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1. Introduction and main results

Throughout this article, we assume that the reader is familiar with the fundamental

results and the standard notations of the Nevanlinna’s value distribution theory (see

[8], [12], [24], [25]). For the definition of iterated order of meromorphic function,

we use the same definition as in [15], [16]. For all r ∈ R, we define exp1 r := er and

expp+1 r := exp
(
expp r

)
, p ∈ N. We also define for all r ∈ (0,+∞) sufficiently large

log1 r := log r and logp+1 r := log
(
logp r

)
, p ∈ N.
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Definition 1.1 ([15], [16]) Let f be a meromorphic function. Then the iterated

p-order ρp (f) of f is defined by

ρp (f) := lim sup
r→+∞

logp T (r, f)

log r
, (p ≥ 1 is an integer).

For p = 1, this notation is called order and for p = 2 hyper-order. If f is an entire

function, then the iterated p-order ρp (f) of f is defined by

ρp (f) := lim sup
r→+∞

logp T (r, f)

log r
= lim sup

r→+∞

logp+1M (r, f)

log r
, (p ≥ 1 is an integer),

where M (r, f) = max|z|=r |f (z) |.

The Lebesgue linear measure of a set E ⊂ [0,∞) is m (E) =
∫
E

dt, and the

logarithmic measure of a set F ⊂ (1,+∞) is ml (F ) =
∫
F

dt
t . The upper density of

E ⊂ [0,∞) is given by

dens (E) = lim sup
r→+∞

m (E ∩ [0, r])

r

and the upper logarithmic density of the set F ⊂ (1,+∞) is defined by

log dens (F ) = lim sup
r−→+∞

ml (F ∩ [1, r])

log r
.

Proposition 1.1 ([4]) For all H ⊂ (1,+∞) the following statements hold:

(i) If ml (H) =∞, then m (H) =∞;

(ii) If dens (H) > 0, then m (H) =∞;

(iii) If log dens (H) > 0, then ml (H) =∞.

Now, we introduce the definition of the [p, q]-order as follows.

Definition 1.2 ([14], [17], [18]) Let p, q be integers such that p ≥ q ≥ 1 and let f

be a meromorphic function. The [p, q]-order of f is defined by

ρ[p,q] (f) = lim sup
r→+∞

logp T (r, f)

logq r
.

For an entire function f , we also define

ρ[p,q] (f) = lim sup
r→+∞

logp+1M (r, f)

logq r
.
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Remark 1.1 By Definition 1.2, we note that ρ[1,1] (f) = ρ (f) , ρ[2,1] (f) = ρ2 (f)

and ρ[p,1] (f) = ρp (f) .

Now, by Definition 1.2, we can get the definition of the lower [p, q]-order for entire

and meromorphic functions.

Definition 1.3 ([26]) Let p, q be integers such that p ≥ q ≥ 1 and let f be a

meromorphic function. The lower [p, q]-order of f is defined by

µ[p,q] (f) = lim inf
r→+∞

logp T (r, f)

logq r
.

For an entire function f , we also define

µ[p,q] (f) = lim inf
r→+∞

logp+1M (r, f)

logq r
.

Definition 1.4 ([17], [18]) Let p, q be integers such that p ≥ q ≥ 1 and let f be a

meromorphic function. The [p, q]-convergence exponent of the sequence of a-points

of f is defined by

λ[p,q] (f − a) = λ[p,q] (f, a) = lim sup
r→+∞

logpN
(
r, 1
f−a

)
logq r

,

where N(r, a) = N(r, a, f) = N
(
r, 1
f−a

)
. If a = 0, then the [p, q]-convergence

exponent of the zero-sequence of f is defined by

λ[p,q] (f) := lim sup
r→+∞

logpN
(
r, 1f

)
logq r

,

where N
(
r, 1f

)
is the integrated counting of zeros of f in {z : |z| ≤ r}. If a = ∞,

then the [p, q]-convergence exponent of the pole-sequence of f is defined by

λ[p,q]

(
1

f

)
:= lim sup

r→+∞

logpN (r, f)

logq r
.

Similarly, the [p, q]-convergence exponent of distinct zero-sequence of f is defined

by

λ[p,q] (f) = λ[p,q] (f) = lim sup
r→+∞

logpN
(
r, 1f

)
logq r

,
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where N
(
r, 1f

)
is the integrated counting of distinct zeros of f in {z : |z| ≤ r} , and

the [p, q]-convergence exponent of distinct pole-sequence of f is defined by

λ[p,q]

(
1

f

)
:= lim sup

r→+∞

logpN (r, f)

logq r
.

The theory of complex linear differential equations has been developed since

1960s. Many authors have investigated the complex linear differential equations

(1.1) f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = 0

and

(1.2) f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = F (z) ,

where A0 (z) 6≡ 0, A1 (z) , · · · , Ak−1 (z) and F (z) 6≡ 0 are entire functions of finite

order and k ≥ 2 is an integer. When the coefficients Aj (z) (j = 0, 1, · · · , k − 1)

and F (z) are entire functions, it is well-known that all solutions of (1.1) and (1.2)

are entire functions, and that if some coefficients of (1.1) are transcendental then

(1.1) has at least one solution with infinite order. We refer to [16] for the literature

on the growth of entire solutions of (1.1) and (1.2). There are also many papers

considering the hyper and iterated order of solutions of complex linear differential

equations (see [4], [6], [11], [13], [15], [20], [21], [22], [23]). In recent years, some

authors investigated the properties of solutions of higher order linear differential

equations with entire and meromorphic coefficients of [p, q]-order in the complex

plane and with analytic and meromorphic coefficients of [p, q]-order in the unit disc

(see e.g. [2], [3], [7], [17], [18], [26]. As far as we known, Liu, Tu and Shi [18] firstly

introduced the concept of [p, q]-order for the case p ≥ q ≥ 1 to investigate the entire

solutions of (1.1) and (1.2), and obtained some results by using the [p, q]-type of

A0(z) to dominate the [p, q]-types of other coefficients, and got the result about

ρ[p+1,q](f) as follows.

Theorem A ([18]) Let Aj (z) (j = 0, 1, · · · , k − 1) be entire functions satisfying

max
{
ρ[p,q] (Aj) , j 6= s

}
< ρ[p,q] (As) < +∞.

Then every solution f(z) of (1.1) satisfies ρ[p+1,q](f) ≤ ρ[p,q] (As) . Furthermore,

at least one solution of (1.1) satisfies ρ[p+1,q](f) = ρ[p,q] (As) .
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Theorem B ([18]) Let Aj (z) (j = 0, 1, · · · , k − 1) be entire functions satisfying

max
{
ρ[p,q] (Aj) , j = 1, · · · , k − 1

}
< ρ[p,q] (A0) < +∞.

Then every nontrivial solution f(z) of (1.1) satisfies ρ[p+1,q](f) = ρ[p,q] (A0) .

Theorem C ([18]) Let Aj (z) (j = 0, 1, · · · , k − 1) and F (z) 6≡ 0 be entire functions

satisfying

max
{
ρ[p,q] (Aj) , ρ[p+1,q](F ), j = 1, · · · , k − 1

}
< ρ[p,q] (A0) < +∞.

Then every solution f(z) of (1.2) satisfies λ[p+1,q](f) = λ[p+1,q](f) = ρ[p+1,q](f) =

ρ[p,q] (A0) , with at most one exceptional solution f0 satisfying

ρ[p+1,q](f0) < ρ[p,q] (A0) .

2. Main results

In this paper, we consider for k ≥ 2 the homogeneous and the non-homogeneous

linear differential equations

(1.3) Ak (z) f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = 0,

(1.4) Ak (z) f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = F (z) ,

where A0 (z) 6≡ 0, A1 (z) , · · · , Ak (z) 6≡ 0 and F (z) 6≡ 0 are entire functions. It is

well-known that if Ak is a nonconstant entire function, then equation (1.3) or (1.4)

can possess meromorphic solutions. For instance the equation

(z − 1)
2
f ′′ + (z − 1)

2
(2ez − 1) f ′ +

(
(z − 1)

2
e2z + z2 − 3z

)
f

=
[
4 (z − 1) e2z − 4ez + z − 1

]
ee

z

+ (z − 1)
2
e2z + z2 − 3z

has a meromorphic solution

f (z) =
ee

z

+ z − 1

z − 1
.

The main purpose of this paper is to improve and extend the above results by

considering the [p, q]-order. The present article may be understood as an extension

and improvement of the recent articles of Long and Zhu [19] and of the authors [20]

from iterated p−order to [p, q]-order. In fact we will prove the following results.
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Theorem 2.1 Let H be a set of complex numbers satisfying log dens{|z| : z ∈
H} > 0 (or ml({|z| : z ∈ H}) =∞), p, q be integers such that p ≥ q ≥ 1 and let

Aj (z) (j = 0, 1, · · · , k) , be entire functions such that Ak 6≡ 0. Suppose there exists

an integer s, 0 ≤ s ≤ k such that

max
j=0,1,··· ,k, j 6=s

{
ρ[p,q] (Aj)

}
< µ[p,q] (As) ≤ ρ[p,q] (As) = ρ < +∞,

and for some real constant µ satisfying 0 ≤ µ < ρ, we have for any given ε

(0 < ε < ρ− µ) sufficiently small,

|Aj (z) | ≤ expp+1

{
µ logq r

}
, j 6= s, j = 0, 1, · · · , k,

|As (z) | ≥ expp+1

{
(ρ− ε) logq r

}
,

as z → ∞ for z ∈ H. Then every non-transcendental solution f(z) 6≡ 0 of (1.3)

is a polynomial with deg f ≤ s− 1 and every transcendental meromorphic solution

f(z), of (1.3) such that λ(p,q)

(
1
f

)
< µ(p,q)(f), satisfies ρ[p+1,q] (f) = ρ[p,q] (As) .

When Ak (z) ≡ 1, we obtain the following corollary for entire solutions.

Corollary 2.1 Let H be a set of complex numbers satisfying log dens{|z| : z ∈
H} > 0 (or ml({|z| : z ∈ H}) =∞) , p, q be integers such that p ≥ q ≥ 1 and let

Aj (z) (j = 0, 1, · · · , k − 1) , be entire functions. Suppose there exists an integer s,

0 ≤ s ≤ k − 1 such that

max
j=0,1,··· ,k−1, j 6=s

{
ρ[p,q] (Aj)

}
< µ[p,q] (As) ≤ ρ[p,q] (As) = ρ < +∞,

and for some real constant µ satisfying 0 ≤ µ < ρ, we have for any given ε

(0 < ε < ρ− µ) sufficiently small,

|Aj (z) | ≤ expp+1

{
µ logq r

}
, j 6= s, j = 0, 1, · · · , k − 1,

|As (z) | ≥ expp+1

{
(ρ− ε) logq r

}
,

as z →∞ for z ∈ H. Then every non-transcendental solution f(z) 6≡ 0 of (1.1) is

a polynomial with deg f ≤ s − 1 and every transcendental solution f(z), of (1.1)

satisfies ρ[p+1,q] (f) = ρ[p,q] (As) .

Corollary 2.2 Let Aj (z) (j = 0, 1, · · · , k) , H satisfy all of the hypotheses of

Theorem 2.1, and let ϕ (z) be a transcendental meromorphic function satisfying
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ρ[p+1,q] (ϕ) < ρ[p,q] (As) . Then every transcendental meromorphic solution f (z)

with λ[p,q]

(
1
f

)
< µ[p,q] (f) of equation (1.3) satisfies

λ[p+1,q] (f − ϕ) = λ[p+1,q] (f − ϕ) = ρ[p+1,q] (f − ϕ) = ρ[p,q] (As) .

Considering nonhomogeneous linear differential equation (1.4), we obtain the

following results.

Theorem 2.2 Let H be a set of complex numbers satisfying log dens{|z| : z ∈
H} > 0 (or ml({|z| : z ∈ H}) =∞) and let Aj (z) (j = 0, 1, · · · , k) , F (z) 6≡ 0 be

entire functions such that Ak 6≡ 0. Suppose there exists an integer s, 0 ≤ s ≤ k

such that

max
j=0,1,··· ,k, j 6=s

{
ρ[p,q] (Aj) , ρ[p,q] (F )

}
< µ[p,q] (As) ≤ ρ[p,q] (As) = ρ < +∞,

and for some real constant µ satisfying 0 ≤ µ < ρ, we have for any given ε

(0 < ε < ρ− µ) sufficiently small,

|Aj (z) | ≤ expp+1

{
µ logq r

}
, j 6= s, j = 0, 1, · · · , k,

|As (z) | ≥ expp+1

{
(ρ− ε) logq r

}
,

as z → ∞ for z ∈ H. Then every non-transcendental solution f(z) of (1.4) is

a polynomial with deg f ≤ s − 1 and every transcendental meromorphic solution

f(z), of (1.4) such that λ(p,q)

(
1
f

)
< µ(p,q)(f) satisfies λ[p+1,q] (f) = λ[p+1,q] (f) =

ρ[p+1,q] (f) = ρ[p,q] (As) .

When Ak (z) ≡ 1, we obtain the following corollary for entire solutions.

Corollary 2.3 Let H be a set of complex numbers satisfying log dens{|z| : z ∈
H} > 0 (or ml({|z| : z ∈ H}) =∞) and let Aj (z) (j = 0, 1, · · · , k − 1) , F (z) 6≡ 0

be entire functions. Suppose there exists an integer s, 0 ≤ s ≤ k − 1 such that

max
j=0,1,··· ,k−1, j 6=s

{
ρ[p,q] (Aj) , ρ[p,q] (F )

}
< µ[p,q] (As) ≤ ρ[p,q] (As) = ρ < +∞,

and for some real constant µ satisfying 0 ≤ µ < ρ, we have for any given ε

(0 < ε < ρ− µ) sufficiently small,

|Aj (z) | ≤ expp+1

{
µ logq r

}
, j 6= s, j = 0, 1, · · · , k − 1,

|As (z) | ≥ expp+1

{
(ρ− ε) logq r

}
,
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as z → ∞ for z ∈ H. Then every non-transcendental solution f(z) of (1.2) is

a polynomial with deg f ≤ s − 1 and every transcendental solution f(z) of (1.2)

satisfies ρ[p+1,q] (f) = ρ[p,q] (As) .

Corollary 2.4 Let Aj (z) (j = 0, 1, · · · , k) , F (z) , H satisfy all of the hypothesis

of Theorem 2.2, and let ϕ (z) be a transcendental meromorphic function satisfying

ρ[p+1,q] (ϕ) < ρ[p,q] (As) . Then every transcendental meromorphic solution f (z)

with λ[p,q]

(
1
f

)
< µ[p,q] (f) of equation (1.4) satisfies

λ[p+1,q] (f − ϕ) = λ[p+1,q] (f − ϕ) = ρ[p+1,q] (f − ϕ) = ρ[p,q] (As) .

3. Preliminary lemmas

Our proofs depend mainly upon the following lemmas.

Lemma 3.1 ([9]) Let f be a transcendental meromorphic function in the plane,

and let α > 1 be a given constant. Then there exist a set E1 ⊂ (1,+∞) that has a

finite logarithmic measure, and a constant B > 0 depending only on α and (m,n)

(m,n ∈ {0, 1, · · · , k}) m < n such that for all z with |z| = r 6∈ [0, 1] ∪ E1, we have∣∣∣∣ f (n)(z)f (m)(z)

∣∣∣∣ ≤ B(T (αr, f)

r
(logα r) log T (αr, f)

)n−m
.

By using similar proof of Lemma 3.5 in [22], we can easily extend Lemma 3.6

in [26] to the case ρ[p,q] (f) = ρ[p,q] (g) = +∞.

Lemma 3.2 Let f (z) = g(z)
d(z) be a meromorphic function, where g (z), d (z) are

entire functions satisfying µ[p,q] (g) = µ[p,q] (f) = µ ≤ ρ[p,q] (f) = ρ[p,q] (g) ≤ +∞
and λ[p,q] (d) = ρ[p,q] (d) = λ[p,q]

(
1
f

)
< µ. Then there exists a set E2 ⊂ (1,+∞)

of finite logarithmic measure such that for all |z| = r /∈ [0, 1] ∪ E2 and |g (z) | =

M (r, g) , we have

f (n) (z)

f (z)
=

(
νg (r)

z

)n
(1 + o (1)) , n ∈ N,

where νg (r) denote the central index of g.
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Lemma 3.3 ([18]) Let f(z) be an entire function of [p, q]-order and let νf (r) be

the central index of f. Then

ρ[p,q] (f) = lim sup
r→+∞

logp νf (r)

logq r
.

Lemma 3.4 ([1], [10]) Let ϕ : [0,+∞) → R and ψ : [0,+∞) → R be monotone

nondecreasing functions such that (i) ϕ(r) ≤ ψ(r) outside of an exceptional set of

finite linear measure, or (ii) ϕ(r) ≤ ψ(r), for all r /∈ (E3 ∪ [0, 1]) , where E3 is a

set of finite logarithmic measure. Let κ > 1 be a given constant. Then there exists

an r1 = r1 (κ) > 0 such that ϕ(r) ≤ ψ(κr) for all r > r1.

By using similar proof of Lemma 2.5 in [11], we can easily extend Lemma 3.3

in [26] to the case ρ[p,q] (f) = ρ[p,q] (g) = +∞.

Lemma 3.5 Let f (z) = g(z)
d(z) be a meromorphic function, where g (z), d (z) are

entire functions satisfying µ[p,q] (g) = µ[p,q] (f) = µ ≤ ρ[p,q] (f) = ρ[p,q] (g) ≤ +∞
and λ[p,q] (d) = ρ[p,q] (d) = λ[p,q]

(
1
f

)
< µ. Then there exists a set E4 ⊂ (1,+∞)

of finite logarithmic measure such that for all |z| = r /∈ ([0, 1] ∪ E4) and |g (z) | =

M (r, g), we have ∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s, (s ∈ N) .

By using similar proof of Lemma 3.7 in [21], we can easily obtain the following

lemma.

Lemma 3.6 ([7]) Let f (z) be an entire function such that ρ(p,q) (f) < +∞. Then,

there exists a set E5 ⊂ (1,+∞) of r of finite linear measure such that for any given

ε > 0, we have

exp
{
− expp

{
(ρ(p,q) (f) + ε) logq r

}}
≤ |f (z)|

≤ expp+1

{
(ρ(p,q) (f) + ε) logq r

}
(r /∈ E5) .

Lemma 3.7 ([12]) Let f be a meromorphic function and let k ∈ N. Then

m

(
r,
f (k)

f

)
= S (r, f) ,

where S (r, f) = O (log T (r, f) + log r), possibly outside a set E6 ⊂ (0,∞) with a

finite linear measure.
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Lemma 3.8 Let Aj (z) (j = 0, 1, · · · , k) , Ak (z) (6≡ 0) , F (z) (6≡ 0) be meromorphic

functions and let f (z) be a meromorphic solution of (1.4) of infinite [p, q]−order

satisfying the following condition

b = max
{
ρ[p+1,q] (F ) , ρ[p+1,q] (Aj) (j = 0, 1, · · · , k)

}
< ρ[p+1,q] (f) .

Then

λ[p+1,q](f) = λ[p+1,q](f) = ρ[p+1,q] (f) .

Proof, We assume f(z) is a meromorphic solution of (1.4) with infinite [p, q] order.

By (1.4), it is easy to see that if f has a zero at z0 of order α (α > k), and A0,

A1, · · · , Ak (6≡ 0) are all analytic at z0, then F must have a zero at z0 of order at

least α− k. Hence,

n

(
r,

1

f

)
≤ kn

(
r,

1

f

)
+ n

(
r,

1

F

)
+

k∑
j=0

n (r,Aj) ,

and

(3.1) N

(
r,

1

f

)
≤ kN

(
r,

1

f

)
+N

(
r,

1

F

)
+

k∑
j=0

N (r,Aj) .

Now (1.4) can be rewritten as

(3.2)
1

f
=

1

F

(
Ak

f (k)

f
+Ak−1 (z)

f (k−1)

f
+ · · ·+A1 (z)

f ′

f
+A0 (z)

)
.

By Lemma 3.7 and (3.2), for |z| = r outside a set E6 ⊂ (0,∞) of finite linear

measure, we have

m

(
r,

1

f

)
≤ m

(
r,

1

F

)
+

k∑
j=1

m

(
r,
f (j)

f

)
+

k∑
j=0

m (r,Aj)

(3.3) ≤ m
(
r,

1

F

)
+

k∑
j=0

m (r,Aj) +O (log rT (r, f)) .

Therefore, by (3.1) and (3.3), we have

T (r, f) = T (r,
1

f
) +O (1)

(3.4) ≤ T (r, F ) +
k∑
j=0

T (r,Aj) + kN

(
r,

1

f

)
+O (log rT (r, f))
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for all sufficiently large r /∈ E6. For sufficiently large r, we have

(3.5) O (log rT (r, f)) ≤ 1

2
T (r, f).

By using the definition of the [p, q] order, for any given ε
(
0 < 2ε < ρ[p+1,q] (f)− b

)
,

and for sufficiently large r, we have

(3.6) T (r, F ) ≤ expp+1

{
(b+ ε) logq r

}
= o (1) expp+1

{(
ρ[p+1,q] (f)− ε

)
logq r

}
,

T (r,Aj) ≤ expp+1

{
(b+ ε) logq r

}
(3.7) = o (1) expp+1

{(
ρ[p+1,q] (f)− ε

)
logq r

}
, j = 0, 1, , · · · , k.

By (3.4) , (3.5) , (3.6) and (3.7) , for r /∈ E6 sufficiently large, we obtain

(3.8) T (r, f) ≤ 2kN

(
r,

1

f

)
+ o (1) expp+1

{(
ρ[p+1,q] (f)− ε

)
logq r

}
.

Hence for any f, by Lemma 3.4 and (3.8) , we have

ρ[p+1,q] (f) ≤ λ[p+1,q] (f)

then

ρ[p+1,q] (f) ≤ λ[p+1,q] (f) ≤ λ[p+1,q] (f) .

Since by definition, we have λ[p+1,q] (f) ≤ λ[p+1,q] (f) ≤ ρ[p+1,q] (f) , then

λ[p+1,q] (f) = λ[p+1,q] (f) = ρ[p+1,q] (f) .

Lemma 3.9 Let f (z) = g(z)
d(z) be a meromorphic function, where g (z), d (z) are

entire functions. If 0 ≤ ρ[p,q] (d) < µ[p,q] (f) , then µ[p,q] (g) = µ[p,q] (f) and

ρ[p,q] (g) = ρ[p,q] (f) . Moreover, if ρ[p,q] (f) = +∞, then ρ[p+1,q] (g) = ρ[p+1,q] (f) .

Proof. Case 1. ρ[p,q] (f) < +∞. By definition of the [p, q]-order, there exists an

increasing sequence {rn}, (rn → +∞) and a positive integer n0 such that for all

n > n0 and for any given ε ∈
(

0,
ρ[p,q](f)−ρ[p,q](d)

2

)
(as 0 ≤ ρ[p,q] (d) < µ[p,q] (f) ≤

ρ[p,q] (f)), we have

(3.9) T (rn, f) ≥ expp
{(
ρ[p,q] (f)− ε

)
logq (rn)

}
,

and

(3.10) T (rn, d) ≤ expp
{(
ρ[p,q] (d) + ε

)
logq (rn)

}
.
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Since T (r, f) ≤ T (r, g) + T (r, d) +O(1), we get, for all sufficiently large n,

expp
{(
ρ[p,q] (f)− ε

)
logq (rn)

}
≤ T (rn, g)

(3.11) + expp
{(
ρ[p,q] (d) + ε

)
logq (rn)

}
+O(1).

Since ε ∈
(

0,
ρ[p,q](f)−ρ[p,q](d)

2

)
, then (3.11) becomes

exp
{

(1− o (1)) expp−1
{(
ρ[p,q] (f)− ε

)
logq (rn)

}}
≤ T (rn, g) +O(1),

for all sufficiently large n. Hence ρ[p,q] (f) ≤ ρ[p,q] (g) . On the other hand, since

T (r, g) ≤ T (r, f) + T (r, d), and ρ[p,q] (d) < ρ[p,q] (f), so we obtain ρ[p,q] (g) ≤
ρ[p,q] (f) . Therefore, we get ρ[p,q] (g) = ρ[p,q] (f). By using the similar way above and

the definition of lower [p, q]-order µ[p,q] (f) and µ[p,q] (g) , we can prove µ[p,q] (g) =

µ[p,q] (f) .

Case 2. ρ[p,q] (f) = +∞. Suppose on the contrary to the assertion that µ[p,q] (g) <

µ[p,q] (f) . We aim for a contradiction. By the definition of lower [p, q]-order, there

exists an increasing sequence {rn}, (rn → +∞) and a positive integer n0 such that

for all n > n0 and for any given ε > 0

T (rn, g) ≤ expp
{(
µ[p,q] (g) + ε

)
logq rn

}
,

T (rn, d) ≤ expp
{(
µ[p,q] (d) + ε

)
logq rn

}
.

Since T (rn, f) ≤ T (rn, g) + T (rn, d) +O(1), we get, for all sufficiently large n,

T (rn, f) ≤ expp
{(
µ[p,q] (g) + ε

)
logq rn

}
+ expp

{(
µ[p,q] (d) + ε

)
logq rn

}
+O(1),

hence µ[p,q] (f) ≤ max
{
µ[p,q] (g) , µ[p,q] (d)

}
. This is a contradiction with our as-

sumption.

Case 3. µ[p,q](f) < +∞ and ρ[p,q](f) = +∞. By using the similar way in proving

Cases 1 and 2, we can prove Case 3.

Finally, we will prove ρ[p+1,q] (g) = ρ[p+1,q] (f). Suppose that ρ[p,q] (f) = +∞.

Then there exists an increasing sequence {rn}, (rn → +∞), such that

ρ[p+1,q] (f) = lim
n→∞

logp+1 T (rn, f)

logq rn
.
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Combining ρ[p,q] (d) < µ[p,q] (f) and the definitions of the [p, q]-order and the lower

[p, q]-order, we get

lim
n→∞

T (rn, d)

T (rn, f)
= 0.

Then, there exists a positive integer N , such that for n > N

T (rn, f) ≤ 2T (rn, g) +O(1).

Thus, ρ[p+1,q] (f) ≤ ρ[p+1,q] (g) . By using the similar way in proving Case 1, since

T (r, g) ≤ T (r, f) + T (r, d), then there exists a positive integer N , such that for

n > N

T (rn, g) ≤ 2T (rn, f).

Hence, ρ[p+1,q] (g) ≤ ρ[p+1,q] (f) . Therefore ρ[p+1,q] (f) = ρ[p+1,q] (g) . Lemma 3.9 is

thus proved.

Remark 3.1. Lemma 3.9 was proved for p = q = 1 by Long and Zhu in [19].

Lemma 3.10 ([5]) Let p ≥ q ≥ 1 be integers, and let f, g be non-constant mero-

morphic functions of [p, q]-order. Then we have

ρ[p,q] (f + g) ≤ max
{
ρ[p,q] (f) , ρ[p,q] (g)

}
and

ρ[p,q] (fg) ≤ max
{
ρ[p,q] (f) , ρ[p,q] (g)

}
.

Furthermore, if ρ[p,q] (f) > ρ[p,q] (g), then we obtain

ρ[p,q] (f + g) = ρ[p,q] (fg) = ρ[p,q] (f) .

4. Proof of Theorems

Proof of Theorem 2.1. Assume that f(z) 6≡ 0 is a rational solution of (1.3). If

either f(z) is a rational function, which has a pole at z0 of degree m ≥ 1, or f(z)

is a polynomial with deg f ≥ s, then f (s)(z) 6≡ 0. By (1.3) , we have

As (z) f (s) (z) = −
k∑
j=0
j 6=s

Aj (z) f (j) (z) .
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Then

ρ[p,q](As) = ρ[p,q](Asf
(s)) = ρ[p,q]

− k∑
j=0, j 6=s

Ajf
(j)


≤ max
j=0,1,··· ,k, j 6=s

{
ρ[p,q] (Aj)

}
,

which is a contradiction. Therefore, f(z) must be a polynomial with deg f ≤ s− 1.

Now, we assume that f(z) is a transcendental meromorphic solution of (1.3)

such that λp

(
1
f

)
< µp(f). By (1.3) , we have

(4.1) |As| ≤
∣∣∣∣ ff (s)

∣∣∣∣
|A0|+

k∑
j=1
j 6=s

|Aj |
∣∣∣∣f (j)f

∣∣∣∣
 .

Using Lemma 3.1, there exists a set E1 ⊂ (1,+∞) with ml(E1) <∞ and a constant

B > 0, such that for all z satisfying |z| = r /∈ ([0, 1] ∪ E1)

(4.2)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B [T (2r, f)]
k+1

, j = 1, 2, · · · , k, j 6= s.

By Lemma 3.5, there exists a set E4 ⊂ (1,+∞) of finite logarithmic measure such

that for all |z| = r /∈ ([0, 1] ∪ E4) and |g (z) | = M (r, g) and for r sufficiently large

(4.3)

∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s,
where g (z) is an entire function satisfying µ[p,q] (g) = µ[p,q] (f) = µ ≤ ρ[p,q] (f) =

ρ[p,q] (g) ≤ +∞. By the hypotheses of Theorem 2.1, there exists a set H with

log dens{|z| : z ∈ H} > 0 (or ml({|z| : z ∈ H}) =∞) such that for all z ∈ H as

z →∞, we have

(4.4) |Aj (z) | ≤ expp+1

{
µ logq r

}
, j 6= s, j = 0, 1, · · · , k,

(4.5) |As (z) | ≥ expp+1

{
(ρ− ε) logq r

}
.

Set H1 = {|z| : z ∈ H}�([0, 1] ∪ E1 ∪ E4), so ml (H1) = ∞. It follows from (4.1) ,

(4.2) , (4.3) , (4.4) and (4.5) that for all z satisfying |z| = r ∈ H1 and |g(z)| =

M(r, g),

expp+1

{
(ρ− ε) logq r

}
≤ kBr2s (T (2r, f))

k+1
expp+1

{
µ logq r

}
,

using 0 ≤ µ < ρ, we have for any given ε (0 < ε < ρ− µ) sufficiently small

(4.6) exp
(
(1− o (1)) expp

{
(ρ− ε) logq r

})
≤ kBr2s (T (2r, f))

k+1
.

M.  SAIDANI AND B. BELAÏDI



MEROMORPHIC SOLUTIONS TO LDE — JDSGT VOL. 16, NUMBER 1 (2018) 47

By (4.6) and Lemma 3.4, we get

ρ[p,q] (As) = ρ ≤ lim sup
r→+∞

logp+1 T (r, f)

logq r
= ρ[p+1,q] (f) .

On the other hand, by the hypotheses of Theorem 2.1, for sufficiently large r, we

have

(4.7) |Aj (z) | ≤ expp+1

{
(ρ+ ε) logq r

}
, j = 0, 1, · · · , k,

and by Lemma 3.6, for any given ε > 0, there exists a set E5 ⊂ (1,+∞) of finite

linear measure (and so of finite logarithmic measure), such that for all z satisfying

|z| = r /∈ E5 we obtain

|Ak (z) | ≥ exp
{
− expp

{
(ρ(p,q) (Ak) + ε) logq r

}}
(4.8) ≥ exp

{
− expp

{
(ρ+ ε) logq r

}}
.

It follows by (1.3) that

(4.9)

∣∣∣∣f (k) (z)

f (z)

∣∣∣∣ ≤ 1

|Ak (z) |

k−1∑
j=1

|Aj (z) |
∣∣∣∣f (j) (z)

f (z)

∣∣∣∣+ |A0 (z) |

 .

By Hadamard factorization theorem, we can write f as f(z) = g(z)
d(z) , where g (z),

d (z) are entire functions satisfying µ[p,q] (g) = µ[p,q] (f) = µ ≤ ρ[p,q] (f) = ρ[p,q] (g) ≤
+∞ and λ[p,q] (d) = ρ[p,q] (d) = λ[p,q]

(
1
f

)
< µ. By Lemma 3.2, there exists a set

E2 ⊂ (1,+∞) of finite logarithmic measure such that for all |z| = r /∈ [0, 1] ∪ E2

and |g (z) | = M (r, g) , we have

(4.10)
f (j) (z)

f (z)
=

(
νg (r)

z

)j
(1 + o (1)) , j = 1, · · · , k.

By substituting (4.7) , (4.8) and (4.10) into (4.9), we obtain∣∣∣∣νg (r)

z

∣∣∣∣k |1 + o (1)|

≤ 1

exp
{
− expp

{
(ρ+ ε) logq r

}}

k−1∑
j=1

∣∣∣∣νg (r)

z

∣∣∣∣j |1 + o (1)|+ 1


× expp+1

{
(ρ+ ε) logq r

}
=


k−1∑
j=1

∣∣∣∣νg (r)

z

∣∣∣∣j |1 + o (1)|+ 1

 exp
{

2 expp
{

(ρ+ ε) logq r
}}

.
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Hence

(4.11) |νg (r)| |1 + o (1)| ≤ krk |1 + o (1)| exp
{

2 expp
{

(ρ+ ε) logq r
}}

,

for all z satisfying |z| = r /∈ ([0, 1] ∪ E2 ∪ E5) and |g (z) | = M (r, g) , r → +∞. By

(4.11) and Lemma 3.4, we get

(4.12) lim sup
r→+∞

logp+1 νg (r)

logq r
≤ ρ+ ε.

Since ε > 0 is arbitrary, by (4.12) and Lemma 3.3, we obtain ρ[p+1,q] (g) ≤ ρ. Since

ρ[p,q] (d) < µ[p,q] (f) , so by Lemma 3.9 we have ρ[p+1,q] (g) = ρ[p+1,q] (f) . This and

the fact that ρ[p,q] (As) = ρ ≤ ρ[p+1,q] (f) yield ρ[p+1,q] (f) = ρ[p,q] (As) . Theorem

2.1 is thus proved.

Proof of Corollary 2.2. Setting h = f − ϕ such that ϕ is a transcendental

meromorphic function with ρ[p+1,q] (ϕ) < ρ[p,q] (As) . By Theorem 2.1, we have

ρ[p+1,q] (f) = ρ[p,q] (As) . By Lemma 3.10, we get ρ[p+1,q] (h) = ρ[p+1,q] (f) =

ρ[p,q] (As) . By substituting f = h+ ϕ into (1.3), we obtain

Ak (z)h(k) +Ak−1 (z)h(k−1) + · · ·+A1 (z)h′ +A0 (z)h

= −
(
Ak (z)ϕ(k) +Ak−1 (z)ϕ(k−1) + · · ·+A1 (z)ϕ′ +A0 (z)ϕ

)
.

SetK (z) = Ak (z)ϕ(k)+Ak−1 (z)ϕ(k−1)+· · ·+A1 (z)ϕ′+A0 (z)ϕ. Since ρ[p+1,q] (ϕ) <

ρ[p,q] (As) , then by Theorem 2.1, we deduce that ϕ is not a solution of equation

(1.3), implying that K (z) 6≡ 0, and in this case we have ρ[p+1,q] (K) ≤ ρ[p+1,q] (ϕ) <

ρ[p,q] (As) = ρ[p+1,q] (f) , so

max
{
ρ[p+1,q] (K) , ρ[p+1,q] (Aj) (j = 0, 1, · · · , k)

}
< ρ[p+1,q] (f) = ρ[p,q] (As)

and by Lemma 3.8, we obtain

λ[p+1,q] (f − ϕ) = λ[p+1,q] (f − ϕ) = ρ[p+1,q] (f − ϕ) = ρ[p,q] (As) .

Proof of Theorem 2.2. Assume that f(z) is a rational solution of (1.4). If either

f(z) is a rational function, which has a pole at z0 of degree m ≥ 1, or f(z) is a

polynomial with deg f ≥ s, then f (s)(z) 6≡ 0. By (1.4) , we have

As (z) f (s) (z) = F (z)−
k∑
j=0
j 6=s

Aj (z) f (j) (z) .
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Then

ρ[p,q](As) = ρ[p,q](Asf
(s)) = ρ[p,q]

F − k∑
j=0, j 6=s

Ajf
(j)


≤ max
j=0,1,··· ,k, j 6=s

{
ρ[p,q] (Aj) , ρ[p,q] (F )

}
,

which is a contradiction. Therefore, f(z) must be a polynomial with deg f ≤ s− 1.

Now, we assume that f(z) is a transcendental meromorphic solution of (1.4)

such that λp

(
1
f

)
< µp(f). By (1.4) , we have

(4.13)

∣∣∣∣f (k) (z)

f (z)

∣∣∣∣ ≤ 1

|Ak (z) |

k−1∑
j=1

|Aj (z) |
∣∣∣∣f (j) (z)

f (z)

∣∣∣∣+ |A0 (z) |+
∣∣∣∣F (z)

f (z)

∣∣∣∣
 .

By Hadamard factorization theorem, we can write f as f(z) = g(z)
d(z) , where g (z),

d (z) are entire functions satisfying µ[p,q] (g) = µ[p,q] (f) = µ ≤ ρ[p,q] (f) = ρ[p,q] (g) ≤
+∞ and λ[p,q] (d) = ρ[p,q] (d) = λ[p,q]

(
1
f

)
< µ. By Lemma 3.2, there exists a set

E2 of finite logarithmic measure such that for all z satisfying |z| = r /∈ ([0, 1] ∪ E2)

at which |g (z) | = M (r, g) we have (4.10) . By the hypotheses of Theorem 2.2 and

Lemma 3.6, for any given ε > 0, there exists a set E5 ⊂ (1,+∞) of a finite linear

measure, such that for all z satisfying |z| = r /∈ E5

|Ak (z) | ≥ exp
{
− expp

{
(ρ(p,q) (Ak) + ε) logq r

}}
(4.14) ≥ exp

{
− expp

{
(ρ+ ε) logq r

}}
.

On the other hand, for sufficiently large r, we have for j = 0, 1, · · · , k

(4.15) |Aj (z) | ≤ expp+1

{
(ρ+ ε) logq r

}
, and |F (z) | ≤ expp+1

{
(ρ+ ε) logq r

}
.

So, for any given ε
(
0 < 2ε < µ(p,q)(g)− ρ(p,q)(d)

)
and sufficiently large r, we obtain∣∣∣∣F (z)

f (z)

∣∣∣∣ =
|F (z) d (z) |
|g(z)|

=
|F (z)| |d (z)|
M(r, g)

≤
expp+1

{
(ρ+ ε) logq r

}
expp+1

{(
ρ(p,q)(d) + ε

)
logq r

}
expp+1

{(
µ(p,q)(g)− ε

)
logq r

}
(4.16) ≤ expp+1

{
(ρ+ ε) logq r

}
.
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By substituting (4.10) , (4.14) , (4.15) and (4.16) into (4.13), for z satisfying |z| =

r /∈ ([0, 1] ∪ E2 ∪ E5) , r → +∞ and |g (z) | = M (r, g) , we have∣∣∣∣νg (r)

z

∣∣∣∣k |1 + o (1)|

≤ 1

exp
{
− expp

{
(ρ+ ε) logq r

}}

k−1∑
j=1

∣∣∣∣νg (r)

z

∣∣∣∣j |1 + o (1)|+ 2


× expp+1

{
(ρ+ ε) logq r

}
=


k−1∑
j=1

∣∣∣∣νg (r)

z

∣∣∣∣j |1 + o (1)|+ 2

 exp
{

2 expp
{

(ρ+ ε) logq r
}}

.

Hence

(4.17) |νg (r)| |1 + o (1)| ≤ (k + 1) rk |1 + o (1)| exp
{

2 expp
{

(ρ+ ε) logq r
}}

,

for all z satisfying |z| = r /∈ ([0, 1] ∪ E2 ∪ E5) and |g (z) | = M (r, g) , r → +∞. By

(4.17) and Lemma 3.4, we get

(4.18) lim sup
r→+∞

logp+1 νg (r)

logq r
≤ ρ+ ε.

Since ε
(
0 < 2ε < µ(p,q)(g)− ρ(p,q)(d)

)
is arbitrary, by (4.18) and Lemma 3.3, we

obtain ρ[p+1,q] (g) ≤ ρ. Since ρ[p,q] (d) < µ[p,q] (f) , so by Lemma 3.9 we have

ρ[p+1,q] (g) = ρ[p+1,q] (f) , hence ρ[p+1,q] (f) ≤ ρ. On the other hand, by (1.4) ,

we have

(4.19) |As| ≤
∣∣∣∣ ff (s)

∣∣∣∣
∣∣∣∣F (z)

f (z)

∣∣∣∣+ |A0|+
k∑
j=1
j 6=s

|Aj |
∣∣∣∣f (j)f

∣∣∣∣
 .

Using Lemma 3.1, there exists a set E1 ⊂ (1,+∞) with ml(E1) < +∞ and a

constant B > 0, such that for all z satisfying |z| = r /∈ ([0, 1] ∪ E1)

(4.20)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B [T (2r, f)]
k+1

, j = 1, 2, · · · , k, j 6= s.

By Lemma 3.5, there exists a set E4 ⊂ (1,+∞) of finite logarithmic measure such

that for all |z| = r /∈ ([0, 1] ∪ E4) and |g (z) | = M (r, g) and for r sufficiently large

(4.21)

∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s.
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By the hypotheses of Theorem 2.2, there exists a set H with log dens{|z| : z ∈ H} >
0 (or ml({|z| : z ∈ H}) =∞) such that for all z ∈ H, we have (4, 4) and (4.5) hold.

Set δ = ρ[p,q] (F ) . Then, for any given ε (0 < 2ε < ρ− δ), we have

(4.22) |F (z) | ≤ expp+1

{
(δ + ε) logq r

}
So, for any given ε

(
0 < 2ε < min

{
µ(p,q)(g)− ρ(p,q)(d), ρ− δ

})
and sufficiently large

r, we obtain ∣∣∣∣F (z)

f (z)

∣∣∣∣ =
|F (z) d (z) |
|g(z)|

=
|F (z)| |d (z)|
M(r, g)

≤
expp+1

{
(δ + ε) logq r

}
expp+1

{(
ρ(p,q)(d) + ε

)
logq r

}
expp+1

{(
µ(p,q)(g)− ε

)
logq r

}
(4.23) ≤ expp+1

{
(δ + ε) logq r

}
.

Set H1 = {|z| : z ∈ H}� ([0, 1] ∪ E1 ∪ E4) , so ml (H1) =∞. By substituting (4.4) ,

(4.5) , (4.20), (4.21) , (4.22) and (4.23) into (4.19), for z satisfying |z| = r ∈ H1,

r → +∞ and |g (z) | = M (r, g) , we have

expp+1

{
(ρ− ε) logq r

}
≤ Br2s (T (2r, f))

k+1 (
expp+1

{
(δ + ε) logq r

}
(4.24) +k expp+1

{
µ logq r

})
.

It follow from (4.24) and Lemma 3.4 that ρ ≤ ρ[p+1,q] (f) . This and the fact that

ρ[p+1,q] (f) ≤ ρ yield ρ[p+1,q] (f) = ρ[p,q] (As) = ρ. Since

max
{
ρ[p+1,q] (F ) , ρ[p+1,q] (Aj) (j = 0, 1, · · · , k)

}
< ρ[p+1,q] (f) = ρ[p,q] (As) ,

then by Lemma 3.8, we obtain

λ[p+1,q](f) = λ[p+1,q](f) = ρ[p+1,q] (f) = ρ[p,q] (As) .

Theorem 2.2 is thus proved.

Proof of Corollary 2.4. Setting h = f − ϕ such that ϕ is a transcendental

meromorphic function with ρ[p+1,q] (ϕ) < ρ[p,q] (As) . By Theorem 2.2, we have

ρ[p+1,q] (f) = ρ[p,q] (As) . By Lemma 3.10, we get ρ[p+1,q] (h) = ρ[p+1,q] (f) =

ρ[p,q] (As) . By substituting f = h+ ϕ into (1.4), we get

Ak (z)h(k) +Ak−1 (z)h(k−1) + · · ·+A1 (z)h′ +A0 (z)h

(4.25) = F (z)−
(
Ak (z)ϕ(k) +Ak−1 (z)ϕ(k−1) + · · ·+A1 (z)ϕ′ +A0 (z)ϕ

)
.
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SetG (z) = F (z)−
(
Ak (z)ϕ(k) +Ak−1 (z)ϕ(k−1) + · · ·+A1 (z)ϕ′ +A0 (z)ϕ

)
. Since

ρ[p+1,q] (ϕ) < ρ[p,q] (As) , then by Theorem 2.2, we deduce that ϕ is not a solution

of equation (1.4), implying that G (z) 6≡ 0, and in this case we have ρ[p+1,q] (G) ≤
ρ[p+1,q] (ϕ) < ρ[p,q] (As) = ρ[p+1,q] (f) , so

max
{
ρ[p+1,q] (G) , ρ[p+1,q] (Aj) (j = 0, 1, · · · , k)

}
< ρ[p+1,q] (f) = ρ[p,q] (As)

and by Lemma 3.8, we obtain

λ[p+1,q] (f − ϕ) = λ[p+1,q] (f − ϕ) = ρ[p+1,q] (f − ϕ) = ρ[p,q] (As) .
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[11] K. Hamani, B. Beläıdi, Growth of solutions of complex linear differential equations with entire

coefficients of finite iterated order, Acta Univ. Apulensis Math. Inform. No. 27 (2011), 203–216.

[12] W. K. Hayman, Meromorphic functions, Oxford Mathematical Monographs Clarendon Press,

Oxford 1964.

[13] H. Hu, X.M. Zheng, Growth of solutions to linear differential equations with entire coeffi-

cients, Electron. J. Differential Equations 2012, No. 226, 15 pp.

M.  SAIDANI AND B. BELAÏDI



MEROMORPHIC SOLUTIONS TO LDE — JDSGT VOL. 16, NUMBER 1 (2018) 53

[14] O.P. Juneja, G.P. Kapoor and S. K. Bajpai, On the (p,q)-order and lower (p,q)-order of an

entire function, J. Reine Angew. Math. 282 (1976), 53–67.

[15] L. Kinnunen, Linear differential equations with solutions of finite iterated order, Southeast

Asian Bull. Math. 22 (1998), no. 4, 385–405.

[16] I. Laine, Nevanlinna theory and complex differential equations, de Gruyter Studies in Math-

ematics, 15. Walter de Gruyter & Co., Berlin, 1993.

[17] L. M. Li, T.B. Cao, Solutions for linear differential equations with meromorphic coefficients

of [p, q]-order in the plane, Electron. J. Differential Equations 2012, No. 195, 15 pp.

[18] J. Liu, J. Tu and L. Z. Shi, Linear differential equations with entire coefficients of [p, q]-order

in the complex plane, J. Math. Anal. Appl. 372 (2010), no. 1, 55–67.

[19] J.R. Long, J. Zhu, On hyper-order of solutions of higher order linear differential equations

with meromorphic coefficients, Adv. Difference Equ. 2016, 2016:107, 13 pp.

[20] M. Saidani, B. Beläıdi, On the fast growth of solutions to higher order linear differential

equations with entire coefficients, Novi Sad J. Math., Vol. 46, No. 2, 2016, 117-133.

[21] J. Tu, T. Long, Oscillation of complex high order linear differential equations with coefficients

of finite iterated order, Electron. J. Qual. Theory Differ. Equ. 2009, No. 66, 1-13.

[22] J. Tu, Z.X. Chen, Growth of solutions of complex differential equations with meromorphic

coefficients of finite iterated order, Southeast Asian Bull. Math. 33 (2009), no. 1, 153–164.

[23] S.Z. Wu, X.M. Zheng, On meromorphic solutions of some linear differential equations with

entire coefficients being Fabry gap series, Adv. Difference Equ. 2015, 2015:32, 13 pp.

[24] C.C. Yang, H.X. Yi, Uniqueness theory of meromorphic functions, Mathematics and its Ap-

plications, 557. Kluwer Academic Publishers Group, Dordrecht, 2003.

[25] L. Yang, Value distribution theory, Springer-Verlag, Berlin, 1993.

[26] M.L. Zhan, X.M. Zheng, Solutions to linear differential equations with some coefficient being

lacunary series of (p, q)−order in the complex plane, Ann. Differential Equations 30 (2014),

no. 3, 364–372.




