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ABSTRACT. In this paper, we investigate the growth and value distribution
of meromorphic solutions to higher order homogeneous and nonhomogeneous
linear differential equations in which the coefficients are entire functions of finite
[p, gl-order. We get the results about [p,g]-order and the [p, g]-convergence

exponent of solutions for such equations.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this article, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory (see
[8], [12], [24], [25]). For the definition of iterated order of meromorphic function,
we use the same definition as in [15], [16]. For all r € R, we define exp; r := " and
€XPpt1 T = €Xp (expp r) , p € N. We also define for all r € (0, +00) sufficiently large
logy 7 :=logr and log,, .,  := log (logp r) ,peN.
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Definition 1.1 ([15], [16]) Let f be a meromorphic function. Then the iterated
p-order p, (f) of f is defined by

log, T (r,
oo (F) 1= limsup 222 T ("2 f)
r—+00 logr

, (p>11is an integer).
For p = 1, this notation is called order and for p = 2 hyper-order. If f is an entire
function, then the iterated p-order p, (f) of f is defined by
10 T T, 10 M T,
pp (f) :=limsup log, T(r, /) = limsu log, 11 M (r, f)
r—+oo logr r—-+o0 logr

where M (7, f) = max|,—, | f (2) |.

, (p > 11is an integer),

The Lebesgue linear measure of a set £ C [0,00) is m(E) = [dt, and the
E
logarithmic measure of a set F' C (1,+00) is m; (F) = [%. The upper density of
F
E C [0,00) is given by
-— En
dens (F) = limsup m(EN[0,1)
r—+o00 T
and the upper logarithmic density of the set F' C (1,+00) is defined by
_ Fnill
log dens (F) = lim supw.
r—>+400 108;7"
Proposition 1.1 ([4]) For all H C (1,+400) the following statements hold:
(i) If my (H) = oo, then m (H) = oo;
(ii) If dens (H) > 0, then m (H) = oo;
(iii) If log dens (H) > 0, then my; (H) = occ.

Now, we introduce the definition of the [p, g]-order as follows.

Definition 1.2 ([14], [17], [18]) Let p, g be integers such that p > ¢ > 1 and let f
be a meromorphic function. The [p, g]-order of f is defined by

log, T (r, f)
= 1. S p .
Plpa) (/) = limsup =12

For an entire function f, we also define

log, 41 M (r, f)
=i as :
Pl () = Hmsup ===
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Remark 1.1 By Definition 1.2, we note that ppi 1 (f) = p(f), 1 (f) = p2 (f)
and ppp1) (f) = pp (f)-

Now, by Definition 1.2, we can get the definition of the lower [p, g]-order for entire

and meromorphic functions.

Definition 1.3 ([26]) Let p,q be integers such that p > ¢ > 1 and let f be a

meromorphic function. The lower [p, g]-order of f is defined by

.. log, T (r, f)
Hipg () = i fnf =102

For an entire function f, we also define

. 1ngJrl M (Ta f)
Hip,q] (f) = 11H—>n-11-20f —Iqu . .
Definition 1.4 ([17], [18]) Let p, ¢ be integers such that p > ¢ > 1 and let f be a
meromorphic function. The [p, ¢]-convergence exponent of the sequence of a-points
of f is defined by

A\ \ i log, N (T, ﬁ)
il (f = @) = Xy (f,0) = limsup ——2ms

b

where N(r,a) = N(r,a,f) = N (r, fia). If @ = 0, then the [p, q]-convergence

exponent of the zero-sequence of f is defined by

log, N (r, %)
A = limsup —————~
pal () 1= limsup =705

9

i

where N (7‘,
then the [p,q

) is the integrated counting of zeros of f in {z:|z| <r}. If a = oo,

-convergence exponent of the pole-sequence of f is defined by

1 log, N (r, f)
—|:=1 —r_ 7
Alp,g] <f> iﬁli‘if log, 7

Similarly, the [p, q]-convergence exponent of distinct zero-sequence of f is defined
by

Ap.a) (F) = Apog (f) =1 o ¥ (7“7 %)
= =lmsup —————
[p.d] [p.d] 'r—>+oop Iqu r

)
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where N (r, %) is the integrated counting of distinct zeros of f in {z : |z| < r}, and

the [p, g]-convergence exponent of distinct pole-sequence of f is defined by

_ 1 log, N (r, f)
A —|:=1 —=p 7
par () 1= e =500

The theory of complex linear differential equations has been developed since

1960s. Many authors have investigated the complex linear differential equations

(1.1) FO A ) fF Y b AR +A(2)f=0
and
(1.2) FE A ) fEF Y b A (2) f + Ao (2) f = F (2),

where Ag (z) £ 0,41 (2), -+ ,Ax—1(2) and F (z) # 0 are entire functions of finite
order and k > 2 is an integer. When the coefficients A; (z) (j = 0,1,--- ,k — 1)
and F' (z) are entire functions, it is well-known that all solutions of (1.1) and (1.2)
are entire functions, and that if some coefficients of (1.1) are transcendental then
(1.1) has at least one solution with infinite order. We refer to [16] for the literature
on the growth of entire solutions of (1.1) and (1.2). There are also many papers
considering the hyper and iterated order of solutions of complex linear differential
equations (see [4], [6], [11], [13], [15], [20], [21], [22], [23]). In recent years, some
authors investigated the properties of solutions of higher order linear differential
equations with entire and meromorphic coefficients of [p, g]-order in the complex
plane and with analytic and meromorphic coefficients of [p, g]-order in the unit disc
(see e.g. [2], [3], [7], [17], [18], [26]. As far as we known, Liu, Tu and Shi [18] firstly
introduced the concept of [p, g]-order for the case p > g > 1 to investigate the entire
solutions of (1.1) and (1.2), and obtained some results by using the [p, q]-type of
Ap(z) to dominate the [p, g]-types of other coefficients, and got the result about

Pip+1,q (f) as follows.
Theorem A ([18]) Let Aj(z) (j =0,1,---,k — 1) be entire functions satisfying

max {p[:mq] (AJ) s J 7& 5} < Plp,q] (Ag) < +00.

Then every solution f(z) of (1.1) satisfies pppi1,q(f) < ppp,q (As) . Furthermore,
at least one solution of (1.1) satisfies piy1,4(f) = Pp,q (As) -
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Theorem B ([18]) Let A (z)(j =0,1,--- ,k — 1) be entire functions satisfying
max {pyp g (45),5 =1,k =1} < pp.q (Ag) < +o0.

Then every nontrivial solution f(z) of (1.1) satisfies pip41,q(f) = ppp,q (Ao) -

Theorem C ([18]) Let A; (z) (j =0,1,--- ,k —1) and F (z) # 0 be entire functions
satisfying

max {plp.q) (4;) ) Ppr1,q(F), J =1,k =1} <pppq (Ao) < +o0.

Then every solution f(z) of (1.2) satisfies X[p+17q](f) = ANp+1,q/(f) = Ppp+1,q(f) =

Pip.q) (Ao), with at most one exceptional solution fy satisfying

Plp+1.q)(fo) < pip.g (Ao) -
2. MAIN RESULTS

In this paper, we consider for k£ > 2 the homogeneous and the non-homogeneous

linear differential equations

(1.3) A () P+ A () fF Y 4 A () f + Ag (2) f =0,

(1.4) A (2) fP + Ay (2) fE D o+ A (2) f + Ao (2) f = F(2),

where Ag (z) £ 0, A1(2), -+, Ax (2) Z 0 and F (z) #Z 0 are entire functions. It is
well-known that if Ay is a nonconstant entire function, then equation (1.3) or (1.4)

can possess meromorphic solutions. For instance the equation

(2= D"+ (=1 @2 = )+ (= 1) e® 422 = 82)
=[A(z—1)e* —de* +2z—1]e” + (2 — 1)%e® + 2% - 32
has a meromorphic solution
e +z—1
f&) ===
The main purpose of this paper is to improve and extend the above results by
considering the [p, g]-order. The present article may be understood as an extension
and improvement of the recent articles of Long and Zhu [19] and of the authors [20]

from iterated p—order to [p, gl-order. In fact we will prove the following results.
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Theorem 2.1 Let H be a set of complex numbers satisfying logdens{|z| : z €
H} >0 (or m({|z]| : z € H}) = 00), p,q be integers such that p > q > 1 and let
Aj(2) (7 =0,1,--- k), be entire functions such that Ay # 0. Suppose there exists
an integer s, 0 < s < k such that

J=0, 1k, £ (P (A3)} < tip.g) (As) < pip.g (As) = p < +00,

and for some real constant p satisfying 0 < p < p, we have for any given €

(0 <& < p—pu) sufficiently small,
‘Aj (Z) | S €XPp+1 {MlquT}, J 7é 5,7 =0,1,--- kK,

|AS (Z) ‘ > expp+1 {(p - E) lquT} )
as z — oo for z € H. Then every non-transcendental solution f(z) Z 0 of (1.3)

s a polynomial with deg f < s — 1 and every transcendental meromorphic solution
f(2), of (1.3) such that X\, q) (%) < p(p,q)([f), satisfies pipi1,q) (f) = Pip,q (As) -

When A (z) = 1, we obtain the following corollary for entire solutions.

Corollary 2.1 Let H be a set of complex numbers satisfying logdens{|z| : z €
H} >0 (or mi({|z| : z € H}) = >0), p,q be integers such that p > q¢ > 1 and let
Aj(z) (7=0,1,--- ,k—1), be entire functions. Suppose there ezists an integer s,

0<s<k—1 such that

=0, ke, ot {P.a (A7)} < hpp.g) (As) < pp.g) (As) = p < +o0,

and for some real constant p satisfying 0 < p < p, we have for any given €

(0 < e < p—p) sufficiently small,
|Aj (Z) | < expp+1 {Mloqu}, ] 7& Svj = 07]-7 e vk - ]-7

[As (2) | = exppyq {(p — ) log, 7},
as z — oo for z € H. Then every non-transcendental solution f(z) Z 0 of (1.1) is
a polynomial with deg f < s — 1 and every transcendental solution f(z), of (1.1)
satisfies pipy1,q (f) = Plp,q) (As) -

Corollary 2.2 Let Aj(z) (j=0,1,---,k), H satisfy all of the hypotheses of

Theorem 2.1, and let ¢ (z) be a transcendental meromorphic function satisfying
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Pip+1,q) (©) < Ppq (As). Then every transcendental meromorphic solution f(z)

with A g ( ) < HUip,q (f) of equation (1.3) satisfies

X[;D-‘rl,q] (f - 90) = >‘[p+1,q] (f - 90) = Plp+1,q] (f - 30) = Plp,q] (AS) .

Considering nonhomogeneous linear differential equation (1.4), we obtain the

following results.

Theorem 2.2 Let H be a set of complex numbers satisfying logdens{|z| : z €
H} >0 (or mi({|z] : z€ H}) =00) and let Aj(z) (j=0,1,---,k), F(z) #0 be
entire functions such that Ax % 0. Suppose there exists an integer s, 0 < s < k
such that

im0l e {Pp.a) (43) s Ppaa) (F)} < hipp.q) (As) < ppp,g (As) = p < +o0,

and for some real constant p satisfying 0 < p < p, we have for any given €

(0 < e < p—u) sufficiently small,
|A-7 (Z) ‘ S epr+1 {,ulogqr} ’ j # S’j = 0, 1, s ,,l{,',

|AS (Z) ‘ > expp+1 {(p - E) logqr} )
as z — oo for z € H. Then every non-transcendental solution f(z) of (1.4) is

a polynomial with deg f < s — 1 and every transcendental meromorphic solution

f(2), of (1.4) such that A\, q) ( ) < Wip.g) () satisfies Npi1,q () = Apa1,q (f) =
Plp+1,q] (f) = Plp,q] (As) -

When Ay (z) = 1, we obtain the following corollary for entire solutions.

Corollary 2.3 Let H be a set of complex numbers satisfying logdens{|z| : z €
H} >0 (or my({|z| : z € H}) = 00) and let A;(z) (j =0,1,--- ,k—1), F(2) #0

be entire functions. Suppose there exists an integer s, 0 < s < k — 1 such that

=01, et {p[p,q] (A7) s Ppa (F)} < fppg) (As) < plpg (As) = p < +00,

and for some real constant p satisfying 0 < p < p, we have for any given €

(0 < e < p—p) sufficiently small,
|AJ (Z) | < expp+1 {/’Llogqr}7 ] 7é S7j = 07 17 T 7k - 17

|As (2) | > exp, iy {(p—¢e)log, 7},
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as z — oo for z € H. Then every non-transcendental solution f(z) of (1.2) is

a polynomial with deg f < s — 1 and every transcendental solution f(z) of (1.2)
satisfies pip41,q (f) = Plp,q) (As) -

Corollary 2.4 Let A;(z) (j=0,1,---,k), F(z), H satisfy all of the hypothesis
of Theorem 2.2, and let ¢ (z) be a transcendental meromorphic function satisfying
Pip+1,q) () < Plp,g (As). Then every transcendental meromorphic solution f(z)

with Ay g (%) < Hip,q () of equation (1.4) satisfies

X[;DJrl,q] (f—p)= )‘[p+1,q] (f —@) = Plp+1,q] (f = 30) = Plp,q] (AS) .

3. PRELIMINARY LEMMAS

Our proofs depend mainly upon the following lemmas.

Lemma 3.1 ([9]) Let f be a transcendental meromorphic function in the plane,
and let a > 1 be a given constant. Then there exist a set Ey C (1,+00) that has a
finite logarithmic measure, and a constant B > 0 depending only on « and (m,n)

(m,n €{0,1,--- ,k}) m <n such that for all z with |z| =r ¢ [0,1] U E1, we have

‘ F(2)
fim(z)

By using similar proof of Lemma 3.5 in [22], we can easily extend Lemma 3.6

<B <T(O‘:’f)(10ga r)log T(ar, f))n_m.

in [26] to the case pp, g (f) = pp.q (9) = +oo.

Lemma 3.2 Let f(z) = flgz; be a meromorphic function, where g(z), d(z) are
entire functions satisfying fip,q (9) = Bip,q) (f) = 1 < plp,g) (f) = P, (9) < +00
and Ajp.q (d) = pip,q (d) = Ap.g (%) < . Then there exists a set Ey C (1,400)
of finite logarithmic measure such that for all |z| = r ¢ [0,1] U Ey and |g(2)| =
M (r,g), we have

6 (@ L
e = (7)) Grow.nen

where vy (1) denote the central index of g.
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Lemma 3.3 ([18]) Let f(z) be an entire function of [p,q|-order and let vy (r) be
the central index of f. Then

Plp.q) (f) = lim sup W-
Lemma 3.4 ([1], [10]) Let ¢ : [0,+00) — R and ¢ : [0,4+00) — R be monotone
nondecreasing functions such that (i) o(r) < ¥(r) outside of an exceptional set of
finite linear measure, or (it) ¢(r) < ¢¥(r), for all r ¢ (E3U[0,1]), where E3 is a
set of finite logarithmic measure. Let 3 > 1 be a given constant. Then there exists

an 1 =711 (32) > 0 such that p(r) < Y(er) for all v > ry.

By using similar proof of Lemma 2.5 in [11], we can easily extend Lemma 3.3

in [26] to the case pp, g (f) = pp.q (9) = +oo.

Lemma 3.5 Let f(z) = 38 be a meromorphic function, where g(z), d(z) are
entire functions satisfying iy (9) = Hip (F) = B < Pipa) () = Plpa (9) < +00
and App g1 (d) = ppp.q (d) = Apg) (%) < p. Then there exists a set E, C (1,400)
of finite logarithmic measure such that for all |z] =r ¢ ([0,1]U Ey) and |g(2)]| =

M (r,g), we have
f(z)
7O )

By using similar proof of Lemma 3.7 in [21], we can easily obtain the following

STQSv (SEN)

lemma.

Lemma 3.6 ([7]) Let f(z) be an entire function such that pe, q) (f) < +0o. Then,
there exists a set Es5 C (1,400) of r of finite linear measure such that for any given

e >0, we have
exXp {_ epr {(p(p,q) (f) + 5) Iqu 7“}} < |f (Z)l

< epr_H {(p(p,q) (f) + 5) logq T} (7‘ ¢ E5) .
Lemma 3.7 ([12]) Let f be a meromorphic function and let k € N. Then

m(r,f;k)) =S(rf),

where S (r, f) = O (logT (r, f) + logr), possibly outside a set Eg C (0,00) with a

finite linear measure.
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Lemma 3.8 Let A;(z) (j=0,1,--- k), Ax (2) (#0), F (2) (£ 0) be meromorphic
functions and let f(z) be a meromorphic solution of (1.4) of infinite [p, q] —order

satisfying the following condition
b = max {p[p+1,q] (F) » Plp+1,q] (Aj) (J =0,1,--- ak)} < Plp+1,q] (f) :
Then
[p+1,q] (f) = /\[p+17q](f) = Plp+1,q] (f) .

A
Proof, We assume f(z) is a meromorphic solution of (1.4) with infinite [p, ¢| order.
By (1.4), it is easy to see that if f has a zero at zy of order a (« > k), and Ay,
Ay, -+, Ag (#0) are all analytic at 2z, then F' must have a zero at 2o of order at

least @ — k. Hence,

o(mh) < (n2) o (k) + one .

3=0
and
(3.1) N (r, 1) <kN (r, 1) +N (7“71) -I-E}C:N(T‘,Aj).
7 7 F) T
Now (1.4) can be rewritten as
(3.2) }Z;(Akf;k)-i-flk1(z)f(l;_1)+-~-+A1(z)];/+Ao(z)).

By Lemma 3.7 and (3.2), for |z| = r outside a set Eg C (0,00) of finite linear

measure, we have

; k
m(r,}t) Sm(r,é) + ' 1m(r,f;:)) —I—Zm(r,Aj)

Jj=

1 k
(3.3) <m <7",F> +Zm(r, A;)+ O (logrT (r, ).
7=0

Therefore, by (3.1) and (3.3), we have

ﬂnﬂzﬂn%+ou>

k
(3.4) ST (rF)+ Y T(r,A)j)+ kN <7", }) + O (logrT (r, f))

j=0
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for all sufficiently large r ¢ Eg. For sufficiently large r, we have
1
(3.5) O (logrT (r, f)) < §T(r, ).

By using the definition of the [p, ¢] order, for any given ¢ (0 < 2e < pp41,4 (f) — b),

and for sufficiently large r, we have
(36) T (T', F) < €XPp+1 {(b + E) logq 7‘} =0 (1) €XPp+1 {(p[p+1,q] (f) - 6) 1qu T} ’

T (r,A;) <exp,, {(b+¢)log,}

(37) =0 (1) epr-‘rl {(p[p+1,q] (f) - E) logqr} 7j = 07 17 P 71/”"

By (3.4),(3.5), (3.6) and (3.7), for r ¢ Eg sufficiently large, we obtain
1
f
Hence for any f, by Lemma 3.4 and (3.8), we have

(3.8) T(r, f) < 2kN (r, ) +o(1)expy, 1 { (pp+1,q (f) —€)log, 7}

Pip+1,q (f) < X[erl,q] (f)
then

Pip+1.a) (F) < Nt (F) < Mpyg) () -

Since by definition, we have X,11,9 (f) < Apt1,q) () < ppt1,q (f) 5 then

Mpi1g (F) = Apr1.q) (F) = Plpr1q) (f) -

Lemma 3.9 Let f(z) = 38 be a meromorphic function, where g(z), d(z) are
entire functions. If 0 < ppp g (d) < ppp.q (f), then ppqg(9) = ppq (f) and
Plp,q] (g) = Plp,q] (f) . Moreover, if Plp,q] (.f) = +o00, then Plp+1,q] (Q) = Plp+1,q] (f) :

Proof. Case 1. pp, q (f) < 400. By definition of the [p, g]-order, there exists an
increasing sequence {r,}, (r, — +00) and a positive integer ny such that for all
n > ng and for any given € € (O, w) (as 0 < pip,g (d) < ppp,q (f) <
Plp,q (f)), we have

(39) T (TTH f) > epr {(p[p,q] (f) - ‘9) logq (’I“n)} )

and

(3.10) T (rn,d) < exp, { (ppp,q (d) + ) log, (rn) } .
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Since T'(r, f) < T(r,g) + T(r,d) + O(1), we get, for all sufficiently large n,

€XPp {(p[pvq] (f) = 5) log, (T")} <T(rn,9)

(3.11) +exp, { (pp.q) (d) + ) log, (ra) } + O(1).

Since € € (O, M) , then (3.11) becomes

exp {(1 —o(1)) exp, 1 { (pp.q) (f) =€) log, (rn) } } < T(rn,g) + O(1),

for all sufficiently large n. Hence pp, g (f) < plp.q (9). On the other hand, since
T(r,g) < T(r,f) + T(r,d), and Plp,q] (d) < Plp,q] (f), so we obtain Plp,q] (9) <
Plp.q (f) - Therefore, we get pp, 4 (9) = ppp,q (f)- By using the similar way above and
the definition of lower [p, g]-order pp, 4 (f) and g, g (9), we can prove pp, 4 (9) =

Hip,q] (f) :

Case 2. ppp,q (f) = +00. Suppose on the contrary to the assertion that up, 4 (9) <
Pp,q (f) - We aim for a contradiction. By the definition of lower [p, g]-order, there
exists an increasing sequence {r,}, (r, — +00) and a positive integer ngy such that

for all n > ng and for any given ¢ > 0
T(rnvg) S expp {(/u'[p,q] (g) + 6) logq rn} )

T(rp,d) < exp,, {(p[pyq] (d) + 5) log, rn} .

Since T(rp, f) < T(rn,g9) + T(rn,d) + O(1), we get, for all sufficiently large n,

T(rp, f) < exp,, {(/i[p,q] (9) + 5) log, Tn} +exp, {(,u[p’q] (d) + 6) log, rn} +0(1),

hence fupp, ) (f) < max {ip.q (9), tp,q (d)} . This is a contradiction with our as-

sumption.

Case 3. pp,q(f) < +oo and ppp, 4 (f) = +oo. By using the similar way in proving
Cases 1 and 2, we can prove Case 3.

Finally, we will prove pp,11.4 (9) = pp+1,q (f). Suppose that pp, 1 (f) = +oo.

Then there exists an increasing sequence {r,}, (r, — +00), such that

1Og —+1 T (TTH f)
Piprra) (f) = Jim =50 =
q n
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Combining pp, g (d) < pp,q (f) and the definitions of the [p, g]-order and the lower
[p, q]-order, we get

Then, there exists a positive integer N, such that for n > N

Thus, ppt1,q (f) < ppt1,g (9) - By using the similar way in proving Case 1, since
T(r,g) < T(r,f) + T(r,d), then there exists a positive integer N, such that for
n>N

T(T’n, g) < 2T(rn7 f)

Hence, pjpi1,q) (9) < Plp+1,q (f) - Therefore pp, 11,4 (f) = plpr1,q (9) - Lemma 3.9 is
thus proved.

Remark 3.1. Lemma 3.9 was proved for p = ¢ = 1 by Long and Zhu in [19].

Lemma 3.10 ([5]) Let p > q > 1 be integers, and let f,g be non-constant mero-

morphic functions of [p,q]-order. Then we have

Plp,q) (f + g) < max {p[p,q] (f) y Plp,q] (g)}
and

Plp,q) (fg) < max {p[p,tﬂ (f); Pip.a) (g)} :

Furthermore, if ppp.q (f) > pip.q (9), then we obtain

Plp,q] (f+g) = Plp.q) (fg) = Plp.q) (f)-

4. PROOF OF THEOREMS

Proof of Theorem 2.1. Assume that f(z) # 0 is a rational solution of (1.3). If
either f(z) is a rational function, which has a pole at 2o of degree m > 1, or f(z)
is a polynomial with deg f > s, then f(*)(2) # 0. By (1.3), we have

k

A () fO ()= =3 A () 9 (2).
j=0
Jj#s
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Then
k
Pipal (As) = ppa (Asf ) = pppa | = Z A O
Jj=0, j#s
< .
- j:()’ll:g_a’}]g’ j#s {p[qu] (A])} )

which is a contradiction. Therefore, f(z) must be a polynomial with deg f < s — 1.

Now, we assume that f(z) is a transcendental meromorphic solution of (1.3)
such that A, (%) < pp(f). By (1.3), we have

k .

f f(])‘

4.1 Al < | = Ap| + Al | &—

(1) A <[ 5] | o S|
J#s

Using Lemma 3.1, there exists a set Ey C (1, 400) with m;(E;) < oo and a constant
B > 0, such that for all z satisfying |z| =r ¢ ([0,1] U E})
(4.2) ‘f(]) (2)
f(z)
By Lemma 3.5, there exists a set 4 C (1,+00) of finite logarithmic measure such
that for all |z| =r ¢ ([0,1] U Ey) and |g (2)| = M (r,g) and for r sufficiently large
f(z)
f&)(2)
where g (2) is an entire function satisfying pp, ¢ (9) = pp.q (f) = 1 < ppp.g (f) =
Plp,q (9) < +oo. By the hypotheses of Theorem 2.1, there exists a set H with
logdens{|z| : z € H} > 0 (or my({|z| : 2 € H}) = 00) such that for all z € H as

<B[T@r, ), j=1,2,-- k, j#s.

2s
— )

(4.3)

z — 00, we have

(44) [4; (2) | < expyyy {NIqu 7’} , JF#8,7=0,1,--- k,

(4.5) |As (2)| > exp, iy {(p—e)log, 7} .

Set Hy = {|z] : z € HI\(]0,1] U Ey U Ey), so m; (Hy) = oo. It follows from (4.1),
(4.2), (4.3), (4.4) and (4.5) that for all z satisfying |z| = r € H; and |g(z)| =
M(r,g),

expy4 1 {(,0 —¢)log, r} < kBr?* (T (2r, f))k'|r1 exp,4 1 {ulogq r} ,

using 0 < p < p, we have for any given ¢ (0 < £ < p — pu) sufficiently small

(4.6) exp (1 —o(1))exp, {(p — ) log, 7}) < kBr? (T (2r, f))**".
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By (4.6) and Lemma 3.4, we get

1 log T (7‘, f)
Pipgl (As) = p < limsup —2H— 222

r—+00 log, = P+l (F)-

On the other hand, by the hypotheses of Theorem 2.1, for sufficiently large r, we

have

(4.7) |4 (2)| < exp,y {(p+e)log,r}, j=0,1,--- K,

and by Lemma 3.6, for any given ¢ > 0, there exists a set E5 C (1,+00) of finite
linear measure (and so of finite logarithmic measure), such that for all z satisfying

|z| = r ¢ E5 we obtain

| Ak (2) | > exp {— €XpPy, {(P(p.q) (Ax) + ) log, r}}

(4.8) > exp {—exp, {(p+¢e)log,7}}.
It follows by (1.3) that
W) 7 (2)
o 5w Z | e

By Hadamard factorization theorem, we can write f as f(z) = %, where ¢ (2),

d (z) are entire functions satisfying g, q (9) = tp.q (f) = 1 < pp.g (f) = Pp.g (9) <
+o00 and Ap, g (d) = pp.q (d) = Appql (%) < p. By Lemma 3.2, there exists a set
E5 C (1,400) of finite logarithmic measure such that for all |z| = r ¢ [0,1] U Es
and |g ()| = M (r,g), we have

() (2 v, (1))’
(4.10) ff(i)):(gz()> (14+o0(1), j=1,--,k
By substituting (4.7), (4.8) and (4.10) into (4.9), we obtain
k
" o)
< ! kf G
~ exp{—exp, {(p+e)log,r}} =

X exp,4q {(p +e) log, r}

k—1

D

j=1

(D] +1 pexp{2exp, {(p+e)log,r}}.

vy (r)[]
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Hence

(4.11) lvg ()11 4+0(1)] < krk |14+ o0(1)|exp {2expp {(p +e) logqr}} ,

for all z satisfying |z| = r ¢ ([0,1] U E; U E5) and |g (2) | = M (r,g), r — +00. By
(4.11) and Lemma 3.4, we get

lo vy (r
(4.12) lim sup M

<p+e.
r—+o00 logq r p

Since € > 0 is arbitrary, by (4.12) and Lemma 3.3, we obtain pp,41,4 (9) < p. Since
Plp,q) (d) < pp,q (f), so by Lemma 3.9 we have pp,11,4 (9) = ppp+1,q (f) - This and

the fact that p, g (As) = p < plpri,q () yield ppy1,q (f) = pp.q (As) - Theorem
2.1 is thus proved.

Proof of Corollary 2.2. Setting h = f — ¢ such that ¢ is a transcendental
meromorphic function with p,41,4 (¢) < pp.q (As). By Theorem 2.1, we have

Plp+1,q] (f) = Plp,q] (As). By Lemma 3.10, we get Plp+1,q] (h) = Plp+1,q] (f) =
Plp,q) (As) . By substituting f = h 4 ¢ into (1.3), we obtain

Ay (Z) h(k) + Ap_q (Z) h(k_l) + -+ Ay (Z) h+ Ag (Z) h

~ (A @™ + A () 4 AL+ Ao (2)9).
Set K (z) = Ap (2) @ +A5_1 (2) F D44 A; (2) @'+ A (2) . Since Plp+1,q (@) <
Plp,q) (As), then by Theorem 2.1, we deduce that ¢ is not a solution of equation
(1.3), implying that K (z) # 0, and in this case we have pp,11,q] (K) < pppt1,q (¢) <
Plp,q] (As) = Plp+1,q] (f),so
max {p[p+1,q] (K), Plp+1,q] (Aj) (j=0,1,-- ,]{1)} < Plp+1,q] (f)= Plp.q] (As)

and by Lemma 3.8, we obtain

X[erl,q] (f - ‘P) = )‘[p+1,q] (f —¢) = Plp+1,q] (f = 50) = Plp,q] (AS) .

Proof of Theorem 2.2. Assume that f(z) is a rational solution of (1.4). If either
f(2) is a rational function, which has a pole at zg of degree m > 1, or f(2) is a
polynomial with deg f > s, then f(*)(z) # 0. By (1.4) , we have

As(2) fO () = F (2) = Y 45 (2) fD (2).
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Then

k
Poal(As) = Ppg(Asf ) = ppogy | F= Y A f9

J=0, j#s
< o APl (43, Ppa (F)]}
which is a contradiction. Therefore, f(z) must be a polynomial with deg f < s—1.
Now, we assume that f(z) is a transcendental meromorphic solution of (1.4)
such that A, ( ) < pp(f). By (1.4), we have

M@
(2)

(4.13)

) (2)
JEne Z'A ‘ )

+|A0(z)|+‘

By Hadamard factorization theorem, we can write f as f(z) = ‘38, where g (2),

d (z) are entire functions satisfying pp, ¢ (9) = tp.q (f) = 1 < ppp.g) (f) = P (9) <
+o00 and Ap, g (d) = pp.q (d) = Apgl (%) < p. By Lemma 3.2, there exists a set

E, of finite logarithmic measure such that for all z satisfying |z| = r ¢ ([0,1] U E3)
at which |g (z) | = M (r, g) we have (4.10). By the hypotheses of Theorem 2.2 and
Lemma 3.6, for any given € > 0, there exists a set F5 C (1,+00) of a finite linear

measure, such that for all z satisfying |z| = r ¢ Ej

[Ar ()| 2 exp { = exp, {(p(pg) (Ar) + ) log, 7} }

(4.14) > exp {—exp, {(p+¢e)log,7}}.
On the other hand, for sufficiently large r, we have for j =0,1,--- ,k
(415) |4; ()| < exppyy {(p+e)log,}, and [F (2)| < exppyy {(p+)log, 7}

So, for any given ¢ (0 <26 < ppq)(9) — p(pm(d)) and sufficiently large r, we obtain

_FREdE)]| _FEE)
l9(2)] M(r, g)

F(z)

f(z)

_ Py {(p+2) logqr}exppﬂ{(ﬂ(pq) (d) +¢)log,}
exPp1 1 (H(p.g)(9) — €) logy 7}

(4.16) < exp,i; {(p+2) log, r}.
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By substituting (4.10), (4.14), (4.15) and (4.16) into (4.13), for z satisfying |z| =
r¢ ([0,1]UE;UEs5), r— 400 and |g (2) | = M (r,g) , we have

k

v o)

z

k—1

< ! 3

exp {—exp, {(p+¢)log,r}} j=1

Vg (1) 7

A

1+o0(1)|+2

X exp, 41 {(p +e) log, r}

k—1

vy (1)
z

[1+o0(1)|+2 pexp{2exp, {(p+¢)log,r}}.

Jj=1

Hence

(417)  Jrg(M[[1+o0@)] < (k+1)r* |1+ 0(1)]exp {2exp, {(p+e)log,r}},

for all z satisfying |z| =7 ¢ ([0,1] U Ex U E5) and |g(2)| = M (r,g), r — +o0. By
(4.17) and Lemma 3.4, we get

lo vg (r
(4.18) lim sup M

<p+e.
r—>+00 logq r

Since € (0 < 2& < fi(p.)(9) — P(p.g)(d)) is arbitrary, by (4.18) and Lemma 3.3, we
obtain pp,11,4(9) < p. Since ppp, g (d) < ppq (f), so by Lemma 3.9 we have
Pip+1,q] (9) = Pp+1,q (f), hence ppyq,4 (f) < p. On the other hand, by (1.4),

we have

fm
o

‘F 2)

k
+140] + > 145
j=1
J#s
Using Lemma 3.1, there exists a set Ey C (1,400) with m;(E;) < +oo and a
constant B > 0, such that for all z satisfying |z| = r ¢ ([0,1] U E)

SB[T(QTaf)]k+17 ]:1727 7k7 ]7&5

@) (2
(4.20) ‘f (£>)

f
By Lemma 3.5, there exists a set Ey C (1,+00) of finite logarithmic measure such
that for all |z| =r ¢ ([0,1] U E4) and |g (z) | = M (r,g) and for r sufficiently large

f(z)
(4.21) 'f(s) B

2s
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By the hypotheses of Theorem 2.2, there exists a set H with log dens{|z|: z € H} >
0 (or my({|z] : z € H}) = 00) such that for all z € H, we have (4,4) and (4.5) hold.
Set 6 = ppp.q (F') . Then, for any given £ (0 < 2¢ < p — ), we have

(4.22) |F (2)| < exppyq {(6+2)log,r}

So, for any given & (0 < 2& < min {4(.¢)(9) — P(p,q)(d), p — §}) and sufficiently large

r, we obtain

‘F(z) _FRdE)]| _ |F()|ld)

f(2) |9(2)] M(r,g)
by {00+ 2) 1oy} b1 { () + 2 oy )
B €XPp+1 {(,u(p,q)(g) - 5) 1qu T}

(4.23) <exp,y 1 {(6+¢)log, 7} .

Set Hy = {|z| : z € H}\_([0,1] U E1 U Ey), so m; (H) = co. By substituting (4.4) ,
(4.5), (4.20), (4.21),(4.22) and (4.23) into (4.19), for z satisfying |2| = r € Hi,
r — +oo and |g (2)| = M (r,g), we have

exp,11 {(p —e€) log, r} < Br* (T (2r, f))]CJrl (expp_s_1 {(5 +e) log, 7'}

(4.24) +kexp,, {nlog, r}).
It follow from (4.24) and Lemma 3.4 that p < pjp41,4 (f). This and the fact that
Pip+1,q) (f) < p yield ppi1,g) (f) = pip,q (As) = p. Since
max {plpi1,q) (F), Plpt1,q (A7) (5= 0,1, k) } < ppir,q) (f) = pppg (As) s
then by Lemma 3.8, we obtain
1,0 (F) = Mpr1,0 (f) = P+, (F) = Ppp.g) (As) -

Theorem 2.2 is thus proved.

Proof of Corollary 2.4. Setting h = f — ¢ such that ¢ is a transcendental
meromorphic function with pp,41,4(¢) < pp.q (As). By Theorem 2.2, we have

Plp+1,q] (f) = Plp.q] (45). By Lemma 3.10, we get Plp+1,q] (h) = Plp+1,q] (f) =
Plp.q (As) . By substituting f = h + ¢ into (1.4), we get

Ap (2) B + Ay (2) %Y 4o A (2) W 4+ A (2) R

(4.25) = F(2) = (A (2) o™ + Aer () o570 4o A1 ()9 + Ao () ).
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Set G (2) = F (2)—(Ak (2) o + Ap_1 (2) =1 o + A (2) ¢’ + Ao (2) ) . Since
Pip+1,q) (#) < Plp,q) (As), then by Theorem 2.2, we deduce that ¢ is not a solution
of equation (1.4), implying that G (z) # 0, and in this case we have pp, 41,4 (G) <
Plp+1,) (P) < Plp,g) (As) = ppr1,q) (), s0

max {p[zﬂqu] (G), pPp1,q (45) (G =01, =k)} < Plp+1,q (F) = plp,g) (As)

and by Lemma 3.8, we obtain

X[;D-‘rl,q] (f - QO) = )‘[p-‘rl,q] (f - 90) = Plp+1,q] (f - 50) = Plp,q] (AQ) .
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