by the vector fields are straight lines on this complex torus. Now, the
main problem will be to complete M, into a non singular compact complex algebraic
variety Mc = M. UD, in such a way that the vector fields Xz, and Xy, generated
respectively by H; and Hy, extend holomorphically along a divisor D and remain
independent there. If this is possible, Mc is an algebraic complex torus (an Abelian
variety) and the coordinates restricted to M, are Abelian functions. A naive guess
would be to take the natural compactification M, of M, by projectivizing the equa-
tions in P%(C). Indeed, this can never work for a general reason : an Abelian variety
MG of dimension bigger or equal than two is never a complete smooth intersection,
that is it can never be described in some projective space P"(C) by n—dim MC global
polynomial homogeneous equations. In other words, if M, is to be the affine part
of an Abelian surface, M, must have a singularity somewhere along the locus at
infinity M.N{Z = 0}. In fact, what happens in this specific case? Let Z, M; = %,

;= %, be the projective coordinates and consider the transformation
MC — Mm (27 Mla M2> M37 Fla F27 FB) — (Z7 X17 X27 M37 U17 U2a FS)?

where 2X, = My +iMs, 2X9 = My —iMs, Uy =11 +il'y, Uy =T'1 —iI'5. In these

new variables, the equations defining M, are written

Fi = 2XiXo+ M+ (U +U)Z — 1 Z% =0,
Fy, = X Us+ XoU; + M5 — 322 =0,

Fy = UlUs+15-22=0,

Fy, = (X?-U2)(X2-UyZ) — caZ*.

Proposition 1. Let M, be the projective variety on PS(C) defined by the above
equations. Then M is not an Abelian surface. The variety M. intersects the hyper-
plane at infinity Z = 0 according to the two straight lines d; = (0, X1,0,0,U1,0,0),
de = (0,0, X2,0,0,Us,0) and the circle S* = (0,0,0,0,U;,Us,T'3), UyUs +T'% = 0.
Moreover, M. is singular along the lines dy, do (singularity of type YA+ U3Z3 =0,
Y, Z small) and along the circle S* (singularity of type T3X? = (I's + T3 —1)22,
X, Z small).
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Proof. Suppose that M, is an Abelian surface. Thus this surface is isomorphic to
a 2-dimensional complex algebraic torus C?/lattice where the lattice is generated
by 4 independent vectors in C2. Let (¢1,2) be the natural coordinates of this
torus. The canonical divisor of this Abelian surface is empty as, up to scalars, the
only 2-form is given by dp; A dps, which clearly does not vanish anywhere on M.
The canonical bundle K3z of M. is given in terms of the canonical bundle Kps ()

of P%(C) by the adjunction formula
Kz, = (Kpoo) @ [Me]) 7.

where WC] denote the line bundle associated to the divisor M, in P(C). Let

M1 M2 M3 Fl FZ FB

_77 IE3:7, 3/1:7, y2:77 y3:77

be affine coordinates on P%(C)\ {Z = 0} and consider the form
w =dzx; ANdxo Ndxs Ady; A dys A dys.

This form has no zeroes or poles in {Z # 0}. Let

Z M, Mo M; Iy Iy
— Ul = — Uy = — Uy = — = ==
FS, 1 Pg ; 2 F3 ) 3 FB ’

be affine coordinates on P%(C)\ {Z = 0}. Then

u =

1 1 T2 T3 Y1 Yo
U= —, Uy = —, U = —, uz = —, v1T = —, Vg = —
Ys Ys Ys Ys Ys Ys

and so
1
w = —7du A dui A dug A dus A dvi A dos.
U

Therefore, the divisor of w is (w) = —7H where H is a hyperplane in P®(C) and
consequently Kpecy = [~TH]. Since every line bundle on projective space is a
multiple of [H], we have Ky; = [H]; and this implies that every holomorphic
2-form on M, would have a zero on M., a contradiction. The second part of the
proposition is straightforward. We will describe the singularities of M at infinity.
First let us analyze the locus at infinity C = M. N {Z = 0}. It is shown that
C =dyUdyUS?!, where d; = (0, X1,0,0,U1,0,0) and dy = (0,0, X5,0,0,Us, 0) are
two straight lines tangent to the circle S = (0,0,0,0,U;,Us,I'3), UyUs +T'2 = 0.
In the neighborhoods of these lines and of this circle, we have

8(F1’F27F37F4> —
rang =3,
8(ZvX17X27M37U17U2’F3) Z=0
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and the variety M, is singular along the straight lines dy, do (singularity of type
Y4+ U3Z% =0, Y, Z small) and along the circle S! (singularity of type I'sX? =
(T4 +T2%2-1)22, X, Z small). O

The solutions to the system of differential equations (2) or (3) intersect d; and da,
however these solutions ignore S and the same facts holds for the other vector field
(4) commuting with the first. To regularize (i.e., make the trajectories parallel) the
flow at infinity, it is necessary to solve the singularities of the projective variety M.
We have just seen that these singularities are complicated and we must (probably)
blow up M. many times along the lines and blow down M, along the circle. Gen-
erally, the method of blowing up and blowing down sub-varieties is considered very
delicate and its use in the present case is difficult. In fact, we shall show that the
existence of meromorphic solutions to the differential equations (2) depending on 4
free parameters can be used to manufacture the tori, without ever going through
the delicate procedure of blowing up and down. Information about the tori can
then be gathered from the divisor. The study of convergence of these Laurent series
solutions will be carried out via the majorant method and the concept of projective

normality.

Proposition 2. The differential equations (2) admit two distinct families of Lau-
rent solutions depending on five free parameters. The first meromorphic solution,

with the Laurent series, is

mi) = SHi(@?-2)ptol), M) =gy +ol),
ma() = T -aBro), () =gy +ol),
my(t) = Laftolt), =" +o().

The second meromorphic solution, with the Laurent series, is
m() = S-i(@®-2)B4olt), m(D)= g tol),
ma(t) =~ -aBo),  m() =55+,
my(t) = —t+aBrolt), w(®)=5+o

Proof. The proof of this proposition is a straight forward computation.
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As we have pointed out, the problem of convergence of these series as well as
that of other series used in this paper will be discussed later by using the majo-
rant method (around all points where «, 8 # 0)) and the techniques of projective
normality (around bad points). Consider the set of Laurent solution which remain

confined to a fixed affine invariant surface, i.e.,
D the Laurent solutions m;(t),v;(t),1 < j <3, such that :
‘ Hj,(mj(t),7;(t)) = ¢, + Taylor part ,1 < k <4
(o, B,€) such that : (a® —1)((a® —1)B8* — P(B) + ¢4 =0,
P(B)=c182 —2cB—1, e=+i ’

where c¢3 = 1 and ¢, co, ¢4 are generic constants. Note that the application
0c:D. — D, (o,8,€) — (—a, B,€),

is an involution on D, and the quotient D? = D, /o, by this involution is an elliptic
curve defined by u? = P?(B3) —4c43*. The curve D, is a 2-sheeted ramified covering
of DY,

228+ P(B) +u

D. — DY, (o, u, B, €) — (u, B,€), D : 234
u? = P?(B) — 4eqs B2

The curve D, has four points at infinity and four branch points on the elliptic
curve DY and according to the Riemann-Hurwitz formula [8, 19], the genus of D, is
9(De) = 3.

Proposition 3. The divisor on which the solutions of (2) blow up consists of two
1rreducible components D.—; and D.—_;, which are both non-singular curves of genus
3. Each of these curves D, is a double cover of an elliptic curve D° ramified at /

points.

Let D = Dey + D—_;. For positive integers k, define the space L(kD) of

meromorphic functions having a k-fold pole at worst along D.
Proposition 4. The space L(D) is spanned by the following functions
fo=1, fi=my, fo=ma, fs=ms, fi=7s, f5=fi+[3,

fo =4f1fa— f3fs, fr=(for1 — fir2) f3 + 2fava.
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In addition, D is embedded into P"(C) according to

p = (@,u, B) = 1mt(L, f1(p), - 2(9) = (0,1 (D), s 7))

In a way that De—; and D.—_; intersect each other transversally in four points at
nfinity (a =241, u=£p%/2 —4dey, B = oo) and that the geometric genus of D
15 9.

Proof. Let L") be the set of polynomial functions f = f(x(t)) of degree < r
modulo the constants Hy = cx,1 < k < 4 and such that f(z(t)) = ¢t~ 1(z(® +
Mt 4 ..), 2O £ 0 on D with z(t) = (my, ma, ms,V1,72,73) given explicitly
above. We look for r such that : geometric genus of D(") = N, + 2, D") c PN-(C)
and we shall show that it is unnecessary to go beyond r = 4. Indeed, using
the Laurent series obtained previously, one obtains that the spaces L), nested
according to weighted degree, are generated as follows L) = {f, = 1,f; =
my, fo =ma, fs =ms}, L = LW @ {fy =3, fs = —1(ff + D}, L® = L@ o
{fo = fafs + fifa}, LW = L® & {f7 = (foy1 — f172) fs + 2fa72}. The spaces L,
L®) and L® do not provide the embedding because g(D") # dim L") + 1,
r = 1,2,3. More precisely, since the embedding in P3(C) via L™ does not sep-
arate the sheets, we then pass to a L(®) and we also find that the embedding in
P5(C) is invalid because g (D(® embedded in P°(C)) — 2 > 5, which contradicts
the fact that N, +1 = g(D®) — 1. In the same way, using space L(*) we obtain
g (D® embedded in P5(C)) —2 > 6, and the contradiction persists. We must there-
fore consider L(*) and study the embedding of D into P7(C) using the functions of
LW, Let

<f° f7> F=FY4+FY+. 0<k<7,
[ f

and p; = (a =41, u=+p%/c? —4dcy, B = oo), 1 < j < 4, be the 4 points at co of
D.. Therefore

a €ex € co  €1l—u
FéO)(pj) = (0 B E B 1>€a>€(a2_1)6>_g+ ( 32 )) (pj)7
= (0 0,0,0,1,+€,0, Fey/c? — 464) = 4 distinct points.

The 4 points at co are separated on each curve D, but using the transformation

De=i — De=—i7 (aa Uu, /8) — (—O(, —u, 5)7
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one shows

)

F,§°) (ps) 5

= K7 )],

e=1 e=—1

i.e., the 4 points at co are identified pairwise with the the 4 points at oo on the other
()

curve. Let s = % be a local parameter for p;. Since %(pj) = (0,£1, £¢,€,0, —ca),

then

oF."
8’; (ps)

De=i

and consequently the curve D._; intersects transversely the curve D.—_; in 4 points
at infinity b1, ...,b4 = (e = 00,8 =0), p1,...,pa = (e = £1,u = :l:ﬂz\/m7ﬁ =
00). In a neighborhood of the points b; = (o = 00,8 =0), 1 < j < 4, one divides
by fi. By setting,

(fo f7> =G =G0 +cWt+.., 0<k<T,

R

one obtains G,(co) (pj) = (0,1,€,0,0,0,F1,0) which are the coordinates of 4 different
points in P7(C). Therefore, g (P™) embedded in P7(C)) — 2 = 7 and therefore,
g(PW)=9.0

To avoid overburdening the text, we will keep the notation D instead of D as
being embedded in P7(C). At all points where a, o, 8 # 0, the Laurent solutions
are nicely convergent (by the majorant method [16]). Therefore, at most points of
D there is a transversal fiber to the curve. Hence this defines a smooth surface strip
around D except at the bad points. Now we need to construct a surface strip around
D at the bad points as well. For doing that, we must use the concept of normally
generated line bundle or projective normality. Ultimately, we wish to prove that in
the various charts

(5) (fj> = polynomial (f]> , 1<j <7k fixed
i fr

This enables one to show that (f;/fx), is a bona fide Taylor series starting from
every point in a neighborhood of the point in question C P7(C). As mentioned
above, let £ = L™ and D = D@W. In fact, we shall prove a somewhat stronger
statement than (5), namely that (5) is satisfied with quadratic polynomials. By

inspection one sees that the fy, ..., fr do not satisfy that property. For example

Jo\ _ fine— fom nomi .fj) :
<f4> 7 # polyno a1<f4 , 1<5<7
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The problem is that D although very ample, will not be projectively normal (more
precisely, the line bundle [D] is not normally generated) which forces us to look
at the divisor 2D or maybe simply 2D._; + D.—_;. Hence we must take functions
with higher order poles. Let us consider for instance the space £(2D.—; + De——;)
of functions which have double poles at worst along D.—; and simple ones at worst
along D.—_;. By the Riemann-Roch theorem, if 2D._; + D.—_; is a divisor on an

Abelian variety, this space must be 18-dimensional. Indeed, let
£(2De:i + Dezfi) = L(4) © {987 °"7gl7} = {907 '“7917}7

where go = 1, g1 = 3(m1 + imy), g2 = 3(m1 — ima), g3 = f3, g4 = f1, g5 = [5,
g6 = fo, 97 = f1, 98 = 93, 9o = 9293, G10 = G204, g11 = g5 — N1 — Y2, G12 = G1g11,
913 = 91911, 914 = 91911, 915 = 9295, 916 = Y296, Y17 = Yag7, Where one reads off
the behavior of the g along D, from the Laurent series solutions; here (gi) denote
the divisor restricted to De : (91) = —Dee—i, (g2) = —De—iy (g) = —Deei — Dee—is
3< k<7, (98) = —2Dc—i, (gr) = —2Dc—i — De——;, k = 9,10,15,16,17, (g11) =
—2Dc—i +2Dc—_;, (g12) = —2Dc—ij + De—_i, (gr) = —2D—_;, k = 13,14. Note that
all g, have the property (gx) > —2Dc—; — De=—_;. Consider now the embedding of

2D.—; + D.—_; via these functions

2Dc—i + Dee—iy — P7(C),p lim ¢ (go(p), -+-» 917(p)) = (0, 9 ), .. g\? (p)) .

About the points b; = (o = o0, = 0), it is appropriate to divide by gs, which

implies that <Z—’;> (bj), 0 < j < 17, is finite. In a neighborhood of the points

at infinity p; = (a: +1l,u=£B2\/c? —dey, B = oo), 1 < j < 4, one divides
9o, .-, g17 by g10, which makes (;%) (pj), 0 < j < 17, finite. Next, using the
differential equations (2), we show that in a neighborhood of the points p; and

modulo linear combination of the constants of motion

<gk) = w = quadratic polynomial of (go, e g”) .
g10 970 g10 gio

Also, in a neighborhood of the points b; we have

(gk> = quadratic polynomial of (go’ e g17> .
gs gs gs
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It follows that at the bad points p;, b; the series (g—’“) (ps), (%) (bj), 0 <k <17,
converges as a consequence of Picard’s theorem applied to the system of ordinary

differential equations (Z—’;) , I =8,10. Therefore, we have the following proposition,

Proposition 5. The divisor 2D.—; +D.—_; is projectively normal and has a smooth
embedding in P17(C), which shows that in particular the Laurent series solutions

converge everywhere.

In summary, the use of the Laurent series (and the study of convergence of
various series intervening in the problem via the majorant method and the concept
of normally generated line bundle) show that the orbits of the vector field (3) going
through the curve D form a smooth surface ¥ near D such that X\ M, C ]\Z and
the variety J\Z = M. U X is smooth, compact and connected. More precisely, for
generic ¢ the affine surface M, completes into an Abelian surface Mvp of polarization
(1,2), by adding a singular divisor D consisting of two isomorphic genus 3 curves
D.—; and D.__; intersecting in 4 points. Each D._.; is a double cover of an elliptic
curve DY ramified at 4 points. It defines a line bundle and a polarization (1,2) on
J\Z. The divisors 2D.—;, 2Dc——_; or D.—; + De—_; (of geometric genus 9) are all
very ample and define a polarization (2,4); and moreover the 8-dimensional space
of sections of the corresponding line bundle embeds the Abelian surface into P7(C).
In other words, the line bundle [D] defines a polarization of type (2,4) on M, and
leads to an embedding of M, in P7(C); it is not normally generated, but the line
bundle [2D._; +D.—_;] is. The Abelian surface Z\ric is equipped with two everywhere
independent commuting vector fields. Otherwise, the Abelian surface M, can also

be identified as the dual of the Prym variety (D./D?).

3.2. Movement of a solid in an ideal fluid. Integration of the Clebsch

case. The Kirchhoff’s equations [7] of motion of a solid in an ideal fluid have the

form
. OH OH . OH OH OH OH
PLo= P2 Pag s ll:p28793,_p38792+l2873,_l3872’
(6) P2 = PSaj—Plaj ; j2:p38£_p18£+138£_118£
6l1 813 8p1 8])3 8[1 8[37
. OH oOH . OH OH oOH OH
Ps = g —P2g l3:p187pg_p287pl+l18712_l2871’
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where (p1,p2,p3) is the velocity of a point fixed relatively to the solid, (I1,ls,13)
the angular velocity of the body expressed with regard to a frame of reference also
fixed relatively to the solid and H is the hamiltonian. In Clebsch’s case, equations

(6) have the four invariants :
1
H,=H= 5 (a1p? + azp3 + asp3 + b1l3 + bal3 + bsl3) |
Hy = p? +pj +p3, Hs3 = pily + pala + psls,

1
H, = 3 (b1p + baps + bsps + 0 (17 + 15+ 13))

with a2;a3 + a%;‘“ + ‘“b;“? = 0, and the constant p satisfies the conditions ¢ =

bi(ba—bs) __ ba(bz—b1) _ b3(bi—b2)
az—az  asz—a;  aj—as

. We give a sketch of the study of this problem and
we refer the reader to [17] for details. Consider points at infinity which are limit
points of trajectories of the flow. In fact, there is a Laurent decomposition of such

asymptotic solutions,
‘T(t) = t_l (‘r(O) + x(l)t + x(2)t2 + - ) ) T = (p17p27p37 117127 13)7

which depend on dim(phase space) — 1 = 5 free parameters. Taking into account

only solutions trajectories lying on the invariant surface

4
Mc:ﬂ{x:Hi(z):ci}CCG,

i=1

we obtain one-parameter families which are parameterized by a curve :

D : 0% + 18292 + caa®y? + 302 B? + caaffy = 0,

0 0 0
© g = 5O (0)

where 0 is an arbitrary parameter and where a = ,Y = Zg  Pparame-

terizes the elliptic curve
£:B*=dia® —1, y* =dsa® + 1,

with dq,dy such that: d3 +d3 +1 = 0. The curve D is a 2-sheeted ramified
covering of the elliptic curve £. The branch points are defined by the 16 zeroes of
18292 + coa®y% + c302 8% + cqaBy on £. The curve D is unramified at infinity and
by Hurwitz’s formula, the genus of D is 9. Upon putting ¢ = a2, the curve D can

also be seen as a 4—sheeted unramified covering of the following curve of genus 3 :

C: (6% + 1 + (ea7” + ea82) ) = 3B = 0.
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Moreover, the map
T:C_)Ca (aac)'—>(_9a§)7

is an involution on C and the quotient Cy = C/7 is an elliptic curve defined by
Co:n® =c¢(d3d5¢° + (df —d3) ¢ —1).
The curve C' is a double ramified covering of Cy, C — Cy, (8,1, () — (n, (),

o 0% = —c1829% = (c2v? + e3B%) C+ 1
' n? = 3¢ (d3d3¢ + (A —d3) ¢ —1).

The flow evolves on an Abelian surface M, C P7(C), whose period matrix reads

2 0 a c a c .. .
, Im > 0. The divisor D although very ample, will not
0 4 ¢ b c b

be projectively normal (i.e., its line bundle [D] is not normally generated) because
the 8 functions spanning £(D) do not form a closed system of quadratic differential
equations, which forces us to look at the divisor 2D. Indeed, a direct calculation
using the Laurent series shows that the 32 functions spanning £(2D) form a closed

system of quadratic differential equations and the divisor 2D is projectively normal.

Proposition 6. The system of differential equations (6) has one single 5-parameter
family of Laurent. The invariant surface M. completes into an Abelian surface ZT]C
by adjoining a smooth curve D of genus 9, which is a 2-sheeted ramified covering
of the elliptic curve £ and can also be seen as a 4-sheeted unramified covering of
a curve C' of genus 3. The latter is a double ramified covering of an elliptic curve
Coy and therefore M. can be identified as Prym(C/Cy). The functions of L(D)
embeds Mc smoothly into P"(C) and the divisor D defines on Mc a polarization
(2,4). The divisor 2D is projectively normal (i.e., the line bundle [2D] is normally
generated) and has a smooth embedding in P31(C), and in particular the Laurent

series solutions converge everywhere.

The Kirchhoff’s equations of motion of a solid in an ideal fluid can be regarded
as the equations of the geodesics of the right-invariant metric on the group E(3) =
SO(3) x R? of motions of 3-dimensional euclidean space R?, generated by rotations
and translations. Hence the motion has the trivial coadjoint orbit invariants (p, p)

and (p,l). Asit turns out, this is a special case of a more general system of equations
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written as

r o — /\aiH_F /\aiH ) — /\aiH_F /\aiH
TEEN G Y oy’ Y=V gy T oy’

where x = (21, 22,73) € R® and y = (y1,y2,y3) € R3. The first set can be obtained
from the second by putting (x,y) = (I,p/e) and letting ¢ — 0. The latter set of
equations is the geodesic flow on SO(4) for a left invariant metric defined by the

quadratic form H. For further information see for example [2].

3.3. The Ramani-Dorizzi-Grammaticos (RDG) series of integrable po-
tentials. There are many examples of differential equations which have the weak
Painlevé property that all movable singularities of the general solution have only a
finite number of branches and some interesting integrable systems appear as cover-
ings of algebraic completely integrable systems. The invariant varieties are coverings
of Abelian varieties and these systems are called algebraic completely integrable in
the generalized sense. These systems are Liouville integrable and by the Arnold-
Liouville theorem, the compact connected manifolds invariant by the real flows are
tori; the real parts of complex affine coverings of Abelian varieties. Most of these
systems of differential equations possess solutions which are Laurent series of ¢'/™ (t
being complex time) and whose coefficients depend rationally on certain algebraic
parameters. In other words, for these systems just replace in the definition of the
algebraic completely integrable systems (see section 1) condition i) by the follow-
ing: (iii) the invariant manifolds A are related to an I-fold cover T™ of T™ ramified
along a divisor D in T as follows : A = TV”\D

Let us consider the Ramani-Dorizzi-Grammaticos (RDG) series of integrable po-
tentials [24, 11] :

[m/2] A m—i ‘ ‘
Viz,y) = Z om—2i < . ) ¥y o =1,2, ..

k=0 ¢

It can be straightforwardly proven that a Hamiltonian H :
1
H= §(pi —|—p§) + amVim,, m=1,2 ..
containing V is Liouville integrable, with an additional first integral :
F:pz(xpy _ypz)+amx2vm71; m = 1723“'

The study of cases m = 1 and m = 2 is easy. The study of other cases is not

obvious. For the case m = 3, one obtains the Hénon-Heiles system. The latter
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admits admits Laurent solutions in v/¢, depending on three free parameters : «, 3,
~ and they are explicitly given as follows (see [18] for details): :

Q e aA? o?p
= — 4+ 8tVt— —Vt+ L3V S+ -
v \/%+ﬁ\/ = Vit + o Vit X Vit

3 A o 247 af 4

= - -t ISt g
b2 g2 21Ty Ut oA
1 a 3 5 7 1
= ——— 4+ BVt —atVt+ —a APV — PtV -
. 2t\/£+25\[ gg0 Vit g Al Vi qatBVid
31 4
Ty = + —a? — —A%t+aft? — 4yt 4

43 712 5
where A is a constant. These formal series solutions are convergent as a consequence
of the majorant method and the concept of projective normality. The case m = 4,

corresponds to the system whose Laurent series solutions are of the form
(y1, Y2, 21, 2T2) = (til/Q,fl,t*S/z,t*z) x a Taylor series in t.

More precisely, the system in this case possesses 3-dimensional family of Laurent
solutions (principal balances) depending on three free parameters u, v and w. There
are precisely two such families, labelled by € = +1, and they are explicitly given as

follows (see [17] for details):

1 ) 1 3 . 7
(u— ZUSt +ut? — —u"t3 + —u(Cudv — —u® 4 3ew)tt + 1),

Sis

ne= 128 84 256
Y2 = %(%5 — isuzt + é€u4t2 + iau(g%u‘r’ —30)t3 +wt* + ),
r = %\/{(—u - iu?’t + 3vt? — %t?’tﬁ +
gu(%ﬁv — fzug + 3ew)t* 4 -+ ),
To = %2(—%5 + éeu‘th + %511(3%1&5 —30)t% 4 3wt +---).

Here too, the study of convergence of these Laurent series solutions will be carried
out via the majorant method and the concept of projective normality.
However, the case m = 5, corresponds to a system with an Hamiltonian of the
form
H= %(pi +po) +y° 2%y + %:ﬂ“y.
The corresponding Hamiltonian system admits a second first integral :

1 3 1
F=—-ply + DaPyT — §x2y4 + §x4y2 + §x6,
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and admits three 3-dimensional families solutions x, y, which are Laurent series of
/3.

but for which there are no polynomial P such that P(x(t), y(t),z(t),y(t)) is Laurent

serie in t. This problem needs to be studied and understood.
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