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ABSTRACT. Rodrigues parameters depend on the tangent of the half rotation
angle in Euclidean space but in Dual space, dual Rodrigues parameters contain
both rotation angle and distance corresponding the shortest distance between
the straight lines in R3. In this paper, we give Cayley’s formula for the dual
hyperbolic spherical motion and explain 3x3 type L-Dual skew symmetric
matrices by using properties of this formula. Then, we obtain Rodrigues pa-
rameters of dual Hyperbolic unit sphere and show that Rodrigues parameters
contain the hyperbolic rotation angle which is being between timelike lines and
distance which is the minimal Lorentzian distance between the timelike lines

3
ofR 7.
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1. INTRODUCTION

Dual numbers were introduced by Clifford in the 19th century. Later on, Study

[12], who showed special interest to the representation of directed lines by dual unit
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vectors, generalized their first applications to mechanics and defined the mapping
that is known by his name. This mapping exists one-to-one correspondence between
the vectors of dual unit sphere and the directed line in R?. In 1996, Ugurlu and
Caliskan [13] defined a Study mapping in Lorentzian space R} instead of R3.

Euler-Rodrigues formula was first introduced in Euler’s equations in 1775. In
1840, these equations which is known as Rodrigues parameters which depend on
tangent of half the rotation angle related to coordinates of the rotation axis were
defined independently by Rodrigues [11]. The vector form of this formula was given
by Gibbs [4], Bisshopp [1] and Bottema and Roth [2] and they offered Rodrigues
formula in planar and spatial motion. Euler-Rodrigues formula has been effectively
used in geometric algebras, robotics and theoretical kinematics. Moreover, the Ro-
drigues formula which is a method of calculating the position of a rotated point, is
used in some software applications, such as flight simulators and computer games.
For more details, we refer the readers to([3], [7], [9]). Today, this formula has at-
tracted much attention in kinematics. In 2009, Rodrigues parameters were obtained
by Ozkald1 and Giindogan [8] in 3-dimensional Lorentzian space and in 2010, dual
Rodrigues parameters were obtained by Karakilig [6] in unit dual Sphere S2. He
showed that Rodrigues parameters had relationship with directed lines in R3. The
aim of this study is to give Rodrigues parameters on dual hyperbolic sphere If&
which allows us to provide the motions of the points on hyperbolic sphere whose
rotation axis is a spacelike. Moreover, Rodrigues parameters are used to obtain
rotation matrix on dual hyperbolic unit sphere.

Now, we recall a brief summary of the theory of dual numbers, Lorentz space
and dual Lorentz space.

A dual number is formal sum A = a + ea* where a and a* are real numbers and
€2 = 0. The set of all dual numbers is a commutative ring over the real numbers
field and is showed by D. Then

Dgz{d:(Al,AQ,Ag)‘AZ‘ GD, 1§Z§3}

is a set that is a module over the ring D and is named D-module or Dual space.
The elements of D3 are called as dual vector. A dual vector a may be given in
the form @ = @ + ed* where @ and @* are the vectors of R3. For any vectors

B} - = =
a=d+ed*, b= b +ecb* € D? the inner product and the vector product of
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these vectors are defined by, respectively,
(a,b) = (4, ?> +=((@, ?*> + (@, ?>)

- — — —
axb=d x b+5(7>< b*+d* x b).

and

The norm of a dual vector a is defined to be

(@, )

lal = || +€W-
A dual vector @ with norm 1 is named dual unit vector. The set of dual unit vectors
is
S?={a=7a+ea*eD*||a|=1, @, @ €R?}
which is called dual unit sphere. The vectors of unit sphere S? are one-to-one
correspondence with the directed lines in R3.

For the vectors @ = (a1, a2, a3) and ? = (b1, b2, b3) , let R$ be the 3—dimensional
Lorentz space over the field of real numbers R with the Lorentzian inner product
(,)given by

<77 _b>>L = —a1b; + asbs + asbs.

A vector @ = (a1,az,a3) € R} is said to be timelike if (@, @), < 0, spacelike
if (7,7>L > 0 and lightlike (null) if (7,7)L = 0 and a # 0.The norm of @ is
defined ||E>||L = \/W The norm || @, is either positive or zero or positive
imaginary. If || @], is positive imaginary, then the notation ||| @||| is used instead
of |12,

The Lorentzian cross product of vectors @ = (a1,az2,a3) and ? = (b1, bo, b3) is
defined by

_>
7 XL b = (agbg — a2b3,a3b1 — a1b3,a1b2 — agbl).

%
Consider that ¢ is the angle between vectors @ and b. There exist the following

equations:
%
1. For the timelike vectors E), b in R},
— —
(2.3), =120 [ s
— —
H7 X1 bH - |||7|||.‘H b H sinth
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%
2. For the spacelike vector @ and positive timelike vector b in R3,
— —
(2.3), =121, [7] s
— —
‘7 Xp b H = ||7HL‘H b Hcoshap.

_>
3. For the spacelike vectors 7, b in R} that span a timelike vector subspace
— —
<7, b >L‘ =<, - H b ‘ Lcosh<p

‘7 XL_b>‘

_>
=, - H b ) Lsinh<p.

—
Let @ and b be two vectors in RY. Then, the Lorentzian inner product on R} is

given as below
-7 = o
<a, b >L = —ai1b; + Z;a,bZ [10].
1=

The set of unit timelike and spacelike vectors are named Hyperbolic and Lorentzian

unit sphere and shown by
Hg = {7 = (a1,0az,a3) € R} | (7,7>L = -1}
and
§? = {d = (a1,a9,a3) € R} | (T, @), =1}

respectively [13].

The Lorentzian inner and cross product of dual vectors a = a + 57*, b =
- =
b +eb* e D?is defined by

(33), = (2.), +=((2.5), +(2.7),)

R - - -
CLXLb:?XL b +€(E>><L b*+?* X b)

and

respectively. The Lorentzian causal character of a dual vector a = d +ed*is
same with the causal character of @ [13]. A dual vector a is said to be timelike if
(d,d), <0, spacelike if (@', @), > 0 and lightlike(or null) if (@, ), = 0 and
a # 0 which is Lorentzian inner product with signature ( -,4,4). The norm of a is

defined as N
a - ar*

- — —
”aHL: <ava>L: ||a||L+€ H H
L

where @ -, @* can be used istead of (@, @), .Then, the set

Di’:{dz?—l—a?ﬂ?,?*él&‘;’}
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is called as dual Lorentzian space (L-Dual space).

The dual Hyperbolic and dual Lorentzian unit sphere are denoted by
H={a=d+cad*eD}|(a,a), =1, @,a" €R}}

and
S2={a=7+ead*eD}|(aa), =1, @, a" cR}}
respectively. There are two components of dual Hyperbolic unit sphere. The com-
ponents of HZ passing through (1,0, 0) and (—1,0,0) are called as a future-pointing
dual hyperbolic unit sphere and a past-pointing dual hyperbolic unit sphere and
- 24 _ 2

shown by H, and H, ,respectively. Thus, with regard to this definition, the
following sets can be written

-2+ _

H, = {d =@ +ed* € H?|ais a future-pointing timelike unit Vector}
and

_ 92— _

H, = {d —d+ed* e HZ | a is a past-pointing timelike unit vector} .
The dual timelike and spacelike vectors of dual Hyperbolic and Lorentzian unit
sphere HZ and S? are one-to-one correspondence with the directed timelike and
spacelike line of the Lorentzian space R$ [13].

In L-Dual space D7, the angle between vectors d,l; is defined as follows:

1. Let a and b be dual timelike vectors in D3. The dual angle is defined by
0.5), = =Nl -] cosh
(ab) =—lal,- ||, cosno

2. Let @ and b be dual timelike vectors in D? which span a dual timelike vector

subspace. The dual angle between these vectors is determined as follows
i.6) = Nl -] cosh
(a.b) =laly- b cosho

3. Let @ be a dual spacelike vector and b be a dual timelike vector in D?. Then,

the dual angle is described by
7’6> - L . HBH i h 7.
(a,0) = lall, - |[p], sinh o

Let us take A = [ai;] € D} which is the set of m x n type dual matrix and

B = [bjk} € D, where a;; = a;j + eay; and I;jk = b + Eb;fk. Lorentzian matrix
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multiplication which is called as L-multiplication is defined by

n
A B=|—anbix+ Y aibj|
j=2
where A -, B is matrix of m rows and p columns.
The n x n identity matrix corresponding to L-multiplication is shown by I,,. I,

is described as follows

-1 0 ... 0
0 1 .. 0
I, =
0 0 .. 1
L - nXn

If A L B =B ‘L A= I,, a n X n matrix A is called as L-invertible where B is
an n X n matrix. At that time, B is called L-inverse of A and is indicated by
A7 The transpose of a matrix A = [a;;] € D is denoted by A" and is defined as
A= [a;] € D?,. A matrix A € D! is called L-dual orthogonal matrix if A=A
[5].

Let f be a differentiable dual function with dual variable z + ex*. Thus, Taylor

expansion of dual function f is
flatex™) =f(x)+ea"f (2)

where f’ () is the derivation of f.

2. CAYLEY’'S FORMULA FOR THE DUAL HYPERBOLIC SPHERICAL MOTION

X = A & corresponds to a rotation about the origin where A4 is a 3 x 3 type L-
Dual orthogonal matrix and Z € D3. Suppose that the vector ¥ is on dual hyperbolic
unit sphere Fﬁ. The length of dual vector is preserved by the dual hyperbolic unit

spherical motion, that is
|| =z
|%], =1z,

which yields
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Since the equality X = A -1, & expressing a rotation about the origin is existed, the

following equations are easily calculated

X+i = Api+ta
= (A—FI LT
and
X-3 = Api—z
= (A-1)wa
Except for A -f & = —&, it is clear that A + I is regular and when the above

mentioned equalities are considered,
_ -1 _
(a+1) o (X+3) ==
can be briefly written. Thus, if x selected on F?) is taken into account,
- , _ -1 -
X—x:(A—[)-L(A+I> 'L(X+Jc>
_ - -1
is obtained. Suppose that the matrix (A -1 ) ‘L (A + 1 ) is shortly symbolized
as Z
_ _ - -1
7= (AfI) . (A+I) :
it is possible to write the below expression
X—@ZZI (X-i—i)
T -
Due to the fact that Z7 = —Z, Z is a skew-symmetric matrix. After solving the

, , , -1 ,
equation Z = (A — I) ‘L (A + I) for A, the formula which is called as L-Dual

Cayley’s formula is attained as below:
, N1 ,
A:(IfZ) ~L(I+Z),

or its equivalent form;
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_ T
Since Z is skew-symmetric, it is allowed to compute the matrix A as follows;
_T \NT N\ —1 T
A= (1+2) o ((I—Z) )
_T o\ 1
= <I+Z )'L(I—Z >
_ e
= (1-2) (1+2) .
- -T
Considering the above mentioned matrices A and A |, it is clear that
_T _ _ _\ —1 _ -\ —1
Ad = (1-2)u(1+2) o (1+2) 0 (1-2)
= I,
Then, A is a L-Dual Orthogonal Matrix.

Corollary 1. An orthogonal L-Dual matriz A is generated by every skew- symmet-

ric L-Dual matriz Z.

3. 3x3 TYPE L-DUAL SKEW-SYMMETRIC MATRICES

By using the equality Z -1, § = Z X1, §, let us determine the matrix Z.

Zin Ziz 213
Let us take Z = | 291 29 Zoz |, ¥ = (U1,¥2:U3), 2= (21,22, 23),
Z31 Z32 733
where y is a dual timelike vector which is centered at the .ng If we consider the

equality Z - § = 2 x 1, 7, the following equalities are easily calculated

zi1 = 0, z120 =23, 213 = —22

221 = —z3, 220 =0, 203 = —2

231 = 22, 232 =21, 233 =10
and

zin = 0, 2y =23, zj3=—23

251 = _Z§7 Z;Q =0, Z;S = _ZT

* _ * k% *
Z3 = Zg, Z39 =21, 233 =0.
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Consequently, if we take account of the above expressions, we can give

z211=0 212=23 2z13=—22
291 = —23 222=0 293 =—21

231 =22 Zza =21 233=0

and

4. L-DUAL RODRIGUES EQUATION FOR ROTATIONS

Let A be a L-Dual orthogonal matrix. We think the equation of a rotation about
the origin, i.e., Api=X. By using L-Dual Cayley’s formula mentioned section 2,

we obtain the following equality

X-i=7 (X+3).
If we consider the relation between the Lorentzian cross product and skew-symmetric
matrix, we can write

X —i=2xg (X+5c).
The above mentioned equality is called as the L-Dual Rodrigues equation and z

referred in this equation is called as the L-Dual Rodrigues vector.

Theorem 1. In D3, the rotation matriz A transforms the timelike vectors to time-
like wvectors, the spacelike vectors to spacelike vectors and the null vectors to null

vectors.

Proof. Let @ = (21,%2,%3) = (21 + ex}, 22 + exb, 23 + ex3) € D3. From L-Dual
N N\ -1 _
Cayley’s formula, it is easily seen that A = (I — Z) ‘L (I + Z) . In this case, if
required procedures are made, the matrix A -7, & is as follows
A 1
zl zz ZJ+1
+23+23+1) 2 (23 — 2122) —2 (22 + Z123) T
(23 + 2122) -(F+73-723-1) —2(z1 + 2223) | T2

— 212’3) 2 (21 — 2223) — (_2 — 25 1) .fg
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1
22-z2-2241
1 (zi vy 1) ¥ 2 (33 — F122) — 2% (30 + 7173)
X | 271 (33 + 212) — 7o (2? T - 1) 275 (31 + Za%3)
—271 (22 — 2123) + 2% (31 — Z2%3) — &3 (éf — 42— 1)
Here,
(2,2), = ((21+e2],20+e2z5,23+¢23), (21 +e2],20+€25,23 +€23)),
= 22422423 2 (—22) + 202 + 2323)
is simply computed where —27 + 22 + 22 # 1. So, we have the equality
<A-L 7 AL 5;>L =P il a = (3,1),

Thus, the proof is completed.

O

In L-Dual Rodrigues equation X —7=2x I (X + 5:) , let us take account z

spacelike vector and z be perpendicular to x. Because of z € H 2 and from Theorem

1, it is clear that X is a timelike vector and X € H:§ Due to

H? +?Hi - <Y?>L 2|17 - ‘HYH‘ cosh¢ + (2,7, <0,

then X + & = (? + ?) +e (Y* + ?*) is a timelike vector. When we consider

the above mentioned geometric comments about z and X + Z, the fact that Z is

perpendicular to X +7is easily obtained. Let (}b be the dual angle between z and

X + Z. Thinking the norm of the expression
X—Z=2xy (X+§:),
it is possible to write the following equality
o], = 5] s
H z|, 2], [ X + 2 L cos 0]
Since X + Z is perpendicular to z, then

(z.X+2) =2, HX +xH sinh é = 0.
L L

On the other hand, because of sinh ¢ = 0, ¢ is zero. Thus, cosh¢ = 1. Then, we

can obtain the below statement

K=, = el [+,
|X -2 =nzn, % +a|
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Moreover, X = 7 + 5?* and

(%),

<7 + 5?*, Y + 6)?*>L
= (X.X) +2:(X.X7)

is computed. Since 7 is perpendicular to 7*, <X,X> = <?, ?> is attained.
L L
Furthermore, by getting

-l - (5, 250, 0

and letting <? ?> (7, 7), = —1, we have

N |

HX — i“H = 2sinh
L

Similarly,

NCIRSW

HX—l—i‘H = 2cosh
L
Because of the following equality

-, = e 2+

| -2, =nzn. [ x+3|,
it is briefly seen that

éﬁ

(1) ||ZHL = tanh =

Using the properties of dual numbers and Lorentzian product, we get

EE

(2) ||Z||L ”?HL_FS H ”L

and

(3) tanh ? = tanh ¢ + gﬂ (1 — tanh? ﬁ)

where ¢ is the hyperbolic rotation angle and ¢* is the minimal Lorentzian distance.

The equations (2) and (3) imply

7'L ?* _ (b * 9 ¢
(4) Il + e = tanh g+ <1_tanh 2)_

From (4), it is clear that
171, = tanh &
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and
(5) L _ & 1—tanh2? .
EIE 2
Let us denote the unit vector which is the same direction of 2 by J, that is
T =2 and ¥ = $1, 2, s3) is called the Unit Rodrigues vector. So (5) yields,
1=
L
(6) ?-L?*:qi(l—tanhz(;S).

Moreover, let us define the L—Dual Rodrigues vector, by s, s = ﬁ Taking
L
advantage of the properties of the dual numbers and Lorentzian product, we obtain

Y El (7* 7-<7-L7*)>
|

(7) =% 4 =—— = +e —
ErER EP 1217

which is & = (s1, 82, 83) and §* = (s%, 83, 53) .

Thinking the equality (7), the below equations can be easily attained

2 ||7||2L — 21 (=212} + 2025 + 2323)

(8) 81 = 3
IZ 17
2
) o I Z 1|7, — 22 (—212F + 2225 + 2323)
2 — 7 3
1217
* 2 * * *
(10) g = 23 ”?HL — 23 (=212 + 2223 + 2323)
¥ =

3
IZ1;
Having regarded the expressions (8), (9) and (10) together, it is seemed that the

results 27, 23, 25 are found

3
st Z I, + 21 (2225 + 2325)

(11) = 2
IZ1; + 22
3
(12) o= 53 ”?”L — 212227 + 222325
2T 2
H?”L - Z%
3
(13) o — si | 2|y, — 21232f + 222373
3=

2
||?||L—z§

Because the real Rodrigues parameters are

z1 = s1 tanh g
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29 = So tanh 5

z3 = s3tanh ?

and

2], = tanb 2,

we can rewrite the equation (11), (12) and (13); for example,

ST tanh® % + 5189 tanh? %zék + s183 tanh? %zg‘
tanh® 2 (1 + s7)

21
Simplifying the above equation, we find as below:

s7 tanh% + 515225 + 515323

14 2=
( ) 1 1+S%
Similarly,
) * *
s5tanh § — 515227 + 525323
15 z5 =
( ) 2 1— 8%
) * *
s3tanh § — 515327 + 525325
16 z3 =
( ) 3 1 _ Sg
are obtained.
Note that 5 = & + ¢&* is unit dual vector if and only if || 5]|, = 1 and

(?, ?*>L = 0. Due to this fact, it is possible to attain

(17) \/—si+si+s3 = 1

—818] + S285 +s3s5 = 0.

So, ¥ is spacelike, i.e. —s? 4+ 52 + 53 = 1.

Thus, let us suppose that s; # 0 for all ¢ = 1,2,3, so # £1 and s3 # +1. If one
or two of them are equal to zero, then one can obtain the solutions of z} ’s from
(14),(15),(16). We take s; # 0, s2 # 0, s3 # 0. So the denominators, 1 — s2, are
also different from zero by (17). If we use (6), it is allowed to compose the following
equality

T 7= —5127 + S225 + S323 = % <1 — tanh? ?) .
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Since s1 # 0,
8 § % (tanh2 % — 1) + s925 + S323
(18) 2= st .
The equation (14) and (18) yields,
19 Sozy + 8324 = $187 tanh ? +(1+5%) (1 - tanh? ¢ .
2 3 1 5 1 B

If we substitute (19) into (18), we have

2 =8 <1 — tanh? q;) % + 57 tanh g

Similarly,
AN ¢
25 = So <1 — tanh? 5) 5 + s5 tanh )

are obtained.

Corollary 2. Taking into consideration the calculations and geometric comments

which are done through the article, it is no doubt that the undermentioned results

constitute
zZ1 = 81 tanhg
(20) Z2 = 89 tanh%
z3 = Sztanh ?
2
and
2 = s (1 — tanh? Z) % + 57 tanhg
(21) 2y = s (1 — tanh? 2) % + 55 tanhg
25 = s3 (1 — tanh? g) % + s3 tanhg.

If we consider (20) and (21), z = (z1, 22, z3)+€ (2], 25, 25) depends on the hyperbolic
rotation angle ¢ being between timelike lines and distance ¢* which is being the

minimal Lorentzian distance between the timelike lines of R3.
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The relationship between the axis of rotation and timelike lines of R$ which cor-
respond to points on dual hyperbolic unit sphere is given in the following diagram:
—2

Hy

S — 2

dy

A rotation about the origin on
hyperbolic unit sphere is defined
2 by X = A., X. There exists the
—_ _—1 —
equalityA=(I-2) ., (I+2)
= where Z is a skew-symmetric
matrix which corresponds to the
dual vector Z = (Z4,7,,Z3).
\ A point which is on dual hyperbolic
unit sphere act accortingto z = /
tanh% where Z is related to both the
angle ¢ and the distance ¢*.
Figure 1. Rodrigues Parameters Diagram
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