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ABSTRACT. Let X be a compact metric space and ¢ : R x X — X be a
continuous flow. In this paper, we prove that if ¢ has the average shadowing
property and the almost periodic points of ¢ are dense in X, then ¢ X ¢ is
topologically ergodic. As a corollary, we obtain that if a Lyapunov stable flow

¢ has the average-shadowing property, then X is a singleton.
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1. INTRODUCTION

Chaos or complexity is an important property and an important study topic of
dynamical systems. In 1975, Li and Yorke introduced the term chaos for interval
maps [10], today known as Li-Yorke chaos. Since then, people from different fields
try to describe the behaviors by providing definitions of chaos according to their
understanding of the subject. There have appeared many important definitions of
types of chaos [3]. The different notions of chaos at least share a common moti-

vating intuition of unpredictability. It is well known that sensitive dependence on

© @ Taru PuBLicaTIONS


dx.doi.org/10.1080/1726037X.2017.1390190

100 YINGXUAN NIU

initial conditions characterizes the unpredictability of chaotic phenomenon and was
popularized by the meteorologist Ed Lorenz through the so-called butterfly effect.
A system is called Auslander -Yorke chaos if it is topologically transitive and has
sensitive dependence on initial conditions [3].

The pseudo-orbit tracing property is one of the most important notions in dy-
namical systems [5], which is closely related to stability and chaos of systems, see,
for instance [14-16] and is an essential part of stability and ergodic theory [1]. In or-
der to explore the complexity of a dynamical system, concepts of various shadowing
properties were introduced [12,13]. Blank introduced the notion of the average-
shadowing property in studying chaotic dynamical systems, which is a good tool to
characterize Anosov diffeomorphisms [4]. The research on the average-shadowing
property also have been arousing a great deal of interest from many researchers and
mathematicians [ 6-9, 11, 12].

Recently, Gu discussed the relation among the average-shadowing property, Lya-
punov stability and ergodicity for a flow [6,7]. It was showed in [7] that a Lyapunov
stable flow with the average-shadowing property is topologically ergodic. We remark
that a Lyapunov stable flow is simple. Now a natural question arises: which flow
with the average-shadowing property is chaotic? In this paper, we try to study this
question and show that if a flow ¢ has the average-shadowing property and the set
of almost periodic points of ¢ is dense in X, then ¢ x ¢ is topologically ergodic. In
particular, ¢ is Auslander-Yorke chaotic. As a corollary, we obtain that if ¢ is Lya-
punov stable and X is not a singleton, then ¢ does not have the average-shadowing
property. We remark that similar results are known for discrete-time dynamical
systems [11]. Our results show that a system with the average-shadowing property

may be complex.

2. PRELIMINARIES

In this section, we recall some basic concepts and give out some notations from
dynamical systems.

Let (X, d) be a compact metric space with metric d, write R = (—o00,00). Let
¢ : Rx X — X be a continuous flow, that is, ¢ : R x X — X is a continuous map
and satisfies the following conditions:

(1) ¢(0,2) = x for any z € X;
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(2) p(s,p(t,x)) = p(s+t,x) for any x € X and any s,t € R.

For x € X, the set v(z,¢) = {¢(t,x) : t € R} is called the orbit of ¢ through x.
For t € R, we write ¢; : X — X, () = ¢(t,x) for any z € X. A point z € X is
called a recurrent point of ¢ if there is ¢,, — oo such that ¢(t,,z) — .

A set A C Ris said to be relatively dense if there is L > 0 such that AN(¢,t+L) #
() for every t € R. A point x € X is called an almost periodic point of ¢ if for any
neighborhood U of z, there is a relatively dense subset A C R such that ¢(t,2) € U
for every t € A. We denote the set of almost periodic points of ¢ by AP(p).

A set Y C X is said to be invariant for ¢ if ¢(¢,Y) C Y for all ¢t € R. A subset
M of X is called minimal for ¢ if M is non-empty, closed, invariant and there is
no proper subset of M with these three properties. If X is minimal, we say that ¢
is minimal. It is easy to see that ¢ is minimal if and only if W = X for each
x € X. It is well known that z € X is an almost periodic point if and only if W
is minimal [2].

A point x € X is called a Lyapunov stable point of ¢ if for any € > 0, there is
4 > 0 such that d(z,y) < 0 implies d(¢(t,x), p(t,y)) < € for each t € R. A flow ¢
is called Lyapunov stable or equicontinuous if every point in X is Lyapunov stable.
A flow @ is called sensitive dependent on initial conditions (sensitive for short) if
it does not have a Lyapunov stable point. It is well known that if ¢ is Lyapunov
stable, then every point in X is almost periodic [Lemma 3, P37, 2].

A flow ¢ is called topologically transitive if for any non-empty open subsets U, V
of X there is some ¢t € R such that p(t,U) NV # (. It is not difficult to check that
if o is topologically transitive, then there is some x € X such that (z,p) = X.

A flow ¢ is said to be topologically ergodic if

1 t
lim sup ;/0 X(p(s,U)NV)ds >0

t—o0

for any two non-empty open subsets U and V of X, where x(U) = 1 when U #
and x(U) = 0 when U = {).

It is obvious that topological ergodicity implies topological transitivity.

For a flow ¢ : R x X — X, we can define the product flow ¢ x ¢ : R x (X x
X) = X x X with ¢ x o(t, (z,y)) = (p(t,z), p(t,y)) for any z,y € X and any
t € R. The metric p on X x X is p((z,y), (¢',y")) =max {d(x,z’),d(y,y)} for
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every z,2',y,y € X. We say that ¢ is weakly mixing if ¢ X ¢ is topologically
transitive.

Now we recall the concept of the average-shadowing property for a continuous
flow.

Given 6 > 0 and T > 0. A bi-sequence ({Z;} _co<i<oos {ti }—co<i<oo) 18 called a
(6, T)— average-pseudo-orbit of ¢ if t; > T for every —oco < i < oo and there is a
positive integer N = N(4) such that

n—1

Z d(P(thtis Thti)s Thtit1) < 6
i=0

1
n

for every n > N and every —oo < k < oo.
For € > 0, a bi-sequence ({2;} _co<icoo; {ti} —co<i<oo) i said to be e- shadowed

in average by the orbit of ¢ through x if

‘31+1
lim sup — Z/ x), ot — 84, 2))dt < g,

n—1
where s = 0,8, = > t;,n=1,2,---
i=0
A flow ¢ is said to have the average-shadowing property if for any € > 0 there is
4 > 0 such that every (4, 1)-average-pseudo-orbit of ¢ can be e- shadowed in average

by some orbit of ¢.

3. THE MAIN RESULTS AND PROOFS

The following lemma is due to Zhou [17], here we give a simpler proof for com-
pleteness.
Lemma 3.1. Let X be a compact metric space with metricd and ¢ : Rx X — X
be a continuous flow. If z € X is a recurrent point of ¢, then for any ¢ > 0
there are § > 0 and At > 0 such that for any ¢ > 0, ¢(t,z) € B(z,d) implies
o((t — At,t + At),xz) C B(x,¢e), where B(a,e) = {b € X : d(a,b) < e}.
Proof. For given ¢ > 0, since ¢(0,x) = z, by continuity of ¢ there is At > 0 such
that d(p(t,z),r) < § for all t € (—=At, At). For At > 0, there is § > 0 such that
d(u,v) < 0 implies d(¢(t,u), ¢(t,v)) < § for all t € [-At, At] by continuity of ¢
and compactness of X. Since z € X is a recurrent point of ¢, there is t > 0 such
that ¢(t,z) € B(x,0).
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Forany ¢t > 0, if p(t,x) € B(x,0), i.e, d(¢(t, z),z) < §, then d(p(t+7, x), (T, 2)) <
for all 7 € (—At,At). Therefore d(o(t + 7,2),2) < d(e(t + 7,z),p(1,2)) +

£
2
d(p(r,z),2) < §4+5 = eforall 7 € (—At, At). Hence o((t—At, t+At),z) C B(z,¢).
The proof of Lemma 3.1 is completed. o

Lemma 3.2. Let X be a compact metric space with metricd and ¢ : Rx X — X
be a continuous flow. If ¢ is topologically transitive and the set of the almost
periodic points of ¢ is dense in X, then ¢ is topologically ergodic.

Proof. Let U,V be two non-empty open subsets of X, we will prove

1 t
lim sup ;/0 x(p(s,U)NV)ds > 0.

t—o0

Since ¢ is topologically transitive, there is tg € R such that ¢(to,U) NV # 0.
Hence, W = U N ¢, 1(V) is a non-empty open set. By the assumption, there is
r € WNAP(p). We may pick ¢ > 0 such that B(z,e) C W. By Lemma 3.1,
there are § > 0 and At > 0 such that for any ¢t > 0, ¢(t,z) € B(z,d) implies
o((t — At,t + At),z) C B(x,e). Since € X is an almost periodic point of ¢,
the set A = {t € R: p(t,x) € B(z,d)} is a relatively dense subset of R. There-
fore there is L > 0 such that for any ¢ € R, (t,t + L) N A # 0. Given a positive
integer n, there is ¢; € ((i — 1)L,4L) such that ¢(t;,x) € B(z,0),i = 1,2,--- ,n
Hence o((t; — At t; + At),x) C B(z,e) C W for any ¢ : 1 < ¢ < n. It is not
difficult to check that if ¢(r,z) € W, then @(r + to,U) NV # 0. Hence, for any
r € (to+t; — At o+t + At),p(r,U)NV #0,i=1,2,---  ,n. Hence we have
hmsup fo o(s,U)NV)ds

> limsup - fOnL x(o(s,U)NV)ds
n—oo
> hm 1 SUp L Z ftto";t jAt o(s,U)NV)ds — f7f°L+t"+At x(¢(s,U)NV)ds)

> limsup -1 (2nAt) = 28 >
n—oo
Thus, ¢ is topologically ergodic. O
With the help of Lemma 3.2 and using the idea of the proof of Theorem 3.4 in

[18], we obtain the following result.
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Theorem 3.3. Let X be a compact metric space with metricdand ¢ : RxX — X
be a continuous flow. If ¢ has the average-shadowing property and the set of the
almost periodic points of ¢ is dense in X, then ¢ is topologically ergodic.

Proof. By Lemma 3.2, it suffices to prove that ¢ is topologically transitive.

Suppose that U and V' are two nonempty open subsets of X. By the assumption
we can choose x € U N AP(p),y € VN AP(p) and € > 0 such that B(x,e) C
U,B(y,e) C V. We have J, = {t € R: ¢(t,x) € B(x,5)} and J, = {t € R :
©(t,y) € B(y, 5)} which are two relatively dense subsets of R. Therefore there are
Ly > 0and Ly > 0 such that J, N (¢,t+ L1) #0,J, N (t,t + Ly) # 0 for any ¢t € R.
Let L =max{Lq, Lo} > 0, by compactness of X and continuity of ¢ there is é > 0
such that d(u,v) < ¢ implies d(¢(t,u), p(t,v)) < § for every t € [-L — 1, L +1].

Since ¢ has the average-shadowing property, for g > 0, thereis 01 : 0 < 01 < g
such that every (41, 1)—averge-pseudo-orbit of ¢ can be g-shadowed in average by
some orbit of ¢.

Choose a positive integer Ny such that % < 01, where D =diam(X), that is,
D =sup {d(z,y) : z,y € X}. We define a bi-sequence ({z;}_co<i<oo, {ti} —co<i<oo)
(Where t; = 1 for each —oo < i < o) as follows:

x; = @(i(mod2Ny), z), if i(mod2Ny) € {0,1,2,--- , Ny — 1};

x; = @(i(mod2Ny) — Ny, y), if i(mod2Ny) € {No, Ng +1,--+ ,2Ny — 1}.

That is, the terms of the sequence from i = 0 to 2Ny — 1 are

To=T,T1 = So(lax)v 3 TNg—1 = QD(NO - ]-71:)7

TNy = Y, TNo+1 = 30(172/) 3 T2Ng—1 = SD(NO - 1ay)

It is easy to check that for every n > Ny and every —oo < k < o0,

1! [#=]x3D 3D
- d(p(1 i) i < — < 4.
n; (oL, h1i), Thgir1) < " N0< 1

Thus the bi-sequence ({Z;}—co<i<oos {ti}—co<icoo) I8 a (d1, 1)-average-pseudo-
orbit of p. Hence, it can be %—shadowed in average by the orbit of ¢ through some

point w € X, that is,
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1 n—1 .41 5
limsup - z%/ d(p(t,w), ot — i, 2:))dt < . (3.1)
We have the following claim.

Claim. (1) There are infinitely many positive integers i and real numbers ¢; €
[i,7 + 1] such that

x; € {z,0(1,x), - ,0(No — 1,2)} and d(o(t;,w), o(t; —i,x;)) < 6.

(2) There are infinitely many positive integers j and real numbers ¢; € [j,j + 1]
such that

zj €{y,0(1,y), -, ¢(No —1,y)} and d(p(t;,w), o(t; — j,z;)) < 0.

Proof of Claim. Without loss of generality we only prove (1).

If (1) is not true, then there is a positive integer N such that for all i > N,
whenever z; € {z,p(1,z), - ,p(No — 1,2)}, we have d(¢(t,w), p(t —i,2;)) > 6 for
any t € 4,1+ 1].

So,

i+1
[ dettw) ot~ iadr = 8

for all « > N.
Thus, it is gotten that

N >

n—1 i+1
1 o
imsup = S [ dip(t.w).plt — i)t >
— /i

nooo M
Which contradicts (3.1). The proof of the claim is completed.
According to the claim, we can pick jo > ig + L and t;, € [ig, %0 + 1],th €
[Jos Jo + 1], ziy = (i1, ), 25, = ¢(j1,y) and 0 <y, j1 < Ny such that

d((p(timw)? @(tlo - iov'rio)) < and d(@(tjo’w)’ @(tjo - j07xj0)) < 4.
That is,

d(p(tig, w), p(ti, — o +i1,2)) <8 (3.2)
and
d(p(tjo,w), o(tj, — Jo + j1,y)) <& (3.3)
Since J, N (i1, i1+ L) # 0, JyN (41,51 +L) # 0, there are 0 < 4y, jo < L such that
d(p(ir + iz, 2),2) < 5 and d(p(j1 + j2,9),y) < 5
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It is easy to check that iy +ig — t;,J2 + jo — tj, € [-L —1,L + 1]. Hence by
(3.2) and (3.3), we obtain that

d(p(ti, +i2 4o — tiy,w), p(i1 + iz, 7)) < 5
and

d(p(tj, + 2 + Jo — tjo,w), (j1 + j2,9)) < 5.

Write k = t;, +ia2+1io—t;,, 7 = tj, +j2+jo —tj,. Therefore, d(¢(k,w),x) < € and
d(p(r,w),y) < e, which implies that p(r — k,U) NV # 0. Since U,V are arbitrary,
© is topologically transitive. The proof of Theorem 3.3 is finished. O

The proof of the following lemma is easy, we omit the proof.

Lemma 3.4. Let X be a compact metric space with metricd and ¢ : Rx X — X
be a continuous flow. If ¢ has the average-shadowing property, then so does ¢ X ¢.

Let X,Y be compact metric spaces, ¢ : Rx X - X and ¥ : RXxY — Y be
continuous flows. If there is a continuous, surjective map m : X — Y satisfying
mop=1om, ie., w(p(t,z)) =(t,m(x)) for any t € R,z € X, then 7 is said to be
a factor map from ¢ to . It is well known that 7(AP(y)) = AP ().

Lemma 3.5. Let X be a compact metric space with metricd and ¢ : R x X — X
be a continuous flow. If the almost periodic points of ¢ are dense in X, then the
almost periodic points of ¢ X ¢ are dense in X x X.

Proof. Since z € X is an almost periodic point of ¢ if and only if W is a
minimal set of ¢, we quickly deduce to the case when ¢ is minimal. It is well known
that there is an almost periodic point (z,y) € X x X of ¢ x ¢. It is easy to verify
that for any ¢,s € R, ¢; X ps is a factor map from ¢ X ¢ to ¢ x ¢. Thus, for
any t,s € R, (o(t,x),(s,y)) € AP(p x ). Since ¢ is minimal, y(t,z) = X and
W = X. Hence for any non-empty open subsets U,V C X, there are t,s € R
such that (¢(t,z), (s, y)) € (Ux V)N AP(p x ¢). Therefore AP(p x ¢) = X x X.
O

Lemma 3.6. Let X be a compact metric space with metricd and ¢ : R x X — X
be a continuous flow. If ¢ is weakly mixing and X is not a singleton, then ¢ is
sensitive.

Proof. Since X is not a singleton, D =sup{d(z,y) : x,y € X} > 0. Let ¢ = % > 0.
For any non-empty open subset U C X, we can choose two non-empty open subsets

Vi, Vo C X with d(Vy,Va) > e. As ¢ is weakly mixing , there is ¢ € R such that
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e, U)NVy # 0,0, U) N Va # (), which implies that there are 2,y € U such that
d(p(t, ), ¢(t,y)) > . Therefore ¢ is sensitive. O

Theorem 3.7. Let X be a compact metric space with metricd and ¢ : Rx X — X
be a continuous flow. If the set of almost periodic points of ¢ is dense in X and ¢ has
the average-shadowing property, then ¢ x ¢ is topologically ergodic. In particular,
if additionally X is not a singleton, then ¢ is Auslander-Yorke chaotic.

Proof. We write 1 = ¢ X ¢. Since the set of almost periodic points of ¢ is dense
in X and ¢ has the average-shadowing property, By Lemma 3.4 and Lemma 3.5, ¥
has the average-shadowing property and the almost periodic points of i are dense.
Therefore 9 is topologically transitive from Theorem 3.3. Hence v satisfies the
conditions of Lemma 3.2 and ¥ = ¢ X ¢ is topologically ergodic. It is obvious
that ¢ is weakly mixing. By Lemma 3.6, ¢ is sensitive when X is not a singleton.
Therefore ¢ is Auslander-Yorke chaotic. The proof is finished . a

The following theorem is due to Gu, it is the main result in [7].

Theorem 3.8. Let X be a compact metric space with metric d and ¢ : R x X —
X be a continuous flow. If a Lyapunov stable flow ¢ has the average-shadowing
property, then ¢ is topologically ergodic.

By Theorem 3.7, we obtain the following result which shows that the conditions
of Theorem 3.8 are never satisfied except when X is a singleton.

Note that if ¢ is Lyapunov stable, then every point in X is almost periodic
[2,Lemma 3]. We have immediately the following Corollary.

Corollary 3.9. Let X be a compact metric space with metricd and p : Rx X — X
be a continuous flow. If ¢ is Lyapunov stable and X is not a singleton, then ¢ does
not have the average-shadowing property.

The ordered pair (z,y) € X x X is called distal if inf{d(p(t,z),p(t,y)) : t €
R} > 0. A flow ¢ is said to be distal if for all ordered pairs (z,y) € X x X with
x # y are distal. It is well known that if ¢ is Lyapunov stable, then it is distal.
Moreover, if ¢ is distal, then every point z € X is an almost periodic point of ¢ [2].

In fact, we can obtain the following stronger result.

Corollary 3.10. Let X be a compact metric space with metric d and ¢ : Rx X —
X be a continuous flow. If ¢ is distal and X is not a singleton, then ¢ does not

have the average-shadowing property.
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Proof. Suppose ¢ has the average-shadowing property. By Theorem 3.7, ¢ X ¢ is
topologically ergodic, whence ¢ X ¢ is topologically transitive. Therefore, there is
(z,y) € X x X such that v((z,y),¢ x ¢) = X x X. Since X is not a singleton,
x # y. Obviously, the pair (x,y) € X x X is not distal, which contradicts the

assumption. Thus ¢ does not have the average-shadowing property. O

4. CONCLUSION

In this paper, we discuss that some dynamical properties of semi-flows with the
average shadowing property and prove that if the set of almost periodic points of
a semi-flow ¢ with the average shadowing property, then ¢ x ¢ is topologically
ergodic. A natural question is: whether is the result above can be strengthen? It

is the topic of our further research.
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