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ABSTRACT. The research paper under consideration investigates the motion
in the vicinity of triangular equilibrium points of the circular restricted three-
body problem of a passively gravitating dust particle in the gravitational field
for the binaries system (Kruger 60 and Achird). The two bodies of the binary
are both oblate radiating stars possessing P-R drag. The position of triangular
equilibrium points of the particle is seen to be affected by oblateness, radiation
and P-R drag. In our numerical exploration of the binary system Kruger 60
and Achird, we computed the radiation factors ¢;(i = 1,2) and the velocity of
light ¢4 which is a component of the P-R drag. The points are unstable due

to the presence of a positive real part of the complex roots.

AMS Classification: T70F15
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1. INTRODUCTION

The Restricted Three-Body Problem (R3BP), where an infinitesimal mass (called
the third body) moves around the gravitational field of the primaries in circular

orbits about their common center of mass. It possesses five equilibrium points
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L;(i =1,2,..5). The points Ly, Ly and L3 are called collinear equilibrium points,
while L4 and L5 are called triangular equilibrium points.

The classical R3BP considers the bodies involved to be strictly spherical; but in the
solar (e.g. Sun, Earth, Jupiter and Saturn) and in the Stellar (e.g Achernar, Alfa
area, Kruger 60, Achird, Cen X-4) systems, some planets, stars and their satellites
(Moon, Charon) are sufficiently oblate. The oblateness of a celestial body can pro-
duce perturbation from the two-body motion. It’s well known example in the solar
system in the orbit of the fifth satellite of Jupiter and Amathea. This justifies the
inclusion of oblateness in the study of motion of celestial bodies. In the context
of stars, their fast rotation produces an equatorial bulge due to centrifugal force.
Neutron stars and black dwarf may be considered oblate because of their rapid ro-
tation. The millisecond pulsar PSRB1937+421 and the pulsar PSRJ1748-422ad are
also assumed to be oblate owing to their swiftest spinning.

Radzievsky [1,2] was the first to study the photogravitational restricted three-body
problem (PR3BP). He found besides the five libration points (classical problem),
additional points Lg and L7 called out-of-plane equilibrium points. Chernikov [3]
later introduced the Poynting-Robertson (P-R) effect.

In discussing light radiation force, the above studies of PR3BPs with or without
oblateness have taken into account, just one of the three components of the light
pressure field, which is due to the central force; the gravitation and the radiation
pressure. The remaining two components are arising from the Doppler Shift and
the absorption and subsequent re-emission of the incident radiation. The Poynting-
Robertson (P-R) drag constitutes these last two terms, which causes small particles
of the solar system to spiral into the sun at a cosmically rapid rate. Poynting [4]
pointed out this problem when he considered the effect of absorption and subse-
quent re-emission of sunlight by small isolated particles in the solar system. Later,
Robertson [5] modified his theory by improving the expression of the total radia-
tion force using precise relativistic treatments of the first order in the ratio of the
rate of change in time of the particle to that of light. By law, the solar radiation
pressure force F), is exactly opposite to the gravitational attraction force F, and
change with the distance. It satisfies that the result of the action of this force will

lead to reducing the effective mass of the particles.
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The study P-R effect is now significant in the area of zodiacal cloud, orbital evolu-
tion of cometary meteor streams, asteroidal particles and dust rings around planets.
Knowing the importance of the (P-R) drag, this motivated several researchers like
Perezhogin [6], Schuerman [7], Simmons et al. [8], Murray [9], Ragos and Zafiropou-
los [10], Kushvah [11] and Das et al. [12] study the existence of equilibrium points
and their stability in the PR3BPs with various issues. They have considered more
reasonable and understandable issues related to the motion of the radiating pri-
maries. All these works have arrived at the conclusion that the P-R effect renders
unstable those equilibrium positions, which are conditionally stable in the classical
case.

Authors of the R3BPS (Hamilton and Burns [13]; Singh and Ishwar [14]; Kunitsyn
[15]; Singh [16]; Singh and Leke [17]; Singh et al. [18]; Ershkov [19]; Abouelmagd
[20]) have addressed the influences of oblateness, radiation pressure, small changes
in the Coriolis and centrifugal forces, variation of the masses, Yarkovsky effects
and the P-R drag. Some significant studies of the R3BP with one or both oblate
primaries whose equatorial plane is coincident with the plane of motion are investi-
gated (Danby [21]; Sharma and SubbaRao [22]; Sharma [23]; Markellos et al. [24];
AbdulRaheem and Singh [25]; Abouelmagd [26]; Singh and Leke [27]). Also, Singh
and Amuda [28] studied the motion of a test particle around the triangular equilib-
rium points under the effects of radiation pressure of the second primary together
with its P-R drag when the first primary is an oblate spheroid. They found that
the positions of triangular points are influenced by the presence of these parame-
ters, the linear stability of the problem is investigated and applied to the binary
system RXJ 0450.1-5856. It is observed that the triangular points are unstable due
to the presence of positive roots. In considering both primaries as luminous-oblate
spheroids, one can think of Kruger 60 and Achird which are the brightest naked eye
star in the constellation.

In this paper, our effort is geared towards investigating the effect produced by
oblateness of the primaries and their radiation pressures together with the P-R
drag on the existence of triangular points and their linear stability in the CR3BP.
The paper organization is as follows: Section 2 derives the equations of motion. The

existence of triangular equilibrium points is discussed in Section 3, while Section 4
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shows numerical applications. Section 5 examines the stability of these triangular

points. Finally, section 6 summarizes the conclusion of the paper.

2. EQUATIONS OF MOTION

The barycentric rotating co-ordinate system Ozyz relative to an inertial system
with angular velocity n and common z— axis is considered with a line joining the
primaries as the x— axis. Let my, ms be the masses of bigger and smaller pri-
maries (Fig. 1), respectively. In this context, 71 and ro are the distances of the
third body from the primaries. Let (z,y,z) be the coordinates of an infinitesimal
mass m, and the units such that the sum of the masses and the distance between
primaries are unity. The unit of time i.e. time period of my about m; consists of
27 units such that the Gaussian constant of gravitational v = 1. Then the per-
turbed mean n motion of the primaries is given by n? = 1 + %(Al + Aj), where

AE?—AP?
Ai = ER2

0 < A; << 1 (McCuskey,[29]). AF;,AP; are the equatorial and polar radii of m,,

(i = 1,2) are the oblateness coefficients of m; and are such that

ma2
mi+ma

respectively and R the distance between the primaries. Let u = be the mass

ma
mi+ma

parameter, then 1 — pu = with my > mo.

Let F; and F),, denote the gravitational and radiation forces acting on a particle.
Then the resultant force on the particle is given by F' = Fy, — F}, = F, (1 — %) =
qFy, where ¢ is the factor characterizing radiation effects.

If the solar radiation flood fluctuations and a shadow effect of the planet are ne-
glected, then ¢ is assumed to be constant. Depending upon the value of ¢, the
reduced particle mass is positive, negative or zero. In this paper, we consider the
case when the gravitation prevails, i.e ¢ > 0. We denote the radiation factors as
q:(i = 1,2) for the bigger and smaller primaries respectively, and they are given by
¢G=1- (%) =1-6;(i =1,2) such that 0 < 1 — ¢; << 1(¢ = 1,2), where 0; are
the ratios of the radiation pressure force to the gravitational force of the primaries.
The relativistic treatment of this problem was formulated by Robertson [5] and
Chernikov [3], who showed that to first order in £ the radiation pressure force is

given by.

(1) F=F +F+F;
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where,
_ R o.RR 7
F] = FPE,FQ = _FPEE’FS = _Fpg
Here F, = #@’;sc denotes the measure of the radiation pressure force, R the

position vector of a particle p with respect to radiation source, ¥ the corresponding
velocity vector and c the velocity of light. In the expression of F},, L is the luminosity
of the radiating body, while m, p and s are the mass, density and cross section of
the particle respectively.

The first term in equation (1) expresses the radiation pressure, the second one
represents the Doppler shift of the incident radiation and the third one is due to
the absorption and subsequent re-emission of the incident radiation. These last two
terms taken together are called the Poynting-Robertson drag. We denote the P-R

drag of bigger and smaller primaries by the parameters W;(i = 1, 2) respectively.

Figure 1: The primaries m, and msy are moving in circular orbits about their

common center of mass unperturbed by the infinitesimal mass m in the CR3BP.

Following McCuskey [29], Ragos and Zafiropoulos [10] and Singh and Amuda [28],
the equations of motion of a passively gravitating test body of infinitesimal mass
in the CR3BP under the effects of oblateness of the primaries and their radiations

together with P-R drag can be written as:

- _ (= wari 31— p)Aign _
3 279
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_3[LLA2(]2’F2 ,LL(l — (]2) [FQ . <(F2 + w X FQ)FQ) ’FQ (7?2 + w X 7:’2)‘|

Cqra 79 Cq

F=wzi4yj+zk, T=@i+yj+sk, a==#i+ij+sk, @ =nk

Flz(x+u)5+yf+zﬁ, *gz(x—i—u—l)f—kyf—kzlg,

r? = (x4 p)? +y? + 22, ra=(x+p—1)%+y? + 22,
_.” e

G x 0= —n(yi—27), @ x (@ x7)=—n(zi+yj),

—

Fo 410 X 7y = (& — ny)i + [§ + n(z + p — 1)]] + 2k,

—

(P + @ x 7o)y = [(@ + p— 1) + yj + 2],
where the dots denote differentiations with respect to time t.

Equation (2), on simplifying and equating the coefficients of ;J and k on both sides,

is reduced to the system of equations:

1— 3(1—p)A —1
i — 9ng = n’o — ( M)iﬂ;Jru)ql _3( u)2;§x+u)q1  pge(z ;Lgu )
1 1 2

3/1,(1'4—#—1)142(]2 Wy (x"i‘/l) . . . .
23 il i DR VA S

B [ty

2
)

. x—i—u—l)i—l—yz)—kzé}%—i—ny],
2

(L-pmyqr 301 —pyaiAr  pgey  3uyAage

. i — 2. _
i+ 2nd =n"y r3 215 r3 2r3
Wily .
_?21 [7,2{(x+ﬂ)$+yy+zz}+y+n(x+u)]
1 1
W L
*722 [;yz{(ﬂu1)$+yy+zz}+y+n(x+u1)},
2 2
(A -mre 31 —prmAr  pree 3uzdag
r3 2r9 3 23
— [2{(““+“)x+yy+zz}+z} -7 [2{($+M—1)w+yy+zz}+z],
Tl rs | r3
with

Wy = (1—M)(1—Q1)7W2: pd—a)

Cd Cd
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Hence, the motion in the xy— orbital plane is described by the equations
(3) & —2ny = Uy, i+ 2nt =U,

where

U. = n2e — 1—-p)(z+pwa _ 31— wAi(z+ p)q@ 3 pga(x + p—1)
’ ry 2r3 r3

3/1(1’4—,11,—1)142(]2 Wy (.’E+/J) . . . .
- o e {(@+mwi+yy+ 22} +2—ny

2
T3

W -1
2 [W{(x+ul)i+yy+zé}+i’ny],
2

U, = n2y — (1- l;)yth B 3(1 — wyAiq gy 3,uyA2q27

Y 2r? r3 2r3
Vr? L;”%{(x+u):b+yy+zz'}+y+n(x+u)]
_2’; [%{( +u—1)x’+yy+zz’}+y+n(l’+ﬂ—1)}7
(4) ri=(e+p)’+y’, =@ tp-17+y°
(5) n? = 1+§A1+%A2

These equations are affected by the oblateness of the primaries and their radiation
pressures P-R drags. Next, we discuss the positions of triangular equilibrium points

of the third body.

3. POSITION OF TRIANGULAR EQUILIBRIUM POINTS

The coordinates of triangular equilibrium points are the solutions of the equations
Up=0,U,=0, y#0 with & =9 =2 = § =0, that is, they are the solutions of

the equations

2, U= twa  30-wh(e+pa

n°r — -
3
Ty 2ry

7uq2(x +u-—1) B 3u(x + p—1)Asge n Winy n Waony _

2

3 f! 5 2
T2 7'2 7‘] 7“2

(6)
and
n? _ (I—pwa  3A—pwad  pge 3uAage
7"513 27{’ rg 27“5
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 Win(z+p)  Won(z+p—1)

7 =0
v 7

Now, when the P-R drag effect and oblateness factors are ignored, equations (6)

and (7) become:

@ 1—(1_m—ﬁbqf]—(1—u)u{m—q2} =0,

3 3
1 T'a 1

1— (1_/;)(11 _ LqSQ — 0

1 T2
When the above equations are solved, we get.

1 1
(8) rL=q7, T2 =q5

Knowing that equations (8) are the solutions when the primaries are radiating only.
We can with their help, assume the solutions when P-R drag and oblateness of the

primaries are present (i.e. A # 0, Wy # 0) to be
1 1
(9) =g tea, r=¢ +e;  lal<<lel<<1
Now, the exact x—coordinate of the triangular point is found by subtracting the

second equation of (4) from the first to get

1 7‘%—7’%
10 - - _
(10) =g -pt =

substituting equations (9) in (10), we get

1 1
(11) T=x0+ ¢ €1 — g3 €2

Wherex():%—u—i—q 5
Now from 4% = r? — (x + u)?,
we get
1 1 1 1 2 2 1 1
(12)  y==y |1+ 55 (qfﬁ +(12362) ~ 573 (qf —423) (qfel —(12362)
2y;5 2y

where
1 1 1 2 2\73
Yo=+3 [fl +2 (qf’ +q23) + (qf - qé’)}
Expressing ¢; = 1 — 6;(i = 1,2) where §; are very small and substituting them in
xo and yg, we have

1 1 1 V3 2 9
(13) @ = 5 K- 551 + 552 and  yo= 17 <1 — §51 _ 952>
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Now, substituting equations (5), (9), (11) and (12) into equations (6) and (7),

neglecting higher order terms of small quantities, we get the respective equations:

(14) ar€e1 +brex = ¢4
(15) age€q + baex = ¢
where

a1 = 3z — 3uxo + 3u — 3>

by = —3u + 3u® + 3ux

1 = *3%(141 + Az) + S%Al - 3‘?0141 + 37”141 - %Al + SH%AQ + %Az - 37”/12 -
YyoWi — yoWa

az = 3yo — 3/4Yo

bz = 3uyo

Cp == (Ay+ Ag)+ 2 Ay — Y0 Ay 4 30 Ay 4 g Wy + pWy + g Wa + p Wy — W

The values of €; and €3 can be found using the relations:

_ baci—bica _ aica—ascy
€1 = Gibr—asbi’ €2 = arbo—asby
and they are
Ay Wi 2Wo
€1 = —

2 3VB1-pw)  3VE(1L-p)
(16)

Ay 20 W
€ = ——
’ 3uv/3

_|_
2 3uV3

Putting the values of €; and ez above and equation (13) into equations (11) and

(12), we at once have

1 1 1 Ay A Wi(2 —p) Wa(1 + p)
I - AL -
MR TR T Y T Y B 3B — )

(17)

y4:i\/§(1_251_352_141_Az) Wi(2—3p) | Wa(l—3u)

2 33 (L —p) — 9pu(l—p)

Equations (17) give the coordinates of the triangular points of the system under

investigation. Since r1 # rs, the two points defined by (17) form scalene triangles
with the primaries. These points are denoted by L4 5(x4,+ys) and are called the

triangular equilibrium points by virtue of the two triangles they form with lines
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joining the primaries. The positions of these points depend on the mass ratio,

oblateness of the primaries and their radiation pressures and P-R drag effects.

4. NUMERICAL APPLICATION

In order to show the effects of parameters involved in the position and stability of
triangular equilibrium points, we consider the binaries system Kruger 60 and Achird.
< (Ragos, O., et

We first compute the dimensionless velocity of light ¢; = ——5——
\/W

al. [30]), where '¢’ is the velocity of light, 'y" is the gravitational constant, 'a’ the

binary separation, and M; and My are the masses of primaries. Then, we obtain

the ratios ¢; and consequently radiation factors ¢; by means of relation ¢ = 1 — fpkjé

(Xuetang and Lizhong, [31]) and d2 = §; ff%; (Das, MK, et al. [12]), taking k =1

on the basis of Stefan- Boltzmann’s law. L;, M; refer to luminosity and masses of

the primaries, and a and p are the radius and density of a moving body; x is the
radiation pressure efficiency factor of a star; A = % is a constant. In C.G.S
system, A = 2.9838 x 10~°. We suppose that the dust grain has a radius and density

3

a=2x10"2cm and p = 1.4gem ™3, respectively. All these necessary quantities are

listed in the table 1.

Binaries Luminosity Mass
(Lo) (Mo)
Ly Ly | My Mo
Kruger 60 | 0.01 0.0034 | 0.271 0.176
Achird 1.29 0.06 0.95 0.62

Table 1a: Numerical data for Kruger 60 and Achird binary system.

Binaries Radiation Binary Dimensionless
Pressure separation velocity
(gi) (AU) of light
41 a2 a Cd
Kruger 60 | 0.99992 0.99996 9.5 46393.84
Achird 0.9971 0.9997 71 67675.52

Table 1b: Numerical data for Kruger 60 and Achird binary system.

Using the software Mathematica, Table 1(a,b) and equation (17), we locate numer-

ically the positions of triangular points given in tables 2(a,b)-5(a,b). Figure 2 and
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3 are the graph of table 2(a,b) and 4(a,b) for the triangular points of the binaries

system Kruger 60 and Achird.

q1 q2 Ay Az

1 1 0 0
0.99992 | 0.99996 | 0.00001 | 0.00002
0.99992 | 0.99996 | 0.0001 | 0.0002
0.99992 | 0.99996 | 0.001 0.002
0.99992 | 0.99996 0.01 0.02
0.99992 | 0.99996 0.1 0.2

Table 2a. Effect of oblateness on Ly 5 for p = 0.3937, cq = 46393.84,0 < 1—¢; << 1

and 0 < A4; <0.2

wh

Wo

Lq

+Yq

0

0 0.106300

0.866025

1.04548 x 10~?

3.39442 x 10710

0.106282

0.86594

1.04548 x 10~?

3.39442 x 10710

0.106237

0.865916

1.04548 x 107?

3.39442 x 10710

0.105787

0.865136

1.04548 x 1079

3.39442 x 1010

0.101287

0.857342

1.04548 x 1079

3.39442 x 10710

0.056287

0.779400

Table 2b. Effect of oblateness on Ly 5 for pp = 0.3937, cq = 46393.84,0 < 1—¢; << 1
and 0 < A; <0.2
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q1

) Ay

Ay

0.99

0.99996

0.001

0.002

0.9

0.99996

0.001

0.002

0.8

0.99996

0.001

0.002

0.7

0.99996

0.001

0.002

0.6

0.99996

0.001

0.002

0.5

0.99996

0.001

0.002

0.99992

0.95

0.001

0.002

0.99992

0.85

0.001

0.002

0.99992

0.75

0.001

0.002

0.99992

0.65

0.001

0.002

0.99992

0.55

0.001

0.002

0.99992

0.50

0.001

0.002

Effect of radiation pressure on Lys for p = 0.3937, ¢4 = 46393.84,

0<l—¢g<<land0<A; <02

Table 3b. Effect of radiation pressure on Lys for p = 0.3937, cq = 46393.84,

Wy

Wa

T4

T4

1.30685 x 10~7

3.39442 x 10710

0.102480

0.863227

1.30685 x 1076

3.39442 x 10710

0.072748

0.845907

2.61371 x 10~

3.39442 x 1010

0.039143

0.826663

3.92056 x 10~6

3.39442 x 1010

0.005808

0.807418

5.22742 x 10~

3.39442 x 1010

-0.027527

0.788174

6.53427 x 10710

3.39442 x 10710

-0.060862

0.768929

1.04548 x 107?

4.24302 x 107

0.122440

0.855521

1.04548 x 107?

1.27291 x 10~

0.155772

0.836276

1.04548 x 1079

2.12151 x 10~6

0.189104

0.817031

1.04548 x 109

2.97011 x 106

0.222437

0.797786

1.04548 x 109

3.81872 x 106

0.255769

0.778541

1.04548 x 109

4.24302 x 10~

0.272435

0.768919

0<l—g;<<land0< A; <0.2
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¢ 72 Ay Az

1 1 0 0
0.9971 | 0.9997 | 0.00001 | 0.00002
0.9971 | 0.9997 | 0.0001 | 0.0002
0.9971 | 0.9997 | 0.001 0.002
0.9971 | 0.9997 0.01 0.02
0.9971 | 0.9997 0.1 0.2

— JDSGT VOL. 15, NUMBER 2 (2017)

Wy

Wa

Ty

ty4

0

0

0.104233

0.865410

2.59295 x 10~8

1.75056 x 10~°

0.104228

0.865401

2.59295 x 10~8

1.75056 x 10~°

0.104183

0.865323

2.59295 x 1078

1.75056 x 10~°

0.103733

0.864544

2.59295 x 10~8

1.75056 x 10~°

0.099233

0.856749

2.59295 x 10~8

1.75056 x 10~°

0.054233

0.778807

q1

Qo Ay

Ay

0.99

0.9997 | 0.001

0.002

0.9

0.9997 | 0.001

0.002

0.8

0.9997 | 0.001

0.002

0.7

0.9997 | 0.001

0.002

0.6

0.9997 | 0.001

0.002

0.5

0.9997 | 0.001

0.002

0.9971

0.95 | 0.001

0.002

0.9971

0.85 | 0.001

0.002

0.9971

0.75 | 0.001

0.002

0.9971

0.65 | 0.001

0.002

0.9971

0.55 | 0.001

0.002

0.9971

0.50 | 0.001

0.002

189

Table 4a. Effect of oblateness on Ly 5 for p = 0.3949, cq = 67675.52,0 < 1—¢; << 1
and 0 < A4; <0.2

Table 4b. Effect of oblateness on Ly 5 for i = 0.3949, ¢4 = 67675.52,0 < 1—¢; << 1
and 0 < A; <0.2
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Effect of radiation pressure on Lys for u = 0.3949, ¢4 = 67675.52,

0<l—¢gi<<land0< A; <0.2

Wi

Wy

T4

tYa

8.94119 x 10~8

1.75056 x 1079

0.101367

0.863177

8.94119 x 107

1.75056 x 1079

0.071366

0.845857

1.78824 x 1076

1.75056 x 1079

0.038031

0.826612

2.68236 x 10~

1.75056 x 1079

0.004697

0.807368

3.57648 x 10~6

1.75056 x 1079

-0.028638

0.788123

4.47060 x 10~

1.75056 x 1079

-0.061972

0.768878

2.59295 x 1078

2.91760 x 10~7

0.120300

0.854979

2.59295 x 1078

8.75280 x 10~

0.153632

0.835734

2.59295 x 10~8

1.45880 x 10~

0.186965

0.816489

2.59295 x 10~8

2.04232 x 106

0.220298

0.797244

2.59295 x 10~8

2.62584 x 106

0.253630

0.777999

2.59295 x 1078

2.9176 x 10~6

0.270297

0.768376

0.8t

06}

0.4

0.2t

0.6F

0.8}

Ly

Table 5b. Effect of radiation pressure on Lsgs for p = 0.3949, ¢4
0<l—g<<land0<A; <02

Figure 2: Showing the effect of oblateness on L4 5 for Kruger 60.

= 67675.52,
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L

-

Figure 3: Showing the effect of oblateness on Ly 5 for Achird.

In the next section, we investigate the stability of triangular points.

5. STABILITY OF TRIANGULAR EQUILIBRIUM POINTS

We now examine the stability of an equilibrium configuration, that is, its ability
to restrain the body motion in its vicinity. To do so, we displace the third body
a little from an equilibrium point with a small velocity. If its motion is a rapid
departure from the vicinity of the point, we call such a position an unstable one.
However, if the body merely oscillates about the point, it is said to be a stable
position. Let the location of an equilibrium point be denoted by (ag, bp) and consider
a small displacement (£,7) from the point such that x = ag + £ and y = by + 7,

substituting these values in (3), we obtain the variational equations

é— 2nn = (Uxi)oé + (ny)oﬁ + (Uzz)og + (Umy)on

i+ 2n& = (Uys) %6 + Uyy) "0 + (Uya)°6 + (Uyy)'n

Here, only linear terms in £ and 1 have been taken. The second order partial
derivatives of U are denoted by subscripts. The superscript o indicates that the
derivatives are to be evaluated at the equilibrium point ag,bg.

The characteristic equation corresponding to equations (18) is

N =AU, — U, —2nx— AUY, - UY,
20\ — AU, —US, N2 —\UD, —US,

=0
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That is,

(19) M4+aX +0\2 +ed+d=0
where

— 2 0 0 0 0 0 \2
b=4n?+UQUY, — U, —US, — (UY)

T~ Yy
— 770 770 0 770 0 0 0 770 0 770
¢=U%UY + U UL, + 20U, — 2009, — US,US, — US,UY,
d=U),U), —U%%zUp,.

Evaluating the second order partial derivatives at the equilibrium points, we obtain
U, = —(zo + p)?W1 — Wi — (wo + p— 1)2Wo — Wo

Ua(c)y = —(zo + wyoW1 — (zo + p — D)yoWo = Up, say

Upy = =8 + W1 = (43 + W2

US, = 3w — 3u® 4+ 3u+ (222 + dpwo + 2p® — 2px0 — 4plwo — 2p°)61 + (2uad
2% + 4yt — dpwe — 4p® 4 2u)02 + (p + 5xd + 10uzo + 5p® — Spxl — 102z
—5u3)gA1 + (14 4 + Spad + 5p° + 10p%xg — 10pz0 — 1Ou2)gA2
+(3 = 3p — 152 + 154 4 629 — 1522 — 30uxo + 15p22 + 30p>20) €y
+(—12p + 30p? — 154> — 6z — 15ux2 + 30uxe — 30u20)en
—(2zoyo + 2uy0) W1 — (2z0y0 + 21190 — 2y0) W2
Uy, = 3moyo + (2x0y0 — 210 — 2pxoyo — 214°Y0)61 + (2uzoyo + 217y — 204002

15 15
+(zoyo + Hyo — HroYo — szo)gAl + (pzoyo + Uy — Hyo)gAz

3z
+ <3y0 + Tyo — 15zoy0 — 15uy0 + 15uzoyo + 15M2y0) €1
0

3x
+ <—3yo + Tyo + 15py0 — 15puxoyo — 15M2y0> &2+ (1= 2y5)W1 + (1 — 2y3)Wa
0

Uy, = 3xoyo + (2x0y0 — 290 — 2pxoyo — 214°y0)01 + (2puxoyo + 207 yo — 244y0) 2

15 15
+(zoyo + Hyo — HxoYo — szo)7z41 + (pzoyo + 1yo — Myo)?Az

3z
+ <3Z/0 + Tyo — 15zoyo — 15uyo + 15uz0yo + 15/L22Jo) €1
0

3x
+ (—31/0 + Tyo + 15py0 — 15px0yo — 15u2yo) €2+
0
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2) 2 2
+(1‘o+ﬂ) Wl—W1+2(I0+,U—1) Wy — Wo

3
Uy, = 3y5 + (245 — 2uy8)01 + (2193)02 + (1 + 5y — 5pu3) 5 An

3
(1= o+ bpyd) 5 Ao + (6 — 3 — 1593 + 15y )er + (3 + 3 — 155 )
+(2x0y0 + 2uy0) W1 + (2z0Y0 + 2190 — 2y0) We.

Substituting for UBZ,U&,U&,U&,U&,U&,UO and Qoaj in the characteristic equa-
tion (19), we get

a = 3Wi + 3W,

b=1-3A;(1—2u)+ 3As(—1+2p) + 22 - U2

V3 V3
c:—M(12+9u)—%(21 9u)

d=2u(1 = p) + 3p(1 — )y + 3pu(l — p)da + L p(1 — p) Ay
"‘%N( p)Az + 4}7(% )( 3u2 +5u —2) + %(—Sﬁ +4p—1)

and the roots of (19) are:

1
1 1
a 1 1{a2 4 G (2\° [(H\? d*+4ab—8c|”
A e o222y (L) & e ot
121 3VE 5|73 3(H> <32) WL
12 4 G r2\E /H\} @ +dab—sc]”
a a ao — &C
Ny s — 2 = S A e TR IR B
2 \FJF 13 3(H> (32) WL

1

a2 4b G (2\? (H\® d®+4ab—sc|’
4 3 3\H 32 4L

a 1 1[& 4b G(2>% <H>5 a® + dab — 8c
Mo iy | T2 (L) e rfeTee

a 1 1
2 2 NVL+ =
(20) A3 — 4+2f+2

D=

4L

where,

L=5-3+$H) +(5)

F = 2b3 — 9abe + 27(c? + a*d) — 72bd

G = b? — 3ac+ 12d

H=F+V-4G3 + F?

The roots A;(i = 1,2, 3,4) of (20) are computed numerically for the motion of a test
particle in the neighborhood of a binary star in table 6(a,b) and 7(a,b) below. In
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particular, the binaries system, ”Kruger 60 and Achird” are suitable model for our

problem.
q1 q2 Ay Az
1 1 0 0
0.99992 1 0 0
1 0.99996 | 0 0
0.99992 | 0.99996 | 0O 0
1 1 0.02] 0
1 1 0 |0.01
1 1 0.02 | 0.01
1 1 0.02 | 0.02

0.99992 | 0.99996 | 0.02 | 0.01
0.99992 | 0.99996 | 0.01 | 0.02
0.99992 1 0 0

1 0.99996 | 0 0
0.99992 | 0.99996 | O 0
0.99992 | 0.99996 | 0.02 | O
0.99992 | 0.99996 | 0 | 0.01
0.99992 | 0.99996 | 0.02 | 0.01
0.99992 | 0.99996 | 0.02 | 0.02
Table 6a. Roots of the characteristic equation (19) for Kruger 60 with varying
parameters of radiation, oblateness and P-R drag for u = 0.3937, ¢4 = 46393.84,0 <
1-¢<land 0< A4;<0.2
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=

F

AL2

A3.4

—0.620218 + 0.940569:

0.620218 + 0.940569:

—0.620223 + 0.940572¢

0.620223 + 0.940572:

—0.62022 + 0.9405710z

0.62022 + 0.9405710¢

—0.620225 + 0.940574¢

0.620225 + 0.940574¢

—0.636994 + 0.953141¢

0.636994 + 0.953141¢

—0.612934 + 0.939058:

0.612934 + 0.939058¢

—0.630065 + 0.951756¢

0.630065 + 0.951756¢

—0.623019 + 0.950343¢

0.623019 + 0.950343¢

—0.630071 4 0.951761¢

0.630071 + 0.951761:

(=N Nl ol Hol ol Rl Noll Roll Rall R

—0.61442 4 0.9440100¢

0.61442 4+ 0.9440100¢

1.04548 x 107?

O|lo|OoO|O|OoO|lOCO|O| OO |O | O

—0.620223 + 0.940572¢

0.620223 + 0.940572:

0

3.39442 x 1079

—0.62022 + 0.9405710¢

0.62022 + 0.9405710¢

1.04548 x 1079

3.39442 x 10710

—0.620225 + 0.940574¢

0.620225 + 0.940574:

1.04548 x 109

3.39442 x 10710

—0.637 + 0.953145000¢

0.637 + 0.953145000¢

1.04548 x 1079

3.39442 x 10710

—0.612941 + 0.939062¢

0.612941 + 0.939062¢

1.04548 x 10~°

3.39442 x 10710

—0.630071 4 0.951761¢

0.630071 + 0.951761¢

1.04548 x 1072

3.39442 x 1010

—0.623025 4 0.950348:

0.623025 + 0.950348¢

Table 6b. Roots of the characteristic equation (19) for Kruger 60 with varying
parameters of radiation, oblateness and P-R drag for u = 0.3937, ¢4 = 46393.84,0 <
1—-¢<land 0< A4;<0.2
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@ q2 Ay | Az
1 1 0 0
0.9971 1 0 0
1 0.9997 | O 0
0.9971 | 0.9997 | 0 0
1 1 0.02] 0
1 1 0 |0.01
1 1 0.02 | 0.01
1 1 0.02 | 0.02

0.9971 | 0.9997 | 0.02 | 0.01
0.9971 | 0.9997 | 0.01 | 0.02
0.9971 1 0 0

1 0.9997 | 0 0
0.9971 | 0.9997 | 0O 0
0.9971 | 0.9997 | 0.02 | O
0.9971 1 0.9997 | 0 | 0.01
0.9971 | 0.9997 | 0.02 | 0.01
0.9971 | 0.9997 | 0.02 | 0.02
Table 7a. Roots of the characteristic equation (19) for Achird with varying param-
eters of radiation, oblateness and P-R drag for y = 0.3949, ¢4 = 6767.52,0 < ¢; <1
and 0 < A4; <0.2
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Wy Wy A1,2 A3.4
0 0 —0.62049 + 0.94074902 | 0.62049 + 0.94074901
0 0 —0.620655 + 0.9408572 | 0.620655 + 0.940857%
0 0 —0.620507 4 0.9407602 | 0.620507 + 0.9407607
0 0 —0.620672 + 0.940869: | —0.620672 + 0.940869:
0 0 —0.637257 4+ 0.9533457 | 0.637257 + 0.9533451
0 0 —0.613173 +0.939199¢ | 0.613173 + 0.939199:
0 0 —0.630297 4+ 0.951924 0.630297 + 0.951924
0 0 —0.623219 4 0.9504757 | 0.623219 + 0.9504757
0 0 —0.630472 4 0.9520407¢ | 0.630472 + 0.9520407
0 0 —0.614799 + 0.944242: | 0.614799 + 0.944242
2.5929 x 10~8 0 —0.620655 + 0.9408577 | 0.620655 + 0.940857%
0 1.75056 x 10~° | —0.620507 + 0.9407607 | 0.620507 + 0.9407607
2.5929 x 1078 | 1.75056 x 1072 | —0.620672 + 0.940869: | 0.620672 + 0.940869:
2.5929 x 1078 | 1.75056 x 1072 | —0.637428 + 0.953459: | 0.637428 + 0.953459;
2.5929 x 1078 | 1.75056 x 1072 | —0.613358 + 0.939321: | 0.613358 + 0.9393214
2.5929 x 1078 | 1.75056 x 10~° | —0.630472 + 0.952040 | 0.630472 + 0.952040i
2.5929 x 1078 | 1.75056 x 10~° | —0.623397 4+ 0.9505914 | 0.623397 + 0.950591

Table 7b. Roots of the characteristic equation (19) for Achird with varying param-
eters of radiation, oblateness and P-R drag for p = 0.3949, ¢q = 6767.52,0 < ¢; <1
and 0 < A; <0.2

6. CONCLUSION

The circular R3BP under the effects of oblateness and radiation pressure of the
primaries together with P-R drag is studied. In our model, the position of triangular
points is seen to be influenced by the oblateness, radiation factors, mass ratio and
the P-R drag. These points are different from those of the classical R3BP of Szebe-
hely [32], and those obtained by AbdulRaheem and Singh [25], Singh and Umar [33]
and Abouelmagd [20]. The triangular equilibrium points L, 5 under the joint action
of oblateness of the primaries and the radiational forces is seen to be unstable in

the presence of the P-R drag, while in their absence, they are conditionally stable.
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Our numerical investigation in the computations of these roots as shown above re-
veals the existence of at least one complex root with positive real part. Hence, we
conclude that the triangular equilibrium points are unstable in the Lyapunov sense

due to the presence of at least one complex root (19) having positive real part.
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