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a subbundle H of TE, which is complementary to the vertical bundle [5, 11] ( see

[9] for the definition of a dynamical connection). Any non-linear connection gener-

ates a covariant derivative, which is called the Berwald connection. This Berwald

derivative is an important tool in the study of the linearizability properties of a

second-order vector field [10] and for characterizing SODE which are second order

in the velocities [12]. Also, it is shown in [7] that if the Berwald curvature vanishes,

the system (SODE) is of mechanical type.

Due to the interest aroused by the theory of sprays and connections, many papers

have been devoted to these subjects. On the other hand, the graded geometrization

of these subjects and their application has been less developed, we cite here the

pioneer works with applications in theoretical physics by Vacaru [15], [16, 17], Ibort

et al [6] and [1, 4].

There are two approaches to provide supermechanics with a geometrical base.

The configuration of each case is a graded manifold of dimension (m,n), but the

difference in the approaches is related to a generalization of the tangent bundle in

the graded case. In the first approach, supermechanical systems can be considered

on the tangent supermanifold such that its dimension is (2m, 2n). The work of Ibort

et al [6], is an interesting study of the inverse problem of Lagrangian supermechan-

ics. In the second approach supermechanical systems considered on the tangent

superbundle with dimension (2m+ n, 2n+m). Related references are [1, 4].

In this paper we start with a graded vector field Γ on a graded manifold M =

(M,AM ) of dimension (m,n) and a direct subsheaf D of DerAM of rank (r, s),

both satisfying certain conditions. By using the Lie bracket of Γ and graded vector

fields of D, we construct another direct subsheaf C := D+ [Γ,D] of DerAM . There

is a beautiful link between the direct subsheaf D and so-called nonlinear connection

(associated with the direct subsheaf D) which will be important for understanding

how to define a linear connection on a graded manifoldM. To reach this, we define

the almost tangent structure J on C and show that if [Γ, C] ⊂ C, the graded vector

field Γ defines the tensor field −LΓJ such that the associated horizontal graded

subsheaf H is a complement of D in C. We define a C-connection on D which is

useful to characterize the local expression of the graded vector field Γ.

One can see that, for any even graded vector field Γ on R1,1 × (TM ′,ATM ′),
where (TM ′,ATM ′) is a tangent supermanifold of dimension (2m, 2n), there is a
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local coordinates (t, x, y; τ, η, ζ) such that Γ = ∂
∂t + yi

∂
∂xi

+ Γi(t, x, y; τ, η, ζ) ∂
∂yi

+

τ ∂
∂τ + ζµ

∂
∂ηµ

+ Γµ(t, x, y; τ, η, ζ) ∂
∂ζµ

and the coordinates t and τ play the role of

supertime.

2. Preliminaries

Let M = (M,AM ) be an (m,n)−dimensional graded manifold, the sheaf of left

AM−modules of derivations of a graded manifold M is the subsheaf of EndAM
whose sections are linear graded derivations and denoted by DerAM the sheaf of

graded derivations of AM . Let D be a locally free sheaf of AM−modules. D is a

direct subsheaf of DerAM of rank (r, s), if for each point p ∈ M there is an open

subset U over which any set of generators {Di, Dµ|1 ≤ i ≤ r, 1 ≤ µ ≤ s} of the

module D(U) can be enlarged to a set{
Cu, Di, Dµ, Cα

∣∣∣∣∣ 1≤i≤r
r+1≤u≤m and 1≤µ≤s

s+1≤α≤n
|Cu|=0
|Di|=0 and

|Dµ|=1

|Cα|=1

}
of free generators of DerAM . A direct subsheaf D of DerAM is involutive if [D,D] ⊂
D (see [13]).

Definition 2.1. Suppose that {Xa|a ∈ {1, · · · , r} t {1, · · · , s}} is a set of smooth

graded vector fields on an open subset U of a graded manifold M, and that is a set

of generators of D. Then we say that {Xa} is a graded commutative set of graded

vector fields if we have

[Xa, Xb] = 0,∀Xa, Xb ∈ {Di, Dµ}, i ∈ {1, · · · , r}, µ ∈ {1, · · · , s}.

For the following see [13]:

Lemma 2.1. Let D ⊂ DerAM be a direct subsheaf of rank (r, s). If D is involutive,

then, there exist even generators {Di|1 ≤ i ≤ r}, and odd generators {Dµ|1 ≤ µ ≤
s}, for D, such that {Xa} form a graded commutative set in the sense of Definition

2.1.

Theorem 2.1. (Frobenius) Let D ⊂ DerAM be a direct subsheaf of rank (r,s).

Then, D is involutive, if and only if for each p ∈M there exist a coordinate system

{(yi; ζµ)|1 ≤ i ≤ m, 1 ≤ µ ≤ n}, defined in a neighborhood U = (U,AU )of p, such

that,

D =

〈
∂

∂yi
;
∂

∂ζµ

〉
, 1 ≤ i ≤ r, 1 ≤ µ ≤ s.
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Definition 2.2. Let f : (M,AM )→ (M ′,AM ′) be a morphism of graded manifolds.

Two graded vector fields Z1 ∈ DerAM and Z2 ∈ DerAM ′ are said to be f -related

(and denoted by Z2 = f∗Z1 ) if for each g ∈ AM ′ we have f∗(Z2g) = Z1(f∗g).

Then Z1 is called a f∗-projectable graded vector field and f∗Z1 is also its projection

by means of f. The graded vector field Z1 will be called vertical derivation if it

is f∗-projectable and f∗Z1 = 0. In case f is an isomorphism, we have f∗Z1 =

(f∗)−1 ◦ Z1 ◦ f∗ (see [14], Def. 2.3).

It is clear that if Z1 and Z2 are f -related, then we have |Z1| = |Z2|, where | · |
denotes the degree of graded vector fields.

Lemma 2.2. If Z1, Z2 are two f -related graded vector fields and W1, W2 are two

f -related graded vector fields then so are [Z1,W1] and [Z2,W2].

Proof. For each g ∈ AM ′ , we have Z1(f∗g) = f∗(Z2(g)) and W1(f∗g) = f∗(W2(g)),

then

[Z1,W1](f∗g) =
(
Z1W1 − (−1)|Z1||W1|W1Z1

)
(f∗g)

= Z1W1(f∗g)− (−1)|Z1||W1|W1Z1(f∗g)

= Z1 (f∗(W2g))− (−1)|Z1||W1|W1 (f∗(Z2g))

= f∗ (Z2(W2g))− (−1)|Z1||W1|f∗ (W2(Z2g))

= f∗
(
Z2W2(g)− (−1)|Z1||W1|W2Z2(g)

)
= f∗ ([Z2,W2](g)) ,

where the last equation comes from |Z1| = |Z2|, |W1| = |W2|. �

Theorem 2.2. Let f : M = (M,AM ) → M′ = (M ′,AM ′) be an epimorphism

of graded manifolds. If D is an involutive graded direct subsheaf of f∗-projectable

graded vector fields on M then D̄ := f∗D is involutive graded direct subsheaf of

DerAM ′ .

Proof. Let Z1,W1 ∈ D and Z2 = f∗Z1,W2 = f∗W1 ∈ DerAM ′ . Since D is invo-

lutive, [Z1,W1] ∈ D. Clearly Z1, Z2 and W1,W2 are f -related, then [Z1,W1] and

[Z2,W2] are f -related, i.e., for each g ∈ AM ′ , f∗[Z2,W2](g) = [Z1,W1](f∗g) =

f∗[Z1,W1]g = f∗(f∗[Z1,W1])g. Thus the uniqueness property of Definition 2.2 im-

plies that f∗[Z1,W1] = [Z2,W2]. Thus [Z2,W2] ∈ D̄, and therefore D̄ is involu-

tive. �
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3. Geometric structures on graded manifolds

Suppose that M is an (m,n)−dimensional graded manifold. Let D be an invo-

lutive direct subsheaf of DerAM of rank (r, s) such that 2r ≤ m, 2s ≤ n and Γ a

homogeneous graded vector field on M such that Γ /∈ D. Set

C := D + [Γ,D] = {D1 + [Γ, D2] : D1, D2 ∈ D}.

For each p ∈ M, since D is involutive, according to Theorem 2.1, there is a coor-

dinate neighborhood U of p and coordinates (qu, yi; θα, ζµ), for u = 1, 2, · · · ,m− r,
i = 1, 2, · · · , r, α = 1, 2, · · · , n− s and µ = 1, 2, · · · , s such that D|U = 〈 ∂∂yi ;

∂
∂ζµ
〉.

In this coordinate system, the local representation of Γ is

(1) Γ|U = Γu
∂

∂qu
+ Γi

∂

∂yi
+ Γα

∂

∂θα
+ Γµ

∂

∂ζµ
,

where Γu,Γi,Γµ, and Γα are smooth superfunctions on U . We want to find the

conditions under which two graded vector fields [Γ|U , ∂
∂yi

] and [Γ|U , ∂
∂ζµ

] are linearly

independent. The local representation of these graded vector fields are

[Γ|U ,
∂

∂yi
] ≡ −∂Γu

∂yi

∂

∂qu
− ∂Γα

∂yi

∂

∂θα
(mod D),

[Γ|U ,
∂

∂ζµ
] ≡ −(−1)|Γu|

∂Γu
∂ζµ

∂

∂qu
+ (−1)|Γα|

∂Γα
∂ζµ

∂

∂θα
(mod D).

If the local coefficients of these graded vector fields are zero, then we have [Γ,D] ⊂ D,
and they are dependent vector fields. Therefore we suppose that [Γ,D] ∩ D = {0},
i.e., if D ∈ D and [Γ, D] ∈ D then D = 0, and in the next theorem we show that

they are linearly independent.

Theorem 3.1. Suppose that the graded vector field Γ onM is such that [Γ,D]∩D =

{0}.
(1) If |Γ| = 0, [Γ,D]0 and [Γ,D]1 have maximal ranks respectively r and s. Then

rankp(C) = (2r, 2s) and Ξ := {p ∈M |rankp(C) = (2r, 2s)} is open and dense.

(2) If |Γ| = 1, then

• for m = 2r, n = 2s,

– if r ≤ s, both [Γ,D]0 and [Γ,D]1 have the same maximal rank r,

– if r > s both [Γ,D]0 and [Γ,D]1 have the same maximal rank s,

• for m = 2r + 1, n = 2s,
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– if r < s, [Γ,D]0 and [Γ,D]1 have maximal ranks respectively r+ 1 and

r,

– if r ≥ s both [Γ,D]0 and [Γ,D]1 have the same maximal rank s,

• for m = 2r, n = 2s+ 1,

– if r ≤ s, both [Γ,D]0 and [Γ,D]1 have the same maximal rank r,

– if r > s, [Γ,D]0 and [Γ,D]1 have maximal ranks respectively s and

s+ 1,

• for m = 2r + 1, n = 2s+ 1,

– if r = s, both [Γ,D]0 and [Γ,D]1 have the same maximal rank r,

– if r < s, [Γ,D]0 and [Γ,D]1 have maximal ranks respectively r+ 1 and

r,

– if r > s, [Γ,D]0 and [Γ,D]1 have maximal ranks respectively s and

s+ 1.

In each of these cases, rankp(C) = (r + rank[Γ,D]0, s+ rank[Γ,D]1).

Proof. Let p ∈ M and U a coordinate neighborhood of p with local coordinates

(qu, yi; θα, ζµ), as above. Let Di(p)[Γ, ∂
∂yi

](p) + Dµ(p)[Γ, ∂
∂ζµ

](p) = 0. A simple

computation will shows that we have

(2)


Di ∂Γu

∂yi
+ (−1)|Γu|Dµ ∂Γu

∂ζµ
≡ 0 (mod D),

Di ∂Γα
∂yi
− (−1)|Γα|Dµ ∂Γα

∂ζµ
≡ 0 (mod D).

Let

JΓ :=

(
∂Γu
∂yi

∂Γα
∂yi

(−1)|Γu| ∂Γu
∂ζµ

−(−1)|Γα| ∂Γα
∂ζµ

)
.

If |Γ| = 0 we see that the matrices(
∂Γu
∂yi

)
1≤i≤r,1≤u≤m−r

,

(
∂Γα
∂ζµ

)
1≤µ≤s,1≤α≤n−s

,

have maximal ranks respectively r and s. Let rankpJΓ = (r, s). By permuting the

Γu′ and Γα′ , we may therefore assume that the matrices(
∂Γu′

∂yi

)
1≤i≤r,1≤u′≤r

,

(
∂Γα′

∂ζµ

)
1≤µ≤s,1≤α′≤s

,

are invertible at p. Then from (2) we conclude that Di(p) = 0 = Dµ(p). This means

that the graded vector fields [Γ, ∂
∂yi

] and [Γ, ∂
∂ζµ

], (1 ≤ i ≤ r, and 1 ≤ µ ≤ s) are

linearly independent at p, thus rankp(C) = (2r, 2s), i.e. Ξ 6= ∅. Now we show that
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Ξ is an open subset of M as follows: Let p′ be a point of M such that rankp′(C) 6=
(2r, 2s) then there exists a graded vector field 0 6= D ∈ D on a neighborhood of

p such that [Γ|U , D] ∈ D, which is a contradiction, therefore Ξ is open and in the

similar method Ξ is dense.

(2) Let |Γ| = 1. We may choose m = 2r + 1, n = 2s + 1, r < s. Then the

matrices (
∂Γα
∂yi

)
1≤i≤r,1≤α≤n−s

,

(
∂Γu
∂ζµ

)
1≤µ≤s,1≤u≤m−r

,

are even and have maximal ranks respectively r and r+1. A computation similar to

part (1) shows that the odd graded vector fields [Γ, ∂
∂yi

] and the even graded vector

fields [Γ, ∂
∂ζµ

], (1 ≤ i ≤ r, and 1 ≤ µ ≤ r + 1) are linearly independent at p, so

[Γ,D]0 and [Γ,D]1 have maximal ranks respectively r + 1 and r, and rankp(C) =

(2r + 1, s+ r). Similarly, one may choose m = 2r + 1, n = 2s+ 1, r > s, etc. We

will therefore have twelve types of possibilities for m,n, r and s. In each of these

cases, the matrices
(
∂Γα
∂yi

)
,
(
∂Γu
∂ζµ

)
are even and have maximal ranks and we have a

number of odd graded vector fields [Γ, ∂
∂yi

] and a number of the even graded vector

fields [Γ, ∂
∂ζµ

] which are linearly independent at p. �

Hereafter, unless otherwise stated, we will assume that the graded vector field

Γ satisfies the conditions of Theorem 3.1, and [C, C] ⊂ C. From the above theorem,

we see that if {Di, Dµ} is a local basis of D consisting of coordinate fileds ∂/∂yi

and ∂/∂ζµ of a local coordinate system (qu, yi; θα, ζµ) and if we set Ca = [Γ, Da]

(for |Da| = 0) and Cb = [Γ, Db] (for |Db| = 1), then {Ca, Di, Dµ, Cb} is a local

basis for C, where {Ca, Cb} are generators of [Γ,D]. Thus C is a direct subsheaf of

DerAM . Moreover, Ca = [Γ, Da] and Cb = [Γ, Db] are respectively odd and even

graded vector fields whenever Γ is odd and |Da| = 0, |Db| = 1.

Now we consider a graded tensor field on C which can be extended to a tensor

field on M as a nonlinear connection similar to the classical case. Consider the

tensor field J : C → C of type (1,1) by

J(Xa) = 0 and J(Ya) = −Xa, Xa ∈ {Di, Dµ}, Ya = [Γ, Xa].(3)

It is called pseudo almost tangent structure (see also [3, 6]). Clearly J2 = 0 and

|J | = |Γ|. If |Γ| = 0 then Im J = Ker J = D. Since D is involutive, for any D1, D2 ∈
D we have [D1, D2] ∈ D , then if |Γ| = 0, NJ(D1, D2) = 0 and NJ(D1, [Γ, D2]) = 0,
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where NJ is the formal Nijenhuis torsion (see [6] for the definition ). Also from the

Jacobi identity, we have

NJ ([Γ, D1], [Γ, D2]) = [D1, D2] + J [D1, [Γ, D2]] + J [[Γ, D1], D2]

= [D1, D2] + J [Γ, [D1, D2]] = [D1, D2]− [D1, D2] = 0.

Let Π : C → C be a graded tensor field of type (1, 1), satisfying

Π ◦ J = −J, J ◦Π = J.(4)

A simple computation shows that, there are superfunctions πab belong to AM such

that

Π(Xa) = −Xa, Π(Ya) = Ya − 2πabXb,

where ”−2” is taken for convenience. Now, we can associate to Π two canonical

operators h and v given by

h =
1

2
(Id+ Π), v =

1

2
(Id−Π).

We deduce that h and v are complementary projections and they are given by

h(Xa) = 0, v(Xa) = Xa, h(Ya) = Ya − πabXb, v(Ya) = πabXb.

If we set H = Im h and D = Im v then H and D are complementary direct

subsheavs and

(5) C = H⊕D.

H is a subsheaf of DerAM and the sections of H will be called horizontal graded

vector fields. If {Di, Dµ} is a local basis of D and {Ca, Di, Dµ, Cb} is a local basis

of C then {h(Ca), h(Cb)} is a local basis for H.

Lemma 3.1. Let [Xa, Xb] = λcabXc, [Xa, Yb] = αcabXc and [Ya, Yb] = εcabXc+ ξcabYc,

where Xa, Xb, Xc ∈ {Di, Dµ} and Ya, Yb, Yc ∈ {Ci, Cµ}. From (5), a necessary and

sufficient condition for involutivity of H is that

Φabc := ξdabπdc + εcab − Ya(πbc)− (−1)|Ya||Yb|πbdα
c
da − πadαcdb

+(−1)|Yb||Ya|Yb(πac) + (−1)|Xe|(|Yb|+|Xd|)πaeπbdλ
c
ed + πadXd(πbc)

−(−1)(|Ya|+|Xc|)(|Yb|+|Xd|)πbdXd(πac)

= 0.
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Theorem 3.2. A necessary and sufficient condition for involutivity of H is that

NΠ = 0, where NΠ is the Nijenhuis tensor associated to Π.

Proof. Clearly, Π2 = Id, Π(H) = H and

NΠ(D,D) = NΠ(D,H) = NΠ(H,D) = 0,

therefore it suffices to show the theorem only for horizontal graded vector fields.

Suppose Ha = Ya − πacXc and H ′b = Yb − πbdXd are elements of H, where X• ∈
{Di, Dµ} and Y• ∈ {Ci, Cµ}. Then

NΠ(Ha, H
′
b) = 2[Ha, H

′
b]− 2Π[Ha, H

′
b].

If H is an involutive graded direct subsheaf, then Π[Ha, H
′
b] = [Ha, H

′
b], and hence

NΠ(Ha, H
′
b) = 0.

Conversely, since 0 = NΠ(Ha, H
′
b) = 2[Ha, H

′
b]− 2Π[Ha, H

′
b] = 4ΦcabXc then the

proof is finished in view of the Lemma 3.1. �

Given a graded vector field Γ such that [Γ, C] ⊂ C and consider the morphism

−LΓJ . For any C ∈ C and D ∈ D, we have

(LΓJ)(C) := [Γ, J(C)]− (−1)|J||Γ|J [Γ, C],

and

(−LΓJ)(D) = −[Γ, J(D)] + (−1)|J||Γ|J [Γ, D] = −(−1)|J||Γ|D,

thus (−LΓJ)2(D) = D. Also,

(−LΓJ)([Γ, D]) = −[Γ, J([Γ, D])] + (−1)|J||Γ|J [Γ, [Γ, D]]

= [Γ, D] + (−1)|J||Γ|J [Γ, [Γ, D]].

Since J [Γ, [Γ, D]] ∈ D, we have (−LΓJ)(J [Γ, [Γ, D]]) = −(−1)|J||Γ|J [Γ, [Γ, D]], and

therefore

(−LΓJ)2
(

[Γ, D]
)

=
(

[Γ, D] + ((−1)|J||Γ| − 1)J
[
Γ, [Γ, D]

])
.

In this case, for h = 1
2 (Id− LΓJ) and v = 1

2 (Id+ LΓJ), we have

h(D) = 0, v(D) = D, h(C) = C +
1

2
J [Γ, C], v(C) = −1

2
J [Γ, C].

If |Γ| = 0, it is clear that (LΓJ)2 = Id. We have shown the following.
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Proposition 3.1. If [Γ, C] ⊂ C, the graded vector field Γ defines the tensor field

−LΓJ such that the associated horizontal graded subsheaf H is a complement of D
in C.

Definition 3.1. For any D ∈ D, denote by DH the unique element of H such that

J(DH) = D.

Lemma 3.2. Let Π = −LΓJ and |Γ| = 0. For any Xa ∈ {Di, Dµ}, we have

XH
a = −Ca − 1

2J [Γ, Ca] and h(XH
a ) = XH

a and v(XH
a ) = 0, where Ca = [Γ, Xa].

Let F be the set of projectable superfunctions of AM , i.e. F = {f ∈ AM :

∀D ∈ D, D(f) = 0}, and D̃ :=
{
D ∈ D : [DH ,D] ⊂ D

}
, i.e. the set of D ∈ D for

which the corresponding DH is projectable. Then for each f ∈ F and D ∈ D̃ since

fD ∈ D̃ so D̃ is a F-module. We can now define a C-connection on D as follows:

Definition 3.2. Let J be an even morphism with the properties (3). For any graded

vector fields C ∈ C and D ∈ D, set

(6) ∇CD := v

(
[h(C), D]

)
+ J

(
[v(C), DH ]

)
.

It is a covariant derivative, because for f ∈ AM

∇fCD = v

(
f [h(C), D]− (−1)|fh(C)||D|D(f)h(C)

)
+J

(
f [v(C), DH ]− (−1)|fv(C)||DH |DH(f)v(C)

)
= f

(
v[h(C), D] + (−1)|f ||J|J [v(C), DH ]

)
−(−1)|fh(C)||D|v

(
D(f)h(C)

)
− (−1)|fv(C)||DH |J

(
DH(f)v(C)

)
= f

(
v[h(C), D] + (−1)|f ||J|J [v(C), DH ]

)
= f∇CD,
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and

∇C(fD) = v

(
[h(C), fD]

)
+ J

(
[v(C), (−1)|f ||Γ|fDH ]

)
= v

(
(−1)|f ||C|f [h(C), D] + h(C)(f)D

)
+(−1)|f ||Γ|J

(
(−1)|f ||C|f [v(C), DH ] + v(C)(f)DH

)
= (−1)|f ||C|f∇CD + v

(
h(C)(f)D

)
+ (−1)|C||Γ|J

(
v(C)(f)DH

)
= (−1)|f ||C|f∇CD +

(
h(C) + (−1)|C||Γ|v(C)

)
(f)D

= (−1)|f ||C|f∇CD + C(f)D.

Lemma 3.3. D2 ∈ D̃ if and only if ∇D1D2 = 0, for all D1 ∈ D.

Proof. First, let D2 ∈ D̃ and D1 ∈ D, since h(D1) = 0 we have

∇D1
D2 = v

(
[h(D1), D2]

)
+ J

(
[v(D1), DH

2 ]

)
= J

(
[D1, D

H
2 ]

)
= 0.

Conversely, let D1, D2 ∈ D and ∇D1
D2 = 0, the first term of ∇D1

D2 is zero then

J

(
[D1, D

H
2 ]

)
= 0, and from the identity ker J = D, we have [D1, D

H
2 ] ∈ D. Thus

D2 ∈ D̃. �

Now let X = AaXa be an element of D. The necessary and sufficient con-

dition for X ∈ D̃ is that, for every X ′ = BbXb belongs to D, Bb(Xb(Ac)−
(−1)|Xb|(|X|+|Γ|)Aaβ

c
ba) = 0, where βcab are coefficients of Y• in [Xa, Yb], and we

will explain its further properties in the next remark.

It is clear that for each D1, D2 ∈ D and D3 ∈ D̃, ∇ has vanishing graded

curvature

R(D1, D2, D3) = ∇D1∇D2D3 − (−1)|D1||D2|∇D2∇D1D3 −∇[D1,D2]D3

= 0.
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The covariant derivative ∇, when restricted to the odd part of D, has the torsion

tensor given by

T (D1, D2) = ∇D1D2 − (−1)|D1||D2|∇D2D1 − [D1, D2]

= J
([
D1,−C2 −

1

2
J [Γ, C2]

])
+ J

([
D2,−C1 −

1

2
J [Γ, C1]

])
−[J(C1), J(C2)]

= J [J(C1), C2] + J [J(C2), C1]− [J(C1), J(C2)]

= −NJ(C1, C2),

where C1, C2 ∈ Codd. Then the torsion vanishes if and only if the formal graded

Nijenhuis NJ of J vanishes. Thus if J has vanishing Nijenhuis torsion, and we

restrict our attention to these special cases, then we have a flat connection.

Let D1, D2 ∈ D̃, from the definition of ∇ we define the operator ∇ as follows:

(7) ∇D1
D2 := ∇DH1 D2.

Suppose that D3 ∈ D, and consider the tensor field of type (2,1) on D as follows:

(8) δ(D1, D3, D2) := ∇DH1 ∇D3
D2 − (−1)|D1||D3|∇D3

∇DH1 D2 −∇[DH1 ,D3]D2.

Then ∇D1
D2 = ∇DH1 D2 ∈ D̃ if and only if δ = 0 : Since D1, D2 ∈ D̃, from

[DH
1 , D3] ∈ D and Lemma 3.3, the last term of (8) is zero and the same holds for the

first term. Thus for each D3 ∈ D,∇D3
∇DH1 D2 = 0, this means that ∇̄D1

D2 ∈ D̃.
Also if f is a projectable superfunction then

∇fD1
D2 = ∇(fD1)HD2 = v

([
h
(
(fD1)H

)
, D2

])
+ J

([
v
(
(fD1)H

)
, DH

2

])
= v

([
(fD1)H , D2

])
= (−1)|Γ||f |v

(
f
[
DH

1 , D2

])
− (−1)|D2||fDH1 |D2(f)DH

1

= (−1)|Γ||f |fv[DH
1 , D2] = (−1)|Γ||f |fv[h(DH

1 ), D2]

= (−1)|Γ||f |f∇D1D2

and

∇D1
fD2 = v

(
[h(DH

1 ), fD2]

)
+ J

(
[v(DH

1 ), (fD2)H ]

)
= v

(
[DH

1 , fD2]

)
= (−1)(|Γ|+|D1|)|f |f∇D1D2 +DH

1 (f)D2.
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SinceD2

(
DH

1 (f)
)

= [D2, D
H
1 ](f)+(−1)|D

H
1 ||D2|DH

1 D2(f) = 0 and f is a projectable

superfunction, DH
1 (f) is a projectable superfunction and ∇D1

fD2 ∈ D̃. Thus for

even graded vector field Γ, ∇ satisfies connection properties.

4. Local representation of Γ

As we saw earlier, for a pair (Γ,D), where D is a direct subsheaf of DerAM
and Γ is a graded vector field on M, we have a subsheaf C := D + [Γ,D] such

that if [Γ, C] ⊂ C, the tensor field Π = −LΓJ defines the graded subsheaf H which

is a complement of D in C and Π(H) = H. The technical importance of the pair

(Γ,D), is in the next results, where we find local supercoordinates on M, needed

for understanding of the local expression of the graded vector field Γ.

Remark 4.1. Let D ⊂ DerAM be an involutive direct subsheaf with even and

odd generators {Di, Dµ}, (1 ≤ i ≤ r, and 1 ≤ µ ≤ s) such that [Xa, Xb] =

0,∀Xa, Xb ∈ {Di, Dµ}. We want to find the conditions under which for all a, b,

[Xa, Yb] ∈ D, where Ya = [Γ, Xa].

If we change the above basis to

D̂i = AijDj +BiνDν , D̂µ = EµjDj + FµνDν ,

where A••, B••, E•• and F•• are superfunctions and

G = (Gab) =

(
Aij Biν

Eµj Fµν

)
,

and if we again assume that X̂a, X̂b ∈ {D̂i, D̂µ}, then the necessary and sufficient

conditions for [X̂a, X̂b] = 0, is that

(9) ∀d, GacXc(Gbd) = (−1)|GbcXc||GadXd|GbcXc(Gad),

(we use the Einstein convention, that is, repeated indices denotes summation over

their range). For example, [D̂i, D̂µ] = 0 if and only if

(10)
AijDj(Eµk) +BiνDν(Eµk) = EµjDj(Aik) + FµνDν(Aik),

AijDj(Fµω) +BiνDν(Fµω) = EµjDj(Biω) + FµνDν(Biω).
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Also Ci and Cµ change to

Ĉi = Γ(Aij)Dj + Γ(Biν)Dν +AijCj + (−1)|Γ|BiνCν ,

Ĉµ = Γ(Eµj)Dj + Γ(Fµν)Dν + (−1)|Γ|EµjCj + FµνCν .

On the other hand, C is involutive, then there are superfunctions αcab, β
c
ab ∈ AM

such that

(11) [Xa, Yb] = αcabXc + βcabYc, Xa, Xc ∈ {Di, Dµ}, Yb, Yc ∈ {Ci, Cµ}.

Therefore [Γ, [Xa, Xb]] = 0. From the graded Jacobi identity, we have

0 = [Γ, [Xa, Xb]] = −(−1)(|Γ|+|Xa|)|Xb|[Xb, Ya] + (−1)|Γ||Xa|[Xa, Yb],

and the superfunctions αcab, β
c
ab are:

• symmetric for lower case Latin indexes,

• symmetric up to (−1)|Γ|, i.e., βcab = (−1)|Γ|βcba, if one of the lower indices

is Greek,

• antisymmetric for lower case Greek indexes.

If we change the basis of D to X̂a = GabXb, then we have

[X̂a, Ŷc] =
[
GabXb,Γ(Gcd)Xd + (−1)|Γ||Gcd|GcdYd

]
≡

{
(−1)|Γ||Gcd|GabXb(Gcd) + (−1)|Gce|(|Γ|+|Xb|)GabGceβ

d
be

}
Yd (mod D).

Thus [X̂a, Ŷc] ∈ D if and only if

(−1)|Γ||Gcd|GabXb(Gcd) + (−1)|Gce|(|Γ|+|Xb|)GabGceβ
d
be = 0,

for each d.

Theorem 4.1. Let D and C be involutive, as above. For any even graded vector

field Γ on M, we can find local supercoordinates (tl, xi, yi; τρ, ηµ, ζµ) on M, l =

1, · · · ,m− 2r, i = 1, · · · , r, ρ = 1, · · · , n− 2s, µ = 1, · · · , s, such that

Di =
∂

∂yi
, Ci ≡ −

∂

∂xi
(mod D),(12)

Dµ =
∂

∂ζµ
, Cµ ≡ −

∂

∂ηµ
(mod D).(13)
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Proof. By the Frobenius theorem, we take a coordinate neighborhood U of p ∈M,

with supercoordinates (qu, yi; θα, ζµ), u = 1, · · · ,m−r, i = 1, · · · , r, α = 1, · · · , n−s,
µ = 1, · · · , s, such that Di = ∂/∂yi and Dµ = ∂/∂ζµ. Let U be the image of a

product of open subsets U1 ⊂ Rm−r|n−s and U2 ⊂ Rr|s, where 0 ∈ U2 (c.f. [18]).

Then yi = 0, ζµ = 0 define a graded submanifold ( in the sense of 3.2.1 of [8])

N = (N,AN ) of U of graded dimension (m − r, n − s). Denote by pr : U → N
the corresponding projection morphism, then pr∗(Di) = pr∗(Dµ) = 0. It is clear

that the restrictions of Ci and Cµ to U are pr∗-projectable to N . We denote pr∗-

projections of Cj and Cν by graded vector fields C̄j and C̄ν on N respectively.

Let us denote by C̄ the graded direct subsheaf on N spanned by C̄i and C̄µ, i.e.,

C̄ = 〈C̄i; C̄µ〉. Since C is involutive, C̄ is an involutive direct subsheaf of rank (r, s),

by Theorem 2.2. Now again repeat the Theorem 3.1 for the graded manifold N , the

graded vector field Γ, and graded direct subsheaf C̄ of rank (r, s), then we may choose

supercoordinates (tl, xi; τρ, ηµ) on N , where l = 1, · · · ,m − 2r, ρ = 1, · · · , n − 2s,

such that the rank of supermatrix J̄Γ in this case is (r, s).Then with respect to the

supercoordinates (tl, xi, yi; τρ, ηµ, ζµ) on U we have

Di =
∂

∂yi
, Ci ≡ Pij(xi; ηµ)

∂

∂xj
+Qiν(xi; ηµ)

∂

∂ην
(mod D),

Dµ =
∂

∂ζµ
, Cµ ≡ Rµj(xi; ηµ)

∂

∂xj
+ Sµν(xi; ηµ)

∂

∂ην
(mod D),

where the coefficients Pij , Qiν , Rµj , and Sµν are the components of a nonsingular

supermatrix. Let (
Aij Biν

Eµj Fµν

)

be its inverse. If we set

D̂i = Aij(t, x; τ, η)Dj +Biν(t, x; τ, η)Dν ,

D̂µ = Eµj(t, x; τ, η)Dj + Fµν(t, x; τ, η)Dν ,

then

Ĉi = [Γ, D̂i] = Γ(Aij)Dj + (−1)|Γ|Γ(Biν)Dν +AijCj +BiνCν ,

Ĉµ = [Γ, D̂µ] = (−1)|Γ|Γ(Eµj)Dj + Γ(Fµν)Dν + EµjCj + FµνCν .
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A simple computation shows that

D̂i = Aij
∂

∂yj
+Biν

∂

∂ζν
, Ĉi ≡

∂

∂xi
(mod D),

D̂µ = Eµj
∂

∂yj
+ Fµν

∂

∂ζν
, Ĉµ ≡

∂

∂ηµ
(mod D).

Therefore, a new change of the coordinates

t̂l = tl, ŷi = Pij(xi; ηµ)yj +Qiν(xi; ηµ)ζν , x̂i = −xi,

τ̂ρ = τρ, ζ̂µ = Rµj(xi; ηµ)yj + Sµν(xi; ηµ)ζν , η̂µ = −ηµ,

may be performed to bring the local basis of DerAM into the form

∂

∂t̂l
≡ ∂

∂tl
(mod D),

∂

∂x̂i
≡ − ∂

∂xi
(mod D),

∂

∂ŷi
= Aij

∂

∂yj
+ Eiν

∂

∂ζν
,

∂

∂τ̂ρ
≡ ∂

∂τρ
(mod D),

∂

∂η̂µ
≡ − ∂

∂ηµ
(mod D),

∂

∂ζ̂µ
= Bµj

∂

∂yj
+ Fµν

∂

∂ζν
,

and this completes the proof. �

Theorem 4.2. Let D and C be involutive and assume that |Γ| = 1. We can find

local supercoordinates (tl, xa, yi; τρ, ηb, ζµ) on M, l = 1, · · · , l1, a = 1, · · · , a1, i =

1, · · · , r, ρ = 1, · · · , ρ1, b = 1, · · · , b1, µ = 1, · · · , s, such that

Di =
∂

∂yi
, Cb = [Γ,

∂

∂yb
] ≡ − ∂

∂ηb
(mod D),(14)

Dµ =
∂

∂ζµ
, Ca = [Γ,

∂

∂ζa
] ≡ ∂

∂xa
(mod D),(15)

and l1, a1, b1 and ρ1 are given as in the following table (Table 1):

dimM = (m,n) r = s r < s r > s

(2r, 2s)
l1 = 0, a1 = r,

b1 = s, ρ1 = 0

l1 = 0, a1 = r,

b1 = r, ρ1 = s− r
l1 = r − s, a1 = s,

b1 = s, ρ1 = 0

(2r + 1, 2s)
l1 = 1, a1 = s,

b1 = s, ρ1 = 0

l1 = 0, a1 = r + 1,

b1 = r, ρ1 = s− r
l1 = r + 1− s, a1 = s,

b1 = s, ρ1 = 0

(2r, 2s+ 1)
l1 = 0, a1 = s,

b1 = s, ρ1 = 1

l1 = 0, a1 = r,

b1 = r, ρ1 = s+ 1− r
l1 = r − s, a1 = s,

b1 = s+ 1, ρ1 = 0

(2r + 1, 2s+ 1)
l1 = 1, a1 = s,

b1 = s, ρ1 = 1

l1 = 0, a1 = r + 1,

b1 = r, ρ1 = s+ 1− r
l1 = r + 1− s, a1 = s,

b1 = s+ 1, ρ1 = 0

Table 1. The range of of indices l1, a1, b1 and ρ1
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Proof. We consider the result in Theorem 4.1 and apply it to the case that |Γ| = 1.

There is a coordinate neighborhood U of p ∈M, with supercoordinates (qu, yi; θα, ζµ),

u = 1, · · · ,m − r, i = 1, · · · , r, α = 1, · · · , n − s, µ = 1, · · · , s, a graded submani-

fold N = (N,AN ) of U of graded dimension (m − r, n − s) and the corresponding

projection morphism pr : U → N , such that pr∗(Di) = pr∗(Dµ) = 0.

As we have seen in Theorem 3.1, we have twelve types of possibilities for m,n, r

and s. We may choose m = 2r + 1, n = 2s+ 1, r < s to prove the theorem and a

similar proof can also be performed in other cases.

Since rankp(C) = (2r + 1, s+ r), we assume that

C =

〈
Ca, Di, Dµ, Cb

∣∣∣∣∣ a=1,··· ,r+1
b=1,··· ,r and

Ca=[Γ, ∂
∂ζa

]

Cb=[Γ, ∂
∂yb

]
and

|Ca|=0
|Cb|=1

〉
Then C̄ = 〈C̄a; C̄b〉 is an involutive direct subsheaf of DerAM and rankpC̄ = (r +

1, r), where C̄a and C̄b are pr∗-projections of Ca and Cb on N respectively. We

can continue the method discussed in Theorem 3.1, but there is another way to

find the local generators of C. By the Frobenius theorem, we take a local coordinate

(x′a; τ ′ρ, η
′
b), ρ = 1, ..., s+ 1− r, on N of p̃r(p), such that

C̄a =
∂

∂x′a
, C̄b =

∂

∂η′b
.

Then there exists a coordinate neighborhood U ′ of p ∈M, with local coordinates{
pr∗x′a, y

′
i; pr

∗τ ′ρ, pr
∗η′b, ζ

′
α)

∣∣∣∣∣ a=1,··· ,r+1
b=1,··· ,r and i = 1, ..., r and α=1,...,s

ρ=1,...,s+1−r

}
such that Di = ∂

∂y′i
, Dα = ∂

∂ζ′α
, Ca ≡ ∂

∂pr∗x′a
, Cb ≡ ∂

∂pr∗η′b
(mod D). We shall

write these coordinates as {xa, yi; τρ, ηb, ζα}. Thus, a new change of the coordinates

{xa, yi; τρ, ηb, ζα} 7→ {xa, yi; τρ, ηb, ζα} may be performed to complete the proof. �

Proposition 4.1. If both D and C are involutive, then there is a graded commuting

basis {Xa} of D such that for all a, b we have [Xa, Yb] ∈ D, where Xa ∈ {Di, Dµ}
and Ya = [Γ, Xa].

Proof. This is an immediate consequence of Remark 4.1 and Theorems 4.1 and

4.2. �

Now we want to write the local form of Γ in a local supercoordinate system.

There are two cases to consider, Γ ∈ C and Γ /∈ C.
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Theorem 4.3. Let D and C be involutive and Γ ∈ C. Assume that the set N =

{z ∈M : Γ(z) ∈ D(z)} ⊂M, is nonempty.

(1) If |Γ| = 0, then we may choose supercoordinates (tl, xi, yi; τρ, ηµ, ζµ), i = 1, ..., r,

l = 1, ...,m− 2r, µ = 1, ...s, ρ = 1, ..., n− 2s, with respect to which

Γ = yi
∂

∂xi
+ Γi(t, x, y; τ, η, ζ)

∂

∂yi
+ ζµ

∂

∂ηµ
+ Γµ(t, x, y; τ, η, ζ)

∂

∂ζµ
.

(2) If |Γ| = 1, then we may choose supercoordinates (tl, xa, yi; τρ, ηb, ζµ), as described

in Theorem 4.2, with respect to which

Γ = ζa
∂

∂xa
+ Γi(t, x, y; τ, η, ζ)

∂

∂yi
+ yb

∂

∂ηb
+ Γµ(t, x, y; τ, η, ζ)

∂

∂ζµ
.

Proof. Since Γ ∈ C, with respect to the basis {Ci, Di;Dµ, Cµ} for C (see Proposition

4.1), we have

Γ = fiDi + f̄µDµ + giCi + ḡµCµ,(16)

where fi, f̄µ, gi, and ḡµ are superfunctions on M. Then from

Ci = [Γ, Di] ≡ −Di(gj)Cj −Di(ḡµ)Cµ (mod D),

Cµ = [Γ, Dµ] ≡ −(−1)|Γ|Dµ(gi)Ci − (−1)|Γ|Dµ(ḡν)Cν (mod D),

we conclude that Di(gj) = −δji , Di(ḡµ) = 0 = Dµ(gi), and Dµ(ḡν) = −(−1)|Γ|δνµ,

so (
Di(gj) Di(ḡν)

Dµ(gj) Dµ(ḡν)

)
is nonsingular. Note that in this computation we use [Xa, Yb] ∈ D, where Xa ∈
{Di, Dµ} and Ya = [Γ, Xa]. We sketch the proof of the theorem for the case (1).

By the Frobenius theorem we take a coordinate neighborhood U inM, with super-

coordinates (qu, yi; θα, ζµ) such that Di = ∂/∂yi and Dµ = ∂/∂ζµ, (see Theorem

4.1). Now consider the Jacobian matrix of the superfunctions gi and ḡµ with respect

to Di and Dµ, it is nonsingular of rank (r, s). Then for each p ∈ N, Γ(p) ∈ D
if and only if gi(p) = 0 and ḡµ(p) = 0. Thus we have a closed embedded su-

permanifold N as a subsupermanifold of M with the base manifold given by

{g̃−1
i (0)|i = 1, ..., r} ∩ {g̃−1

µ (0)|i = 1, ..., s}. From Theorem 4.1 we can take su-

percoordinates (tl, xi, yi; τρ, ηµ, ζµ) such that

Ci ≡ −
∂

∂xi
(mod D), Cµ ≡ −

∂

∂ηµ
(mod D).
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Then { ∂
∂xi

, ∂
∂ηµ

, ∂
∂yi

, ∂
∂ζµ
} evaluated at p, is another basis for C, and in this super-

coordinates

Γ = γi
∂

∂xi
+ γµ

∂

∂ηµ
+ Γi

∂

∂yi
+ Γµ

∂

∂ζµ
,

where γi, γµ,Γi, and Γµ are superfunctions of (t, x, y; τ, η, ζ). Note that Γ ∈ C, so

in the local form of Γ, the coefficients of ∂
∂tl

and ∂
∂τρ

are zero. We will find the

coefficients γi and γµ by using Ci = [Γ, ∂
∂yi

] and Cµ = [Γ, ∂
∂ζµ

]. Thus we have

Ci ≡ −
∂γj
∂yi

∂

∂xj
− ∂γµ
∂yi

∂

∂ηµ
(mod D), Cµ ≡ −

(
∂γi
∂ζµ

∂

∂xi
+
∂γν
∂ζµ

∂

∂ην

)
(mod D).

For each p ∈ N, γi(p) = 0 and γµ(p) = 0, then from

∂γj
∂yi

= δji ,
∂γν
∂yi

= 0 =
∂γj
∂ζµ

,
∂γν
∂ζµ

= δνµ,

we have γi(t, x, y; τ, η, ζ) = yi, γµ(t, x, y; τ, η, ζ) = ζµ.

(2) Let |Γ| = 1, we consider again Γ as a linear combination of {Ci, Di;Dµ, Cµ}
as (16). Then |gi| = 0 and |ḡµ| = 1 and the Jacobian matrix of the superfunctions

gi and ḡµ with respect to Di and Dµ, is nonsingular of rank (r, s). Repeat the above

analysis for this case and using Theorem 4.2, then there exist a coordinate system

(tl, xa, yi; τρ, ηb, ζµ) on M, l = 1, · · · , l1, a = 1, · · · , a1, i = 1, · · · , r, ρ = 1, · · · , ρ1,

b = 1, · · · , b1, µ = 1, · · · , s, such that

Di =
∂

∂yi
, Ca = [Γ,

∂

∂ya
] ≡ − ∂

∂ηa
(mod D),(17)

Dµ =
∂

∂ζµ
, Cµ = [Γ,

∂

∂ζµ
] ≡ ∂

∂xµ
(mod D),(18)

and l1, a1, b1 and ρ1 are given in the Table ??. According to this table, we have

twelve types of possibilities for m,n, r, s. In each of these cases we may write Γ in

the form

Γ = γa
∂

∂xa
+ γb

∂

∂ηb
+ Γi

∂

∂yi
+ Γµ

∂

∂ζµ
,

and it is a straightforward matter to verify that

∂γa
∂ζµ

= δaµ,
∂γα
∂ζµ

= 0 =
∂γb
∂ya

,
∂γα
∂ya

= δαa .

For each p ∈ N, γa(p) = 0 and γµ(p) = 0, then γa = ζa and γb = yb and this

completes the proof. �
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Remark 4.2. Suppose that dimM = (2r+ 1, 2s+ 1), r < s and Γ is an odd graded

graded vector field on M. Let D be an involutive direct subsheaf of DerAM of rank

(r, s). Then according to Theorem 3.1, there is a coordinate neighborhood U around

each point p ∈ M with local coordinates (qu, yi; θα, ζµ), such that the submatrices

(∂Γα
∂yi

)r×(s+1) and (∂Γu
∂ζµ

)s×(r+1) are even and have maximal ranks respectively r and

r+1. This means that the odd graded vector fields [Γ, ∂
∂yi

] and the even graded vector

fields [Γ, ∂
∂ζµ

], (1 ≤ i ≤ r, and 1 ≤ µ ≤ r + 1) are linearly independent at p, so

rankp(C) = (2r+1, s+r). Thus there exist (see Theorem 4.2) local supercoordinates

(xa, yi; τρ, ηb, ζµ) on M, a = 1, · · · , r + 1, i = 1, · · · , r, ρ = 1, · · · , s + 1 − r, b =

1, · · · , r, µ = 1, · · · , s, such that

Di =
∂

∂yi
, Cb = [Γ,

∂

∂yb
] ≡ − ∂

∂ηb
(mod D),(19)

Dµ =
∂

∂ζµ
, Ca = [Γ,

∂

∂ζa
] ≡ ∂

∂xa
(mod D).(20)

Therefore { ∂
∂xa

, ∂
∂yi

, ∂
∂ηb

, ∂
∂ζµ
} evaluated at p, is another basis for C. Now let Γ ∈ C,

because the coefficients of the ∂
∂τρ

are zero and from (19) and (20), we see that

Γ = ζa
∂

∂xa
+ Γi(x, y; τ, η, ζ)

∂

∂yi
+ yb

∂

∂ηb
+ Γµ(x, y; τ, η, ζ)

∂

∂ζµ
.

Theorem 4.4. Let D and C be involutive. Let Γ be everywhere independent of C
and [Γ, C] ⊂ C.

(1) If |Γ| = 0, then we may choose supercoordinates (t1, xi, yi; τ1, ηµ, ζµ), i = 1, ..., r,

µ = 1, ...s, such that

• (a) Γ = ∂
∂t1

+ yi
∂
∂xi

+ Γi
∂
∂yi

+ ζµ
∂
∂ηµ

+ Γµ
∂
∂ζµ

, if the coefficient of ∂
∂τ1

in Γ

is zero,

• (b) Γ = τ1
∂
∂τ1

+ yi
∂
∂xi

+ Γi
∂
∂yi

+ ζµ
∂
∂ηµ

+ Γµ
∂
∂ζµ

, if the coefficient of ∂
∂t1

in

Γ is zero,

• (c) Γ = ∂
∂t1

+ τ1
∂
∂τ1

+ yi
∂
∂xi

+ Γi
∂
∂yi

+ ζµ
∂
∂ηµ

+ Γµ
∂
∂ζµ

, if the coefficients of
∂
∂t1

and ∂
∂τ1

in Γ are nonzero, where Γi and Γµ are superfunctions on M.

(2) If |Γ| = 1, then we may choose supercoordinates (tl, xa, yi; τρ, ηb, ζµ), as described

in Theorem 4.2, with respect to which

Γ = φl
∂

∂tl
+ ζa

∂

∂xa
+ Γi(t, x, y; τ, η, ζ)

∂

∂yi
+ ϕρ

∂

∂τρ
+ yb

∂

∂ηb
+ Γµ(t, x, y; τ, η, ζ)

∂

∂ζµ
.

where φl and ϕρ are independent of x, y, η and ζ and Γi and Γµ are superfunctions

on M.
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Proof. Using the same arguments we used in the proof of Theorem 4.1 we can take

supercoordinates (tl, xi, yi; τρ, ηµ, ζµ) such that

Γ ≡ φl(t, x, y; τ, η, ζ)
∂

∂tl
+ ϕρ(t, x, y; τ, η, ζ)

∂

∂τρ
(mod C).

= φl
∂

∂tl
+ ϕρ

∂

∂τρ
+ γi

∂

∂xi
+ γµ

∂

∂ηµ
+ Γi

∂

∂yi
+ Γµ

∂

∂ζµ
.

From [Γ, C] ⊂ C we conclude that the derivative of φ and ϕ with respect to x, y, η,

and ζ are zero, then φ and ϕ depend only on the t and τ. According to the procedure

given in the previous theorem, we have

∂γj
∂yi

= δji ,
∂γν
∂yi

= 0 =
∂γj
∂ζµ

,
∂γν
∂ζµ

= δνµ.

Then

γi(t, x, y; τ, η, ζ) = yi + hi(t, x; τ, η), γµ(t, x, y; τ, η, ζ) = ζµ + kµ(t, x; τ, η).

Now if Γ 6= 0, since φ and ϕ are arbitrary, we may choose φ 6= 0 and ϕ = 0 to

finding the local expression for Γ. Similarly, one may choose φ = 0 and ϕ 6= 0, etc.

So by a transformation of the coordinates tl we may take Γ ≡ ∂
∂t1

(mod C).
Consider the new change of supercoordinates

t̂1 = t1, ŷi = yi + hi(t, x; τ, η), x̂i = xi,

τ̂1 = τ1, ζ̂µ = ζµ + kµ(t, x; τ, η), η̂µ = ηµ.

Therefore

Γ =
∂

∂t̂1
+ ŷi

∂

∂x̂i
+

(
Γi +

∂hi
∂t1

+ ŷj
∂hi
∂xj

+ ζ̂µ
∂hi
∂ηµ

)
∂

∂ŷi

+ζ̂µ
∂

∂η̂µ
+

(
Γµ +

∂kµ
∂t1

+ ŷi
∂kµ
∂xi

+ ζ̂ν
∂kµ
∂ην

)
∂

∂ζ̂µ
.

Now let Γ̂i = Γi + ∂hi
∂t1

+ ŷj
∂hi
∂xj

+ ζ̂µ
∂hi
∂ηµ

and Γ̂µ = Γµ +
∂kµ
∂t1

+ ŷi
∂kµ
∂xi

+ ζ̂ν
∂kµ
∂ην

, this

completes the proof.

(2) The proof of this part follows simply from the above discussion and Theorems

4.2 and 4.3. �

Remark 4.3. In the case whenM is a tangent supermanifold (TM ′,ATM ′), i.e. we

assume that m = 2r and n = 2s, from Theorem 4.3, we see that the local expression

for Γ is the same as Ibort’s one [6]. Another case when we talk about the time-

dependent systems is the case when M = R1,1 × (TM ′,ATM ′) where m = 2r + 1
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and n = 2s+1. According to Theorem 4.4, Γ is presented by the (t, x, y; τ, η, ζ) where

{t, τ} is a set of local coordinates on R1,1 which can be considered as a supertime.

We now turn our attention to the coefficients of the covariant derivative defined

in (7). We will find the local representation of these coefficients in the local coor-

dinates (tl, xa, yi; τρ, ηb, ζµ) defined in Theorems 4.3 and 4.4. With respect to these

supercoordinates we have

J(
∂

∂yi
) = 0, J(

∂

∂xa
) =

∂

∂ya
, J(

∂

∂ζµ
) = 0, J(

∂

∂ηb
) =

∂

∂ζb
,

h(
∂

∂yi
) = 0, h(

∂

∂xi
) =

∂

∂xi
+

(
∂Γj
∂yi

+ πij

)
∂

∂yj
+

(
∂Γµ
∂yi

+ πiµ

)
∂

∂ζµ
,

h(
∂

∂ζµ
) = 0, h(

∂

∂ηµ
) =

∂

∂ηµ
+

(
∂Γj
∂ζµ

+ πµj

)
∂

∂yj
+

(
∂Γν
∂ζµ

+ πµν

)
∂

∂ζν
,

and

(
∂

∂yi
)H = −h(

∂

∂xi
), (

∂

∂ζµ
)H = −h(

∂

∂ηµ
).

As a result we now see that

H =

〈
∂

∂xi
+

(
∂Γj
∂yi

+ πij

)
∂

∂yj
+

(
∂Γµ
∂yi

+ πiµ

)
∂

∂ζµ

〉
⊕〈

∂

∂ηµ
+

(
∂Γj
∂ζµ

+ πµj

)
∂

∂yj
+

(
∂Γν
∂ζµ

+ πµν

)
∂

∂ζν

〉
.(21)

Now consider the operator δ defined in (8). It is useful to provide a criterion for

the existence of a quadratic second-order superdifferential equation field.

Proposition 4.2. Let D and C be involutive and [Γ, C] ⊂ C. If δ = 0, then for each

p ∈ M there exists a coordinate system defined in a neighborhood Uof p, such that

Γ takes the form of a quadratic second-order superdifferential equation field.

Proof. Let δ = 0. In the supercoordinates as defined in Theorems 4.3 and 4.4 the

connection coefficients for Xa, Xb, Xc ∈ { ∂
∂yi

, ∂
∂ζµ
} are given by

∇XaXb = (−1)|Xa||Xb|ΓcabXc,

where Γab = − 1
2Xb(Γa), and Γcab = Xc(Γab). For example

∇ ∂
∂yi

∂

∂ζµ
= ∇( ∂

∂yi
)H

∂

∂ζµ
= −1

2

∂

∂ζµ
(
∂Γk
∂yi

)
∂

∂yk
− 1

2

∂

∂ζµ
(
∂Γν
∂yi

)
∂

∂ζν

= Γkiµ
∂

∂yk
+ Γνiµ

∂

∂ζν
.
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Then ΓcabXc ∈ D̃, this means that for each Xd ∈ D, [Γcab(Xc)
H , Xd] ∈ D. From

Theorems 4.3 and 4.4, we have [Yc, Xd] ∈ D, so Xd(Γ
c
ab) = 0. Thus there are

projectable superfunctions Vai(t, x, τ, η),Waµ(t, x, τ, η), and Za(t, x, τ, η) such that

Γa = −Γaijyiyj − Γaµνξµξν − 2Γaiµyiξµ + Vaiyi +Waµξµ + Za.

�

5. Involutive direct subsheaves and dynamical connections

Again return to the Theorem 4.4 and suppose that D and C are involutive and

Γ is everywhere independent of C such that [Γ, C] ⊂ C. Then in local coordinate

system (t, xi, yi; τ, ηµ, ζµ) we may define a new graded tensor field J̃ of type (1,1)

on M

J̃ = J − (yi
∂

∂yi
+ ζµ

∂

∂ζµ
)⊗ (dt− τdτ),(22)

where J is defined by (3). J̃ is locally characterized by

J̃(
∂

∂t
) = −(yi

∂

∂yi
+ ζµ

∂

∂ζµ
), J̃(

∂

∂xi
) =

∂

∂yi
, J̃(

∂

∂yi
) = 0,

J̃(
∂

∂τ
) = −τ(yi

∂

∂yi
+ ζµ

∂

∂ζµ
), J̃(

∂

∂ηµ
) =

∂

∂ζµ
, J̃(

∂

∂ζµ
) = 0.

By using this we can define an operator Π on DerAM which is so called ” the

dynamical connection ” and satisfy

J ◦Π = J̃ ◦Π = J̃ , Π ◦ J̃ = −J̃ , Π ◦ J = −J.(23)
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Clearly Π is an even operator and |J | = |J̃ |. By a straightforward computation from

(23) we deduce that the local expressions of Π are

Π(
∂

∂t
) = −yi

∂

∂xi
+ Πi

∂

∂yi
− ζµ

∂

∂ηµ
+ Πµ

∂

∂ζµ
,

Π(
∂

∂τ
) = −τyi

∂

∂xi
+ Πi

∂

∂yi
− τζµ

∂

∂ηµ
+ Πµ

∂

∂ζµ
,

Π(
∂

∂xi
) =

∂

∂xi
+ Πij

∂

∂yj
+ Πiµ

∂

∂ζµ
,

Π(
∂

∂yi
) = − ∂

∂yi
,(24)

Π(
∂

∂ηµ
) =

∂

∂ηµ
+ Πµi

∂

∂yi
+ Πµν

∂

∂ζν
,

Π(
∂

∂ζµ
) = − ∂

∂ζµ
,

where superfunctions Π• = Π•(t, xi, yi; τ, ηµ, ζµ),Π•• = Π••(t, xi, yi; τ, ηµ, ζµ) and

Π•• = Π••(t, xi, yi; τ, ηµ, ζµ) are the local coefficients of the operator Π. It is obvious

that |Πi| = |Πµ| = |Πij | = |Πµν | = 0 and |Πµ| = |Πi| = |Πiµ| = |Πµi| = 1. From

(24) we deduce that Π3 = Π and rank(Π) = (2r, 2s).

Again define two operators ι and ` on DerAM , given by

ι = Π2, ` = Id−Π2.(25)

Then we have

ι(
∂

∂t
) = −yi

∂

∂xi
− (yjΠji + Πi + ζµΠµi)

∂

∂yi
− ζµ

∂

∂ηµ

−(yiΠiµ + ζνΠνµ + Πµ)
∂

∂ζµ
,

ι(
∂

∂τ
) = −τyi

∂

∂xi
− (τyjΠji + Πi + τζµΠµi)

∂

∂yi
− τζµ

∂

∂ηµ

−(τyiΠiµ + τζνΠνµ + Πµ)
∂

∂ζµ
,

ι(
∂

∂xi
) =

∂

∂xi
, ι(

∂

∂yi
) =

∂

∂yi
, ι(

∂

∂ηµ
) =

∂

∂ηµ
, ι(

∂

∂ζµ
) =

∂

∂ζµ
,
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and

`(
∂

∂t
) =

∂

∂t
− ι( ∂

∂t
), `(

∂

∂τ
) =

∂

∂τ
− ι( ∂

∂τ
)

`(
∂

∂xi
) = 0, `(

∂

∂yi
) = 0, `(

∂

∂ηµ
) = 0, `(

∂

∂ζµ
) = 0.

It is clear that C = Im ι, then if we put L = Im `, we have

DerAM = C ⊕ L.

From (5) we concolude that

DerAM = D ⊕H⊕ L.

Furthermore, Π has eigenvalues 0,−1, and 1. From (24) the eigenspaces correspond-

ing to the eigenvalue −1 are 〈 ∂∂yi 〉 ⊕ 〈
∂
∂ζµ
〉, the eigenspaces corresponding to the

eigenvalue 1 are

〈Hi :=
∂

∂xi
+

1

2
Πij

∂

∂yj
+

1

2
Πiµ

∂

∂ζµ
〉 ⊕ 〈Hµ :=

∂

∂ηµ
+

1

2
Πµi

∂

∂yi
+

1

2
Πµν

∂

∂ην
〉

and the eigenspaces corresponding to the eigenvalue 0 are

〈Te :=
∂

∂t
+ yi

∂

∂xi
+ (yjΠji + Πi + ζµΠµi)

∂

∂yi

+ ζµ
∂

∂ηµ
+ (yiΠiµ + ζνΠνµ + Πµ)

∂

∂ζµ
〉

and

〈To :=
∂

∂τ
+ τyi

∂

∂xi
+ (τyjΠji + Πi + τζµΠµi)

∂

∂yi

+ τζµ
∂

∂ηµ
+ (τyiΠiµ + τζνΠνµ + Πµ)

∂

∂ζµ
〉.

In the light of these computations, the following decomposition of DerAM may

be considered for coordinate system (t, xi, yi; τ, ηµ, ζµ)

DerAM = 〈 ∂
∂yi
〉 ⊕ 〈 ∂

∂ζµ
〉 ⊕ 〈Hi〉 ⊕ 〈Hµ〉 ⊕ 〈Te〉 ⊕ 〈To〉.

A simple computation shows that J̃(Γeven + Γodd) = 0 and J(Γeven + Γodd) =

−(yi
∂
∂yi

+ ζµ
∂
∂ζµ

)(1 + τ).
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Theorem 5.1. If the hypothesis of Theorem 4.4 is satisfied for Γ, then the operator

Π̃ := −LΓJ̃ is a dynamical connection with the following coefficients:

Π̃i = Γi − yj
∂Γi
∂yj
− ζµ

∂Γi
∂ζµ

, Π̃µ = Γµ − yj
∂Γµ
∂yj
− ζν

∂Γµ
∂ζν

,

Π̃i = yi + Γiτ − (−1)|Γi|τyi
∂Γi
∂yj
− (−1)|Γi|τζν

∂Γi
∂ζν

,

Π̃µ = ζµ − Γµτ − (−1)|Γµ|τyj
∂Γµ
∂yj
− (−1)|Γµ|τζν

∂Γµ
∂ζν

,

Π̃ij =
∂Γj
∂yi

, Π̃iµ =
∂Γµ
∂yi

,

Π̃µi = (−1)|Γi|
∂Γi
∂ζν

, Π̃νµ = (−1)|Γν |
∂Γν
∂ζµ

.
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