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ABSTRACT. Suppose thatM = (M, Ays) is a graded manifold and consider a
direct subsheafDof Der. Ay, and a graded vector field I' onM,both satisfying
certain conditions. We attach toDa distributionD+ [I',D] and characterize

its maximal rank with respect to dimM. D is used to characterize the local

expression of T'.
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1. INTRODUCTION

It is well known that associated to systems of second order ordinary differential
equations (SODE) on a manifold E =Rx TM, whereM is a manifold, one can
introduce a spray which is useful tool for the investigation of many problems, such
as, the inverse problem of the calculus of variations, differential geometric modelling
of mechanical systems, and so on. An important geometric concept induced by a

spray is the notion of a nonlinear connection (also called a dynamical connection),
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a subbundle H of TE, which is complementary to the vertical bundle [5, 11] ( see
[9] for the definition of a dynamical connection). Any non-linear connection gener-
ates a covariant derivative, which is called the Berwald connection. This Berwald
derivative is an important tool in the study of the linearizability properties of a
second-order vector field [10] and for characterizing SODE which are second order
in the velocities [12]. Also, it is shown in [7] that if the Berwald curvature vanishes,
the system (SODE) is of mechanical type.

Due to the interest aroused by the theory of sprays and connections, many papers
have been devoted to these subjects. On the other hand, the graded geometrization
of these subjects and their application has been less developed, we cite here the
pioneer works with applications in theoretical physics by Vacaru [15], [16, 17], Ibort
et al [6] and [1, 4].

There are two approaches to provide supermechanics with a geometrical base.
The configuration of each case is a graded manifold of dimension (m,n), but the
difference in the approaches is related to a generalization of the tangent bundle in
the graded case. In the first approach, supermechanical systems can be considered
on the tangent supermanifold such that its dimension is (2m, 2n). The work of Ibort
et al [6], is an interesting study of the inverse problem of Lagrangian supermechan-
ics. In the second approach supermechanical systems considered on the tangent
superbundle with dimension (2m + n,2n + m). Related references are [1, 4].

In this paper we start with a graded vector field I'" on a graded manifold M =
(M, Apr) of dimension (m,n) and a direct subsheaf D of DerAy; of rank (r,s),
both satisfying certain conditions. By using the Lie bracket of I" and graded vector
fields of D, we construct another direct subsheaf C := D + [I', D] of DerAys. There
is a beautiful link between the direct subsheaf D and so-called nonlinear connection
(associated with the direct subsheaf D) which will be important for understanding
how to define a linear connection on a graded manifold M. To reach this, we define
the almost tangent structure J on C and show that if [I',C] C C, the graded vector
field T" defines the tensor field —Lr.J such that the associated horizontal graded
subsheaf H is a complement of D in C. We define a C-connection on D which is
useful to characterize the local expression of the graded vector field T'.

One can see that, for any even graded vector field I' on RY! x (TM', Appr),

where (TM', Arps+) is a tangent supermanifold of dimension (2m,2n), there is a
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local coordinates (t,z,y;7,n,¢) such that I' = % 4 yia% + Fz‘(t,x,y;T,n,C)a%i +

7'3% + CM% + F”(t,x,y;T,n,C)% and the coordinates t and 7 play the role of
" I

supertime.

2. PRELIMINARIES

Let M = (M, Apr) be an (m,n)—dimensional graded manifold, the sheaf of left
Ajpr—modules of derivations of a graded manifold M is the subsheaf of EndAy,
whose sections are linear graded derivations and denoted by DerA,; the sheaf of
graded derivations of Ajp;. Let D be a locally free sheaf of A);—modules. D is a
direct subsheaf of Der Ay; of rank (r,s), if for each point p € M there is an open
subset U over which any set of generators {D;,Du|l < i < r, 1 < u < s} of the
module D(U) can be enlarged to a set

r+1<u<m s+1<a<n |D;|=0 [Cal|=1

{Cuv Dia D,uv Coc

1<i< 1<u< Cy|=0 D,|=1
<i<r (md SHUSS ‘ u| and ‘ u‘ }

of free generators of DerAjys. A direct subsheaf D of Der. Ay, is involutive if [D, D] C
D (see [13)).

Definition 2.1. Suppose that {Xgla € {1, -+ ,r}U{1,---,s}} is a set of smooth
graded vector fields on an open subset U of a graded manifold M, and that is a set
of generators of D. Then we say that {X,} is a graded commutative set of graded

vector fields if we have
[(Xa, Xp] =0,VX,, Xy € {D;, D, }ie {1,--- ,r},pe{l,--- s}
For the following see [13]:

Lemma 2.1. Let D C Der Ay be a direct subsheaf of rank (r,s). If D is involutive,
then, there exist even generators {D;|1 < i <}, and odd generators {D,|1 < p <
s}, for D, such that {X,} form a graded commutative set in the sense of Definition
2.1.

Theorem 2.1. (Frobenius) Let D C DerAy; be a direct subsheaf of rank (r,s).
Then, D is involutive, if and only if for each p € M there exist a coordinate system

{(yi; ¢u))1 < i <m,1 < p < n}, defined in a neighborhood U = (U, Ay)of p, such

that,
g 0
D= a0 Aas 71Si§r7 IS SS-
<8yi 8CH> :
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Definition 2.2. Let f : (M, Apn) — (M’, App) be a morphism of graded manifolds.
Two graded vector fields Z1 € Der Ay and Zs € Der Ay are said to be f-related
(and denoted by Zo = f.Z1 ) if for each g € Ay we have f*(Zag) = Z1(f*g).
Then Zy is called a f.-projectable graded vector field and f.Z; is also its projection
by means of f. The graded vector field Z; will be called vertical derivation if it
is fe-projectable and f.Z7 = 0. In case [ is an isomorphism, we have f,Z; =
(f*) Yo Zyof* (see [14], Def. 2.3).

It is clear that if Z; and Z, are f-related, then we have |Z1]| = |Z3]|, where | - |

denotes the degree of graded vector fields.

Lemma 2.2. If Zy, Zs are two f-related graded vector fields and W1, Wy are two
f-related graded vector fields then so are [Z1,W1] and [Z2, W3].

Proof. For each g € Ay, we have Z1(f*g) = f*(Z2(g)) and W1 (f*g) = f*(Wa(g)),
then

[Z1,W1](f*g) = (Z1W1 - (—1)|Z1”WI|W1Z1) (f*9)

= Zi(f*(Wag)) — (1) IWilw, (£*(Zag))
*(Za(Wag)) — (=1)12WL = (W (Z2g))
(ZWalg) - (1) AW, 24 (g))

= [ ([Z22,W2](9)),

where the last equation comes from |Z1| = | Zs|, [W1| = |Wal. 0

Theorem 2.2. Let f : M = (M, Ay) - M’ = (M', Ayp) be an epimorphism
of graded manifolds. If D is an involutive graded direct subsheaf of f.-projectable
graded vector fields on M then D := f.D is involutive graded direct subsheaf of
Der Ay .

Proof. Let Zy,W1 € D and Zy = foZ1,Wy = fu W1 € DerAys. Since D is invo-
lutive, [Z1, W1] € D. Clearly Z, Zy and Wy, Wy are f-related, then [Zy, W;] and
[Z2, Ws] are f-related, i.e., for each g € Anr, f*[Z2, Wal(g) = [Z1, Wi](f*g) =
f«lZ1,Whlg = f*(f«[Z1,W1])g. Thus the uniqueness property of Definition 2.2 im-
plies that f.[Z;,W)] = [Z2, Wa]. Thus [Z2, Ws] € D, and therefore D is involu-
tive. |
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3. GEOMETRIC STRUCTURES ON GRADED MANIFOLDS

Suppose that M is an (m,n)—dimensional graded manifold. Let D be an invo-
lutive direct subsheaf of DerA,s of rank (r,s) such that 2r < m, 2s <n and I' a
homogeneous graded vector field on M such that I" ¢ D. Set

C:=D+ [F,D] = {Dl + [F,DQ} : Dl,DQ S D}

For each p € M, since D is involutive, according to Theorem 2.1, there is a coor-
dinate neighborhood U of p and coordinates (qu, ¥i; 0a, Cu), for u=1,2,--- ,m—r,

1=1,2,---,r, a=1,2,--- n—sand u=1,2,--- s such that D|“:<6?n;%>'

In this coordinate system, the local representation of I" is

0 0 0 0
(1) F|M—Fu87qu+riaiyi+1—‘a%+ruaicu,

where I',,I';,I',, and I', are smooth superfunctions on ¢. We want to find the
conditions under which two graded vector fields [I'|y, a%-] and [Ty, %] are linearly
i "

independent. The local representation of these graded vector fields are

0 or, o al'y 0
Ty, —] = ——+— o> D
Flet 8%] dyi 0qu  Oy; 90, (mod D),
0 or, o0 ory, 0
I = —(—)TZe 2 (Tl e = mod D).
[T'fee (‘3(“] (—1) 3, 9an (1) 3, 90, ( )

If the local coefficients of these graded vector fields are zero, then we have [I', D] C D,
and they are dependent vector fields. Therefore we suppose that [I', D] N D = {0},
ie., if D € D and [I',D] € D then D = 0, and in the next theorem we show that

they are linearly independent.

Theorem 3.1. Suppose that the graded vector field T' on M is such that [T, D)ND =
{0}.
(1) If |T| = 0, [I', D]y and [T, D]1 have mazimal ranks respectively r and s. Then
rank,(C) = (2r,2s) and E := {p € M|rank,(C) = (2r,2s)} is open and dense.
(2) If IT'| =1, then
e form =2r,n=2s,
— if r <s, both [I', D]y and [T, D]; have the same mazimal rank r,
— if r > s both [I', D]y and [I',D]; have the same mazximal rank s,

e form=2r+1,n=2s,
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— ifr < s, [[, D)o and [T, D]; have mazximal ranks respectively r + 1 and
r?
— if r > s both [I', D]y and [I',D]; have the same mazimal rank s,
e form=2r,n=2s+1,
— if r < s, both [I', D]y and [T, D]; have the same mazximal rank r,
—ifr > s, [I,D]o and [I',D]; have maximal ranks respectively s and
s+ 1,
e form=2r+1,n=2s+1,
— if r = s, both [I', D]y and [T, D]y have the same mazximal rank r,
— ifr < s, [I,D]o and [T, D]1 have mazimal ranks respectively r + 1 and
r7
—if r > s, [I',D]p and [I',D]1 have mazimal ranks respectively s and

s+ 1.
In each of these cases, rank,(C) = (r + rank[l’, D]y, s + rank[l', D]1).

Proof. Let p € M and U a coordinate neighborhood of p with local coordinates

(qusYi;ba,Cu), as above. Let Di(p)[I‘,a%i](p) + D“(p)[F,%](p) = 0. A simple

computation will shows that we have
Di% + (—1)‘F“‘D“g%: =0 (mod D),
(2) |
Dl%% - (—1)‘FQ|D“% =0 (mod D).
Let
< ol iy
Jr = 9yi 9yi ) )
d U @ dia
(_1yrnz%: _(_1yfléiu

If |T'| = 0 we see that the matrices

<8Fu> <8Fa)
ayl 1<i<r,1<u<m—r ’ acﬂ 1<p<s,1<an—s ’

have maximal ranks respectively r and s. Let rank,Jr = (r,s). By permuting the

Iy, and T'y, we may therefore assume that the matrices

dyi 1<i<r,1<u/<r ¢y 1<p<s,1<a/<s

are invertible at p. Then from (2) we conclude that D?(p) = 0 = D*(p). This means

that the graded vector fields [T, a%-] and [T, %], (1<i<r,and1<p<s)are

linearly independent at p, thus rank,(C) = (2r,2s), i.e. = # 0. Now we show that
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E is an open subset of M as follows: Let p’ be a point of M such that rank, (C) #
(2r,2s) then there exists a graded vector field 0 # D € D on a neighborhood of
p such that [I'|y, D] € D, which is a contradiction, therefore Z is open and in the
similar method = is dense.

(2) Let [I'| = 1. We may choose m = 2r + 1,n = 2s +1, r < s. Then the

() (%)
ayl 1<i<r,1<a<n—s 7 acﬂ 1<p<s,1<u<<m—r ’

are even and have maximal ranks respectively r and r+1. A computation similar to

part (1) shows that the odd graded vector fields [T, a%-] and the even graded vector

matrices

fields [T, %], (I1<i<rand1 < pu <r+1) are linearly independent at p, so
"

[I', D)o and [I', D]; have maximal ranks respectively » + 1 and r, and rank,(C) =

(2r +1,s + r). Similarly, one may choose m =2r + I,n=2s+1, r > s, etc. We

will therefore have twelve types of possibilities for m,n,r and s. In each of these

cases, the matrices (%1;?) , (?}Eu) are even and have maximal ranks and we have a
i W
number of odd graded vector fields [T, a%-] and a number of the even graded vector

fields [T, %] which are linearly independent at p. O

Hereafter, unless otherwise stated, we will assume that the graded vector field
I satisfies the conditions of Theorem 3.1, and [C,C] C C. From the above theorem,
we see that if {D;, D, } is a local basis of D consisting of coordinate fileds 0/0y;
and 0/0¢, of a local coordinate system (qu,¥i;0a,Cy) and if we set C, = [, D]
(for [Dg| = 0) and Cyp = [I', Dy| (for |Dy| = 1), then {C,, D;, D,,Cy} is a local
basis for C, where {C,,Cy} are generators of [I', D]. Thus C is a direct subsheaf of
Der Ayr. Moreover, C, = [I', D,] and C, = [T, Dp] are respectively odd and even
graded vector fields whenever T is odd and |D,| =0, |Dp| = 1.

Now we consider a graded tensor field on C which can be extended to a tensor
field on M as a nonlinear connection similar to the classical case. Consider the
tensor field J : C — C of type (1,1) by

(3) J(X,) =0 and J(Y,) =-X, X,€{D;,D,},Y, =T, X,

It is called pseudo almost tangent structure (see also [3, 6]). Clearly J? = 0 and
|J| = |T|. If |T'| = 0 then I'm J = Ker J = D. Since D is involutive, for any Dy, Dy €
D we have [Dl, DQ] eD s then if |P| = O, NJ(Dl, Dg) =0 and NJ(Dl, [F7D2]) = O7
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where N is the formal Nijenhuis torsion (see [6] for the definition ). Also from the

Jacobi identity, we have
Ny ([0, D1, [0, Do]) = [D1, Do) + J[D1, [, Do]] + J[[I', D1, Do
= [D1, D]+ J[I',[Dy, D3]] = [D1, D2] — [D1, D3] = 0.
Let IT: C — C be a graded tensor field of type (1, 1), satisfying
(4) HoJ=—J, Joll = J.

A simple computation shows that, there are superfunctions ., belong to Aj; such

that
H(Xa) = —Xa, H(Ya) =Y, — 27 Xp,

where ”—2” is taken for convenience. Now, we can associate to II two canonical

operators h and v given by
1 1
h=-(Id+1I), v=-(Id—-1I).
2 2
We deduce that h and v are complementary projections and they are given by
h(Xa) =0, U(Xa) = X, h(Ya) =Y, — Tap Xp, 'U(Ya) = Tap Xp-

If we set H = Im h and D = Im v then H and D are complementary direct

subsheavs and
(5) C=HoD.

H is a subsheaf of DerAy; and the sections of H will be called horizontal graded
vector fields. If {D;, D,} is a local basis of D and {C,, D;, D,,, Cy} is a local basis
of C then {h(C,),h(Cy)} is a local basis for H.

Lemma 3.1. Let [X,, Xp] = XS X, [Xo, V2] = a5, X and [Y,, V3] = €5, X+ &5, Ye,
where Xq, Xp, Xc € {D;, D} and Y,,Y3, Y, € {C;,Cy}. From (5), a necessary and

sufficient condition for involutivity of H is that
be = Edymac + €y — Ya(moe) — (1) Wompa, — maaa,
+(_1)‘Yb”Ya‘Yz(ﬂ-ac) + (_1)|X6‘(|Yb|+|XdDﬂ-aeﬂ'bdAgd + ﬂ-adXd(ﬂ-bc)

— (1) WalHX DIVl +1XaD 7, s X4 (74c)
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Theorem 3.2. A necessary and sufficient condition for involutivity of H is that

Np = 0, where Ny is the Nijenhuis tensor associated to I1.
Proof. Clearly, II?> = Id, II(H) = H and

Nu(D,D) = Nu(D,H) = Nu(H,D) =0,
therefore it suffices to show the theorem only for horizontal graded vector fields.
Suppose H, =Y, — mq. X, and H] = Y}, — myqXq are elements of H, where X, €
{D;,D,} and Y, € {C;,C}}. Then

Nn(H,, H}) = 2[H,, H]] — 211[H,, H}).
If A is an involutive graded direct subsheaf, then II[H,, H;] = [H,, H;|, and hence
Nr(H,, H}) = 0.

Conversely, since 0 = N (H,, H}) = 2[H,, H}| — 2I1[H,, H]] = 4®¢, X, then the

proof is finished in view of the Lemma 3.1. g

Given a graded vector field T" such that [I',C] C C and consider the morphism
—LrJ. For any C € C and D € D, we have

(LrJ)(C) = [T, J(C)] — (-1)"IMLIT, ¢,

and
(—LpJ)(D) = —[T, J(D)] + (-1)"IFLJ[r, D] = —(-1)/I" D,
thus (—LrJ)?(D) = D. Also,
(—LrJ)([T, D)) = —[T,J(I0, D)) + (=))ITLr, 1, D]
= [FvD] +<71)|JHF‘J[F3 [FaDH
Since J[I,[I', D]] € D, we have (—LpJ)(J[T, [T, D]]) = —(—=1)VIIFLJI, [T, D]], and
therefore
(—LFJ)Z([F,D]) - ([F,D] F((—nMIT 1)J[r, [F,D]D.

In this case, for h = 1(Id — LrJ) and v = (Id + LrJ), we have

WD) =0, v(D)=D, h(C)=C+ %J[F, . w(C) = —%J[F, cl.

If || = 0, it is clear that (LrJ)? = Id. We have shown the following.
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Proposition 3.1. If [I',C] C C, the graded vector field T' defines the tensor field
—LrJ such that the associated horizontal graded subsheaf H is a complement of D
in C.

Definition 3.1. For any D € D, denote by DY the unique element of H such that
J(D") = D.

Lemma 3.2. Let Il = —LpJ and [I'| = 0. For any X, € {D;,D,}, we have
XH =—-C, - 3J[I,C) and h(XF) = X and v(X) =0, where C, = [I', X,,).

Let F be the set of projectable superfunctions of Ay, ie. F = {f € Ay :
VD € D,D(f) = 0}, and D := {DeD:[D",D] C D}, ie. the set of D € D for
which the corresponding D¥ is projectable. Then for each f € F and D € D since

fD e D so D is a F-module. We can now define a C-connection on D as follows:

Definition 3.2. Let J be an even morphism with the properties (3). For any graded
vector fields C € C and D € D, set

(6) VeD = v([h(C), D]> + J([U(C),DH})

It is a covariant derivative, because for f € Ay,

VieD = o fIR€). D] - (1M D C))
+1( 1600, D = (1O DA o)
= f(v[hw),D] + <—1>'f'J'J[v<c>7DH}>
_(_1)|fh(C)IDIU(D(f)h(C)) ~ (_1)|f”(c)||DHJ(DH(f)v(C))

_ f(v[h<c>,D1 n <—1>'f'J'J[v<c>7DH])
= fVeD,
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and

Ve(fD)

o(ner. 1) + 1 (1ote) (01170 )

= oVl ne).o+ D)
0D o(C), D 4o ) D )

= (YD +o(MENND) + (-0 (w(e)r) D" )

= ()1TeD + () + (-)Ih(E) ) (1)

= (-)HlICveD +C(f)D.

Lemma 3.3. D, € D if and only if Vp, Dy =0, for all D1 € D.

Proof. First, let Dy € D and D; € D, since h(D1) = 0 we have

leb:v<MUH%Dﬂ)+J(@uh%Dfo::JODthD::Q

Conversely, let D1, Dy € D and Vp, Dy = 0, the first term of Vp, Dy is zero then
J([Dl, Df]) =0, and from the identity ker J = D, we have [D1, D] € D. Thus
Dy € D. O

Now let X = A,X, be an element of D. The necessary and sufficient con-
dition for X € D is that, for every X' = B,X, belongs to D, By(Xp(A.)—
(—1)IIXIHITD A, Be ) = 0, where (¢, are coefficients of Y, in [X,,Y;], and we
will explain its further properties in the next remark.

It is clear that for each Di,Dy € D and D3 € 5, V has vanishing graded

curvature

R(Dy1,Dy,D3) = Vp,Vp,Ds— (—1)PlIP2ly, v, Dy — Vip,,0,)D3
= 0.
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The covariant derivative V, when restricted to the odd part of D, has the torsion

tensor given by

T(Dy, Ds) Vp,Dy — (=1)IPlIP2lg 5 Dy — [Dy, Dy

= J([p1,—c2 - %J[F,CQ]D +J([Ds,—C1 - %J[F,Cl]])
=[J(C1), J(Cr)]

= J[J(C1),Co] + J[J(C2), Ch] = [J(Ch), J(C2)]

= —N;(C1,Cy),

where C1,Cy € C,qq. Then the torsion vanishes if and only if the formal graded
Nijenhuis Nj of J vanishes. Thus if J has vanishing Nijenhuis torsion, and we
restrict our attention to these special cases, then we have a flat connection.

Let Dy, D5 € 5, from the definition of V we define the operator V as follows:
(7) Vp,Ds := VpuDs.
Suppose that D3 € D, and consider the tensor field of type (2,1) on D as follows:
(8)  0(Dy, D3, Dy) := VpuVp, Dy — (=1)\PIPsIV Vi Dy — Vips py Do

Then Vp,Dy = VD{IDQ € D if and only if 6 = 0 : Since Dq1,Dy € 5, from
[DH | D3] € D and Lemma 3.3, the last term of (8) is zero and the same holds for the
first term. Thus for each Ds € D,V p,V pr Dy = 0, this means that Vp, Dy € D.

Also if f is a projectable superfunction then
Vip, D2 = VipyuDy= v( [k ((fD1)"), Ds) ) + J( [v((fD)"), D] )
= U< [(fDl)H,DQ] >

= (_1)|F||fv<f [D{{,Dg] > — (—1)|D2”fD{I|D2(f)DfI
= (=)W fu[Dlt, Dy] = (=TI fuln(D), Dy)
= (=)D, Dy

and
VoufD2 = o001, 101} + 7 (10D, (D)) = o108 7021

= ()PP b, Dy + DY (f)Ds.
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Since Dy (Df(f)) = [Ds, DH|(f)+(~1)IP7 122l DH Dy (f) = 0 and f is a projectable
superfunction, D (f) is a projectable superfunction and Vp, fDy € D. Thus for

even graded vector field I', V satisfies connection properties.

4. LOCAL REPRESENTATION OF I'

As we saw earlier, for a pair (T, D), where D is a direct subsheaf of DerAy,
and T' is a graded vector field on M, we have a subsheaf C := D + [I', D] such
that if [[',C] C C, the tensor field IT = —LrJ defines the graded subsheaf H which
is a complement of D in C and II(H) = H. The technical importance of the pair
(T, D), is in the next results, where we find local supercoordinates on M, needed

for understanding of the local expression of the graded vector field I'.

Remark 4.1. Let D C Der Ay be an involutive direct subsheaf with even and
odd generators {D;,D,}, (1 < i < r, and1l < p < s) such that [Xq,Xp] =
0,VX,, Xy € {D;,D,}. We want to find the conditions under which for all a,b,
[Xo,Ys] € D, where Y, = [T, X,].

If we change the above basis to
D; = AijD; + BiyD,, D, = E,;D;+ F,,D,,

where Aee, Beo, Foe and Foe are superfunctions and

Ai' Biy
G:(Gab>:<EJ F >7
wj 124

and if we again assume that X, X, € {ﬁi,bu}, then the necessary and sufficient
conditions for [Xq, X;) = 0, is that

(9) Vd7 GacXc(de) = (_1)‘Gbcxc|‘GadXd‘Gchc(Gad)7

(we use the Einstein convention, that is, repeated indices denotes summation over
their range). For example, [ZA),-,BH] =0 if and only if
(10)

AijDj(Euk) + BiwDy(Euk) = EuiDj(Aik) + FuDy(Air),

AZJDJ(F#W)—’_B’LVDV(FALM) = E/.L]D](Blw)—’_Fp,DDV(B’Lw)
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Also C; and C,, change to
Ci = T(A;)D; +T(By)D, + A;;C; + (- B, C,,

C, = T(E,)D;+T(F.,)D, +(-1)'"E,;C; + F,C,.

On the other hand, C is involutive, then there are superfunctions oy, 85, € A

such that
(11) [Xan}/b] :angC+ﬂ2bYYc7 XaaXC S {DivDu}; Ybaxfc S {CZ)C/J,}
Therefore [I', [ X4, Xp]] = 0. From the graded Jacobi identity, we have

0= [F’ [XmXbH = _(_1)(IF|+‘XamXb|[vaya] + (_1)‘F||XQ|[X117Y27]7

and the superfunctions o, BS, are:

o symmetric for lower case Latin indezes,
o symmetric up to (=)', d.e., Be, = (—l)mﬁga, if one of the lower indices
is Greek,

o antisymmetric for lower case Greek indexes.

If we change the basis of D to )?a = GapXyp, then we have
(X, Y] = {Gabber(ch)Xd + (_1)‘FHGCd‘chYd}

= {(_1)|Fch|Gabxb(ch) + (—1)Gce“'F'*XbDGacheBl‘fe}Yd (mod D).

Thus [Xa,Y.] € D if and only if
(*U‘FHGCd‘GabXb(ch) + (,1)IGCEI(IFHIXbI)Gacheﬂge =0,
for each d.

Theorem 4.1. Let D and C be involutive, as above. For any even graded vector
field T' on M, we can find local supercoordinates (i, xi,Ys; Tp, My, Cu) on M, I =
1,--- m—-2r,e=1,--- ,r,p=1,--- ;' n—2s, u=1,--- s, such that

0 0
(13) D, = 9 C, = _9 (mod D).

¢, My
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Proof. By the Frobenius theorem, we take a coordinate neighborhood U of p € M,
with supercoordinates (qu, ¥i; 0o, Cu),u=1,--- ,m—r,i=1,--- ;r,a=1,--- ;n—s,
p=1,---,s, such that D; = 9/0y; and D, = 0/9(,. Let U be the image of a
product of open subsets U; C R™"1"~% and Uy C R"!®, where 0 € Uy (c.f. [18]).
Then y; = 0,¢, = 0 define a graded submanifold ( in the sense of 3.2.1 of [8])
N = (N, Ay) of U of graded dimension (m — r,n —s). Denote by pr : U — N
the corresponding projection morphism, then pr.(D;) = pr.(D,) = 0. It is clear
that the restrictions of C; and C), to U are pr,.-projectable to N'. We denote pr.-
projections of C; and C, by graded vector fields C; and C, on N respectively.
Let us denote by C the graded direct subsheaf on N spanned by C; and Cu7 ie.,
C = (C;; C,). Since C is involutive, C is an involutive direct subsheaf of rank (r, s),
by Theorem 2.2. Now again repeat the Theorem 3.1 for the graded manifold N, the
graded vector field I, and graded direct subsheaf C of rank (r, s), then we may choose
supercoordinates (t;,z;;7,,7,) on N, where [ = 1,--- ,m —2r,p=1,--- ,n— 2s,
such that the rank of supermatrix Jp in this case is (r, s).Then with respect to the

supercoordinates (t;, &, Yi; Tp, My, Cu) o0 U we have

0 9 P
D; = oy’ C; = Pij(; ﬁu)ach + Qiv(zi; Tlu)% (mod D),
3] 9 P
Dy, = ac,’ Cu= Ruj(ilfiﬂ?u)aixj + Suy(l’i?ﬁﬂ)ain” (mod D),

where the coefficients Pj;, Q;,, R,;, and S, are the components of a nonsingular

( Aij B;, >
Euj F/w

supermatrix. Let

be its inverse. If we set
D = Aij(ta T, n)DJ + Biv(tv ZiT, n)DlM
ﬁli = Eﬂj(tvx;Tv U)D] =+ Etv(t7x;77 n)DlM

then

C; = [T, Di] = T(Ayj)D; + (~1)''T(Bi,) D, + Ai;C; + By Cy,

,;Q>
I
H
:b
[

(_1)|F‘F(EMJ)DJ' + F(FHV)DV + E;chj + F/,LVOV'
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A simple computation shows that

~ 0 0 ~ 0
Dy =Ajj— + By, C; = d D),
oy, T OB, oz, (medD)
~ 0 0 ~ 0
D,=FE,j—+F,,—, C,=— mod D
/ 2% ayj I; aCV ; anM ( )
Therefore, a new change of the coordinates
tAl =1, 372' = Pz’j(xi;ﬂu)yj + Qz‘u(xi;??u)Cw ;= —ay,

To=Tp,  Cu=Ruj(@isnu)yj + S (@i n)Cos  Tp = —Mps

may be performed to bring the local basis of DerA,; into the form

0 0 0 0 0 0 0
— = — D =- D — =A,;,— +E,—,
ot oy (mod D), 0z; Ox; (mod D), 9y; ’ dy; - Iy
0 0 0 0 0 0 0

—_— = D —_— = D — =B, — +F.,—,
7, = or, (mod D), 7 o, (mod D), Z, ZEm + F, ac,
and this completes the proof. |

Theorem 4.2. Let D and C be involutive and assume that |I'| = 1. We can find

local supercoordinates (ti, Za,Yi; Tps Mo Cu) on M, L =1,--- li, a=1,--- a1, 1 =
17"' arvp:]-v"‘ ) P1y b= 17 abb ,U,:L S5 such that
0 0
14 D; = , C,=,—]=—-—=—(mod D),
(1) y; b=1 ayb] ony ( )
0 0 0
15 D=2, =)= dD),
( ) 14 aCN7 [ aCu,] 8.’17@ (mO )

and ly,a1,b1 and p1 are given as in the following table (Table 1):

dimM = (m,n) r=s r<s r>s
i =0,a; =r li=0,ay =, li=r—s,a1 =s,
(2r, 25) 1 ;01 ) 1 1 1 , a1
b1 =5,p$m=0 by =r,pp=s—r1 bi=s5,0m=0
li=1,a1 =s, lh=0,ay =7r+1, lh=r+1-s,a; =s,
(2r +1,29) 1 1 1 1 1 1
by =s,p1=0 by=r,pp=s—r by =s,p1=0
l1 =0,a1 = s, lh=0,a1 =7, lh=r—s,a1 =s,
(2r,25 + 1) 1 1 1 1 1 1 ;
by =s,p =1 bp=r,pp=s+1—r bp=s+1,p=0

(2r+1,2s+1)

ll = 1,0,1 =S,

by =s,p =1

lh=0,ay =7r+1,
bp=r,pp=s+1—r

lh=r+1-s,a; =s,

b1:8+1,p1:0

TABLE 1. The range of of indices l1,a1,b; and py
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Proof. We consider the result in Theorem 4.1 and apply it to the case that |T'| = 1.
There is a coordinate neighborhood U of p € M, with supercoordinates (qu, ¥i; 0o, Cu),
u=1,--- m—-r,i=1--- rna=1.---,n—s, p=1--- s, a graded submani-
fold N = (N, Ay) of U of graded dimension (m — r,n — s) and the corresponding
projection morphism pr : U — N, such that pr,(D;) = pr.(D,) = 0.

As we have seen in Theorem 3.1, we have twelve types of possibilities for m,n,r
and s. We may choose m =2r+1,n=2s+1, r < s to prove the theorem and a
similar proof can also be performed in other cases.

Since rank,(C) = (2r + 1, s +r), we assume that

L Co=[T, 5~

C= <Ca7Di;Du7Cb

= Ca=[T 5] Cal=0
o=l and " 35“] and 1617

Then C = (Cy; Cy) is an involutive direct subsheaf of Der Ay and rank,C = (r +
1,7), where C, and Cy are pr,-projections of C, and Cj, on A respectively. We
can continue the method discussed in Theorem 3.1, but there is another way to
find the local generators of C. By the Frobenius theorem, we take a local coordinate
(o3 1o, my)sp=1,...,8 + 1 —r, on N of pr(p), such that

~ 0 = 0

Co = 873051’ Cy = a—nl,).

Then there exists a coordinate neighborhood U’ of p € M, with local coordinates

S A S S A T V) a1,~,7"+1 . =L
{pr T Y P T T My Co) |yt and i=1,..,rand ;770 r}

)

such that D; = 8y” D, = C/ ,Ca Cy, = 8p7' o -(mod D). We shall

write these coordinates as {xq, ¥i; 7, M, (o }- Thus, a new change of the coordinates

fe)
= Opr*zl)’

{ZasYis Tps My Ca} = {Zas Yis Tp, My, (o } may be performed to complete the proof. [J

Proposition 4.1. If both D and C are involutive, then there is a graded commuting
basis {Xa} of D such that for all a,b we have [X,,Y3] € D, where X, € {D;,D,}
and Yy, = [T, X,].

Proof. This is an immediate consequence of Remark 4.1 and Theorems 4.1 and
4.2. O

Now we want to write the local form of I' in a local supercoordinate system.

There are two cases to consider, I' € C and I' ¢ C.
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Theorem 4.3. Let D and C be involutive and I' € C. Assume that the set N =
{z€ M :T(z) € D(2)} C M, is nonempty.

(1) If |T'| = 0, then we may choose supercoordinates (ti, T, Yi; Tp, Nus Cu) 0 =1, ...,1,
l=1,...m—-2r,u=1,...s,p=1,....,n — 2s, with respect to which

0 0 0 0
= +T ; .
r BI +F (t Z,Y;T,1, C) +Cﬂa /A(tvx7y77—anvc)a<’u

2) If |T'| = 1, then we may choose supercoordinates (t;, Tq,Yi; T, M, €, ), aS described
0y b5 S

in Theorem 4.2, with respect to which

B
+ Lt z, 9571, Oag
u

Proof. Since I' € C, with respect to the basis {C;, D;; D,,, C},} for C (see Proposition
4.1), we have

0 0 0
FZCa%H“(txy,TnC) o0 +yb877

(16) F:fiDi+f_}LD/_L +gici+§,uc,uv
where f;, f,“ gi, and g,, are superfunctions on M. Then from
C;, = [F, Dz] = —Di(gj)Cj — Dl(gu)Cu (mod D),
G, = D) =—(=1D"Du(g:)Ci = (~1)"'D,(3,)C,  (mod D),

we conclude that D;(g;) = —63,Di(gﬂ) =0=D,(9), and D,(g,) = —(—1)'”5};,

SO
( Di(g;) Di(gy) )
Du(gj) Du(gv)
is nonsingular. Note that in this computation we use [X,,Yy] € D, where X, €
{D;,D,} and Y, = [I', X,]. We sketch the proof of the theorem for the case (1).
By the Frobenius theorem we take a coordinate neighborhood U in M, with super-
coordinates (¢u, ¥:;6a,(,) such that D, = 9/0y; and D, = 0/9¢,, (see Theorem
4.1). Now consider the Jacobian matrix of the superfunctions g; and g,, with respect
to D; and D,, it is nonsingular of rank (r,s). Then for each p € N, T'(p) € D
if and only if g;(p) = 0 and g.(p) = 0. Thus we have a closed embedded su-
permanifold N as a subsupermanifold of M with the base manifold given by

{3710)]i = 1,...,7} N {9,,1(0)]i = 1,...,s}. From Theorem 4.1 we can take su-
percoordinates (tl,xi,yi, Tps N Cu) such that
C,=— 0 (mod D), Cu= _9 (mod D).

T 877;4
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Then {a%v o 9 64 } evaluated at p, is another basis for C, and in this super-

Oy’ Oy
coordinates
I'= %8 +7#aa +P-aai +1"#a(zu,
where ~;,7,,T;, and T',, are superfunctions of (¢, z y;T n,¢). Note that I' € C, so
in the local form of T', the coefficients of aT and - Tp are zero. We will find the
coefficients ; and v, by using C; = [T, 3—%] and C, = [T, 3¢, 9 1. Thus we have

o 8% 9 a’Yui _ Ovi 0 0y, 0
= ax] Jy: (mod D), C, = 3, o1 + ac, oy (mod D).

For each p € N, 7;(p) =0 and 7,(p) = 0, then from

; _ 5 oy :0:% M _ o
Oy P Oy A, o¢ M

we have v;(t, z,y;7,10,0) = vi,  Yult, 2, y;7,1,C) = (-

(2) Let |I'| =1, we consider again I' as a linear combination of {C;, D;; D,,,C},}
as (16). Then |g;| = 0 and |g,| = 1 and the Jacobian matrix of the superfunctions
g; and g, with respect to D; and D,,, is nonsingular of rank (r, s). Repeat the above
analysis for this case and using Theorem 4.2, then there exist a coordinate system
(t, Zas Yii Ty Mo, Gu) o M, I =1,--- i, a=1,---,a1,i=1,--- ,r,p=1,--- p,
b=1,---,by, u=1,---,s, such that

0 0 0
1 Dz = a a = Fa o= D )
17 dyi Co=1 8ya] O (mod D)
9] 0 0
(18) ‘D/J' = 674_“, CH = [F, %] = 87” (mOd D),

and l1,a1,b; and p; are given in the Table ??7. According to this table, we have

twelve types of possibilities for m,n,r, s. In each of these cases we may write I' in

the form
0 0 0
I'=~, i—+T,—,
Y ox, om, oy, A,
and it is a straightforward matter to verify that
0a 0Ya 0 0a
L :627 i =0= ’va i :63
8C/J. a<u aya aya

For each p € N, ~,(p) = 0 and ~,(p) = 0, then 7, = (, and 7, = y, and this
completes the proof. |
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Remark 4.2. Suppose that dimM = (2r +1,2s+1),r < s and T is an odd graded
graded vector field on M. Let D be an involutive direct subsheaf of Der Ay of rank
(r,s). Then according to Theorem 3.1, there is a coordinate neighborhood U around
each point p € M with local coordinates (qu,¥ys;0a, (), such that the submatrices
(%)rx(s—i—l) and (%)SX(T_H) are even and have maximal ranks respectively r and
r+1. This means that the odd graded vector fields [T, %] and the even graded vector
fields [T, 3, ] 1<i<r andl < p<r+1) are linearly independent at p, so
rank,(C) = (2r+1, s+r). Thus there exist (see Theorem 4.2) local supercoordinates
(@as Yi; Tps M, Cu) on M, a=1,--- r+1,i=1,---,r,p=1,---,s+1—r, b=

1,---,r, p=1,--- s, such that

0 0 0
1 D, = 2 -r,Zj=-2 4 D),
(19) v G=[pe]= g (modD)
0 0 0
2 D,=— =l —] = D).
( O) 13 8(;1.’ CG« [ ’8<a] axa (mOd )
Therefore {%, 8(2;1; , 8%;1,7 %} evaluated at p, is another basis for C. Now let I" € C,

because the coefficients of the % are zero and from (19) and (20), we see that
F=Caa%a + iz, 5571, Q) i +yba?7 +Lu(z,ys7m, OE)Z

Theorem 4.4. Let D and C be involutive. Let T' be everywhere independent of C

and [I',C] C C.

(1) If [T'| = 0, then we may choose supercoordinates (t1, T, Yi; T1, My, Cu),t =1, ...,7,

w=1,..s, such that

o ()T =2 I +y,8w +F"8y +Cu36 +Fua< , if the coefficient of— inT

is zero,

e )T =m 3T + yzax + Fiay + Cu% + F#%, if the coefficient of 8%1 n
I' is zero,

e (c)T = 6t + g 67’ +yzaI +F18(Z +Cuaa +Fuac , if the coefficients of

O gnd 22 in T are nonzero, where T'; and T',, are superfunctions on M.
oty 67‘1 ’ o

(2) If || = 1, then we may choose supercoordinates (ti, Ta,Yi; Tp, My, Cu), as described

in Theorem 4.2, with respect to which

B B B B B
I'= ¢z +Ca +F(twy77nﬁ) +<ppa erba +F(twy,ﬂ7€)a<-
,“‘

where ¢ and ¢, are independent of x,y,n and ¢ and I'; and L', are superfunctions

on M.
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Proof. Using the same arguments we used in the proof of Theorem 4.1 we can take

supercoordinates (t;, i, Yi; Tp, Ny, (u) such that

0 0
r = ¢l(t7x,y;7—7777<)87tl+¢p(t,$7y;77n,<)¥ (mOd C)
P
0 0 0 0

0
= ; o+ T Ty
qi)z +90p8 Jr’yamiJr’y, aﬁqu ayiJr /ac“

From [I',C] C C we conclude that the derivative of ¢ and ¢ with respect to z,y,n,

and ( are zero, then ¢ and ¢ depend only on the ¢t and 7. According to the procedure
given in the previous theorem, we have
87j 87V

y; Y Oy aCu ’ a@t

= 5Z.
Then

’Yi(t»xvy;’rv 7]7() =Y + hi(tyx; T, 77), 7#@%%7777, C) = Clt + k,u(tvx;Ta 77)

Now if I # 0, since ¢ and ¢ are arbitrary, we may choose ¢ # 0 and ¢ = 0 to
finding the local expression for I'. Similarly, one may choose ¢ = 0 and ¢ # 0, etc.
So by a transformation of the coordinates ¢; we may take I' = % (mod C).

Consider the new change of supercoordinates
z\lzth @:yl+h7(t7x77-7n)7 fi:xi?

71 = T1, Cu :Cu+ku(t793§7'777)7 ﬁu:nu-

Therefore
0 0 oh; . Oh; hi\ O
D= 40 T,
+yaxz+( o tligg, C”am) 9,
~ 0 Ok, Ok, 0
+CA+(F + L1 +89 >A.
" om,, oty dx; v ) 8¢,
Now let T; = Ty + G + ;58 4 (, 2 and T, = Ty + G + 5 5o + G, G, this

completes the proof.
(2) The proof of this part follows simply from the above discussion and Theorems
4.2 and 4.3. g

Remark 4.3. In the case when M is a tangent supermanifold (TM', Aryr ), i.e. we
assume that m = 2r and n = 2s, from Theorem 4.3, we see that the local expression
for T is the same as Ibort’s one [6]. Another case when we talk about the time-

dependent systems is the case when M = R x (TM', Arpr) where m = 2r + 1
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andn = 2s+1. According to Theorem 4.4, T is presented by the (t, x,y; 7,1, () where

{t,7} is a set of local coordinates on RY' which can be considered as a supertime.

We now turn our attention to the coefficients of the covariant derivative defined
in (7). We will find the local representation of these coefficients in the local coor-
dinates (t;, Za, Yi; Tp, Wb, C,) defined in Theorems 4.3 and 4.4. With respect to these
supercoordinates we have

0 0 0 0 0 0
J(ayi) = 0, J(Bxa)_aya’ J(@)_Ov J(ainb)_ai@’

) 0. o (o, o (T, )
M) = O Mg =ant <ay7 ”"j) oy, (ay ”Z“) ¢,
7 7 3 1 J K3 14

0 0 0 or'; 0 or 0
hM=—) = 0, h(z=—)=——+ + 7 —I—(V-HTV),
(5@) (877#) oy ((’9(# ) dy; Iy ") ac,

and 0 0 0 0
H _ T NH g T
As a result we now see that
L (N N O (0, Yo
H= <8xi+(3yi+ )(9 +<8yi+m“)8@>®
o o (o N D (YD
677u aCu Mg 8 aCu " ¢, .

Now consider the operator ¢ defined in (8). It is useful to provide a criterion for

the existence of a quadratic second-order superdifferential equation field.

Proposition 4.2. Let D and C be involutive and [T',C] C C. If § = 0, then for each
p € M there exists a coordinate system defined in a neighborhood Uof p, such that

T takes the form of a quadratic second-order superdifferential equation field.

Proof. Let 6 = 0. In the supercoordinates as defined in Theorems 4.3 and 4.4 the

connection coefficients for X,, X3, X, € {%, %} are given by
i Iz
Vi, Xy = (=1)Fellrg, X,

where Iy, = —%Xb(l"a), and ', = X (I'qp). For example

o ) v 0 10 O, 0 1aary)a

9 T~ = H S A

v O, )" aC, ~  20C, Oy Oy 20C, Oy 9C,
_ 0 Y )

z,uay i 8<
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Then I'¢, X, € D, this means that for each X, € D, [['¢,(X.)?, X 4] € D. From
Theorems 4.3 and 4.4, we have [V, Xy4] € D, so X4(I'¢,) = 0. Thus there are
projectable superfunctions V,;(t, x, 7,1), Wa,(t, z,7,1), and Z,(t,x,7,n) such that

1—‘a = _F%yiyj - Ffwfufu - 2F?Hyi§u + Vaiyi + Waufu + Za-

5. INVOLUTIVE DIRECT SUBSHEAVES AND DYNAMICAL CONNECTIONS

Again return to the Theorem 4.4 and suppose that D and C are involutive and
T is everywhere independent of C such that [I',C] C C. Then in local coordinate
system (t, z;,yi; T, My, (u) we may define a new graded tensor field J of type (1,1)

on M

(22) j:Jf(yiaiy+CM%)®(dt—TdT),
i m

where J is defined by (3). J is locally characterized by

.y P ) ) 9 -0
= P . -~ 0 9 -~ 0
J(E):_T(yiaiyi+<#67@)’ J(TW):TCM’ J(@)ZO.

By using this we can define an operator II on DerAy; which is so called ” the

dynamical connection ” and satisfy

(23) Joll=Joll=J, MoJ=—J, IoJ=—J
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Clearly II is an even operator and |J| = |.J|. By a straightforward computation from

(23) we deduce that the local expressions of II are

H(;):_yiaii—i_ni;yi_g“a?m""npﬂ%»
Iﬂgi)_7y%gi+lhéiW;62L+I@i/
H(éii>::53%<+lhj6?j-+ILH6§M,
(24) H(az) _ _8?/1-
(ai) 0ii+[h%gz+Ih”;;’
9 d
IH&j): ae

where superfunctions Il = Ie(t, 25, Yi; 7, M, Cu), Hee = Hee(t, @4, Yis 7,1y, Cu) and
Moo = Moo (t, 24, yi; T, Ny, ) are the local coefficients of the operator II. It is obvious
that [l = [T,| = M| = [l = 0 and [IL,| = ] = M| = [Tl = 1. From
(24) we deduce that 113 = II and rank(Il) = (2r,2s).

Again define two operators ¢ and ¢ on Der Ay, given by
(25) L =112, (=1Id-TI".

Then we have

L(%) - _yiaiﬁfi_(yjnﬁ—’—ni"_cuﬁui)aiyi _Qta(zu
~(yilLy + G T + n#)g‘;,
L(%) = —Tyiaixi — (ry;IL; + 1L + Tcuﬁui)aiyi _ TC“(9?7H
—(ryilly, + 7¢I, + H“)ai/
) P o 0 0 5

o) T e G T e Yan) T G T e
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and
0 0 0 0 0 0
G = oG ") =5 &)
0 0 0 0
g(mji) = 0 é(ayi) =0, 5(8777”) =0, g(@) =0.

It is clear that C = I'm ¢, then if we put L = I'm ¢, we have
DerAy =C o L.

From (5) we concolude that
DerAy =DaeHP L.

Furthermore, IT has eigenvalues 0, —1, and 1. From (24) the eigenspaces correspond-

ing to the eigenvalue —1 are <£> ® <%>, the eigenspaces corresponding to the

eigenvalue 1 are
0 1 0 1 0 0 1— 0 1— 0

H, = -2 4 M0, 4 -1, -2
" 877#+2”(9yi+2“8ny

(H;

— il P Nl § R
gz T2y, T ol @ )

and the eigenspaces corresponding to the eigenvalue 0 are

0 0 = 4.0
(Tei=gp + vigy, T Wl + i+ Gullu) 5 -
+ C—a + (yilliy, + I +H)—a>

Ko, T TR,

and

0 — — .0
(T, := 9 + Tyiafxi + (1y;1L; + 10; + TCuHui)@

0

o _ _
+ TCM% + (TyiHiu + TCVHII;,L + Hu)aigu>

In the light of these computations, the following decomposition of DerAy; may

be considered for coordinate system (t, x;, yi; T, My, )

0 0

DerAy = <8y> ) <f
i p

) (H;) @ (Hy) ® (Te) @ (Ty).

A simple computation shows that J(Teyen + Todd) = 0 and J(Tepen + Todd) =
) )
—(Yigy; T Cuae) (1 + 7).
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Theorem 5.1. If the hypothesis of Theorem 4.4 is satisfied for I, then the operator

:=—LrJisa dynamical connection with the following coefficients:
I, = I;— ng Cu 8( ﬁ# r, yja@ Cu 8CV
ﬁz‘ = yi+ it — (1)Fi|Tyiglg;; _ Fl)lri\T("ggj’
I; = %, T %
e = (OMIGE = )T
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