
©

Journal of Dynamical Systems & Geomatric Theories
ISSN : 1726-037X (Print)   2169-0057 (Online)
Vol. 16(2) November 2018,  pp. 139–149
DOI : 10.1080/1726037X.2018.1436274

dx.doi.org/10.1080/1726037X.2018.1436274
www.tandfonline.com
www.tarupublications.com


140 M. FATEHI NIA

Iterated function systems( IFS), are used for the construction of deterministic frac-

tals and have found numerous applications, in particular to image compression and

image processing [2]. Important notions in dynamics like attractors, minimality,

transitivity, and shadowing can be extended to IFS (see [3, 4, 7, 8, 9, 10]). The

authors defined the shadowing property for a parameterized iterated function sys-

tem and prove that if a parameterized IFS is uniformly contracting, then it has the

shadowing property[11].

The present paper concerns the shadowing and chain mixing properties for IFS and

some important results are extended to iterated function systems. We show that

shadowing property implies that chain mixing and topological mixing properties

are equivalent. In [1] the authors have shown that a minimal homeomorphism on

a compact metric space does not have the shadowing property. In Example 5 we

show that there is a minimal IFS which has the shadowing property. In Example

4 we give an IFS, F = {X; fλ|λ ∈ Λ} such that for every λ ∈ Λ, fλ : X → X,

as a discrete dynamical system, has the shadowing property but F does not have

the shadowing property. Finally, we consider topological mixing and chain mixing

properties and show that shadowing property in IFS implies that topological mixing

and chain mixing are equivalent.

2. Preliminaries

Let (X, d) be a complete metric space. Let us recall that an Iterated Function

System(IFS) F = {X; fλ|λ ∈ Λ} is any family of continuous mappings fλ : X →
X, λ ∈ Λ, where Λ is a finite nonempty set (see[11]).

Let T = Z or T = Z+ = {n ∈ Z : n ≥ 0} and ΛT denote the set of all infinite

sequences {λi}i∈T of symbols belonging to Λ. A typical element of ΛZ+ can be

denoted as σ = {λ0, λ1, ...} and we use the shorted notation

Fσn = fλno...ofλ1ofλ0 .

A sequence {xn}n∈T in X is called an orbit of the IFS F if there exists σ ∈ ΛT

such that xn+1 = fλn(xn), for each λn ∈ σ.

Given δ > 0, a sequence {xn}n∈T in X is called a δ−pseudo orbit of F if there

exists σ ∈ ΛT such that for every λn ∈ σ, we have d(xn+1, fλn(xn)) < δ.

One says that the IFS F has the shadowing property (on T ) if, given ε > 0, there

exists δ > 0 such that for any δ−pseudo orbit {xn}n∈T there is an orbit {yn}n∈T ,
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satisfying the inequality d(xn, yn) ≤ ε for all n ∈ T . In this case one says that the

{yn}n∈T or the point y0, ε− shadows the δ−pseudo orbit {xn}n∈T .

Please note that if Λ is a set with one member then the IFS F is an ordinary

discrete dynamical system. In this case the shadowing property for F is ordinary

shadowing property for a discrete dynamical system.

The IFS F = {X; fλ|λ ∈ Λ} is uniformly contracting if there exists

β = sup
λ∈Λ

sup
x 6=y

d(fλ(x), fλ(y))

d(x, y)

and this number called also the contracting ratio, is less than one[11].

An F is uniformly expanding if

β = inf
λ∈Λ

inf
x 6=y

d(fλ(x), fλ(y))

d(x, y)

and this number, called also the contracting ratio, is greater than one.

Theorem 1. [11] If a parameterized IFS F = {X; fλ|λ ∈ Λ} is uniformly con-

tracting, then it has the Shadowing Property on Z+.

Theorem 2. [11] If a parameterized IFS F = {X; fλ|λ ∈ Λ} is uniformly expand-

ing and if each function fλ(λ ∈ Λ) is surjective, then the IFS has the Shadowing

Property on Z+.

Definition 1. Suppose (X, d) and (Y, d
′
) are compact metric spaces and Λ is a

finite set. Let F = {X; fλ|λ ∈ Λ} and G = {Y ; gλ|λ ∈ Λ} are two IFS which

fλ : X → X and gλ : Y → Y are continuous maps for all λ ∈ Λ. We say that F
is said to be topologically conjugate to G if there is a homeomorphism h : X → Y

such that gλ = hofλoh
−1, for all λ ∈ Λ.

Definition 2. The iterated function system F = {X; fλ|λ ∈ Λ} is minimal if each

closed subset A ⊂ X such that fλ(A) ⊂ A for all λ ∈ Λ, is empty or coincides with

X.

Equivalently, for a minimal iterated function system F = {X; fλ|λ ∈ Λ}, for any

x ∈ X the collection of iterates fλ1o...ofλk(x), k > 0 and λ1, ..., λk ∈ Λ, is dense in

X [14].
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3. Shadowing property for iterated function systems

In this section we investigate the structure of IFS’s with the shadowing property.

It is well known that if f : X → X and g : Y → Y are conjugated then f has the

shadowing property if and only if so does g. In the next theorem we extend this

property for iterated function systems .

Theorem 3. Suppose (X, d) and (Y, d
′
) are compact metric spaces and Λ is a finite

set. Let F = {X; fλ|λ ∈ Λ} and G = {Y ; gλ|λ ∈ Λ} be two conjugated IFS. Then

F has the shadowing property if and only if so does G.

Proof. Given ε > 0. Suppose h : X → Y is a homeomorphism that gλ = hofλoh
−1,

for all λ ∈ Λ. There is γ > 0 such that d(x, y) < γ implies (d
′
(h(x), h(y)) < ε. If

F has the shadowing property then there is β > 0 such that each β−pseudo orbit

{xi}i≥0 for F is γ−traced by some point in X.

Let δ > 0 be a number such that d
′
(x, y) < δ implies d(h−1(x), h−1(y) < β. Now

we show that each δ−pseudo orbit for G is ε−traced by some point in Y . Suppose

{yi}i≥0 is a δ−pseudo orbit for G, so for each i ≥ 0 there is λi ∈ Λ such that

d
′
(gλi(yi), yi+1) < δ. Put xi = h−1(yi), for all i ≥ 0. Then d(fλi(xi), xi+1) =

d(h−1ogλi(yi), h
−1(yi+1)) < β, for all i ≥ 0. Thus {xi}i≥0 is a β−pseudo orbit for

F and so there is an orbit {zi}i≥0 of F such that d(zi, xi) < γ for all i ≥ 0. Note

that for each i ≥ 0 there is µi ∈ Λ such that zi+1 = fµi(zi). Let wi = h(zi), this is

clear that

wi+1 = h(zi+1) = h(fµi(zi)) = gµi(h(zi)) = gµi(wi),

for all i ≥ 0. Therefor {wi}i≥0 is an orbit of G and d
′
(wi, yi) < ε for all i ≥ 0. �

Theorem 4. Let X be a compact metric space. If F = {X; fλ|λ ∈ Λ} is an

IFS with the shadowing property (on Z), then so is F−1 = {X; gλ|λ ∈ Λ} where

fλ : X → X is homeomorphism and gλ = f−1
λ for all λ ∈ Λ.

Proof. Given ε > 0. There is δ > 0 such that each δ−pseudo orbit {xi}i∈Z is

ε−traced by a point y ∈ X. Choose δ
′
> 0 such that d(x, y) < δ

′
implies that

d(fλ(x), fλ(y)) < δ, for all λ ∈ Λ. It is enough to see that each δ
′−pseudo orbit

{yi}i∈Z for F−1 is ε−traced by a point.

Since {yi}i∈Z is a δ
′−pseudo orbit for F−1, for every i ∈ Z there is λi ∈ Λ such that

d(gλi(yi), yi+1) < δ
′
. Thus d(yi, fλi(yi+1)) < δ, for all i ∈ Z. So d(fµi(xi), xi+1) <
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δ, where xi = y−i and µi = λ−i−1. Then {xi}i∈Z is a δ−pseudo orbit for F and

there exists an orbit {wi}i∈Z for F , satisfying the inequality d(wi, xi) < ε, for all

i ∈ Z.

Suppose wi+1 = fηi(wi) and put zi = w−i, for all i ∈ Z.

Since wi = f−1
ηi (wi+1) = gηi(wi+1), this is clear that {zi}i∈Z is an orbit of F−1 and

d(zi, yi) = d(w−i, x−i) < ε, for all i ∈ Z. �

Suppose X is an Euclidean metric space and B(x, ε) = {y ∈ X : d(x, y) ≤ ε} is

the closed ε−ball about x ∈ X.

Theorem 5. [6] Let ε, δ > 0 and Λ be a finite set. Suppose F = {X; fλ|λ ∈ Λ}
and G = {X; gλ|λ ∈ Λ} are two IFS such that B(fλ(x), ε + δ) ⊆ gλ(B(x, ε)), for

every λ ∈ Λ and x ∈ X. Then every δ−pseudo orbit for F can be ε−shadowed by

an orbit in G

Corollary 1. [6] The IFS, F = {X; fλ|λ ∈ Λ} has the shadowing property if, for

every ε > 0, there is a δ > 0 such that B(fλ(x), ε + δ) ⊆ fλ(B(x, ε)) holds for all

x ∈ X and λ ∈ Λ.

Theorem 6. Let Λ be a finite set, F = {X; fλ|λ ∈ Λ} is an IFS and let k > 0 be

an integer. Set Fk = {gµ|µ ∈ Π} = {fλko...ofλ1 |λ1, ..., λk ∈ Λ}.
a− If F has the shadowing property (on Z+) then so does Fk.

b− Suppose that Fk has the shadowing property (on Z+), ε is an arbitrary positive

number and 0 ≤ m < k is a fixed integer number. There exists δ > 0 such that for

every δ−pseudo orbit {xi}i≥0 in F , {xki+m}i≥0 is a δ−pseudo orbit in Fk and can

be ε−traced by some point.

Proof. a− Suppose F has the shadowing property and ε is an arbitrary positive

number. There exists δ > 0 such that if {xi}i≥0 is a δ−pseudo orbit for F we can

find x ∈ X and σ ∈ ΛZ+ satisfies, d(x, x0) < ε and d(Fσn−1
(x), xn) < ε for all n ≥ 1.

Let {yi}i≥0 be a δ−pseudo orbit for Fk. This means that for any i ≥ 0 there exists

gµi ∈ Fk such that d(gµi(yki), yi+1) < δ. For every i ≥ 0 write

xki = yi, xki+j = fλij−1
o...ofλi0(yi), 0 < j < k.

Where gµi = fλik−1
o...ofλi0 . So {xn}n≥0 is a δ−pseudo orbit for F and can be

ε−traced by some point x ∈ X. Then there is σ
′ ∈ ΛZ+ such that d(Fσ′n(x), xn) < ε
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for all n ≥ 0. This implies that d(Fσ′ki(x), xki) < ε for all i ≥ 0. So d(Fσ′ki(x), yi) < ε

for all i ≥ 0. Since Fσ′ki ∈ F
k, for all i ≥ 0 then {yi}i≥0 is ε−shadowed by x in

IFS Fk.

b− Suppose Fk has the shadowing property. Given ε > 0, let δ be an ε modulus of

shadowing property for Fk. Since for all λ ∈ Λ, fλ : X → X is a continuous map

of a compact metric space, we can find 0 < γ < δ such that each γ−finite pseudo

orbit {yj}0≤j≤k satisfies

(1) d(fλjo...ofλ0
(y0), yj+1) <

δ

2
, 0 ≤ j < k.

Where d(fλj (yj), yj+1) < γ, for all 0 ≤ j < k.

Now, suppose {xn}n≥0 is a γ−pseudo orbit for F .

Suppose d(fλn(xn), xn+1) < γ for all n ≥ 0. Clearly, for fixed i, {xki+m+j}0≤j≤k is

a γ−finite pseudo orbit for F . Then

d(fλki+m+j
o...ofλki(xki+m), xki+m+j+1) < δ, 0 ≤ j < k.

If j = k − 1 then d(fλki+m+k−1
o...ofλki+m(xki+m), xki+k+m) < δ. Then {xki+m}i≥0

is a δ−pseudo orbit for Fk and can be ε−traced by some point in IFS Fk. �

4. Examples

In this section we are going to construct examples of iterated function systems

and investigate the shadowing property for them. By using of Corollary 1 we show

that the following IFS on S1 has the shadowing property.

Next example shows that the Sierpinski’s IFS has the shadowing property.

Example 1. (Sierpinski Gasket) Consider the solid (filled) equilateral triangle with

vertices at (0, 0), (1, 0) and ( 1
2 ,
√

3
2 ). Now we define the following iterated function

system on X, that called the Sierpinski IFS(see Figure 1)[2].

f1(x) =

[
1
2 0

0 1
2

]
x.

f2(x) =

[
1
2 0

0 1
2

]
x +

[
1
2

0

]

f3(x) =

[
1
2 0

0 1
2

]
x +

[
1
4√
3

4

]
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(0, 0) ( 12 , 0) (1, 0)

(12,
√
3
2 )

(14,
√
3
4 ) (34,

√
3
4 )

(0, 0) (1, 0)

(12,
√
3
2 )

f1(X) f2(X)

f3(X)

Figure 1. First step of Sierpinski’s Gasket

This is clear that F = {X; f1, f2, f3} is uniformly contracting and by Theorem 2.1.

of [11] has the shadowing property.

Let S denote the Sierpinski Gasket generated by F (see [2],for more details), similar

argument shows that the IFS G = {S; f1, f2, f3} has the shadowing property.

Example 2. [6] Consider the unit circle S1 = R/Z. The natural distance on R
induces a distance, d, on S1. For m ∈ {2, 3} define the map fm : S1 → S1 by

fm(x) = (mx)mod1.

For given ε > 0 we put δ = ε
5 . Let x, y ∈ [0, 1) and y ∈ B(f2(x), ε + δ). There

exist t, s ∈ [0, 1) that f2(t) = y = f2(s)(if y = 0 then t = s, otherwise t 6= s).

Without less of generality, we assume that | 2s − 2x |≤ ε + δ. This implies that

| s− x |≤ ε+δ
2 < ε. So y = f2(s) ∈ f2(B(x, ε)).

Similarly B(f3(x), ε + δ) ⊆ f3(B(x, ε)). By Corollary 1, the IFS F = {S1; f2, f3}
has the shadowing property.

Example 3. The sequence space on two symbols is the set

Σ = {(x0, x1, x2, · · · ) | xi = 0 or 1}.
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Let x = (x0, x1, x2, · · · ) and y = (y0, y1, y2, · · · ) be two elements in Σ. We define

the distance between them to be ρ(x, y) =
∑∞
i=0

|xi−yi|
2|i|

. This is well known that

(Σ, ρ) is a compact metric space. Let σ : Σ −→ Σ be the corresponding shift map,

i.e. (σ(x))i = xi+1 and α2 : Σ→ Σ be a map which is defined by

α2(x0x1x2 · · · ) = (x1x3x4x5 · · · ).

Take F = {Σ;σ, α2}. Since σ and α2 aren’t injective, the IFS F isn’t uniforming

expanding. We show that F has the shadowing property.

Let ε > 0. There exists an integer number, N(ε), that 1
2N(ε) ≤ ε < 1

2N(ε)−1 . Choose

δ such that 0 < δ < 1
2N(ε)−1 − ε. Let x = (x0x1x2x3 · · · ) be an arbitrary point in Σ.

In [6], this is proved B(α2(x), ε+ δ) ⊆ α2(B(x, ε)) and B(σ(x), ε+ δ) ⊆ σ(B(x, ε)).

By Corollary 1, the IFS F = {Σ;σ, α2} has the shadowing property.

The following example shows that if for every λ ∈ Λ, fλ : X → X, as a discrete

dynamical system, has the shadowing property then

F = {X; fλ|λ ∈ Λ} is not necessary an IFS with the shadowing property.

Example 4. Let X = [0, 1]. This is clear that the constant function

f1(x) = 1 has the shadowing property and by [5] the tent map

f2(x) =

{
2x if 0 ≤ x < 1

2 ,

−2x+ 2 if 1
2 ≤ x ≤ 1

has the shadowing property. But we show that F = {X; f1, f2} does not have the

shadowing property.

Let ε = 1
4 and δ be an arbitrary positive number. Then we can choose

0 < x0 < min{δ, 1
16} and natural number n ≥ 3 such that

1
8 ≤ fn−2

2 (x0) < 1
4 ≤ fn−1

2 (x0). So d(f2(1), x0) < δ, d(f1(fn−2
2 (x0)), 1) < δ and

d(f2(f j−1
2 (x0), f j2 (x0)) < δ for each 1 < j ≤ n− 2.

Thus we can construct a δ−pseudo orbit by putting

{xi}i≥0 = {x0, f2(x0), ..., fn−2
2 (x0), 1, x0, f2(x0), ..., fn−2

2 (x0), 1, x0, ...}. Consider a

chain {yi}i≥0 and a sequence {λ0, λ1, ....} ∈ {1, 2}Z+ such that d(yi, xi) < ε for all

0 ≤ i ≤ n− 1 and yi+1 = fλi(yi) for all i ≥ 0. Since xn = 1, if d(xn, yn) < ε then

yn = 1 and this implies that yi = 0 or 1, for all i ≥ n. Therefore d(ynk−1, xnk−1) ≥
ε, for all k > 1. Thus {xi}i≥0 cannot be ε−traced by {yi}i≥0. This finishes the

proof.
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In the next example we introduce a minimal IFS that has the shadowing prop-

erty.

Example 5. Take the following maps f1, f2 : R→ R given by

f1(x) = (
1

2
+ 2α)x− α; f2(x) = (

1

2
+ 2α)x+

1

2
− α

where 0 < α < 1
4 . This is clear that G = {R; f1, f2} is an uniformly contracting

IFS. By Theorem 7.1. of [2] and Lemma 4.1. of [16], there exists a compact subset

A of R with nonempty interior such that f1(A) ⊂ A, f2(A) ⊂ A and F = {A; f1, f2}
is minimal. But F is an uniformly contracting IFS and by Theorem 2.1. of [11]

has the shadowing property.

5. Chain mixing and topological mixing

In this section we will recall and extend some well-known general results in dis-

crete dynamical systems for IFSs. Also, we give two non trivial examples of IFSs

that are chain mixing.

Definition 3. The IFS F is topologically mixing if for every nonempty sets U, V ⊂
X, there isN > 0 such that for all n > N we can find σ ∈ ΛZ+ which Fσn(U)∩V 6= ∅.

Definition 4. We say that F is ε−chain mixing, if there is an N > 0 such that for

every x, y ∈ X and n > N there is an ε−chain from x to y of length exactly n.

The IFS F is chain mixing if it is ε−chain mixing, for every ε > 0. In the next

example we give an IFS consists two irrational rotation that is topological mixing.

Example 6. Consider a circle S1 with coordinate x ∈ [0; 1) and we denote by d the

metric on S1 induced by the usual distance on the real line. Let π(x) : R → S1 be

the covering projection defined by the relations

π(x) ∈ [0; 1)and π(x) = x(x mod 1)

with respect to the considered coordinates on S1. Let π : [0, 1]→ S1 be a map defined

by π(t) = (cos(2πt), sin(2πt)) Let F1 : [0, 1]→ [0, 1] be a homeomorphism defined by

F1(t) = t+ α and F2 : [0, 1]→ [0, 1] be a homeomorphism defined by F2(t) = t+ β,

where α < β are two distinct positive numbers that β − α is irrational.

Assume that fi is a homeomorphism on S1 defined by

fi(cos(2πt), sin(2πt)) = (cos(2πFi(t)), sin(2πFi(t))), for i ∈ {0, 1}.
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Consider the IFS F = {S1, fλ|λ ∈ {1, 2}}. We show that F is chain mixing.

Fix ε > 0. For each sequence σ ∈ ΛZ+ and n > 1, Fσn(x) = x+kα+(n−k)β, when

k is the cardinality of the sets {λi | λi = 1, 1 ≤ i ≤ n}. Since β − α is irrational,

similar argument to Example 2 in [12] shows that the set

{kα + (n − k)β mod 1 | n > 1, k ≤ n} is dense in [0, 1] . So, for every x, y in S1

we can find N0 > 1 such that there exists an ε−chain from x to y of length n, for

all n > N0.

Theorem 7. Suppose that the IFS F has the shadowing property then F is topo-

logically mixing if and only if it is chain mixing.

Proof. Let F be topologically mixing. Given ε > 0 and a, b ∈ X. So, there exists

N > 0 such that for every n > N we can find σ ∈ ΛZ+ , which Fσn(Bε(a))∩Bε(b) 6= ∅.
Then, there is a chain of length n from a point in Bε(a) to a point in Bε(b). Thus,

there is an ε−chain from a to b of length n+ 2.

Conversely, suppose that F is chain mixing and has the shadowing property. Assume

that U and V are two arbitrary non-empty sets. Take a ∈ U and b ∈ V and ε > 0

such that Bε(a) ⊂ U and Bε(b) ⊂ V . Consider δ > 0 as ε modulus of shadowing.

Since F is chain mixing, there exists N > 0 such that for every n > N , we can find

σ ∈ ΛZ+ which x,Fσ1
(x), ...,Fσn(x), y is a δ−chain from x to y. This implies that,

for every n > N , we can find σ ∈ ΛZ+ which Fσn(U) ∩ V 6= ∅.
�

Theorems 7 and 1 imply the following result.

Corollary 2. If a parameterized IFS F = {X; fλ|λ ∈ Λ} is uniformly contracting,

then chain mixing and topological mixing properties are equivalent.

Theorems 7 and 2 imply the following result.

Corollary 3. If a parameterized IFS F = {X; fλ|λ ∈ Λ} is uniformly expanding

and if each function fλ(λ ∈ Λ) is surjective, then chain mixing and topological

mixing properties are equivalent.
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