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ABSTRACT. In this paper we consider the chain mixing and shadowing proper-
ties for iterated function systems,( IFS). Some important results about shad-
owing property are extended to iterated function systems. We introduce some
examples and investigate the relationship between the original shadowing prop-
erty and shadowing property forIFS. This is proved that for everyIFSwith

shadowing property chain mixing and topological mixing properties are equiv-

alent.
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1. INTRODUCTION

The notion of shadowing is an important tool for studying properties of discrete
dynamical systems. From numerical point of view, if a dynamical system has the
shadowing property, then numerically obtained orbits reflect the real behavior of

trajectories of the systems(see [1, 5, 13, 15]).
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Iterated function systems( IFS), are used for the construction of deterministic frac-
tals and have found numerous applications, in particular to image compression and
image processing [2]. Important notions in dynamics like attractors, minimality,
transitivity, and shadowing can be extended to IFS (see [3, 4, 7, 8, 9, 10]). The
authors defined the shadowing property for a parameterized iterated function sys-
tem and prove that if a parameterized IFS is uniformly contracting, then it has the
shadowing property[11].

The present paper concerns the shadowing and chain mixing properties for IF'S and
some important results are extended to iterated function systems. We show that
shadowing property implies that chain mixing and topological mixing properties
are equivalent. In [1] the authors have shown that a minimal homeomorphism on
a compact metric space does not have the shadowing property. In Example 5 we
show that there is a minimal IF'S which has the shadowing property. In Example
4 we give an IFS, F = {X; fa|]\ € A} such that for every A € A, f) : X = X,
as a discrete dynamical system, has the shadowing property but F does not have
the shadowing property. Finally, we consider topological mixing and chain mixing
properties and show that shadowing property in IFS implies that topological mixing

and chain mixing are equivalent.

2. PRELIMINARIES

Let (X,d) be a complete metric space. Let us recall that an Iterated Function
System(IFS) F = {X; fa|X € A} is any family of continuous mappings fy : X —
X, A€ A, where A is a finite nonempty set (see[11]).

Let T=ZorT =7, ={n¢€Z:n>0}and AT denote the set of all infinite
sequences {\;}ier of symbols belonging to A. A typical element of AZ+ can be

denoted as o = {\g, A1, ...} and we use the shorted notation

.7:(;" = ‘]“)\RO...Of)\1 0f>\0'

A sequence {x,}ner in X is called an orbit of the IFS F if there exists o € AT
such that x,+1 = fi, (zn), for each A\, € 0.

Given 6 > 0, a sequence {z,}ner in X is called a j—pseudo orbit of F if there
exists ¢ € AT such that for every \,, € o, we have d(z,,11, fa, (¥n)) < 4.

One says that the IFS F has the shadowing property (on T) if, given € > 0, there
exists § > 0 such that for any d—pseudo orbit {z,},cr there is an orbit {y, tner,
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satisfying the inequality d(z,,y,) < € for all n € T. In this case one says that the
{Yn }ner or the point yo, e— shadows the d—pseudo orbit {x,, }ner.

Please note that if A is a set with one member then the IFS F is an ordinary
discrete dynamical system. In this case the shadowing property for F is ordinary
shadowing property for a discrete dynamical system.

The IFS F = {X; fa|\ € A} is uniformly contracting if there exists

5 e QAL )
AEA z#y d(CL'7 y)

and this number called also the contracting ratio, is less than one[11].

An F is uniformly expanding if

e AU (), SA(y))
PR Ay

and this number, called also the contracting ratio, is greater than one.

Theorem 1. [11] If a parameterized IFS F = {X; fa|A € A} is uniformly con-
tracting, then it has the Shadowing Property on Z. .

Theorem 2. [11] If a parameterized IFS F = {X; fA|\ € A} is uniformly expand-
ing and if each function fx(\ € A) is surjective, then the IFS has the Shadowing
Property on Z..

Definition 1. Suppose (X,d) and (Y,d’) are compact metric spaces and A is a
finite set. Let F = {X; fa|x € A} and G = {Y; 9|\ € A} are two IFS which
fH:X = Xand g\ : Y — Y are continuous maps for all A € A. We say that F
is said to be topologically conjugate to G if there is a homeomorphism h : X — Y
such that gy = hofyoh™!, for all A € A.

Definition 2. The iterated function system F = {X; fA|\ € A} is minimal if each
closed subset A C X such that fy(A) C A for all A € A, is empty or coincides with
X.

Equivalently, for a minimal iterated function system F = {X; fx|X € A}, for any
x € X the collection of iterates fi,o...ofx, (z), k> 0and Ar,...,\x € A, is dense in
X [14].
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3. SHADOWING PROPERTY FOR ITERATED FUNCTION SYSTEMS

In this section we investigate the structure of IFS’s with the shadowing property.
It is well known that if f: X — X and g: Y — Y are conjugated then f has the
shadowing property if and only if so does g. In the next theorem we extend this

property for iterated function systems .

Theorem 3. Suppose (X,d) and (Y, d/) are compact metric spaces and A is a finite
set. Let F = {X; falA € A} and G = {Y ;9|\ € A} be two conjugated IFS. Then
F has the shadowing property if and only if so does G.

Proof. Given € > 0. Suppose h : X — Y is a homeomorphism that gy = hofyoh™!,
for all A € A. There is v > 0 such that d(z,y) < v implies (d (h(z), h(y)) < e. If
F has the shadowing property then there is 8 > 0 such that each S—pseudo orbit
{z;}i>0 for F is y—traced by some point in X.

Let § > 0 be a number such that d (z,y) < 6§ implies d(h~"(z), h~*(y) < 8. Now
we show that each d—pseudo orbit for G is e—traced by some point in Y. Suppose
{yi}i>0 is a d—pseudo orbit for G, so for each i > 0 there is A; € A such that
d' (gx, (i), yis1) < 6. Put x; = h=Y(y;), for all i > 0. Then d(fy, (z;), zit1) =
d(h=Yogx, (yi), h " (yit1)) < B, for all i > 0. Thus {z;};>0 is a B—pseudo orbit for
F and so there is an orbit {z;}i>¢ of F such that d(z;,x;) < v for all i > 0. Note
that for each ¢ > 0 there is p; € A such that z,11 = f,,,(2). Let w; = h(z;), this is

clear that
Wit1 = h(zit1) = b(fu: (20)) = g, (h(2:)) = gp, (wi),

for all i > 0. Therefor {w;}i>o is an orbit of G and d (w;,y;) < € for all i > 0. 0

Theorem 4. Let X be a compact metric space. If F = {X; fu]\ € A} is an
IF'S with the shadowing property (on Z), then so is F~1 = {X;gx|\ € A} where
n: X = X is homeomorphism and gy = f)\_1 for all X € A.

Proof. Given € > 0. There is § > 0 such that each é—pseudo orbit {z;};cz is
e—traced by a point y € X. Choose § > 0 such that d(z,y) < & implies that
d(fx(z), faly)) < 0, for all A € A. It is enough to see that each 8 —pseudo orbit
{yi }icz for F~1is e—traced by a point.

Since {y; }iez is a 5/—pseudo orbit for F~1, for every i € Z there is A\; € A such that
d(gx, (i), yir1) < 8. Thus d(ys, fx, (yi+1)) < 6, for all i € Z. So d(fu;(x:), wip1) <
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0, where x; = y_; and p; = A_;_1. Then {x;};ez is a §—pseudo orbit for F and
there exists an orbit {w;};cz for F, satisfying the inequality d(w;,x;) < e, for all
1€ Z.

Suppose w;11 = fp, (w;) and put z; = w_;, for all i € Z.

Since w; = f; M (wit1) = gy, (wit1), this is clear that {z;}icz is an orbit of F~! and
d(zi,yi) = d(w_;,x_;) <, for all i € Z. O

Suppose X is an Euclidean metric space and B(z,¢) = {y € X : d(x,y) < €} is
the closed e—ball about = € X.

Theorem 5. [6] Let e, § > 0 and A be a finite set. Suppose F = {X; fa]\ € A}
and G = {X;gr|\ € A} are two IFS such that B(fr(z),e + ) C gx(B(z,¢€)), for
every A € A and x € X. Then every d—pseudo orbit for F can be e—shadowed by

an orbit in G

Corollary 1. [6] The IFS, F = {X; fa|\ € A} has the shadowing property if, for
every € > 0, there is a 6 > 0 such that B(fx(z),e + 6) C fa(B(z,€)) holds for all
re X and A € A.

Theorem 6. Let A be a finite set, F = {X; fa|]\ € A} is an IF'S and let k > 0 be
an integer. Set F* = {g,|p € II} = {fr,0...0fr, | A1, .., \p € A}
a— If F has the shadowing property (on Z, ) then so does FF.
b— Suppose that F* has the shadowing property (on Z. ), € is an arbitrary positive
number and 0 < m < k is a fized integer number. There exists § > 0 such that for
every d—pseudo orbit {x;}i>0 in F, {Zkitm }i>o s a 0—pseudo orbit in F* and can

be e—traced by some point.

Proof. a— Suppose F has the shadowing property and € is an arbitrary positive
number. There exists ¢ > 0 such that if {z;};>0 is a d—pseudo orbit for F we can
find z € X and o € A%+ satisfies, d(z, ) < € and d(F,,_, (x),x,) < € for all n > 1.
Let {y;}i>0 be a §—pseudo orbit for F*. This means that for any i > 0 there exists
Gu: € FF such that d(gy, (yki),yit+1) < 6. For every i > 0 write

Thi = Yir Thitj = [ai 0-.0fxi (%), 0 <j <k

Where gy, = fxi_ 0..0fx;. So {@n}n>0 is a 6—pseudo orbit for F and can be
e—traced by some point 2 € X. Then there is o € A%+ such that d(F,/ (z),z,) < €

’
n
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for allm > 0. This implies that d(]-"a;“_ (z),z;) < eforalli > 0. So d(]—"a;”(x), y;) <€
for all ¢ > 0. Since ]:ULi € F*, for all i > 0 then {y;};>o is e—shadowed by = in
IFS F*.

b— Suppose F* has the shadowing property. Given e > 0, let § be an ¢ modulus of
shadowing property for F*. Since for all A € A, f\ : X — X is a continuous map
of a compact metric space, we can find 0 < «v < § such that each y—finite pseudo

orbit {y;}o<j<k satisfies

,0<j<k.

N <,

(1) d(fx;0-.0fx, (Y0)s Yj+1) <

Where d(fx; (y;), yj+1) <7, for all 0 < j < k.

Now, suppose {z, }n>0 is a y—pseudo orbit for F.

Suppose d(fx, (@), Tnt1) <y for all n > 0. Clearly, for fixed 4, {Zritm+; fo<j<k IS
a y—finite pseudo orbit for F. Then

d(fAkaH 0~~~0f>\k1; (xki+m),$ki+m+j+1) <0, 0<j<k.

If j =k — 1 then d(fa,, i 10-0f s (Thitm), Thithsm) < 0. Then {Tripm }izo

is a §—pseudo orbit for F* and can be e—traced by some point in IFS F*. g

4. EXAMPLES

In this section we are going to construct examples of iterated function systems
and investigate the shadowing property for them. By using of Corollary 1 we show
that the following IFS on S! has the shadowing property.

Next example shows that the Sierpinski’s IF'S has the shadowing property.

Example 1. (Sierpinski Gasket) Consider the solid (filled) equilateral triangle with

vertices at (0,0), (1,0) and (3, @) Now we define the following iterated function

system on X, that called the Sierpinski IFS(see Figure 1)[2].

Lo
f(@=[2 .
1 0 %
1l 9 1
SatHEH
Lo :
f3($): 0 1 z + V3
2 4
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v
v

(0,0) (1,0) (0,0) (3:0) (1,0)

FIGURE 1. First step of Sierpinski’s Gasket

This is clear that F = {X; f1, f2, f3} is uniformly contracting and by Theorem 2.1.
of [11] has the shadowing property.

Let S denote the Sierpinski Gasket generated by F (see [2],for more details), similar
argument shows that the IFS G = {S; f1, fa, f3} has the shadowing property.

Example 2. [6] Consider the unit circle S' = R/Z. The natural distance on R
induces a distance, d, on S'. For m € {2,3} define the map f, : St — St by

fm(z) = (mx)modl.

For given ¢ > 0 we put 6 = ¢. Let x,y € [0,1) and y € B(fa2(x),e + ). There
exist t,s € [0,1) that fo(t) = y = fao(s)(if y = 0 then t = s, otherwise t # s).
Without less of generality, we assume that | 2s — 2z |< e + . This implies that
|s—2|< S0 <e Soy= fos) € fo(B(z,e)).

Similarly B(f3(z),e +6) C f3(B(x,€)). By Corollary 1, the IFS F = {S%; fo, f3}
has the shadowing property.

Example 3. The sequence space on two symbols is the set

Y ={(xo,x1,22,-+) | z; =0 or 1}.
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Let x = (xo, 21,2, ) and y = (Yo, Y1, Y2, ) be two elements in . We define

0o |zi—y;l

the distance between them to be p(x,y) = > " “om

(3, p) is a compact metric space. Let o : & — 3 be the corresponding shift map,

This is well known that

i.e. (0(x)); =xip1 and ag : X — X be a map which is defined by
ag(Tor1xe -+ ) = (T143T4T5 - -+ ).

Take F = {X;0,as}. Since o and as aren’t injective, the IFS F isn’t uniforming
expanding. We show that F has the shadowing property.

Let € > 0. There exists an integer number, N(¢), that 2N—1<> <e< QN(% Choose
6 such that 0 < § < QN(% —e€. Let x = (xox12023 -+ ) be an arbitrary point in X.
In [6], this is proved B(ag(z),e+6) C as(B(x,€)) and B(o(x),e+6) C o(B(x,¢)).
By Corollary 1, the IFS F = {X;0,as} has the shadowing property.

The following example shows that if for every A € A, f) : X — X, as a discrete
dynamical system, has the shadowing property then
F ={X; fa|\ € A} is not necessary an IFS with the shadowing property.

Example 4. Let X =[0,1]. This is clear that the constant function
fi(x) =1 has the shadowing property and by [5] the tent map

fz(:c)={ N Z:f?gx<%’

—2r+2 if 3<r<1

has the shadowing property. But we show that F = {X; f1, fa} does not have the
shadowing property.

Let e = i and & be an arbitrary positive number. Then we can choose

0 < zo < min{d, 75} and natural number n > 3 such that

L < f22(wg) < 1 < f271(w0). So d(fa(1), o) < 6, d(fi(f~%(z0)),1) < & and
d(f2(f3 (o), £ (w0)) < 6 for each 1 < j <n—2.

Thus we can construct a d—pseudo orbit by putting

{z:Yis0 = {20, fo(20); ey £ 2(20), 1, %0, f2(20), -ors [~ 2(w0), 1, 0, ...} Consider a
chain {y;}i>o and a sequence {A\o, A1, ....} € {1,2}2+ such that d(y;,z;) < € for all
0<i<n—1and yi+1 = fr,(yi) for alli > 0. Since x, = 1, if d(xn,yn) < € then
yn = 1 and this implies that y; = 0 or 1, for all i > n. Therefore d(Ynk—1, Tnk—1) >
€, for all k > 1. Thus {x;};>0 cannot be e—traced by {y;}i>0. This finishes the

proof.
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In the next example we introduce a minimal IFS that has the shadowing prop-

erty.

Example 5. Take the following maps f1, fo : R — R given by

file) = (é +20) — a; faz) = (% +20)z + % —a

where 0 < a < i. This is clear that G = {R; f1, fo} is an uniformly contracting
IFS. By Theorem 7.1. of [2] and Lemma 4.1. of [16], there exists a compact subset
A of R with nonempty interior such that f1(A) C A, f2(A) C A and F = {A; f1, f2}
is minimal. But F is an uniformly contracting IFS and by Theorem 2.1. of [11]
has the shadowing property.

5. CHAIN MIXING AND TOPOLOGICAL MIXING

In this section we will recall and extend some well-known general results in dis-
crete dynamical systems for IFSs. Also, we give two non trivial examples of IFSs

that are chain mixing.

Definition 3. The IFS F is topologically mixing if for every nonempty sets U,V C
X, thereis N > 0 such that for all n > N we can find o € A%+ which F, (U)NV # 0.

Definition 4. We say that F is e—chain mixing, if there is an NV > 0 such that for

every z,y € X and n > N there is an e—chain from x to y of length exactly n.

The IFS F is chain mixing if it is e—chain mixing, for every € > 0. In the next

example we give an IF'S consists two irrational rotation that is topological mixing.

Example 6. Consider a circle S* with coordinate x € [0;1) and we denote by d the
metric on S' induced by the usual distance on the real line. Let w(z) : R — St be

the covering projection defined by the relations
7(z) € [0;1)and w(x) = z(x mod 1)

with respect to the considered coordinates on S*. Let 7 : [0,1] — St be a map defined
by w(t) = (cos(2nt),sin(2nt)) Let Fy : [0,1] — [0,1] be a homeomorphism defined by
Fi(t) =t+a and Fy : [0,1] — [0,1] be a homeomorphism defined by Fa(t) =t + 3,
where a < B are two distinct positive numbers that 8 — « is irrational.

Assume that f; is a homeomorphism on S* defined by

fi(cos(2nt), sin(27t)) = (cos(2wF;(t)), sin(2nF;(t))), for i € {0,1}.
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Consider the IFS F = {S*, f|\ € {1,2}}. We show that F is chain mizing.

Fiz e > 0. For each sequence o € A%+ andn > 1, F, (z) = x+ka+ (n—k)B, when
k is the cardinality of the sets {\; | i = 1,1 < i < n}. Since B — « is irrational,
sitmilar argument to Example 2 in [12] shows that the set

{ka+ (n—k)B mod 1|n>1, k<n} is dense in [0,1] . So, for every z,y in S*
we can find Ny > 1 such that there exists an e—chain from x to y of length n, for

all n > Ny.

Theorem 7. Suppose that the IFS F has the shadowing property then F is topo-

logically mixing if and only if it is chain mizing.

Proof. Let F be topologically mixing. Given € > 0 and a, b € X. So, there exists
N > 0 such that for every n > N we can find o € A%+, which F,, (B.(a))NB(b) # 0.
Then, there is a chain of length n from a point in B(a) to a point in B(b). Thus,
there is an e—chain from a to b of length n + 2.
Conversely, suppose that F is chain mixing and has the shadowing property. Assume
that U and V are two arbitrary non-empty sets. Take a € U and b € V and ¢ > 0
such that B.(a) C U and B.(b) C V. Consider § > 0 as e modulus of shadowing.
Since F is chain mixing, there exists NV > 0 such that for every n > N, we can find
o € A%+ which z, F,, (2), ..., Fo, (z),y is a §—chain from z to y. This implies that,
for every n > N, we can find o € AZ+ which F,, (U)NV # 0.

O

Theorems 7 and 1 imply the following result.

Corollary 2. If a parameterized IFS F = {X; fa|\ € A} is uniformly contracting,

then chain mizing and topological mixing properties are equivalent.
Theorems 7 and 2 imply the following result.

Corollary 3. If a parameterized IFS F = {X; fa|A € A} is uniformly expanding
and if each function fx(A € A) is surjective, then chain mizing and topological

mizing properties are equivalent.
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