Taylor & Francis

Taylor & Francis Group

ISSN : 1726-037X (Print) 2169-0057 (Online)
Vol. 15(2) November 2017, pp. 147-162
DOI': 10.1080/1726037X.2017.1411042

Journal of Dynamical Systems & Geomatric Theories e

DIFFERENTIAL GEOMETRY OF TRANSVERSAL
INTERSECTION CURVES OF HYPERSURFACES IN R’

MOHAMD SALEEM LONE!, OSMAR ALESSIO2, MOHAMMED JAMALI3,
MOHAMMAD HASAN SHAHID*
LDEPARTMENT OF MATHEMATICS, CENTRAL UNIVERSITY OF JAMMU, INDIA
E-MAIL: SALEEMRAJA2008QGMAIL.COM
2UNIVERSIDADE FEDERAL DO TRIANGULO MINEIRO-UFTM, UBERABA, MG,
BRASIL
E-MAIL: OSMAR@MATHEMATICA.UFTM.EDU.BR
SDEPARTMENT OF MATHEMATICS, AL-FALAH UNIVERSITY, HARYANA 121004,
INDIA
E-MAIL: JAMALI_.DBD@YAHOO.CO.IN
4DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI 110025,
INDIA
E-MAIL: HASAN_JMIQ@YAHOO.COM

(Received: 22 November 2016, Accepted: 13 November 2017)

ABSTRACT. In this paper, we present the algorithms for calculating the dif-
ferential geometric quantities {¢,n, b1, b2, b3, k1, k2, K3, K4}, geodesic curvature
and geodesic torsion of the transversal intersection curve of four hypersurfaces
(given by parametric representation) in Euclidean space R5. In transversal
intersection, the normals of the surfaces at the intersection point are linearly
independent, while as in nontransversal intersection, the normals of the sur-

faces at the intersection point are linearly dependent.
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1. INTRODUCTION

The surface-surface intersection problem is a fundamental process needed in mod-
eling shapes in CAD/CAM system. It is useful in designing of complex objects and
animations. The two types of surfaces mostly used in geometric designing are para-
metric and implicit surfaces. For that reason, different methods have been given for
either parametric-parametric or implicit-implicit surface intersection curves in R3.
Differential geometry of a parametric curve in R® can be found in textbooks such
as Struik [18], Willmore [21], whereas differential geometry of parametric curves in
R™ can be found in the textbook such as in klingenberg [13] and in the contempo-
rary literature on Geometric Modeling [8]. On the other hand, for the differential
geometry of intersection curves, there exists a little literature. Willmore [21] and
Aléssio [5] presented algorithms to obtain the unit tangent, unit principal normal,
unit binormal, curvature and torsion of the transversal intersection curve of two
implicit surfaces. Ye and Maekawa [22] presented algorithms for computing the dif-
ferential geometric properties of both transversal and tangential intersection curves
of two surfaces. Aléssio [3] formulated the algorithms for obtaining the geometric
properties of intersection curves of three implicit hypersurfaces in R*. Based on the
work of Aléssio [3], Mustufa Diildiil [7] worked with three parametric hypersurfaces
in R* to derive the algorithms for differential geometric properties of transversal

intersection. To obtain the first geodesic curvature (Iifg) and the first geodesic tor-

sion (Tlsq) for the transversal intersection curve of 4 parametric hypersurfaces in
R%, we need to derive the Darboux frame {UlM'i, e ,U5M'i } The Darboux frame

is obtained by using the Gram-Schmidt orthogonalization process.

S. Yilmaz and M. Turgut [23] obtained the Frenet apparatus of a curve in Euclidean
curve in Euclidean space R%. M. Turgut, et al.[19] derived the Frenet apparatus of
non-null curves in Lorentzian space L® and in [24] S. Yilmaz and M. Turgut de-
rived the same for Partially Null and Pseudo Null Curves in Minkowski Space-time.
Looking at their importance in physics, curves in Euclidean space in R® and L°
are greater importance [12, 20, 14]. In this connection we have not seen any paper
on discussion of intersection curves of parametric hypersurfaces in Euclidean space
R®. Thus in this paper, we extend the methods of Mustufa Diildiil [7] to obtain the
Frenet frame {t,n, b1, bs, b3} and curvatures {k1, ko, k3, k4} of transversal intersec-

tion curve of four parametric hypersurfaces in R®. For practical implications, we



DIFFERENTIAL GEOMETRY OF ... — JDSGT VOL. 15, NUMBER 2 (2017) 149

present an example in section 5. Moreover, all the calculations in example section

are done using Matlab/Mathematica.

2. PRELIMINARIES

Definition 2.1. Let {e1,ea,e3,€4,e5} be the standard basis of five dimensional
Euclidean space R?. Then the vector product of the vectors x = Z?Zl Tiei, Y =
Z?:1 Yi€i, 2 = Z?Zl zie; and w = E?Zl wje; is defined by

€1 () €3 €4 €5
Ty T2 X3 T4 Ts
(1) TRQY®ZOQW=|y1 Y2 Ys Ys Vs

21 %2 23 Z4 Zp

w1, W2 W3 W4 Ws
The vector product z ® y ® z ® w yields a vector that is orthogonal to x, y, z, w.
let R C R® be a regular hypersurface given by ® = ®(uy,us,u3,us) and a : [ C

R — @ be an arbitrary curve with arc length parametrisation. If {¢,n, by, by, b3} is

the Frenet Frame along «, then we have

t = K1,
'fL/ = —Kllt + Iizbl,
(2) bll = —KoN + Hgbg,

bl2 = —I*i3b1 + ;‘<V4b37

’
b3 = —I<J4b2,

where t, n, by, by and bs denote the tangent, the principal normal, the first binormal,
the second binormal and third binormal vector fields. The normal vector n is the
normalised acceleration vector «” . The unit vector by is determined such that n
can be decomposed into two components, a tangent one in the direction of ¢ and
a normal one in the direction of b;. The unit vector by is determined such that b/1
can be decomposed into two components - a normal and another in the direction
of by. The unit vector bz is the unique unit vector field perpendicular to four
dimensional subspace {t,n,b1,b2}. The functions ki, k2, k3 and k4 are the first,
second, third and fourth curvatures of «(s). The first, second, third and fourth
curvatures measure how rapidly the curve pulls away in a neighbourhood of s, from

the tangent line, from planar curve, from three dimensional curve and from the four
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dimensional curve at s, respectively.
Now, using the Frenet Frame we have the derivatives of a as

’ 1" "

(3) a =t, o =t = KM, a = —kKit+ /-illn + K1Kob1,
(4) o™ = 3kikit+ (=K 4 Ky — K1E2)N + (2K Ka + K1kg)b
+r1k2k3ba,
a® = (=3(k))? = dkiky + &+ K2R+ (—6K2K) + Ky — KyK2 — 3K1Koky

! 2 3 3 1" ’ ! " 2
—2K1K59)0 + (K1K2 — K1K5 + 3K, Ko + 3K 1Ky + K1ky — K1K2K5)b1
! ’ ! ’
(5) (3K1Kaks + 2K1K9k3 + 2K1Kok3 + K1kaks)ba + K1Kakskabs.

Also since @ is regular, the partial derivatives ®;, ®o, &3, &4, where (P; = gf)

are linearly independent at every point of ® | ie., &1 ® P ® P3 ® &4 # 0. Thus,

the unit normal vector of @ is given by

P RQP, P3Py

N = .
|21 @ Py ® P3 @ Dyl

Furthermore, the third, second, and first binormal vectors of the curve are given by
(6)

b a/ ® a// ® a/// ® a(4) bS ® a/ ® a// ® a/// b2 ® bS ® a/ ® a//
3

= HO{I ®a// ®Oé,” ®Oé(4)||7 2 — ||b3®0[’ ®a// ®a///||7 1 — ||b2®b3®0[’ ®a//||

and the curvatures are obtained by

. "y “) p 5) p
M m=lall we= 0 S0l )
K1 K1K2 K1K2K3

On the other hand, since the curve «a(s) lies on ®, we may write
a(s) = D(ui(s), uz(s), us(s), ua(s)).

Then, we have

® o'(s) = 3 B,

4 4
(9) o (s) = Z du, + Z @iju;u;-,
i=1

ij=1
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(10) Z@u +3Z <I>2Ju u + Z CIJUku uk,

,j=1 ,J,k=1
4
aW(s) = Z(I)u(4)+42<1>]u U +32‘P]uu +6 Z Pijru; wjuy +
i,j=1 i,j=1 i,5,k=1
(11) Z <I>”klu ukul7
i,7,k, =1
4
a® = Z@ u(5) +5 Z ¢1ju(4)u + 10 Z Piju; u; +10 PQijru; ujuy,
3,7=1 3,j=1 %,5,k=1

4
" 17 ’ " ’ ’
+15 E Qijgu; ujuy, + 10 E Dijnju; uj ukul
i.5,k=1 i.5,k,1=1

(12) + Z @mklru u;culu
4,7, k,l,r=1

3. THE CURVATURE OF THE TRANSVERSAL INTERSECTION OF HYPERSURFACES
Let Ri, Ro, R3 and R4 be four regular transversally intersecting hypersurfaces
given by parametric equations ®° = ®¢(ul, ub, u, u}), (i = 1,2,3,4). Then the unit
normal vector of these hypersurfaces are
P! ® b ® P4 @ P
127 ® @5 @ @ @ Py|”

N; = 1=1,2,3,4.

Since the intersection is transversal, the normal vectors of these hypersurfaces at
the intersection points are linearly independent, i.e., N1 ® No ® N3 ® Ny # 0. It is
assumed that the intersection is a smooth curve say «, in R. Let the intersection
curve « be parameterised by arc lenght function s. Then, at the intersection point
a(sg) = p, the unit tangent vector ¢ of the intersection curve « can be found by the

vector product of the normal vectors at p, i.e.,

N1 ® No® N3 ® Ny

13 = .
(13) Ny & Ny Na @ N




152 M.S. LONE, O. ALESSIO, M. JAMALI, M.H. SHAHID

3.1. First curvature of the transversal intersection curve. In this subsection,
we calculate first curvature of the intersection curve at p. Since t s orthogonal to

t, we can write
4

(14) a =t =Y al, a; €R, i=1,2,3,4.
i=1

Thus, we need to calculate the scalars a; to find o’. On taking the dot product
with both sides of (14), we get

(N1, Ni)ay + (N2, Ny)ag + (N3, Ni)as + (N, N1)ag = k),
(N1, Na)ay + (N2, Na)as + (N3, No)ag + (Ng, NoYay = K2,
(N1, N3)a; + (Na, N3)as + (N3, N3)as + (Ny, N3)as = K3,
(N1, Na)ay + (N2, Ny)as + (N3, Ny)as + (Nu, Nu), as = K3,

where k!, = (t/,]\Q), i =1,2,3,4 and (,) is the scalar product. For obtaining a’s,
2

we must compute k1, k2, k3, k+. On using (9), we find

(15) iy = Ty () )? + Moo (up ) + T (ug )* + My (ufy )? + 2(IT5uh 1

. . . . . . . ./ .
1 1 1 3 K3 1 T T 3
+iguy ugy + jguy uy + Ih3us ug

/ ’ ’ /

. . ’ . . . .

7 7 (2 (2 3 7
+ Mo uy uy + g ug uy ),
where IT¢
lm>

hypersurfaces ®°. Since the unit tangent is known from (13) and ||®} ® ¢ ® ¢4 ®
®i|| # 0, the scalar multiplication on both sides of (8) with ®%, &4 ®% and @,

(I,m = 1,2,3,4) are the second fundamental form coefficients of the

respectively yields a linear system of four equations as

Thut +Thoub +Thyub + Tl = (¢, 2}),
- raluii + T;Qu;: + raguz;,: + mz: = (t,9%)
Ty + Thyuh + Tiguy + Thyuy = (t, ),
Thut +Thpuh + Thgub + Yol = (¢, 25),

with respect to ull, u;, ué and u;, where Tfm, l,m =1,2,3,4 are the first funda-
mental form coefficients of the hypersurface ®. Substituting the solutions of these
systems into (16) gives s, i = 1,2,3,4. Then using matlab/mathematica the
system of linear equations in (15) can be solved for ai, a2, as and a4.Thus the first
curvature of the intersection curve at p is obtained from (14) and the first equation

of (7).
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Remark 3.1. If the normal vectors are mutually orthogonal to each other at the

intersection point, then the first curvature is given by k1 = \/a? + a3 + a3 + a3.

3.2. Second curvature of the transversal intersection curve. To compute
the second curvature, we have to find the third derivative of the intersection curve
Q.

Since N;,i = 1,2, 3,4 are orthogonal to ¢, we may write ¢; Ny 4+ caNo + c3N3 + ¢4 Ny
instead of terms nlln + K1kob1 In ozm, ie.,

(18) a = —/Q%t—FClNl 4+ caNo + c3 N3 + ¢4 Ny.

Taking scalar product on both sides of (18) with N;, we obtain

(N1, N1)er + (Nay, N1)ea + (N3, N1)es + (Na, N1)ea = pa,
(19) (N1, Na)er + (N, No)eo + (N3, Najcg + (Na, Nojey =

(N1, N3)er + (Na, N3)ea + (N3, N3)es + (Ny, N3)eq =

(N1, Na)er + (N2, Na)ca + (N3, Na)cs + (Ny, Na)ca = pa,

1"

where p; = (@, N;),i = 1,2,3,4 and ¢; € R. Now, we have to find the unknown

scalars u;. Using (10), we have

(20) r=3 Z 1]7 u u + Z 'ij7 u;c

3,7=1 i,5,k=1

Since the components u; are known from the system (17), it is straight to find u;/.

To obtain wu, , we use (9) and write

(21) Z O ugu, r=1,23,4.
1,j=1
Then, we have
il +Yhouh + Tiguh + Tiguh = — A, @),
Thu +Thouy +Thyuh + Thyuy = (' — Ay, ®3),
Tfﬂ“i JrT32U2 +T33“3 +T?A% = (t — A, ®3),
Tfu“zi + Tiz“jé + Tiz&“é +hgul = — A, @),
which gives required derivatives. Thus from (20), we find the values of u;, which

finally helps us to find the value of ¢; in system (19). Thus, on finding by, the second
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curvature can be found from the second equation of (7).

1"

From (3) we get k) = (o ,n).

3.3. Third curvature of the transversal intersection curve. To find the third
curvature, we need to find the fourth derivative of the intersection curve « at p.
Since N; is orthogonal to ¢, we may write dy N1 + daNs + d3N3 + dyN, instead

of(—k3 4+ K] — k1K2)N + (26 K2 + K1kg)by + Kikaksby in @) ie.,
(23) a(4) == 73H1I€,1t+d1N1 +d2N2 +d3N3 +d4N4.

Taking scalar product of (23) with N7, No, N3 and Ny, we get the following respec-

tively,
<N1, N1>d1 + <N2,N1>d2 + <N3, N1>d3 + <N4, N1>d4 = 517
(24) (N1, Na)di + (Na, Na)ds + (N3, Na)ds + (Ny, NoYds = o,
2
(N1, N3)di + (Na, N3)da + (N3, N3)dz + (Ny, N3)dy = &3,
(N1, Na)di + (Na, Ny)da + (N3, Ny)ds + (Na, Na)ds = &4,

where & = (™, N;), i =1,2,3,4 and d; € R.
Now to find d;, we have to find &;. For that taking the scalar product of a(*) with

N;, we obtain

4
& = 42 iis IV, u u —1—32 i V. u”u”—&—6 Z iiks IV u//u/u;c—i—

i,j=1 3,7=1 1,5,k=1
4

(25) Z ikt NV Ukuz

i,7,k,l=1

Since u;, u;, are already known, so to find &, we have to find u;//. These derivatives
can be found by taking the scalar product of both side of (10) with &}, ®4, ®% and
®i, respectively.

Asnow o', o, @ and a® are at our disposal, we can find bs, by and by from (6).
On using the binormal vector b; and (18), the second curvature of the intersection
curve at p is obtained from the second equation of (7). Now, since k1, k2 and by
are already known, the third curvature can be now found from the third equation

of (7).
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3.4. Fourth curvature of the transversal intersection curve. To obtain the
fourth curvature k4, it is required to find the fifth derivative of the intersection

curve of a at p. Similar to third and fourth derivative of the curve a, we may write
(26) a(5) = {—3(5/1)2 — 4/€1I€/2/ + I€§4) + /i%li%}t + m1N1 + m2N2 + m3N4 + n4N4,

where the system of equations for unknowns is
(
(27) <
(
(

and n; = (a®, N;). Projecting (12) onto the unit vector N;, respectively, we obtain
(4) )

7n; depending on %(4) besides u;”, ug and ul1 Except u; ~ all are known, so to find u§4
taking the scalar product of (11) with ®¢, ®%, ®%, 4, respectively. Consequently,
the fourth curvature of the intersection curve can be found from the last equation
of (7). Now, since all the quantities are found in the subsections (3.1) — (3.4), we

can easily compute the Frenet vectors from (2).

4. DARBOUX FRAME, FIRST GEODESIC CURVATURE AND FIRST, SECOND AND

THIRD GEODESIC TORSION.
In this section, we derive the Darboux frame {U{, Ui, Us, Ui, Ui}, the first ge-

odesic curvature (sf,) and the first, second and third geodesic torsion (77,), j =

1,2, 3, for the transversal intersection curve of 4 parametric hypersurfaces in R®.

Definition 4.1. Let M; be a regular hypersurface in R® and « be a curve on M.

Then for each ¢, 1 < ¢ < 4, the function k4 : I — R, defined for s € I by
Kig(s) = (U;(s), Uis1(s))

is called the i"" geodesic curvature of the curve o at a(s).
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4.1. Darboux Frame. We are able to obtain a natural frame for the intersection
curve-hypersurface pair (a(s), M;), i.e., the frame {Uf, UL, Us, UL, Ug} by using the
Gram-Schmidt orthogonalization process. By assumption the sets {a’(s),a (s),

o (s),a®(s)} and {Ni(p), No(p), N3(p), Na(p)} are linearly independent. Fix-
ing Ul = o/(p) and Uf = N;, 1 < i < 4, the natural frame (Darboux frame)

{Ufa UL, Us, UL, Ug} is obtained as

Ui = o' (p),
Ui = N;
—(a” (), Ni) Ni =(a” (9),U} ) Ui +a" (p)

U2 - ||7(04”(p),Ni>Ni7<o.t”(p.),Uf>Uf+Dé”.(p) H )
Ui — (" (p),Ni) Ni—(a""' (p),US) U — (o’ (p),U} ) Ui +a’" (p)
T [| =< (), Ni) Ni = ("’ (p), U3 ) U3 — (""" (p), U} ) Uf +a'"" (o]’
Ui = 4P @ NN 0™ (0),U3) Ui~ (01 () U5 U — (™ (p), U U +0 ) (p)

[|[= (@ @), N:) N; = (o (p),U5) Ui — (a@® (p),U) U — (o@D (p),U{ ) Ui+ (p)||

The j** geodesic curvatue 7¢_ associated with " hypersurface is

ig
4 o o .
(28) K;g = <(UJZ) ’U;+1> :_<(U;+1) 7U]Z‘>a Je {1a273}
The j** geodesic torsion T;g associated with " hypersurface is
7 i)/ i i [ .
(29) Tig T T <(U5) , j+1> = <(Uj+1) ,U5>, je{1,2,3}.

4.2. First geodesic and j** torsion geodesic Formulas. Using the darboux

frame, we have following theorem for geodesic curvature and geodesic torsion.

Theorem 4.1. First Geodesic Curvature and the j-th geodesic torsion of the inter-

section curve of 4 parametric hypersurfaces are

4
(30) Kig =Y a; (N;, U3),
j=1

N . / NT . / NT . / NT . / )
(31) S < (Ni)u,uy + (Ni)u,uy + (Nl)usus + (Nl)u4u4’UJz+1> j=1,2,3.

o [@% x @ x % x & :
Proof. For first geodesic curvature, we have
wy = ((U1) U3) = (a"(),U}).
Now using (14), (30) follows easily. For the j geodesic torsion, we need to differ-

B x Bi x B x P N,
et okt Batht IfwedeﬁneNi:HN
i

entiate Ul = N; = , where N; =

C]|@f x @) x @F x @3]
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Pl x L x P x D, we derive
i Wy - w)
) 4 (4 e)) = 2 -

p—
1]
Now (29) can be written as

i dN; )
Tjg:_ %, j+1 ,]:1,273.

Using (32), we get

J— )
” (s R A
dg NZH i . . 77 .
= — W,UjH 7j:1,2,3becauuse<Ni,Uj+1>:(),]:1,2,3
K3
or,
dN; )
T5QZ‘<H£||’U5“>”':1’2’3
where
dN; — — _ _
o = (Ni)uyty + (Ni)up sy + (Ni)ugus + (Ni)uyud’s
(Ni)u, = @8 x @ x @4 x &) + & x D, x & x &) + &Y x O x L, x D}

+®% x Bh x Oy x D,

5. EXAMPLE

Let My, My, M3 and M, be the hypersurfaces given by

XY (uy, ug, uz,ug) = (ﬂsinu;; COS Us COS U1, V2 sin uz sin us sin uyp,

. 1
V2 sin ws cos ua, V2uy cos uz, —= sin us),

V2

X2(uy, ug, us, us) = (U3 COS UL COS Us, U3 SIN Uy COS Ug, U3 SIN Us, U3, COS U COS Us ),

X3 (uq, ug, us, ug) = (Uz COS UL COS U, Uz SIN UL COS U, Uy SIN U7, Ug, SIN Uy SN U),

1 1 1
X4(U1,u2,u3,U4) = (5 + 3 Ccos U1, 5 sinuy, ug, Uz, %)7
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respectively. We first find the Frenet vectors and the curvatures of the intersection

curve at the intersection point p given by

p:X1<z’E7I71):XQ(E,IyLI):Xs(IyEle):X4 E7@’1’1
474’4 47474 474 22

The unit normals of these hypersurfaces are

1 1 2 1 1 11
N = ) 70707\/7 , No= |- y T y T o0 0,
' <\/(§ NG 3) ’ < 2v2 2/2' 22 )

2 1 2
N3y = ——,0,0, -, —= Ny = (0,1,0,0,0).
3 <37773a 3>a 4 (a577)

The non-vanishing first fundamental coefficients are calculated as

9 1
9%1 = 9 952:1’ 931,3: 1 gizl:l’ 9%2:77 9%3:_57
1 ) 1 1
g0 = —1, gh= 2 oo = 1 95 =2, gh= v JuT
5 3 3 1 1 1
gho = GR= =5 Gu=5 =7 Ga=g
. 1 1 1
933 - Ty 9%1:194212:1 79§3:1a 924:1-
The unit tangent at the intersection point is found by
. Ni@No@Ng@Ny [ 2 0.—5 /2 6 1
[ N1 ® Ny @ N3 @ Ny VoL 91" o1 Vo1 )
Also, the non-vanishing second fundamental coefficients are
1 1 1 1
hi,=——, hlg=——, hly=——, hi = —,
11 6 22 /6 12 NG 1=9/
1 2 2 2 1 1
hgzzﬁ» h%—g: hgz 3 h?zz—gv h?3:§7 h%lz—i



DIFFERENTIAL GEOMETRY OF ...

From the linear system of equations in (17), we obtain

Thus, we obtain k1 = —0.879304, k2 = 0.139867, x3

Consequently, we get

"

o —1.321618N; —

Thus,
= |la” | = 1.25679.
Also the unit normal vector is

n= (—0.524421, —0.411807,0.146877, —0.621938, 0.383428).
From (21), we get

(uh) = —0.628071, (ud) =0.838628, (ul) = —0.209657,
W) = 0209657, (u3) =—0.419314, (u3) = —0.628971,
W) = 0209657, (ud) =—0.419314, (u) = —0.628971,
(uh) = 0419314, (ud) = —0.741249, (ul) = —0.628971,

= 0.117216, x

— JDSGT VOL. 15, NUMBER 2 (2017) 159

’

(uj) = —0.838628,
(u?) = 0.628971,
(ud) = —1.25794,
(ud) = —0.209651.

= —0.0879121.

0.469981 N3 + 0.698466.N3 — 0.285472N,
(—0.839029, —0.658857,0.234991, —0.0995048, 0.613453).

—0.021978),

Ay = (—1.05495, —1.14286, —0.279735, —0.395605,
Ay = (—0.32967,—0.417583,0.248653,0, —0.549451),
Ay = (—0.32967,—0.417583, —0.404061,0, —0.197802),
Ay = (0,-0.0879121,0,0,0).

From the linear system of equations in (22), we obtain

(uh)” = 0106614, (ud)” =0.161474, (ul)” = 0.89026,

(u?)” = 0.268086, (u2)” =0.366087, (u3) = —0.309769,
)" = 0454481, (u3)” =0.795236, (u})” = —0.141793,
uh” = 1.67806, (ul)’ =0.2356, (ud)” = —0.234991, (u?

which yields

1 = 0.4544, ps = —0.5105, us = —1.4338, p4 = —1.0554.

"

(ul)” = 1.05001,

)" = 269189,

"

(u
(u3)” = 0.450137,
)" = 1.22691.
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Then, we have

11

o = —(1.25679)275 + 1.84188N; + 0.451035Ny — 2.14772N3 — 1.64788 N,

= (2.35545, —1.0554, 0.945301, 0.596496, 0.0935034),

’ 11

k1 = {a ,n) =—0.996915.

. 2
Using a« , we compute

(Wh” = —590731, (ul)” =2.14186, (ul)” =1.51393, (ul)” =2.11042,

W) = —3.76546, (u3)" =2.58181, (u2)” =0.76716, (u?)" = —2.76882,
W = —0.88196, (ud) =—3.60164, (ul)" =—1.14366, (u3)" = 2.21882,
(whH” = —3.33833, (ud)” =0.545801, (ud)” =0.596496, (ul)” =0.187007.

Hence, we get
& = —21.7826, & = —3.3273, &3 =8.8342, &4 = —1.3710.

From (23), we have

2 /2 6 1
4 _ _ _ % o5, /2 2 __-
o = 3(1.25679)(—0.996915 ,0,—5 , ,
( I ) ( V91 91" /91 \/91>
—41.7712N7 — 29.6654 N5 + 34.1873 N3 + 5.19372N,
= (—30.1443,—1.371,12.0465, —11.945, 10.9205).
Thus

o ®@ad ®a ®a®

py— L P ©@a — (0.235522,0.439366, —0.161734, —0.0207594, 0.851143),
o/ ®a” ®a” ®aW|
b B b3 ® al ® a// ® a///
2 — ||b3 ®Oé/ ®Oé” ®O/”H
= (0.0469859, —0.0544597, 0.64055, —0.763297, —0.0435799),
b b ’ 1
by 2003 R0 O = (0.648319, —0.724303, —0.161293, —0.0530185, 0.16199).

T eehod @d|
Now curvature,
<05ma b1> <O‘(4), b2>

Ko = — = 1.68888, Ky = — = 7.07463.
K1 R1R2
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Also from (4), we have, k, = 35.3284.

Using o®, we obtain

(WhH® = 441618, (ud)® = —21.5916, (ul)® = —4.64151, (u)® = —16.5865,
W)W = 225702, (ud)® =33.779, (u2)® = -7.12615, (u2)* =55.62,
W)@ = 26.8139, (ud)® =22.2084, (ud)® = —4.81273, (ud)® = —9.77667,
(WhH® = —0.6116, (us)® =16.2234, (ud)® = —-11.945, (u})® = 21.841.

Hence, we have
m = 194.9662, no, = —27.5036, n3 = —56.7000, n4 = 29.6466.
Thus, we obtain

a® = (=3(1.25679)% — 4(1.25679)(35.3284)
+(1.25679)* + (1.25679)2(1.68888)%)t
+313.53N; + 145.818 Ny — 210.771 N3 — 46.7969N,

= (253.719,29.6467,57.0616, 143.136, —97.1016).

Thus, the fourth curvature is given by

)
oy = (ONs) o
R1K2K3

Now, to find n%g and leg, j = 1,2,3, for hypersurface M;, we have from (30)
and (31), K}, = 0.584888,7), = —0.774977, 73, = —0.0496875, 73, = —0.276372.

Similarly we can find Mig and T;g for My, M3 and Mjy.
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